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A Steiner formula in the Heisenberg group for
Carnot-Charathéodory balls

Fausto FERRARI

Abstract!. We sum up some results related to a volume formula for a class of sets
with intrinsic positive reach, see [13] and [14]. In particular we introduce new geometric
invariants associated with the notion of intrinsic curvature and imaginary curvature of the
boundary in the Heisenberg group H, in a class of bounded set 2.

1. INTRODUCTION

In this note we are going to introduce some results concerning the notion of
curvature in the Heisenberg group presented in [13] and [14].

In particular we are interested to the following question.

What does it mean to state that the imbedded surface ¥ in the Heisenberg group
H is curved?

Several authors interested in the properties of the intrinsic minimal surfaces, see
[6] for detailed references, have studied the intrinsic mean curvature of a surface in
the Heisenberg group. Namely they deal with the following operator

divygr ,

where v is the unit intrinsic normal to the surface X, that is by definition the
intrinsic mean curvature of the surface X.

Indeed divygy has a geometric meaning. More precisely, divgy valued in the
non-charachteristic point P € ¥ is the Euclidean curvature at the point P* of the
path 4 C {t = 0}, P* € 4, obtained projecting orthogonally the horizontal path =,
laying on the surface ¥ and passing through P, onto {t = 0}, see [7], [5], [30], [31],
[2]. The analogy with the operator of the mean curvature of a surface in R? is quite
evident. Nevertheless, in the Euclidean case, there exist two principal curvatures.
So, while in the Euclidean frame it is natural to deal with the mean curvature,
namely the mean of the curvatures, and the Gauss curvature, i.e. the product
of the two principal curvatures, in the Heisenberg group such parallel notions are
not well understood. Indeed, in the Heisenberg group the intrinsic mean curvature
has the geometric meaning described above, but it is not clear whether divyy is
related to the mean of some intrinsic geometric curvatures. More precisely in the
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Heisenberg group, to each non-characteristic point P € X, there exists just only
one horizontal direction that belongs to the tangent space at the point P, see [2].
So, as a consequence, the intrinsic Weingarten map is defined on such subspace of
dimension one spanned by the unique horizontal tangent direction at P. The unique
eigenvalue associated with such map is precisely the intrinsic mean curvature, see
[2].

Since such description of non-characteristic surfaces is not satisfactory, we are
interested in the existence of other intrinsic geometric invariants in the Heisenberg
group. Further motivations of this research are connected with the problem of
giving a more satisfactory notion of convexity in the Heisenberg group, see [9] and
[21]. Moreover in the applications we recall that in recent models of the vision, see
e.g. [8], some geometric invariants like the intrinsic mean curvature seem to play a
key role.

For such reasons in [2] we introduce the notion of imaginary curvature of a
surface. In spite of the name, the imaginary curvature of a surface in a point P
has an evident geometric meaning. Precisely it is, times a positive constant, the
inverse of the radius of the largest Carnot-Charathéodory ball locally touching the
surface at P.

Beside to this approach, in this note, we introduce another point of view con-
cerning geometric invariants of a smooth non-charachteristic surface, see [13] and
[14] for the details. More precisely our argument is associated with the existence of
a Steiner type formula for smooth sets of (intrinsic) positive reach in the Heisenberg
group H. Indeed associated with the coefficients of such formula there are some
second order objects invariant with respect to the group law in H. For this reason
we can consider them as geometric invariants in the Heisenberg group. In particular
we obtain a sort of intrinsic Steiner formula using the key notion of metric normal
introduced in [1].

To clarify our approach let us recall that in the Euclidean case, for any positive
number €, we get, denoting by Bg(0, 1+ €) the usual Euclidean ball of radius 1 + ¢
in R3 :

3
(1) [Bp(0,14¢)| = (1+¢)?*[Bg(0,1)] =) bie®,
=0

where for i = 0,...,3, b; € R. This kind of expantion, called Steiner formula, holds
for any set of positive reach in the Euclidean space R? | see [11]. If we consider
in the Euclidean space a convex set €, the coefficients of the Steiner formula are
called in literature quermassintegrals.

In general, for any bounded C? set € in R3, the integral of the first and the second
elementary symmetric functions of the principal (Euclidean) boundary curvatures
against the Hausdorff measure Hg) are respectively proportional to the third and
fourth coefficient of the parallel Steiner formula. If Q in R? is convex, then such
coefficients are rispectively the third and fourth quermassintegral. Let us remind
that the first and the second symmetric elementary function of the principal cur-
vatures in a point o € 012, of the smooth surface 92, are respectively proportional
to the mean curvature Mg (92)(o) and the Gauss curvature Gg(9€2)(o) of 02 at
0. The first and the second coefficient are respectively the Lebesgue measure of
the set © and the Hausdorff measure of the boundary of Q. See also [34] and [12],
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[15] for further recent results in the Euclidean setting and [32] for a comprehensive
overview concerning the subject.

Now, recalling the homogeneity property of the Carnot-Charathéodory balls with
respect to the dylation group at the origin, we get the following formula in the
Heisenberg group:

4
©) BO,1+ €)= 1+ [BO,1)] = are®.
i=0
Thus, we have five geometric invariant objects: the coefficients ay € R, k =0,...,4.

See [14] for other details related to the meaning of such coefficients. So, comparing
formulae (1) and (2), we notice that in the first case we have four coefficients while
in the second one there are five coefficients.

Previous argument, even if applied to a non-smooth set (notice that Carnot-
Carathéodory balls are not sets of positive reach), suggests that the intrinsic mean
curvature in the Heisenberg group could be inadequate to characterize the volume
expansion |B(0, 1 + €)| by a Steiner type formula. Moreover such remark introduces
the problem of understanding the relationship between such coefficients and some
new intrinsic objects that we could consider as related to measures of curvatures,
see [11].

Actually, are the coefficients of a formula like (2) related to some functions
depending on some intrinsic curvatures in the Heisenberg group as in the Euclidean
case?

Moreover, which are the involved curvatures?

We give some partial answers to these questions in [13] and [14]. We resume them
in the next Section 3: see respectively Theorem 3.1, Theorem 3.2 and Theorem 3.3.
As a consequence we think that the functions arising in the expantion of the volume
can be naturally associated with new intrinsic curvatures of the boundary of € in
the Heisenberg group.

The existence of invariant objects in sub-Riemannian structures has been studied
in [23], [24], [25]. We also recall the contributions in [20], [10] and [22] concerning
the C'R structures.

We complete such Introduction just recalling the plan of this note. In Section
2 we introduce the main notation, in Section 3 we collect the main results of the
papers [13] and [14], in Section 4 we give a rough description of the proofs of the
main results of Section 3 and eventually, in Section 5, we make some comments
about such research.

In the sequel we shall write d(-,-), or analogously dcc(-,-), and H®), or analo-
gously 'Hg’é, to denote respectively the Carnot-Charathéodory distance and the 3-
Hausdorff measure with respect to the Carnot-Charatheodory distance. Any time
we write an Euclidean quantity we stress this fact with an E. For example dg(-,-)
is the usual Euclidean distance.

2. NOTATION

Before going into the detail of the subject, let us recall the main notation. For
every P,Q € R3, P = (z1,y1,t1),Q = (v2,y2,t2), we consider in R? the following
non-commutative law :

P-Q = (x1+x2,y1 +y2,t1 + ta + 2(x2y1 — z191)) -
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We define H = (R3,-) as the Heisenberg group, see [33]. For every positive number
A and for every (z,y,t) € H, let §y be the dilation group on H such that

6A(m7 y? t) = (Am7 Ay7 AQt) )

see [33] . Moreover at each point P = (z,y,t) let Hp be the vector space spanned
by Xp and Yp, where Xp = (1,0,2y) and Yp = (1,0, —2z). We define on Hp the
sub-Riemannian metric (-,-) that makes pointwise orthonormal Xp and Yp. We
endow H with the Carnot-Charathéodory distance, see [26], starting from previous
sub-Riemannian metric (-,-). Indeed the distance between two points P and @ in
H, the Carnot-Charatheddory distance, is by definition:

d(P,Q)= inf 1
(P,Q) L u(v) ,

where
Hor(P,Q) = {v € AC([a, 8]) — H : 4(t) € Hy), a.e. in [a,b]},
AC([e, 5]) denotes the set of absolutely continuous paths, parametrized on [«, 5],

() = / (a(t)? + b(t)2)V/2 dt

and 4(t) = a(t) Xy + b(t)Y, ) (see also [27] for other equivalent definition of the
Carnot-Charathéodory distance and [3] and [17] for further details). Let Xp and
Yp be the left invariant vector fields

Xp =0, +2y0;, Yp :(’)y — 20y .

As usual we use the same notation for the vector fields in the algebra and the
related horizontal vectors Xp and Yp.

Notice that the vector fields Xp and Yp do not commute: [Xp,Yp] = —49;. For
any P € A C H, let Vgf(P) = XpfXp +YpYpf(= Xf(P)Xp + YpY f(P)) be
the intrinsic gradient vector of the smooth real valued function f: A — R, defined
in the open set A, see [30], [31]. With vp we denote the intrinsic unit normal to
a non-characteristic surface in the point P. In particular if ¥ is a level surface of
[, we get vp = Vuf(P)/|Vuf(P)|, see [29], [16]. In the sequel, for the sake of
simplicity, we often shall not write the dependence on the point P. Let

XXf YXf
Huf =
XYf YYf

be the horizontal Hessian matrix of f, and let (XY )*f = (XY f+YXf)/2.

In the Heisenberg group the Lebesgue measure || is invariant with respect to
the group law. In particular, if B(0,1) is the unitary Canoth-Charathéodory ball
centered in 0, then

6x(B(0,1)) = B(0,)) , and [B(0,\)] = \*|B(0,1)] .
Let us just remark that in the Heisenberg group the homogeneous dimension is 4,
see [35], while in R? is 3.

Definition 2.1. Let @) be a point in S C H. The metric normal to S at ), denoted
by NS, is the set of the points P such that

ds(P) =d(P,Q) .
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Let S be an oriented surface and f a C? function in an open set A. The oriented
surface S induces, in a natural way, an orientation on AMpS. We denote with the
metric normal N, ; S the oriented metric normal.

Proposition 2.1. Let S = {t = g} be a C® surface. The equation of N}vS can
be written in terms of g’s partial derivatives. N;S = P -n (left translation by P),
where n = (u,v,s) and

)= g (o (1= (o)) +

+Xg(P)sin (%»

B =g 0= g { o (1 (GAET)) ¢

+Yg(P)sin (%»

_ |Vag(P)P {48tg(P)0 g (48tg(P)0)}

s(o) = 5 —sin | =——

8(0g(P))? | [Vug(P)| Vg (P)]
Observe that Nib S points upwards if 0,g(P) > 0 and downwards if 0,g(P) < 0. If
Org(P) =0, then IIpS has characteristic point C at infinity, d(P,C) = oo, and (3)
becomes

Xg(P) Yy(P) )

4 o) = o, 0,0
W 1) = ([P TPy

These equations show that, for some smooth function ®,

NES(o) = ®(o, P, Vug(P),[X,Y]g(P)) .

Let us introduce the exponential map F, see [1]. Our exponential map acts as
follows. For every point P € S and for every positive number o < o there exists
just only a point P’ on ApS on the positive part such that d(P, P') = o and P’
lies on the positive part of H determined by the orientation of S :

(P,o) —» F(P,o) =P .
In local coordinates, if S = {t = f(u,v)}, F: (u,v,0) — F(u,v,0), is defined from
an open subset of R? x R with values in H,
(5) F(u,v,0) = 'M(Zﬁv,f(u,v))s(a) .
We are going to use the coordinates
(z,y,t) = F(u,v,0) = (u,v, f(u,v)) o (2, y,t)

where (2/,9/,t') = Yy (o) and 5, , is the metric normal’s left translate by P~!.
Other significant details on the property of the metric normal are described in
[1] and [2]. Let us introduce some other notation and definitions. We denote by

_ 49:(P)
\Vig(P)|’

p=Dpp
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the imaginary curvature of the smooth surface S = {g(z,y,t) = 0} at the point
P € S, where ¢g;(P) = 0g(P)/0t.

3. MAIN RESULTS

Let us recall that, see [1], any C® surface S, without characteristic points in the
Heisenberg group, is endowed by the metric normal described in Proposition 2.1.

Moreover, for every point P € S, denoting r = rp = |Vug(P)|/g:(P) and
vp =vpS = (=Yg(P),Xg(P))/|Vug(P)|, we define

7"2 7,,3

= = —— (Agg —
SO 4 ) Sl 32 |ng| ( HY r<ngta 7/>) )
-3
So=————((H \Y%
S T (Hugv,v) +r(Vugi,v)) ,
Sy=—ar? L Si= o (Hugop, ) + r{Viage )
=——r =—— vp, V) + T v
3 S ) 4 16 |VH9‘ HgVP, HYt, )
S " (detH, H
5 = -0 (det +r vp,V)) .
32 [Vig| ( HY (Hugvp,v))
For i =1,...,6 we denote also:
1
l1(s) = —cos(s) + 3 sin®(s)+1 , Iy = ssin(s) 4 cos(s) — 1,
1 . .
l3(s) = 5(8 —cos(s)sin(s)) , l4(s) = (—scos(s) + sin(s)) ,
3 . 1 L. o
Is(s) = (s — 3 sin(s) + 58 cos(s)) , lg(s) = (—cos(s) — 5 sin (s)+1).

The main results of the paper [13] are the following.

Theorem 3.1. Let Q C H be an open subset with C® boundary with positive reach.
For every set ¥ C 09, let T. = F(X,€). Then there exists eg > 0 such that, for
every positive € < €g,

6
S
90T = 20T+ 3 [ B o)/ Knf? + (Ve art) (o)
k=0

Moreover

Corollary 3.1. Let Q C H be an open subset with C® boundary with positive reach.
Then there exists ey > 0 such that, for every positive € < €,

6
S
(6) mg\:mw}j/ POk, (pe) dHE), .
ioJon 4

Let us denote here
hoq = divg(v) ,

where v is the intrinsic normal vector to the surface 0f).
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Theorem 3.2. Let ) be a C® non-characteristic set locally given by {g(u,v,t) = 0}.
Then there exist a sequence of functions {Ci}ren, Cr = Cr(z) on 9Q and ¢y > 0,
such that, for every positive € < €,

™) |Q|—|Q|+Z[/ cde(S)] ,

where C1 = 1, C3 = (1/2) hoq and for, j € N\ {0},

—1)ip2it+l )
Czj = (4227?)' (*251 + (1 - 2])52)
and it
—1)ip2i . ) )
Cajn = % (—2%7185 — 218, + (7 — 1)S5) -

The following result is proved in [14].

Theorem 3.3. For every positive numbers r, e the following formula holds:

BO,r +6)| =
= (1670 + i)7“4 +2(32n6 + i)7“36 +2(4876 + i)7"262—&—
272 w2 272

3., 3.,
+2(3275 + ;)re + 2876 + 4771’2)6 ,

where
5= 4Si(2m)m3 — 9 + 272
B 9673
Moreover Si(27)
251(2m)m + 1 3
a0 = [BO,1)] = 20T — (16m6 + 5 ),
6
a1 = H}(9B(0,1)) = 4|B(0,1)] = 6473+ —
9 3
ag = 2(4871'5 —+ 27772) s az = 2(3271'6 —+ ﬁ)
and
3

4. SKETCHES OF THE PROOFS OF THEOREM 3.1, THEOREM 3.2 AND
THEOREM 3.3

We shall argue miming the idea contained in the paper by Federer, [11], in the
Euclidean spaces for sets of positive reach.
Federer simply considered the map F : RT x 9Q — R"™ defined as follows

Ft,P)=xz+tn(P) e R",

where 2 C R3 is regular enough and n is the unit normal vector, pointing outward,
at the point P of the boundary, see also [18]. Indeed such map is the metric normal
associated with the set 992 embedded in the Euclidean space R3. For every set
Y C 99 we denote F.(X) = F(%,¢).

Thus we know that, for Q C R?

[{z € R? : distp(z,Q) < e} NTF| = ‘QHTEEH_/ |det JFg(z,y, s)| dxdyds ,
Qx]0,¢]
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where
TCE - FE(Q7€) 9
FE : Q X [7656] HRS ) FE($7y7S) :¢(x7y)+sn(¢(x,y))
and ¢:Q — ¥, @ C R?, is a parametrisation of X. Thus, developing
|det JFg(x,y,s)| we get, in the Euclidean case,

3
/ |det JFg(x,y,s)| dedyds = Z/ CE(0) ng)(a)ek
Qx]0,€] i=k V2

where CF¥ = 1, SF is proportional to the (Euclidean) mean curvature of 9 and
S¥ is proportional to the (Euclidean) Gauss curvature of (2.

Sketch of proof of Theorem 3.1. Actually, in the Heisenberg group, we just
consider bounded set 2 with smooth boundary 02 without characteristic points.
The key tool here is the metric normal, see [1], associated with the sub-Riemannian
geometry of OS2 in the Heisenberg group.

To any given set {2 with smooth boundary 02 we consider the set

Qe={z el : dec(z,Q) <€}
Let ¢ : Q — R? be a parametrization of a piece ¥ of the boundary such that

o(z,y) = (z,y,9(2,y)) ,
where ¢ : Q — R is a C® function, and Q C R? an open subset such that ¢(Q) = X.
Assume that 99 do not have characteristic points, then recalling [1], we set
F: Q X [_675} — H 3 F(xayas) :¢(m7y)o~/\/'2¢(w,y)(s) .
Let T. = F(QX] — €,¢€[). Then

|QEﬂT€|:|QﬁTE|+/ |det JF(z,y,s)| dxdyds .
Qx]0,¢[

Now we have to compute |det JF(z,y,s)|. Indeed the following result holds, see
[13].

Lemma 4.1. Let 0N be a C3 non-characteristic surface locally graph of a function.
Assume that 0Q = {g = 0}. Then there exists a positive number to such that for
every T € (0,to] :
|det J expyq, (P(u,v),7)| =
4g:

= ‘v | {7(53 7‘95) 753C05204+251 sin a—
HY

1
—S5cos a + Sy cos o+ Sysin o — 3 Sssin «)}

where locally OS) is represented by the C® function P : Q C R? — H, i.e. 00 =
P(Q).

Now by changing the order of integration and collecting the addends we get the
formula of the Theorem 3.1, see [13].

Sketch of the proof of the Theorem 3.2. As far as Theorem 3.2 concerns, it is
enough to develop the trigonometric polynomial in the formula proved in Theorem
3.1. Indeed there are not characteristic points on the surface. So by collecting the
new coefficients we get the result, see [13].
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Sketch of the proof of the Theorem 3.3. This proof requires to split in two parts
the computation of the volume of B(0,7 +€)\ B(0,7). Indeed the boundary of the
Carnot-Charathéodory ball is not smooth. In particular, in the computation, we
always use the properties of the metric normal. Nevertheless we have to consider the
effects of the cut locus of the Carnot-Charathéodory ball. Fortunately a symmetric
argument helps us and we can achieve the result stated in Theorem 3.3, see [14].

5. REMARKS

Formula (6) in Theorem 3.2 is very different to the classic Steiner formula. Indeed
it depends on € as a trigonometric polynomial. It is not an algebraic polynomial,
as in the classic Steiner representation. Nevertheless formula (7) is interesting
because the first and the second addend are respectively the volume of 2 and the
intrinsic Hausdorff measure of 9Q2. Moreover the third addend is proportional to the
integral of the mean curvature against the intrinsic Hausdorff measure H®, what
we could call, inappropriately, the sub-quermassintegral associated with the mean
sub-curvature hpq/2. Eventually we have other new invariant objects, respectively

/ Cs dHE),
o

Cy dHE), .
o9
The density of the previous integrals can be related with higher curvatures. Indeed

e.g. in the Euclidean frame, the fourth integral density is proportional to the Gauss
curvature of 0.

Could we consider C4 a sort of intrinsic Gauss curvature of 952 in the Heisenberg
group?

and

Remark 5.1. Notice, in particular, that

2
po, 1 p 2, Vug:
Cs3=—"F++4 5 —— (Hugv,vp) — 5 ,up) .
376 T Wl o)~ g (g
and
-1 Ang (Hyv,v,) Vgt
C =—Dpqp — ,V .
6 { 4| Vgl |Vugl? <|VH9| )

As a consequence the following result concerning an approximated Steiner for-
mula holds.

Corollary 5.1. Let Q be a C® non-characteristic set. Then

4
(8) |Q€|:|Q|+Z[/ ckdng’g} e+ o(e')
k=1 L/0

Q

as € — 0.

We remark that a classic algebraic Steiner formula in the Heisenberg group,
at least for Carnot-Charathéodory balls, exists; see formula (2). Unfortunately
Carnot-Charatheodory balls are not sets of positive (intrinsic) reach, so we need
more careful computation to obtain some further information on the five coeflicients
a;, 1 =0,...,4. In particular we would like to know if it is possible to represent such
coefficients with respect to the integrals of intrinsic curvatures, like those of previous
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formula, against intrinsic Hausdorff measure H(®). Such subject has been studied
in [14]. In conclusion, we think that such geometric approach could give some
useful information about a more general and accurate notion of intrinsic curvature.
We are concerned, for example, with the measures of curvatures introduced by
Federer in the Euclidean setting, see [11]. Indeed, in a forthcoming paper, we shall
investigate such notion in the Heisenberg group, and possibly in a more general
sub-Riemannian structure.

(1]

(4]

(5]
[6]

7]

(10]

(11
[12

(13]

[14

[15]
(16]

(17]

[18

[19
[20

21]

REFERENCES

N. Arcozzi & F. Ferrari, Metric normal and distance function in the Heisenberg group,
to appear in Mathematische Zeitschrift, http://www.dm.unibo.it/%7Eferrari/papers/
AF1.pdf, Preprint, 2003.

N. Arcozzi & F. Ferrari, The Hessian of the distance from a surface in the Heisenberg
group, Preprint, 2005, http://arxiv.org/pdf/math.AP/0610367.

A. Bellaiche, The tangent space in sub-Riemannian geometry, in Sub-Riemannian geom-
etry, Progress in Mathematics, 144, Bellaiche & J. Risler eds., Birkhauser Verlag, Basel,
1996, 1-78.

L. Capogna, S. Pauls & J.T. Tyson, Convezity and horizontal second fundamental forms
for hypersurfaces in Carnot groups, Preprint, 2006.

M. Bonk & L. Capogna, Mean curvature flow in the Heisenberg group, Preprint, 2005.
L. Capogna, D. Danielli, S. D. Pauls & J.T. Tyson, An introduction to the Heisenberg
group and the sub-Riemannian isoperimetric problem, Preprint.

J.-C. Cheng, J.-F. Hwang, A. Malchiodi & P. Yang, Minimal surfaces in pseudohermitian
geometry and the Bernstein problem in the Heisenberg group, Annali Scuola Norm. Sup.
Pisa, 1(2005), 129-177.

G. Citti, M. Manfredini & A.Sarti, Neuronal oscillations in the visual cortex: T'-
convergence to the Riemannian Mumford-Shah functional, SIAM J. of Math. Anal.,
(6)35(2004), 1394-1419.

D. Danielli, N. Garofalo & D-M. Nhieu, Notions of convezity in Carnot groups, Comm.
Anal. Geom. (2)11(2003), 263-341.

S. Dragomir, Minimality in CR geometry and the CR Yamabe problem on CR manifolds
with boundary, Preprint, 2006, http://arxiv.org/pdf/math/0605391.

H. Federer, Curvature measures, Trans. Amer. Math. Soc., 93(1959), 418-491.

F. Ferrari, La disuguaglianza di Alezandrov-Fenchel relativa, Seminario Pini del Diparti-
mento di Matematica dell’Universita di Bologna, 2004.

F. Ferrari, A Steiner formula for smooth sets of intrinsic positive reach in the Heisenberg
group, Preprint 2006.

F. Ferrari, Some geometric invariants of the Carnot-Charatheddory balls in the Heisenberg
group, Preprint, 2006.

F. Ferrari, B. Franchi & G. Lu, On a relative Alexandrov-Fenchel inequalitiy for conver
bodies in Euclidean spaces, to appear in Forum Mathematicum 18(2006), 907-921.

B. Franchi, R. Serapioni & F. Serra Cassano, Rectifiability and perimeter in the Heisenberg
group, Math. Ann., 321(2001), 479-531.

M. Gromov, Carnot-Charathéodory spaces seen from within, in Sub-Riemannian geome-
try, Progress in Mathematics, 144, Bellaiche & J. Risler eds., Birkhauser Verlag, Basel,
1996, 79-318.

D. Gilbarg & N.S. Trudinger, Elliptic partial differential equations of second order, Second
edition, Springer-Verlag, Berlin, 1983.

N. Garofalo & S. Pauls, The Bernstein problem in the Heisenberg group, Preprint, 2002.
J. Hounie & E. Lanconelli, An Alezandrov type theorem for Reinhardt domains of C2,
Recent progress on some problems in several complex variables and partial differential
equations, 129-146, Contemp. Math., 400, Amer. Math. Soc., Providence, RI, 2006.

G. Lu, J.J. Manfredi & B. Stroffolini, Convez functions on the Heisenberg group, Calc.
Var. Partial Differential Equations, (1)19(2004), 1-22.



(22]

(23]

(24]

[25]

[26]

[27]
28]
[29]
[30]
[31]
[32]
[33]
[34]

(35]

A Steiner formula in the Heisenberg group... 143

A. Montanari, Formule integrali per una classe di equazioni di curvatura ed applicazioni
a problemi di simmetria, Seminario Pini del Dipartimento di Matematica dell’Universita
di Bologna, 2006, http://www.dm.unibo.it/seminario-pini/

F. Montefalcone, Some remarks in differential and integral geometry of Carnot groups,
Universita degli Studi di Bologna, PhD Thesis, 2004.

F. Montefalcone, Some relations among volume, intrinsic perimeter and one-dimensional
restrictions of BV functions in Carnot groups, Ann. Sc. Norm. Sup. Pisa Cl. Sci. (5),
(1)4(2005), 79-128.

F. Montefalcone, Hypersurfaces and wvariational formulas in sub-Riemannian Carnot
groups, Preprint, 2006.

R. Montgomery, A tour of subriemannian geometries, their geodesics and applications,
Mathematical Surveys and Monographs, 91, American Mathematical Society, Providence,
RI, 2002.

A. Nagel, E.M. Stein & S. Wainger, Balls and metrics defined by vector fields I: basic
properties, Acta Math., 155(1985), 103-147.

P. Pansu, Une inégalité isoperimetrique sur le groupe de Heisenberg, C.R. Acad. Sc. Paris,
Série I, 295(1982), 127-130.

P. Pansu, Métriques de Carnot-Carathéodory et quasiisométries des espaces symétriques
de rang un, Ann. of Math. (2), (1)129(1989), 1-60.

S. Pauls, Minimal surfaces in the Heisenberg group, Geom. Dedicata, 104(2004), 201-231.
S. Pauls, H-minimal graphs of low regularity in the Heisenberg group, Preprint, 2004.

R. Schneider, Convez bodies: the Brunn-Minkowski theory, Encyclopedia of Mathematics
and its Applications, 44, Cambridge University Press, Cambridge, 1993.

E.M. Stein, Armonic analysis: real variable methods, hortogonality and oscillatory inte-
grals, Princeton University Press, Princeton, 1993.

N.S. Trudinger, On new isoperimetric inequalities and symmetrisation, J. Angew. Math.,
488(1997), 203-220.

N.Th. Varopoulos, L. Saloff-Coste & T. Coulhon, Analysis and geometry on groups, Cam-
bridge Tracts in Mathematics, 100, Cambridge University Press, Cambridge, 1992.



