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On the palette index of a graph: the case of trees

Arrigo BoNisoLI', Simona BoONVICINI? and Giuseppe MAzzuoccoLO?

Abstract. The palette of a vertex v of a graph G in a proper edge-coloring is the
set of colors assigned to the edges which are incident with v. The palette index of G is
the minimum number of palettes occurring among all proper edge-colorings of G. After
reviewing some results on the palette index of regular graphs, we consider the problem of
determining the palette index for non-regular graphs. We begin by considering the family
of trees. We give an upper bound for the palette index of a tree in terms of the maximum
degree A. We show that this bound is best possible by producing, for each A > 3, a tree
T whose palette index reaches the upper bound.

1. INTRODUCTION

In this paper we consider finite simple graphs. We refer to [1] for graph theory
notation and terminology which are not introduced explicitly here.

The problem of coloring the vertices or edges of a graph has always attracted
people’s attention. These problems become interesting and challenging when one
requires that the coloring satisfies certain conditions. For instance, the vertices
or edges of the graph have to be properly colored, that is, adjacent vertices or
adjacent edges have to receive distinct colors. Whence the well-known definitions
of proper vertex-coloring or proper edge-coloring. We recall that Brooks’ theorem
[3] and Vizing’s theorem [4] settle the problem of a proper vertex-coloring and a
proper edge-coloring with as few colors as possible, respectively. For instance, by
Vizing’s theorem a simple graph with maximum degree A admits a proper edge-
coloring with A or A + 1 colors. The existence of a proper vertex-coloring or
edge-coloring in a graph G can be formulated in terms of the chromatic parameters
X(GQ) or xX'(G) that are known as the chromatic number or the chromatic index of
G, respectively. Probably, these two parameters are the most popular chromatic
parameters, but there are many others. For instance, the circular chromatic index
[8], the list chromatic number [7], etc. The chromatic parameters can often be used
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to know something about the structure of a graph. As an example, the chromatic
index tells us if a regular graph is decomposable into perfect matchings.

In this paper we consider a chromatic parameter called the palette index of a
simple graph G. As far as we know, this parameter was introduced in [6] and
denoted by 3(G). It can be defined as follows. Let f be a proper edge-coloring of
G and let v be a vertex of G. The set of colors assigned by f to the edges incident
to v is called the palette of v (with respect to f) and is denoted by Ps(v) . For
every proper edge-coloring of G' we can consider the set Py of distinct palettes of f,
namely, Py = {Pf(v) : v € V(G)}. The cardinality of Py is at most |V(G)|. The
palette index of G is the minimum number of distinct palettes taken over all proper
edge-colorings of G, namely, $(G) = min{|Py| : f proper edge-coloring of G}. As
shown in [6], the palette index of a regular graph is 1 if and only if the graph is
class 1 (see [4] for the definition of graphs of class 1 and 2 according to Vizing’s
Theorem). Moreover, it is different from 2. As remarked in [2], the palette index of
a d-regular graph G of class 2 satisfies the inequalities 3 < §(G) < d + 1. Whence
3(G) = 3if G is a 2-regular graph of class 2. The behavior of the palette index of
a cubic graph is described by the following result.

Theorem 1 ([6]). Let G be a cubic graph. Then

1 , if Gisclass 1
3(G)=1<3 , if Gisclass 2 and has a perfect matching
4 ,  if G is class 2 and has no perfect matching .

For the palette index of a 4-regular graph no such complete description is avail-
able. We do know that the admissible values are 1, 3, 4 and 5 and for each such
value it is possible to find a 4-regular graph whose palette index assumes this value
see [2].

The palette index of the complete graph K,,, n > 4, shows a different behavior,
namely it only assumes three values even though the range of admissible values is
much wider. More specifically,

Theorem 2 ([6]). Let K,, be the complete graph with n vertices. Then

1, ¢ n=0 (mod?2)
5(Kpn)=<3 , ifn=3 (mod4)
4 , ifn=1 (mod4).

In this paper we consider the palette index of a non-regular graph, namely, a
tree. In Theorem 3, we give an upper bound for the palette index of a tree and
show that there exists a tree whose palette index reaches this bound.

2. THE PALETTE INDEX OF A TREE

We begin this section with a general upper bound for the palette index of a tree.

Theorem 3. Let T be a tree of mazimum degree A. Then,

<3 [4].
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Proof. Denote by {cg,c1, -+ ,ca—1} a set of A colors. We construct the sets
of colors PJZ = {Cija Cij+1,Cij4+2," " 7Cij+i—1} of cardinality i, where i = 1, s ,A,
j=0,---,JA/i] — 1 and all indices are taken modulo A. Observe that, for any

fixed ¢, the number of sets P} is exactly equal to [A/i]. Then, the assertion is
proved if we furnish a A-edge-coloring of T' such that the palette of each vertex is
one of the sets P]2 defined above.

Choose one of the vertices of T', say v, to be the root of the tree. Assign arbitrarily
to the edges incident with v the colors of the palette Pg (U>7 where d(v) denotes the
degree of v. Start a breadth-first search on the vertices of T. Each time we visit
a new vertex u of T, exactly one of the edges incident with u, say uz, is already
colored. We consider (one of) the sets P;s(u) containing the color of uz (i.e. this
set does exist since for each i the sets P; cover all colors at least once). We assign
the colors of Pf(") different from the color of ux to the remaining edges incident
with u. It is clear that we can continue this process until the entire edge-set of T’

is colored and the assertion follows.
a

Remark. The upper bound of Theorem 3 holds for an arbitrary forest of maxi-
mum degree A: the procedure described in the proof can be applied separately to
the connected components of the forest.

Our next aim is to construct for each A > 3 a tree T2 having maximum degree
A reaching the upper bound of Theorem 3, thus proving that the previous upper
bound is best possible. Note that the path of length 2 is a tree of maximum degree
2 requiring exactly 3 palettes (which is exactly the upper bound for this case). First
of all, we construct a forest F'2 having palette index equal to Zle [A/i]: the tree
T will be obtained by suitably modifying and joining the connected components
of FA.

In order to construct F2, we begin by defining A-1 subtrees T, as follows.

For r =1, we set

V(Tl):{xl}u{y}Z:LaA}7
B(T) ={[z"y]:i=1,--- A}
Forr=2--- /A —1, we set

V(T) ={a"yU{y; i=1,-- A U{z; ci=1,---,r, j=1,--,r—1},

E(TT):{[xTvyiT] i=1,- 7A}UU{[y:7Z~LT,]] cj=1-- 7T_1}'
i=1

The forest F2 is the disjoint union of the trees T,., that is:
A-1
V(Y = VT,
r=1

A—1
E(F®) = ] B(T,).

r=1
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FIGURE 1. The forest F°.
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/Cli
|
&
Il
~|

>

The edges of T} have A distinct colors in every proper edge-coloring of F'2, since
they are adjacent. Hence, there are at least A distinct palettes of cardinality 1 in
every edge-coloring of F®. Furthermore, there are exactly A vertices of degree i
in T;, for every i = 2,--- ;A — 1. At most ¢ of them may have the same palette in
a proper edge-coloring, otherwise there should be at least two edges incident with
x; sharing one and the same color, a contradiction. Consequently, the number of
palettes of cardinality i is at least [A/i] for every ¢ = 2,--- ;A — 1. Finally, there
is at least one palette of cardinality A occurring at vertices of degree A, hence the



On the palette index of a graph: the case of trees 53

assertion follows.

O

In order to construct T2, we shall substitute the tree T} by a new tree Ty, defined
as follows:

V(T ={a" yl, 3} U{z, :i=1,2,j=1,--- , A—1}

2
i=1
The tree T2 is obtained by taking the trees T{,Ts, - ,Ta—1 and joining them
by introducing new edges.
Here is a complete description of T2:
A-1
V(T®) =v(T)u | V(T

r=2

A—-1
E(T®) = E(T)u | B@) u{le’ 2,y Ul .25 =2, A2

X
1 1
Y 2
T/
1 1 B Z !
2L 212 213 214 2.1 22 223 224
>
Xx*
2 2 2 2 ¥
T N Y2 3 ht Ys
2
2 ) 2
211 2.1 3.1 241 2.1
X3
3 3
T N 2 V3 Vi V5
3
2 z 3
211 22 2.1 22 3.1 B2 241 242 2.0 252
o
4 4 4 4 a
n Y y2 Y3 Y4 Vs

4 4 4 4 4 4 4 4 4 4 4 4 4 4
Aacp%13 21%2%3  B1283 0 U122%3 3513552353

FIGURE 2. The tree T°.
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Proposition 2.

A
5(T%) = [91 :
(T%) ; -

Proof. Looking at the vertices yi,---,yh, r > 2, we observe at least [A/r]
palettes of cardinality r: the argument is the same as in the proof of Proposition 1.
Looking at the A —1 vertices 2 ;,- -, 2] o1, We observe A —1 distinct palettes of
cardinality 1. The total number of palettes that we have counted thus far is one less
than the required number: we shall now figure out that we can always single out a
further palette. Assume the vertices y1 and y3 (which have degree A) have distinct
palettes: since we have only counted 1 palette of cardinality A thus far, we have
just introduced an extra palette. Assume now the vertices y1 and y3 have the same
palette: the edges z'y} and x'y3 have distinct colors, consequently we observe more
than A —1 palettes of cardinality 1 on the vertices zil, e ,ziAfl, 2571, e ,ziAA,
thus producing an extra palette again.

O

3. FINAL REMARKS AND AN OPEN PROBLEM

As far as we know, the unique upper bound for the palette index of a general
simple graph in terms of A is the trivial one. We mean that every admissible subset
of the color-set in a proper edge-coloring appears as a palette. More precisely, by
Vizing’s Theorem a graph of maximum degree A admits a (A + 1)-edge-coloring,
then the palette index is at most 2211 —2. However, there exist classes of graphs for
which the palette index is bounded by a constant function of A, such as complete
graphs. It is not hard to construct a family of graphs for which the palette index
grows linearly in A. For instance the star of maximum degree A.

In the present paper, we show the existence of a family of trees whose palette
index is Zle [A/i]: its leading asymptotic behavior is thus Aln(A). We recall
that one of the well-known definitions for the Euler-Mascheroni constant v is

. 201
ALHEoo (Z i ln(A)> -7

i=1

Furthermore, the following relation holds (see [5]):

A
. 1 A A
oA Z(H ‘?) =7

=1

By using the previous two relations, it is not hard to find out that Zil [A/i]
asymptotically grows as Aln(e?7A).

In view of previous remarks, we would like to leave the following open problem:
find a class of graphs for which the palette index grows exponentially in terms of
A or prove that it does not exist.

REFERENCES

[1] J.A. Bondy & U.S.R. Murty, Graph theory, Springer, 2008.

[2] S. Bonvicini & G. Mazzuoccolo, Edge-colorings of 4-regular graphs with the minimum
number of palettes, Graphs Combin., 32(2016), 1293-1311.

[3] R.L. Brooks, On coloring the nodes of a network, Proc. Cambridge Phil. Soc., 37(1941),
194-197.



On the palette index of a graph: the case of trees 55

[4] S. Fiorini & R. J. Wilson, Edge-colorings of graphs, Research Notes in Mathematics, 16,
Pitman, London, 1977.

[5] J. Havil, Gamma: exploring Euler’s constant, Princeton University Press, 2003.

[6] M. Horndk, R. Kalinowski, M. Meszka & M. Wozniak, Minimum number of palettes in
edge colorings, Graphs Combin., 30(2014), 619-626.

[7] V.G. Vizing, Vertex colorings with given colors, Metody Diskret. Analiz., 29(1976), 3-10
(in Russian).

[8] X. Zhu, Circular chromatic number: a survey, Discrete Math., 229(2001), 371-410.



