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Recent results on the adjacent vertex
distinguishing chromatic index of the direct
product of graphs

Margherita Maria FERRARI' and Norma ZAGAGLIA SALVI?

Abstract. The adjacent vertex distinguishing chromatic index of a graph G is the
minimum number of colors in a proper edge coloring of G which distinguishes adjacent
vertices. In this paper we collect several recent results involving this parameter and the
usual chromatic index in relation to the direct product of graphs.

1. INTRODUCTION

Let G = (V, E) be a finite simple undirected graph. An edge coloring of G is a
map « from E to a finite set of colors C. The coloring « is proper if a(e1) # a(ez)
whenever edges eq, ey are adjacent. The chromatic index of G is the minimum
number of colors x/(G) in a proper edge coloring of G. By the well-known Vizing’s
Theorem x'(G) is either A(G), the maximum degree of G (G is Class 1) or A(G)+1
(G is Class 2) [10]. Note that deciding whether a graph G is Class 1 is an NP-
complete problem even for cubic graphs ( [14]).

The color set of a vertex u € V' with respect to the coloring « is the set Cy(u),

or simply C(u), of colors assigned by « to the edges incident to u.
The coloring « is adjacent vertex distinguishing (avd for short) if uv € E(G) implies
Co(u) # Co(v) ([1], [2]). Alternative terminologies for this kind of coloring are
adjacent strong edge coloring [31] and neighbor-distinguishing coloring [8]. The ad-
jacent vertex distinguishing chromatic indez of the graph G is the minimum number
X5 (G) of colors in a proper avd edge coloring of G. Since x/, (K1) = 0 and the graph
K5 does not admit an avd coloring at all, when analyzing the invariant x/,(G) it
is sufficient to restrict our attention to connected graphs of order at least 3. This
is justified by the obvious fact that if G is a disconnected graph with (non-K>)
components G;, 1 <i < g, then x/(G) = max(x,(G;) : 1 <i<q).

In [31] the invariant x/,(G) was introduced and treated for classes of graphs with
simple structure such as trees, cycles, complete graphs, complete bipartite graphs;
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in particular x,,(Cs) = 5. The results led the authors of the introductory paper
[31] to formulate

Conjecture 1.1. If a connected graph G # Cs has at least 3 vertices, then x5, (G) <
A(G) + 2.

Conjecture 1.1 is known to be true for
e subcubic graphs, bipartite graphs ([1]),

e graphs G with mad(G) < 3 ([29]), where mad(G) (the parameter called
the mazimum average degree of the graph G) is defined by mad(G) :=
max(2|E(H)|/|V(H)|: H € G),

e planar graphs G with A(G) > 12 ([17]).

There are classes of graphs for which A(G)+1 is a sharper upper bound for x/ (G).

e graphs satisfying either mad(G) < 5/2 and A(G) > 4 or mad(G) < 7/3
and A(G) = 3 [29],

e bipartite planar graphs with A(G) > 12 ([8)]).

The best general bound so far is given by Hatami [13] who proved that x,(G) <
A(G) + 300 if A(G) > 10%°.

The avd chromatic index was discussed also for graphs resulting from binary
graph operations. A good information about such operations can be found in a
monograph [19] by Imrich and Klavzar. One can mention the Cartesian product ([2,
3]), the direct product ([11], [26], [3]), the strong product [3] and the lexicographic
product [3].

The direct product of graphs G and H is the graph G x H with V(G x H) :=
V(G) x V(H) and E(G x H) = {(u,z)(v,y) : wv € E(GQ), zy € E(H)}. This
product is commutative and associative (up to isomorphisms). This product, also
referred to as tensor product, Kronecker product, categorical product and conjunc-
tion, has applications in engineering, computer science and related disciplines. The
direct product of a bipartite graph with any other graph is bipartite. So every
product of a graph G by a path or a cycle is bipartite except when the cycle has
odd length and G is not bipartite.

Let N¢(u) be the set of all neighbors and dg(u) = | Ng(u)| the degree of a vertex
u € V(Q); then Nogxpm(u,x) = Ng(u) x Ng(x) and dgxpg(u,z) = dg(u)du(z),
where (u,z) € V(G x H).

As usual, we denote by Cf, P, and K}, a cycle, a path and a complete graph on k
vertices, respectively. Further, we assume that V(Py) = [1,k], E(P) = {{i,i+1},:
i€[l,k—1]} for k € [1,00) and V(Ci) = [L,k], E(Ck) = {{i, ¢ + 1)} : i € [1, K]}
for k € [3,00) and the indices are mod k.

For terminologies not defined here we follow [30].

Consider a set D C [1, A(G)]; the graph G is said to be D-neighbor irregular,
if for any d € D the set V4(G) := {u € V(G) : de(u) = d} is independent. In
other words, if an edge uv in a D-neighbor irregular graph joins vertices of the same
degree d, then d € [1, A(G)] \ D.
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When working with the avd chromatic index, there are several useful observations
following directly from the definitions and from the fact that the color set of a vertex
of degree d is of cardinality d.

Proposition 1.2. A(G) < x/(G) < xL(G) for any graph G.

Proposition 1.3. If a graph G has adjacent vertices of degree A(G), then x,(G) >
A(G) + 1.

Proposition 1.4. x/(G) = X'(G) for any [1, A(G)]-neighbor irreqular graph G.

This paper is organized as follows. In Section 2 we investigate the avd chromatic
index of the direct product of a graph by a path. In section 3 we consider the case of
the direct product with a regular graph. In Section 4 we study the avd chromatic
index of the direct product of a graph by a cycle and we investigate particular
strings of sequences. In Section 5 we determine the usual chromatic index of the
direct product of a simple graph with the total graph T5, which is the complete
graph K5 with a loop added to each vertex, and the avd chromatic index of the
direct product of a simple graph by a graph with a loop in every vertex. In the last
section we describe some cases in which the usual chromatic index turns out to be
equal to the avd chromatic index.

2. THE DIRECT PRODUCT OF A GRAPH BY A PATH

2.1. The direct product of a graph by K. In this section we investigate the
avd chromatic index of the direct product of a graph G by Ks, the path of length
1; these graphs are extensively studied in [28].

Let {ui,us} be the vertex set of Ky. For every vertex v; of G, we have that
w; = (v;,u1) and w} = (v;, uz) are vertices of G x K. Moreover if v;v; is an edge
of G, then w;w} and wjw; are edges of G x Ky. Clearly,

dasre (v, 1) = da(v) = daxk, (v,us—;), ve V(G), i=1,2.
Theorem 2.1 ([26]). For any graph G, we have the inequality
(1) Xa(G x K2) < X4(G) .
In particular, if G is bipartite, then
(2) Xa(G x K3) = x4 (G) .
A stronger result has been proved in [18].

Theorem 2.2. X/, (G x Ks) < min(x,(G), A(G) + 2) for every graph G.

Example. Since C,, x K5 = 2C,, when n is even, and C,, X K5 = C5, when n
is odd, using the avd chromatic index of the cycles obtained in [31], we have
3 n=0 (mod 3)

XaOn x Ha) = {4 n#0 (mod 3).

Notice that (1) is a strict inequality for n = 5, since x/,(Cs) = 5 and X/, (Cs x K3) =
4.
Another case of an equality is given by the following theorem.
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Proposition 2.3 ([26]). Let G be a graph with at least two adjacent vertices of
mazimum degree. If x,,(G) = A(G) + 1, then we have the identity

(3) Xo(G x Ka) = AG) +1.

An edge coloring 3 of the graph G x K3 is said to be symmetric provided that
Cs(v,u1) = Cp(v,ug) for every v € V(QG).

An edge coloring o : E(G) — C induces in a natural way the edge coloring
a” : E(G x K3) — C defined so that

(4) o ((v,u1)(w,u2)) := a(vw) =: ™ ((v,u2)(w,u1)) , wvwe€ E(G).
From the definition it immediately follows:

Proposition 2.4 ([18]). Let « be an edge coloring of a graph G. Then
1. o is a symmetric edge coloring of the graph G x Ka;
2. a* is proper if a is proper;
3. a* is avd if a is avd.

Proposition 2.4 yields the inequality x'(G x K3) < x'(G). However, it is possible
to prove more:

Theorem 2.5 ([18]). For any graph G there is a symmetric proper edge coloring
of the graph G x Ky that uses A(G) colors.

2.2. The direct product of a graph by a path of length greater than 1. In
this section we study the direct product of simple graph G with a path P,, different
from K.

Let V(Py,) = {u1,ug, -+ ,up}, where m > 2, and V(G) = {vy,va, - ,vp}, n > 1.
For i =1,--- ;m — 1, we denote by S(u;u;4+1) the subgraph of P, induced by the
edge w;u;y1. Notice that the direct product G x P, is the union of the m — 1
edge disjoint subgraphs H; = G x S(uju;y1), 1 <i < m — 1. The edges of H; are
(ve, u3)(v5, ui41), when vy, v; are adjacent vertices of G. Moreover, H; is bipartite
and it is not connected, consisting of two components isomorphic to G if and only if
G is bipartite. In any case, the maximum degree of H; coincides with the maximum
degree of G.

Because of Proposition 1.3, if H is a cycle or a path of order at least 3, then
X4 (G x H) can be equal to A(Gx H) = 2A(G) only if G x H does not have adjacent
vertices of degree 2A(G). Such a condition is fulfilled only if either H = P3 or G
does not have adjacent vertices of degree A(G).

Theorem 2.6 ([18, 26]). Let G be a graph having mazimum degree A(G); then
XL (G x P3) = 2A(G) = A(G x Ps).

To generalize the result obtained in Theorem 2.6, we will employ the concept of
avd d-sequence [11]. For any positive integer d € N, an avd d-sequence of length
m is a sequence (S1,So, -+ ,S,,) of d-subsets of a (2d + 1)-set C satisfying the
following properties:

(S1) every set S; is disjoint from S;_; and S;41,
(S2) the sets S;—1 and S;y; are distinct
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foreveryi = 2,--- ,m—1. An avd sequence of length m is cyclic when the properties
(S1) and (S2) are satisfied for every i = 1,2,--- ,m (taking the indices modulo m).

An example of an avd d-sequence of length m > 1 is given by the sequence
Cogr1 = (Q1,Q2, - ,Qm) where the sets @Q; are obtained by taking d consecutive
elements of the set C = {1,2,--- ,2d + 1} in the following way: Q1 = {1,2,--- ,d},
Qa={d+1,---,2d}, Qs ={2d+1,1,2,--- ,d — 1}, and so on.

The concatenation of two d-sequences R = (Rq, Ra,- -+ , Rp) and T = (T1,Ts, - - - ,
T,) is the d-sequence RT = (Ry, Rz, -+ ,Rp, T1,Ts,--- ,Ty). If R and T are avd,
T, is disjoint from R, and distinct from R,_; and 75 is distinct from R,,, then also
RT is avd. In addition, if 7} is disjoint from R; and distinct from Ra, and Ty_; is
distinct from R, then RT is cyclic avd.

Theorem 2.7 ([11]). For d > 3, there exists a cyclic avd d-sequence of every even
length m > 4.

For example, we may find for d = 3 the sequences:
Dg : 123,456,127, 345,126,457,
Dg : 123,456, 127,345,267, 145, 236,457,
Dig : 123,456, 127,345,267, 145, 367, 245, 136, 457.

In the following Theorem we prove the existence of the cyclic avd d-sequence of
every odd length, slightly different from the proof of the same theorem [11].

Theorem 2.8. For d > 2, there exists a cyclic avd d-sequence of every odd length
m>2d+ 1.

Proof. Notice that the d-sequence Caq11 = (Q1,Q2, -+ ,Qm), where m = 2d+1,
turns out to be cyclic.
Now consider the d-sequence Caq43 of length 2d 4+ 3 obtained from Ca441 by the
replacement of Q24 by Roq = (Q2aU{d+2})\ {3} and Q2411 by Ragy1 = (Q2a+41U
{3} \ {d + 2} and the addition of the two sets Rogi2 = {1,2,4,--- ,d + 1} and
Rogqys = {d+2,2d+1}
Moreover consider the d-sequence Cs445 obtained from Coq41 by replacing Q2441 by
the set Tog11 = (Q24+1U{1})\{2d+ 1} and the addition of the four d-sets Togi2 =
(Q1U{2d+1})\{1}, Togys = (Q2U{1})\{2d}, Togya = (Q3U{d, 2d})\{1,2d+ 1},
Toass = (Qu U{2d+ 1})\ {d}.
It is not difficult to prove that Cyqys and Cyqys are cyclic avd. Notice that the
first two sets of the sequence Cy441 coincide with the first two sets of the cyclic
avd sequences of even length. This allows to concatenate the avd sequences of even
length h > 6 with Ca441, thus obtaining all the cyclic avd sequences of every odd
length m > 2d + 1.

O

For d = 3, an example of avd 3-sequences of length 7, 9, 11 is the following:
Cr : 123,456,127, 345,167,234, 567,
Cy : 123,456,127, 345,167,245, 367, 124, 567,
C11 : 123,456,127, 345,167,234, 156,237, 145, 236, 457.

Now, we can prove the following

Theorem 2.9 ([26]). For any bipartite graph G and for any path P, with m > 4,
we have the inequalities

(5) 2A(G) < xL(G x Py) <2A(G) + 1.
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In theorem 10 of [18], a similar result holds for a graph G not necessarily bipar-
tite.

Theorem 2.10 ([26]). For any bipartite graph G having at least two adjacent
vertices of mazimum degree and for any path P,, with m > 3, we have the identity

(6) Xo(G % Py) = 2A(G) + 1.

Proposition 2.11 ([26]). Let G be a simple bipartite graph and let my,--- ,mg >3
with k > 1. Then for the direct product G X Py, X --- x Pp,, we have the following
cases.

1. If mqy = --- =my = 3, then we have the identity
Xo(G X Py, x - x Pp) = 28A(G) .

2. If max(my,--- ,my) >4, then we have the inequalities
2FA(G) < X (G X Py X -+ X P, ) = 28A(G) + 1.

In particular, if G has two adjacent vertices of maximum degree, then we
have the identity

Xo(G X Py X oo x Py ) = 2FA(G) + 1.

3. REGULAR GRAPHS

Let G be a simple, regular graph of degree d = A(G), having n > 1 vertices.
Given a simple graph H and an integer d > 1, dH denotes the multigraph obtained
from H by replacing every edge e by d edges having the same vertices of e.

Proposition 3.1 ([11]). For a d-regular graph G and an arbitrary graph H, we
have

Xo(G x H) < x,,(dH)

Note that for m > 3, there are adjacent vertices of degree 2d and x/ (G x Pp,) >

2d + 1. In particular, using previous Proposition, the following result is proved in
[11]:

Theorem 3.2 ([11]). Let G be a d-regular graph and m > 2 a positive integer.
Then

2d for m=3

(7) Xa(GXPm)_Xa(de)_{2d+1 form>3

4. THE DIRECT PRODUCT OF A GRAPH BY A CYCLE

In this section we investigate the avd chromatic index of G' x Cy, with particular
attention to a graph G which is {A(G)}-neighbor irregular.

4.1. A-neighbor irregular graphs.

Theorem 4.1 ([18]). Suppose that for a graph G and k € [4,00) one of the following
assumptions is fulfilled:

(4) G is {A(G)}-neighbor irregular and k =0 (mod 4);
(#) A(G) =1 (mod 2), G is {A(G)}-neighbor irregular and k =2 (mod 4);
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(iit) A(G) = 0 (mod 2), G is {A(G)/2, A(G)}-neighbor irregular and k = 2
(mod 4).
Then x,,(G x Ci) = 2A(G) = A(G x Ck).

As a consequence,

Theorem 4.2 ([18]). If G is a {A(G)}-neighbor irreqular graph and k € [4,00),
then X, (G x Py) = 2A(G) = A(G x Py).

Theorem 4.3 ([18]). Suppose that k € [3,00) and G is a D-neighbor irreqular
bipartite graph, where either A(G) is odd and D = {A(G)} or A(G) is even and
D ={A(G)/2,A(G)}. Then X' (G x Ci) =2A(G) = A(G x C).

In [18] the following Theorem, which confirms Conjecture 1.1 for the graphs

G x C, has been obtained by using particular sequences of positive integers, named
appropriate.

Theorem 4.4 ([18]). If A(G) € [3,), k € [6,00), and either k is even or k >
2A(G) + 1, then x,(G x Cy) < 2A(G) + 1.

Moreover, if we consider the direct product of a d-regular graph G with a cycle,
in [11] the following result was proved using cyclic avd d-sequences of even and odd
length.

Theorem 4.5 ([11]). Let G be a d-regular graph, where d > 2, and a positive
integer m > 4, when even, or m > 2d + 1, when odd. Then

(8) Xo(G X Cp) =2d+1.

4.2. The direct product of two cycles. Note that Theorem 4.4 does not cover
the case A(G) = 2. However, if G is a connected graph of maximum degree 2, then
G is either a cycle or a path. The direct product of a cycle and a path was analyzed
in Theorem 3.2. In the rest of this section we deal with the direct product of two
cycles or two paths or a cycle by a path. In [20] decompositions of these graphs
into cycles of uniform length are studied.

Note that x/ (Cy, X Cy) is known in the following cases treated in [11]:
e at least one of m,n is even and greater than 4,
e both m,n are odd and greater than 7,
e m=nmnc[34].

Other cases are considered in [18].

Theorem 4.6 ([18]). If (m,n) € [3,00) x [3,00) and ({m} U {n}) N ([3,00) \
{3.4,7}) # 0, then x;(Cpm x Cn) =5.
Theorem 4.7 ([18]). If (m,n) € [3,00) X [3,00), then 5 < x,(Cp, X Cy,) < 6 =
A(Cyy X Cp) + 2.

Note that there are pairs (m,n), for which the upper bound in Theorem 4.7
applies. Namely, according to [11], x,(Cs x C5) =6 = x,(Cy x Cy).

Finally, we turn to the direct product of two paths. Recall that from [11] it is
known that x,(Pm X P,) = 2 if (m,n) € {(2,3),(3,2)} and x,(Pn x P,) = 3 if
min(m,n) = 2 and max(m,n) > 4. By Theorem 2.6 we have x, (P X P,) = 4
provided that min(m,n) = 3.
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Theorem 4.8 ([18]). If (m,n) € [4,00) X [4,00), then X, (Ppn X P,) = 5.

4.3. Disarranged strings of sequences. In this section R = (a1,a2, - ,an)
and S = (by,be2, -+ ,b,) denote n-sequences of distinct elements, sharing exactly
n — 1 elements. We associate with R and S the bijection f defined by the relation
f(a;) = b;, 1 <i < n, and represented in two line notation by the 2 x n array

ai as - a,
9 .
) <b1b2"'bn>

Let u and v be the different elements which belong to the first and the sec-
ond line respectively. The function f is formed by the linear ordering I(f) =
(u, f(u), f2(u),- -, f*=(u), v), where k is the minimum positive integer such that
f*(u) = v, and a permutation 7(f) on the remaining elements [6]. In [5] a similar
function, called widened permutation, is investigated in the context of the theory
of species of Joyal.

Definition 4.1. R is said disarranged with respect to S if for every set {i1, 2, - ,
iT} c [n} {aiuaiw e 7air} ?é {biubizv T 7bir}'

The sequences R and S are called 1-disarranged if there exists an index i € [n]
such that a; = b; and the sequences, obtained from R and S after deleting a; and
b;, are disarranged. In this case we say that the pair (R, S) is 1-disarranged.

Now we extend the definition 4.1 to a string of n-sequences.

Definition 4.2. Let n,m € N; an m-string (S1,Se, - ,Sm,) of n-sequences, is
called disarranged if:

(A1) S; is disjoint from S;_; and S;41,
(A2) S;—1 and S;41 are disarranged.

for every i =2,--- ,m — 1.

A disarranged m-string of n-sequences is circular when the properties (A1) and
(A2) are satisfied for every i = 1,2,--- ,m (taking the indices modulo m).
An m-string of n-sequences is 1-disarranged if there exists at least one index ¢ such
that S;_; or S;41 form a 1-disarranged pair.
An m-string of n-sequences is (0, 1)-disarranged if it is either disarranged or 1-
disarranged.

The main result of [4] is the following Theorem.

Theorem 4.9 ([4]). Let m,n be positive integers. Forn odd and every m > 2 or for
n even and m > 6 even (m # 14) or form > 2n+1 odd (m # 2n+7), there exists a
circular disarranged m-string of n-sequences. For the remaining cases, there exists
a circular 1-disarranged m-string of n-sequences.

Corollary 4.10. Let m > 6 and n be positive integers. Then for either m even or
m > 2n + 1 there exists a circular (0,1)-disarranged m-string of n-sequences.

Using previous corollary now we are able to prove Theorem 9 of [18] in a different
way.
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Theorem 4.11. For any simple connected graph G and for any cycle Cy,, where
either m > 6 even or m > 2A(G) + 1, we have the inequality

Xo(G X Cp) <2A(G) +1.

Proof. Denote (Sy,S2, - ,Sn) a circular (0, 1)-disarranged m-string of n-se-
quences whose elements belong to a (2n+ 1)-set of colors to be assigned to Hy, Ha,
++ Hp,, where H; = G x S(u;uit1), 1 <i<m and U1 = us.

Because H; is bipartite, its chromatic index holds n. Let « be a proper edge-
coloring of H; using the n colors of S;. By Theorem 2.5 we may assume that = is
symmetric. Moreover we assign a symmetric proper edge coloring of H;, 2 < j < m,
by replacing the i-th color of S, where 1 < ¢ < n, by the i-th color of Sj.

Now, if vz is an edge of G, then the vertices (v,u1) and (z,us) of H; are adjacent.
We have to prove that the set Cy of the colors of the edges incident (v,uq) is
distinct from the set Cy of the colors of the edges incident (z,us). Let us assume,
by contradiction, that C; and Cs coincide. Let C; = Dy U Dy and Cy = F> U E3,
where D; (resp. Ds) is the set of colors assigned to the edges incident (v, 1) which
belong to H,, (resp. Hp) while E (resp. Ej3) is the set of colors assigned to the
edges incident (z, u2), which belong to H; (resp. Hz). Since D; and Ds are disjoint,
as well as Fy and FE3, Dy and F3, and D; and Es, it follows that Dy = E5 and
Dy = E3. The condition Dy = E5 implies that the set of the indices of the colors
of S; used in Dy coincides with the set of the indices of the colors used in FEs.
Moreover the set of colors related to the vertex vug in Hy coincides with Dy because
v is symmetric. By the same motivation the set of colors related to the edges
incident to zu; in H; coincides with Fs. This implies that also the set of the
indices of the colors in D; and in Ej5 coincide. Denote {41,142, - ,i,} the set of
these indices, S, = {a1,a2, - ,a,} and So = {b1,ba, -+ ,b,}. Because S,, and Sy
are (0, 1)-disarranged, then, for r > 1 {a;,, as,, - ,a;.} 7 {biy, bip, -+ , b}
Consider the case r = 1. If S,,, and Sy are 1-disarranged, we could obtain D = Ej.
However this assumption implies that v and z have degree 1 and this implies the
impossible consequence that G is not connected.

So, the vertices of the edges of H; have distinct colors sets. Continuing in
this way, we obtain that the same property holds also for H;, 1 < j < m, thus
completing the proof.

O

5. THE DIRECT PRODUCT OF A SIMPLE GRAPH BY A GRAPH WITH A LOOP IN
EVERY VERTEX

5.1. Double graphs and generalized double graphs. In this section we are
interested in evaluating the chromatic index and avd chromatic index of G' x K},
where k € N,k > 1.

Recall [24] that the double graph of a graph G is defined as D[G] = G x T5, where
T is the total graph on 2 vertices, i.e. the graph obtained from the complete graph
K5 by adding a loop to each vertex.

In [26] all median double graphs are characterized, where a median graph is a
connected graph in which every triple of vertices has a unique median, i.e. a unique
vertex that lies simultaneously on geodesics between any two of the given vertices.

Theorem 5.1 ([24]). If G is of class 1 then also D[G] is of class 1.
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In relation to the chromatic index of the double of a graph G, in [27] it was
conjectured that all double graphs are of class 1.

This conjecture was proved to be true in [9]. A property useful to obtain such
result concerns a particular edge coloring of the direct product of a simple graph
G by K2 or by TQ.

An edge coloring « of the graph G x Kj is said to be reflective if
a((v,ur)(w,u2)) = a((v,u)(w,uy1)) , vw € E(Q).

Moreover an edge coloring  of the graph G x T5 is said to be reflective if
B(v,ur)(w,uz)) = (v, uz)(w,u1)) , vwe E(G).

and

B(v,ur)(w,u1)) = B((v,uz)(w,uz)) , vwe E(G).

Theorem 5.2 ([9]). If G is a graph of class 1, then G x Ty admits a proper,
reflective 2A(G)-edge coloring.

Denote M?(G) the multigraph obtained from G by replacing every edge with a
pair of two edges in parallel; in other words every edge e = v;v; of G is replaced by
different edges e; and ey, with the same vertices v;, v;. In other words M?(G) = 2G.

Proposition 5.3 ([9]). There exists a bijection between the set of proper edge-
colorings of M%(G) and the set of proper reflective edge-colorings of G x Ts.

Using the notion of reflective colorings it is possible to prove the following result.
Theorem 5.4 ([9]). Let G be a simple class 2 graph; then G x Ty is of class 1.

For any k € N, k > 1, the generalized double graph of a graph G is defined as
Dy[G) = G x Ty, where T}, = K} is the total graph [21].

Theorem 5.5 ([26]). If G is a graph of class 1, then also the generalized double
graph Di|G] = G x Ty, is of class 1.

In [9] the authors investigated when Theorem 5.5 can be extended to the gener-
alized double graphs.

Proposition 5.6 ([9]). Let k > 2 be even and G a simple graph of class 2; then
G x Ty, is of class 1.

Proposition 5.7 ([9]). Let G be a d-regular graph of odd order and class 2. For
k>1 odd, G x Ty is of class 2.

Note that the generalized double graphs were introduced in [23] as graphs
G[mK;], where G[H] denotes the composition of graphs G and H, also known
as the lexicographic product. Recall that the composition of graphs G and H is
the graph G[H] with the vertex set V(G[H]) = V(G) x V(H) and the edge set
E(G[H]) = {(u,v)(v/,v") : either (u=u' and v ~ V") or u ~ u'}.

Proposition 5.8. Let G be a simple graph and m € Nym > 1. Then G x K, is
isomorphic with GlmK;].

Proof. Denote V(K3,) = {vi,v2, -+ ,um} and V(mK;) = {w1, w2, , W}
This implies that V(G x K3,) = V(G) x {v1,v2, -+ , v} and V(G[mK1]) = V(G) x
{wy,wa, -+ ,wy} are bijective.
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Let u, z be distinct vertices of G.
If (u,v;) is adjacent to (z,v;) in G x K, where 4,5 € {1,2,--- ,m}, then v and
z (respectively v; and v;) are adjacent in G (respectively K7,). As a consequence,
(u,w;) is adjacent to (z,w;) in G[mK;] because u # z and u ~ z.
On the other hand, since V[mKj] is formed by m isolated vertices, if (u,w;) is
adjacent to (z,w;) in G[mK;], we must have that v and z are adjacent in G.
Because every two vertices of K2, are adjacent, we obtain that the vertices (u,v;)
and (z,v;) are also adjacent in G x K3,. This completes the proof.

g

5.2. The direct product of a simple graph by a graph of order greater
than 2 with a loop in every vertex. In this section we consider the case of
the direct product of a simple graph G by the graph H?, obtained by adding a
loop to each vertex of a simple graph H. Note that G x H? is still a simple graph
and that it can be considered as the edge disjoint union of the subgraphs G x H,
G x S(wiw),- - ,G x S(wpwy,), where wy, - - ,w, are the vertices of H.

Theorem 5.9 ([26]). For any graph H with no isolated vertices, we have the in-
equality
AH)+1< x50 (Ko x H) < A(H) +3.

Theorem 5.10 ([26]). For any connected graph G, different from Ks, and for any
connected graph H with at least two vertices, we have the inequality

(10) Xa(G x H?) < xo(G) + A(G)A(H) + 1.
In particular, if H is bipartite, then
(11) Xo(G x H?) < xo(G) + A(G)A(H) .

If we restrict our attention to the case of P,,, the following Theorem holds.

Theorem 5.11 ([26]). For any bipartite graph G, different from Ko, and for any
path Pp,, with m > 4, we have the inequalities

3A(G) < xo(G x Py,) <3A(G) +1.

6. AVD-MINIMAL GRAPHS

In this section we describe some cases in which the usual chromatic index turns
out to be equal to the avd chromatic index. We say that a graph G is avd-minimal
when x,(G) = X' (G).

Examples of avd-minimal graphs are P3, C,, with n = 0 (mod 3), K,, when
n > 1 is odd, the Petersen graph P(5,2).

Proposition 6.1 ([26]). If G is a graph of class 1, with at least two adjacent
vertices of mazimum degree, then G is not avd-minimal.

The Heawood graph H [15, p.190], the Franklin graph F, and the Pappus graph
P [15, p.252] are all cubic graphs of class 1, not avd-minimal: x'(H) = x/(F) =
X'(P) =3 and x;,(H) = x,(F) = x,(P) = 4

Proposition 6.2 ([26]). If G is a bipartite graph with at least two adjacent vertices
of maximum degree, then it is not avd-minimal.
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Theorem 6.3 ([26]). A tree (on at least three vertices) is avd-minimal if and only
if it has no adjacent vertices of maximum degree.

Theorem 6.4 ([26]). Let G be a graph of class 1. If G is avd-minimal, then also
G x Ky is avd-minimal.
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