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A set of multi-variable polynomials generalizing the
Gegenbauer polynomials

Carlo BELINGERI, Youssef BEN CHEIKH and Paolo Emilio Ricct

Abstract’. We consider a set of multi-variable polynomials including Chebyshev poly-
nomials of the first and second kind, and the Gegenbauer polynomials too. We derive some
properties of this family, including several recurrence relations.

1. INTRODUCTION

In [1] a generating function for numerical sequences, including both the Fibonacci
and Lucas numbers is presented, and some convolution sums of mixed type, involv-
ing these sequences, are derived.

The same procedure can be applied for deriving generating functions [2],[3] of
polynomial sets, including the classical Gegenbauer polynomials, and therefore,
in particular, the Chebyshev polynomials of the first and second kind, and the
Legendre polynomials. The relevant polynomial sequence, depending on two real
parameters p and ¢, is shown to satisfy a 4-term recurrence relation.

In this article some properties of this family are shown, and in particular several
recurrence relations are derived.

The same technique is further extended in this article to the case of multi-variable
polynomials generalizing the multi-variable Gegenbauer polynomials, including the
multi-variable Chebyshev polynomials of the first and second kind [4],[5].

In is worth to note that the Hermite and Gegenbauer polynomials can be consid-
ered as “twins”, since they - and their generalizations - appear as unique solutions
of many characterization problems.

In Sect. 5, the subject is framed in this general context, since in the Rainville
book [6] an extension of the Hermite polynomials is given, while the corresponding
extension of the Gegenbauer polynomials is missing. This work is intended to
complete this gap. In this context, several generalizations of the Hermite and
Gegenbauer polynomials existing in literature are also mentioned.
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2. DEFINITION AND 4-TERM RECURRENCE RELATION

We consider the polynomial set GEL” ) where p and q are real parameters (satis-
fying a consistency condition to be stated later, in equation (3.3)), defined by the
generating function

1—at)
21) o, 1) = a —(2xt+t2 e ZG(p e
Particular cases are given by (see e.g. [3])
ep=1,49q=0
G1(z) =T,(x)  (Chebyshev st kind)
ep=0,¢g=1

GOV (z) =U,(x)  (Chebyshev 2nd kind)
G2 (z) = Py(a) (Legendre)

GON (z) = CMa) (Gegenbauer)

Theorem 1. For every choice of the parameters p and q, verifying (3.3), the
polynomial set G%p’Q) satisfies the 4-terms recurrence relation

(n+1)G%%Y(@) = (Bn+2¢+p)zGPV (z)-
—[2n+q—1)2* +2p+2¢+n—1] GSLP_’ql)(ac)+
+2¢+p+n—22GPY (),

GU@) =0 , G =1 , GP()=(2q+p)

Proof. In fact, differentiating with respect to ¢ both sides of (2.1) we find
0
ot

(2.2)

—(1—at)P(1 — 2zt +t*) P71 = —pa(1 — xt)P~ (1 — 22t + t*) P14
+(1—at)? 2(p+q)(z — t)(1 — 2t +12) P77 ] =

Z 1) G () 1

(2.3)

Setting ¢t = 0 we find G(p q)( ) (2¢ 4+ p)x. Furthermore,

—pr  2(p+q)(z S G (g - naPo n
1—xtJr 1—2xt+t2 Z Z(”Jr )GRi (@)t
n=0 n=0

and

(2 + p)x — 2(q2® + p+ )t + (2q + p)at?] Y GPD ()" =

n=0
= [1-3at+ (1+222) —2t’] Y (0 +1) G (2) ¢
n=0

Therefore, our result follows comparing coefficients of powers of ¢ in the above
equation.
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Remark 1. The recurrence relation (2.2) may be rewritten under the form:
[0+ 1D)GTD (@) - 22(g + WGP (@) + (24 +n ~ VGLY ()] -
(24) =2 [nGPI@) - 2(g+n - )G (@) + 2+ n - 2GTY ()] -
—p [2GPD (@) - 2629 (@) + 2GLY ()] = 0.
The recurrence relation (2.4), with p = 0, is an iteration of the three term recurrence

relation satisfied by the Gegenbauer polynomials C¥ [Rainville book [6], equation
(13), p. 279):

nCy(z) =2z(v+n—-1)Cy_1(z) — 2v+n—2)C;_,(z) .

n—1

Remark 2. It is not difficult to find a link between the above introduced polynomi-
als and the generalized Fibonacci-Lucas numbers {7}, defined in [1], equation
(2):
> 1+2t)™
G t) = T(Z,m)tn _ (
(Z,m)( ) T;) n (1 = t2)£+m )

where the parameters ¢ and m are non negative integral numbers.
In fact, putting

(14 2yt)™

— (£,m) =\ TR
G(Z,m)(mvyﬂf) = ;Tn "z, y)t" = (1 —at— t2)£+m ’

where ¢ and m are in general real numbers, and comparing these new polynomials
with the G\7?) defined in (2.1), we find:

G () = T ™) (=20, ix/2) .

3. LINK WITH THE GEGENBAUER POLYNOMIALS

Theorem 2. For every choice of the parameters p and q, verifying (3.3), the

polynomial GSLp’q) is represented, in terms of Gegenbauer polynomials as follows

(3.1) G;Wx):Z( P )(4)”*%”*’“05*‘1@).

n—=k
k=0

Proof. Writing equation (2.1) in the form
S 1

(p.9) n_ (1 — zt)? E—
> GPI ()t = (1 - at) Tt T B

02 CS (D) S -

h=0

:i . <nfk)(f1)”*kxnf’ccg+%) t

our result follows.
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3.1. A consistency condition. The following lemma gives the before announced
consistency condition on the parameters p and ¢ in order to work with an effective
polynomial set

Lemma 1. deg G\"'? = n, for all n, if and only if
(=p)n
n!

Proof. Recall first that the coefficient of highest degree of the Gegenbauer
polynomial C¥ is 2"(v),/n!. Since the generating function G®9)(z,t) satisfies
G0 (z, —t) = GP9 (—z,t), the polynomial set {G%p’q)}nzo is symmetric. It follows
then from (3.1) that

(3.3)

s Fi(—n,p+q;1+p—m;2)#0 , foralln.

GS?yq)(I) = cpa" + mp_2(T)
where 7, _ is a polynomial of degree less or equal to n — 2 and

k

ERES O (N S e T e e

_ | _
= \n nt I+p—n)k

So

G () = (75,)" 2P (—n,p+ ¢ 1+p—m;2)a” +mpa(z),
and the desired result follows.
Particular case: From this lemma, we deduce that deg Ggp 9 = 1 if and only if
2q + p # 0. This result was also given by the initial conditions of the recurrence
relation (2.2).

3.2. Explicit expression. It is possible to find the explicit expression of the Gslp )
polynomials. In fact, every polynomial like G\ ’q>, belonging to a symmetric poly-

nomial set, i.e. such that: G%p’q)(—m) = (—1)"6‘5?’(1)(%)7 can be written in the
form:

[n/2]
L1
GPD () = g™ E > e(n, j) pori
=

By using the identity (3.1) and the explicit expression of the Gegenbauer polyno-
mials [Rainville book [6], equation (2) p. 277]:

/2] vk (y, 2)n—2k
oray = $ Vi)

2 kl(n — 2k)! :
we find:
N DY S\ P DR ok
R Y] (7 6) T 2

For j = 0 we recover ¢(n,0) = ¢,, already computed in equation (3.4).

Remark 3. It is worth to note that it is not possible to find a simple hypergeo-
metric type representation for the polynomials Gﬁ{’ 9 Tn fact they are represented
by a combination of hypergeometric functions. The relevant expression could be
derived by using equation (3.1) and one of the hypergeometric representation of the
Gegenbauer polynomials.
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4. MISCELLANEOUS RESULTS

We list in the following some particular relationships linking the G polyno-
mials shifting the indices p and ¢:

e Differential recurrence relation

(4.1)

(4.2a)

(4.2)

(4.4)

(4.5)

(4.6)

n—1 n—1

/
(G%p,q)) (x) =2(p + q)G(p,qH)(x) pr(p_l’qH)(m) )
Proof. It follows from (2.1) differentiating both sides with respect to z.
Property 1.

Gglp,q)(x) _ G%p—l,q—&-l)(x) _ l'Gglplequl)(fL’) 7

or, in equivalent form

GPO (@) =2 G (@) + GPTH ) ()
Proof. 1t follows from
G (z) = (1 —xt)GP~ 1D (g)
Property 2.
GiPD(a) - 22 G (@) + GG (@) =

_ Gglpfl,q) (z) — xG;p:ll’q)(as) _ Gﬁf’*q*”(x) )
Proof. Tt follows from

(1 =22t +t3)GPD (z) = (1 — xt)GP~ 1D (1) |
and from (4.2a).

Property 3.
GPD(x) =GP (@) = 20 G (@) + G4 (@)

Proof. Tt follows from
(1 — 22t + t2)GP It () = g9 () .

Property 4.
Gt @) —a G () = G (@) + 2 G ()

Proof. Tt follows from (4.2a) and (4.2b).

Property 5.
(n+ DGR @) =2(p+ ) [2 P (@) - GPYV ()] -

—px Gflpfl’“l)(m) .
Proof. Since

0
—(1—at)P(1 —2at +1*)P 1=
t( xt)P( xt +t°)

_ —pe(l—at)Pt 2Ap+q)(z —t)(1 —xt)P
(1= 2wt + 12)pta (1 — 2wt + 2)ptatl
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o0 oo
=—px Yy GP (@)t +2(p+ gy GP (2) "~

n=0 n=0

—20p+q) Y GPT (@)t

n=1

recalling equation (2.3) we find the result.

e Property 6.
(4.7) Gr(z) =GPV (2)GIV () |

k=0

Proof. 1t follows from

g(p,q)(x) = g9 (x) g(p70)(x) )

e Property 7.
G (@) = 22 G (@) + GG (@) =

~( P nk ik -
=3 <n v k) (—Lnkgnkortil(g)
Proof. It follows from (4.3) and (3.1).

5. ABOUT SOME GENERALIZATIONS OF HERMITE AND GEGENBAUER
POLYNOMIALS IN THE LITERATURE

Classical orthogonal polynomials (the Jacobi, Laguerre and Hermite) form the
simplest class of special functions. At the same time, the theory of these polyno-
mials admits wide generalizations. There is an extensive literature about math-
ematical properties of these polynomials and their applications in various areas.
Particular interests are given to Hermite and Gegenbauer polynomials (included in
Jacobi polynomials) and their generalizations. Indeed these polynomials appeared
as the only solutions for many characterization problems arising in the d-orthogonal
polynomial theory. It’s well known that Hermite and Gegenbauer polynomials are
the only symmetric classical orthogonal polynomials. That means that they satisfy
the property: P,(—z) = (—1)"P,(x), and their derivatives are also orthogonal.

Another characterization was given separately by Al-Salam [7] and Von Bachhaus
[8] who proved that the only orthogonal polynomials generated by

G(2xt — %) = Z enPr(z)t™ , ¢, #0 , where G(z) = Z anz" , an #0,
n=0 n=0

are the Hermite and Gegenbauer polynomials. For Hermite polynomials, G(z) = e*
and for Gegenbauer polynomials, G(z) = (1 — 2)(=*). There are in the literature
three other characterization problems for which the only solutions are different
generalizations of Hermite and Gegenbauer polynomials:
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Generalization 1. The Dunkl operator T}, is defined by

L) = £y +p TOIED s 2

f being a differentiable function. The operator Ty is reduced to the derivative
operator.
An orthogonal polynomial set {P,}, -, is called T-classical if {T,,Ppy1},~, is
also orthogonal. B -
Ben Cheikh and Gaied [9] proved that the only symmetric T),-classical orthogonal
polynomials are the generalized Hermite polynomials {H#}, ., and the generalized

Gegenbauer polynomials {Sy(fx’“ -V 2)} given respectively, in terms of Laguerre
0

n>

polynomials LS, n > 0, and Jacobi polynomials Py(f"ﬁ ), n >0, by:

Hi () = L T,
2/m
(=1)"(2m + 1)! +1/2(, 2
HY = g LY ,
2m+1(1’) (M+ %)m-H €z (CL‘ )
S5 (0) = e P ),

o, (@4 B+ Dms1 ,B+1) (5.2
ngi)l (z) = CES z PYPt (227 — 1),
where (a), =T'(a+ n)/T(a) is the Pochhammer symbol.
The polynomial set {H} '}, - is orthogonal with respect the weight function [10],
[11]
z[#e ™, —co<x<+00.

The polynomial set {Sr(za’g)} N is orthogonal with respect the weight function [10]

n>0
|21 — 2P, —l<az<1.

Generalization 2. Let P be the vector space of polynomials with coefficients in C
and let P’ be its dual. We denote by (u, f) the effect of the functional v € P’ on
the polynomial f € P. Let {P,},>0 be a sequence of polynomials in P such that
deg P,,(z) = n for all n. In this case, we call also {P, },,>0 is a polynomial set. The
corresponding monic polynomial sequence {]ADn}nzo is given by P, = )\n]sn, n >0,
where A, is the normalization coefficient and its dual sequence {uy, },,>¢ is defined

by <unaPm> = 5n,m ) n7m 2 0

Definition 1. Let d be an arbitrary positive integer. The polynomial sequence
{P,}n>0 is called a d-orthogonal polynomial sequence (d-OPS) with respect to the
d-dimensional functional U = *(ug,- - ,uq—1) if it fulfills [12], [13]

(Uk, PpPp) =0 , m>dn+k , n>0,
(uk, PnPanyr) #0 , n>0,

for each integer k belonging to {0,1,--- ,d — 1}.
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These orthogonality conditions are equivalent to the fact that the sequence
{P,}n>0 satisfies a (d + 1)-order recurrence relation [12], which we write in the
monic form as

Prtai1(z) = (@ — Bmta) Prta(z) — Z’Yﬁllldiyypm+d—1—u(x) , m=>0,

with the initial conditions
Pyz)=1 , Pi(z)=z—pF andif d>2:

Po(x) = (# = 1) Poa(z) - Zv‘“”Pnzy() , 2<n<d,

and the regularity conditions

72+17é0 ;, n=0.

When d = 1, the above recurrence relation is the well-known second-order recur-
rence relation satisfied by orthogonal polynomials:

Poio(x) = (& = Bus1) Pogi (@) — 1 Palx) . n >0,

po(l‘)zl 5 Pl(x)::c—ﬁo

Definition 2. Let d be a positive integer. A polynomial set (P,), is called d-
symmetric if P,(wqz) = wlP,(z) for all n, where wy = exp(2in/(d + 1)).

(5.1)

Definition 3. A polynomial set {P,}, is called classical d-orthogonal if and only
if both {P,}, and {P}_,}» are d-orthogonal.

Definition 4. A polynomial set { P, }, is called of Boas-Buck type if it is generated
by

A)B@C(t) =Y enPa()t" , cn #0,
n=0

where

o0

(t):iantn , B(t):ibnt" , C(t):cht" . anbper 20, Vn.
n=0

n=0 n=1

Ben Cheikh and Ben Romdhane [14] proved that the only d-symmetric classical
OPSs of Boas-Buck type are the Gould-Hopper polynomials {G}, },>0 and Humbert

polynomials {h&”)}nzo given respectively by their generating functions:

exp ((d + 1)t — th) = i G (x) t

and

1
h(u) tn
(1 — (d+ 1)xt + t4+1)” Z

For d = 1, the Gould-Hopper polynomials and Humbert polynomials are respec-
tively reduced to Hermite polynomials and Gegenbauer polynomials. Various prop-
erties for these d-OPSs related to were given by Gould and Hopper [15], Humbert
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[16], Ben Cheikh and Douak [17], Ben Cheikh and Ben Romdhane [14] and Lamiri
and Ouni [18],[19].

Generalization 3.

Definition 5. A polynomial set {P,}, is called T),-classical d-orthogonal if and
only if both {P,}, and {T,,Pn11}, are d-orthogonal.

Definition 6. There exists a unique linear isomorphism called intertwining oper-
ator V,, such that

d
Vo(Pr)=Pn , Vu(1)=1 and T,V,= Vu% ,
where P,, denotes the set of polynomials of degree less or equal to n.

V), is given explicitly by:

V(o) = (1/2)((n41)/21 o
(4 1/2) 1) 2
Ben Cheikh and Gaied [20] proved that the only d-symmetric T},-classical OPSs
of Boas-Buck type are the Gould-Hopper type polynomials {Ggf‘ ) }n>0 and Humbert
type polynomials {hg"” >}n20 given respectively by:

G = Vy(Gn) and A =V, (R

Various properties for these d-OPSs were given by Ben Cheikh and Gaied [20].

Now, it’s worth to recall that Hermite and Gegenbauer polynomials are symmet-
ric and satisfy a recurrence relation of type (5.1) and to note that all the above gen-
eralizations have corresponding ones to these two main properties. On other hand,
we give a further generalization of Hermite polynomials introduced by Rainville [6],
p. 237, who considered the polynomial set {gy, }n>0 generated by

e n
exp (20t — ) 1Fi (1 + 0514 5:2) = 3 gulo)
n=0 :

and showed that these polynomials satisfy the following four-terms recurrence re-
lation:
(26 + n)gn(x) — (26 + 2n — 1)(22)gn—1(2)+
+(n —1)[2(2a +n) + (22)*|gn—2(z) — 2(n — 1)(n — 2)(22)gn—3(z) = 0.

We refer to such recurrence relation as of type RR,,[4(0,1,2,1)] (which means a
recurrence relation linking four consecutive polynomials belonging to a polynomial
set, the highest index is n, and where the first coefficient is a polynomial in = of
degree 0, the second of degree 1, the third of degree 2 and the fourth of degree 1).
Similarly, the recurrence relation (1) may be viewed as of type RR,+2[3(0,1,0)].

The polynomial set {gn}n>0 is then a generalization of Hermite polynomials
which is symmetric and satisfies a recurrence relation of type RR,[4(0,1,2,1)].

In this paper, we provide a new polynomial set {G?9},,>¢ having the same prop-
erties and the question is: “what corresponds to the orthogonality for polynomials
satisfying a recurrence relation of type RR,[4(0,1,2,1)]?”

Notice by the way that every orthogonal polynomial set satisfies a recurrence
relation of type RR,[4(0,1,2,1) according to the identity:

RRA[3(0,1,0)] + (z + a)RRn_1]3(0,1,0)] = RR,[4(0,1,2,1)]
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since every orthogonal polynomial set satisfies a recurrence relation of the type
RR,[3(0,1,0)].

6. THE MULTI-VARIABLE CASE

In [4] a set of multi-variable polynomials extending to the case of r — 1 variables
the classical Chebyshev polynomials of the first and second kind was introduced
specializing the corresponding Lucas polynomials in r variables.

In order to generalize this set, introducing the above parameters p, ¢, and pre-
serving the notation used in [4], we will consider in the following the multi-variable
polynomial set defined by the generating function

g(pﬂ) (uh U2y "y Up—1, Z) =
_ [T_ (’I“— 1)U12—|—~--+ (—I)Tflurilzrfl]p B
(6.1) ol wztugz? 4+ (<) g2t (<)t

= Z GSD_;,_(Q 2 ula U2,y - 7UT71)Zn
We consider first the case when r = 3. In this case, the following theorem can
be proved
Theorem 3. For every choice of the parameters p and q, such that the consistency
condition deg GPD = p s verified, the polynomial set {Ggp*‘”} = {GSLp’q)(ul, uz)}
satisfies the 6-terms recurrence relation
3(n+ 1)G§Lp+’[12) =({p+3¢+ 5n)u1G£lp+q1)
+2[(1 = g = n)uf + (2 - 2p — 3¢ — 2n)u] GIF Y+
(6.2) +[(p + 5¢ — 6+ 3n)usug + 3(3p + 3¢ — 2 + )| GP D+
+[2(3—2p—3¢—n)us + (3 —2q — n)ug}Gin q2)
+(p+3q — 4+ n)uGPY
and the initial conditions
G(,péq) _ G(fiq) _ G(()p,q) -0

(6.3)
=z o= (Vo)

Proof. Differentiating with respect to z both sides of (6.1), in the particular case
when r = 3, yields

3—(3 —2uqz + quQ)p(l — Uz 4 ugz? — z?’)_p_q =
z
= 2p(—uy +u22)(3 = 2u1 2 + upz?)P T (1 — w2z + up2? — %) TP
+(3 = 2u1z 4+ u2z®)P [(p + q)(u1 — 2upz 4 32°)(1 —urz + ugz® — 2°) P47 =
= Z n+ 1 GglerqZ) ul,uQ)

Putting z = 0 in the this equatlon we find
Gy =g (g +q)u
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Furthermore,

2p(—u1 + ugz) n (p+ @) (u1 — 2upz + 332)} i (.9)

n
U, uU2)z =
3 — U1z + ugz? 1 —wuiz + ugz?2 — 23 ~ ni1 (U1, U2)

= Z(n + ].)G?(,Lp_:é)(ul,UQ)Zn ,
n=0

so that
[2p(—u1 + uz2)(1 — w2 + upz® — 2°)+

oo

+(p+ q)(u1 — 2u2z + 32%)(3 — 2wy 2 + up2?)] Z ;pﬁ)(uhuz)zn =
n=0
= (3= 2u1z 4+ up2?)(1 — ug 2z + ug2® — 23) Z(n + 1)G£lp_;_(§)(u1, u2)z"
n=0

and therefore the recurrence relation (6.2) follows by comparing the coefficients of
same powers of z in the last equation. Other initial conditions in (6.3) easily follow.

The same procedure can be used in the general case, but in order to avoid
cumbersome computations, it is convenient to let

N := N(uj,ug, + ,up_1) =
=r—(r—Dugz+---+ (=1)""tu_1271,
D := D(uj,ug, + ,up_1) :=
=1 -z due2® + -+ (1) lup 2 (1),

(6.4)

so that equation (6.1) becomes

NP &
(6.5) Drva = Z G’glp_;_qr)_z(ul,uQ7 ce L Upoq) 2"
n=0

and subsequently (denoting by suffix the derivative with respect to z),

9 Nvp-r-a_ pNNPTL (p+ @)DNP
Oz Dr+a Dp+aq+1
= Z(n + 1)G£Lp;'i)71(u1,u2, e ueo1)2"
n=0
N, D.] o
|:pw - (p + Q) 3:| Z G*Ezp-ﬂ‘)—Q(ulaUQa e :urfl)zn =
n=0
o0
= Z(n + 1)G5Lp4:17-)71(u17 Uy 7u7‘—1)zn )

Il
=)

n

oo o0
(6.6) [PN.D — (p+q)D-N] > _GP% 2" = ND S (n+1)GHY 2.

n=0 n=0

Therefore, we can derive the following general result
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Theorem 4. For every choice of the parameters p and q, such that the consistency
condition deg G,(lp’Q) = n is verified, the polynomial set {fo’@} = {G%”‘”(ul,u%
- Ur_1)} satisfies the 2r-terms recurrence relation
P+ 1) Gy = [p a4+ (2r = Dnju G-
—{la(r = 1) + (r = 1)(n — D]ui+
2%+ 27 + (2r = 2)(n — D] ua} G117t
Hlp+ Br—4)g+ (2r = 3)(n - 2)] vyug+
8%+ 3ar + (2r = 3)(n — 2)]us} G+
+ .- +
+{(=1)*p(L = k) +q(r — k) + (r — 1)(n — k)] uyup+
D)1 2p(=3 4 k) — 20(r — K+ 1) — (r — 2)(n — k)] upug_1+
H(=DM2[3p(5 — k) + 3q(r — k +2) + (r = 3)(n — k)] ugup—2+
+oo (=D Fr(n — k)u;c_H} Gflp_;_?_g_k-i—
4o+
+{[p+Br—4)g+3(=2r +4+n)|u_1u,_o+

(6.7)

+3[B3p+qr — 2r + 4+ nju,_3} GV, 4

+H=22p+qr—2r+34+n)u—o—
~la(r = 1) —2r 34wl } G+

+p+qr—2(r—1)+n]u,—1 G,(f;(lr) ,

and the initial conditions

G(_”;‘Ql = G(_P;% = =GPV =GP —... =g =,

(6.8) (P.) (P.9) P
) _ ,.p pa) _ p (£
G-y =r" , G, 7 (r + q) Uy .

Note that the general term of equation (6.7), is valid provided that 0 < k < r — 2,
since we must assume Uy = Upyq = -+ := 0.

Proof. By differentiating with respect to z, multiplying factors in the left and
right hand sides of equation (6.6), and equating the coefficients of same powers of
z in the same equation, we find, without changing signs nor compacting terms, in

order to show the construction rule

r(n+1)GPY_ = —{pl(r — Dur] — (p+ @)frwr] — [rus + (r — Dw]n} GHL_y+

+{pl(r — Duruy +2(r = 2)uz] = (p+ @) [(r — Durus + 2ruz] —
~[rus + (r = Durur + (r = 2uo)(n — DY Y-
—{pl(r = Duruz 4 2(r — 2)uguy + 3(r — 3)us]—
(p+ @(r —2)uruz + 2(r — uguy + 3rusl+
+rus + (r — Dugug + (r — 2)ugug + (r — 3)ug)(n — 2)} GSLPJZ),AL—&-
+ PPN —|—
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+{p [—(—1)k(r — Dugug 4+ (1) 12(r — 2ugup_1—
—(=1)*23(r — Bugup_o + -+ (D) (E + 1) (r — k — Dugya] —
—(p+q) [~(=D)*((r — B)ugug) + (=1)*7'2(r — k + Dugup_1—
—(=D)*23(r — k4 2)ugup—2 + - + (=) (k + Drugg | —
— [(—l)kﬂrukﬂ — (=1D)*(r = Duqug, + (=1)* 1 (r — 2)ugup_1—
2(r — 3)ugup_o + -+ (1) — k- Dugs1] (n—k)} Gflpﬁ)fg,k-i-
+ oo Jr
(=123 [(r — D1ty + 2(r — 2)up_oup_1 + 3(r — 3)u,_3] —
—(p+q) [Brup—3 +2(r — Dup—2up—1 + (r — 2)up—1up 2] —
— [Bur—s + 2up oty 1 + Uy _yur o] [n— (2r — 4]} GPY 4+
+(=D 2 {p[(r — Dup_1tp_1 + 2(r — 2)tup_o] —
—(p+q) [2rur—o + (r — Dup_1u,—1] —
—2us 4 urur ] [n— (2r = 3)]} GV +
) p(r = Dy = (0 + @)rupor = upoaln — (2r = 2)]} G2

Rearranging this equation, the recurrence (6.7) follows.

(1
2]

3]
(4]
(5]

[6]
7]

(8]

(9]
(10]
(11]
(12]
(13]
(14]
(15]

[16]
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