
Lecture Notes of
Seminario Interdisciplinare di Matematica
Vol. 9(2010), pp. 41–56.

On obtaining dual sequences via inversion coe�cients
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Dedicated to Professor P.E. Ricci on the occasion of his 65th birthday

Abstract1. In this paper, we express explicitly the dual sequence of Boas-Buck polynomi-

als and we derive integral representations of the dual sequence of two classes of polynomial

sets given by their inversion formulas. That can be useful in studying the d-orthogonality

of some polynomials, and allows us to unify the treatment of the dual sequence problem

for many well-known polynomials in the literature.

1. Introduction

Let P be the vector space of polynomials with coe�cients in C and let P 0 be
its algebraic dual. We denote by hu, fi the e↵ect of the functional u 2 P 0 on the
polynomial f 2 P. A polynomial sequence {Pn}n�0 is called a polynomial set (PS,
for shorter) if and only if deg Pn = n for all non-negative integer n. The dual
sequence (DS, for shorter) {ur}r�0 associated with the PS {Pn}n�0 is defined by
hur, Pni = �r,n; r, n 2 N = {0, 1, 2, · · · }; where �r,n denotes the Kronecker symbol.
Among the problems related to this notion, we quote the following.

Problem P: For a given PS {Pn}n�0, find an integral representation of its DS
{ur}r�0 of the type:

(1.1) hur, x
ni =

Z 1

0
tn r(t) dt , if n � r .

Note that if n < r, hur, xni = 0.
Such a problem arises in various fields of mathematics. In particular, in studying
d-orthogonal polynomials. That was introduced by Maroni [15] and Van Iseghem
[19] as follows.

Let d be a positive integer. A PS {Pn}n�0 is called d-orthogonal (d-OPS, for shorter)
with respect to the d-dimensional functional vector � =t (�0,�1, · · · ,�d�1) if it
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satisfies the following orthogonality relations:

(1.2)

( h�k, PrPni = 0 , r > nd + k, n 2 N ,

h�k, PnPnd+ki 6= 0 , n 2 N ,

for each integer k belonging to Nd = {0, 1, · · · , d� 1}.
For d = 1, this notion is reduced to the known notion of orthogonality.
As proved by Douak and Maroni [7], a PS {Pn}n�0 is d-orthogonal with respect
to a d-dimensional functional vector � = t(�0,�1, · · · ,�d�1) if and only if it is
also d-orthogonal with respect to the vector U = t(u0, u1, · · · , ud�1), where the
functionals u0, u1, · · · , ud�1 are the d first elements of the dual sequence {un}n�0

associated with the PS {Pn}n�0. Consequently, for a d-OPS, we consider the d first
elements of the corresponding dual sequence as the d-dimensional functional vector
ensuring the d-orthogonality of these polynomials.

Problem P contains in fact two questions:
Question 1: Find explicit expression of the sequences

(↵n(r))n�0 = (hur, x
ni)n�0 , r 2 N .

Question 2 (Moment problem): Find a suitable function  r(t) such that (1.1).
Among the methods developed to solve Question 1, we could mention the one
which requires that the polynomials Pn be orthogonal. Then hur, xni, n � 0 are
the corresponding Fourier coe�cients.
A second one, introduced by the first author [1] is based on the lowering operator
and a formal power series associated with the involved PS. More precisely, it was
shown that if � is the lowering operator of the PS {Pn}n�0, the DS of {Pn}n�0 is
given by

hur, x
ni =

1
r!

[�r�(�)(xn)]x=0 ,

where �(t) =
P1

n=0 ↵ntn,↵0 6= 0, is a suitable power series.
A third one (see, for instance [20]) which was deduced from the inversion formula:

xn =
n
X

j=0

Ij(n)Pj(x) , n 2 N ,

provides

(1.3) hur, x
ni = Ir(n) , n � r .

In this work, we treat the two previous questions, using the inversion formulas, for
some general classes of PSs. More precisely, we give a solution to Question 1 for
Boas-Buck polynomials and a solution to Question 2 for two classes of PSs having
specific inversion formulas and containing many known PSs.

2. Dual sequence of a Boas-Buck polynomial set

Let us, firstly, introduce the following definitions and notations. We will denote
by:
• S0 the set of all formal power series A(t) =

P1
n=0 antn, a0 6= 0;

• bS0 the set of all formal power series B(t) =
P1

n=0 bntn, bn 6= 0 for all n;
• S1 the set of all formal power series C(t) =

P1
n=1 cntn, c1 6= 0.
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Let C 2 S1. By C⇤ we mean the composition inverse of C given by the relations:
C⇤(C(t)) = t and C(C⇤(s)) = s.

Definition 2.1. A PS {Pn}n�0 is said to be of Boas-Buck type (or a Boas-Buck
PS) if it is generated by:

(2.1) A(t)B(xC(t)) =
1
X

n=0

Pn(x)
n!

tn ,

where (A, B, C) 2 S0 ⇥ bS0 ⇥ S1.

This class of PSs contains the most known PSs.
Two particular subclasses are worth to note. The first one is the Brenke polynomials
where C(t) = t. The second one corresponds to She↵er polynomials, where B(t) =
et.
We state the following.

Theorem 2.2. Let {Pn}n�0 be a Boas-Buck PS generated by the identity (2.1).
Then the dual sequence {ur}r�0 associated with {Pn}n�0 is given by

hur, x
ni =

↵r(n)
bn

, n � r ,

where

(2.2)
C⇤k(t)

k!A(C⇤(t))
=

1
X

n=k

↵k(n)tn .

Proof. We recall that, a Boas-Buck PS generated by the identity (2.1) have the
following inversion formula [2]:

xn =
n
X

j=0

↵j(n)
bn

Pj(x) ,

where the coe�cients ↵j(n) are given by the identity (2.2).
That, by virtue of (1.3), leads to the desired result.

⇤
Next, we illustrate an application of Theorem 2.2.

From Theorem 2.2, one can deduce an explicit expression of the linear functional
u0 ensuring the orthogonality of an orthogonal PS of Boas-Buck type. In fact we
have the following.

Corollary 2.3. Let {Pn}n�0 be an orthogonal PS generated by (2.1). Then the
linear functional u0 for which the orthogonality holds is given by

hu0, x
ni =

↵n

bn

where (1/A)(C⇤(t)) =
P1

n=0 ↵ntn and B(t) =
P1

n=0 bntn.

Notice by the way that the characterization of all orthogonal PSs of Boas-Buck
type is an open question as mentioned in Ismail’s book [10]. In the meanwhile,
Meixner [16] gave the only five orthogonal PSs of She↵er type and Chihara [6] gave
the only eight orthogonal PSs of Brenke type. Next, we show how one can deduce
known results from Corollary 2.3 for some PSs belonging to theses two subclasses
of Boas-Buck polynomials by considering two examples.
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Example 2.4 (Hermite polynomials). The Hermite polynomials are generated by
[11]:

G(x, t) = exp(�t2)
| {z }

A(t)

exp(x 2t
|{z}

C(t)

) =
1
X

n=0

Hn(x)
n!

tn .

Observing that

C⇤(t) =
t

2
,

1
A(C⇤(t))

= exp
✓

t2

4

◆

=
1
X

k=0

(2k)!
22kk!

t2k

(2k)!
=

1
X

n=0

hu0, x
ni t

n

n!
, bn =

1
n!

.

Then the linear functional u0 for which the orthogonality holds is given by:

hu0, x
ni =

8

>

>

<

>

>

:

0 , if n is odd ,

n!
2n(n/2)!

=
1p
⇡

�
✓

n + 1
2

◆

=
2p
⇡

Z +1

0
xne�x2

dx , if n is even ,

=
1p
⇡

Z +1

�1
xne�x2

dx .

Example 2.5 (Laguerre polynomials). The Laguerre polynomials are generated
by [11]:

et
|{z}

A(t)

0F1

 �
↵+ 1

;�xt

!

| {z }

B(xC(t))

=
1
X

n=0

n!L(↵)
n (x)

(↵+ 1)n
| {z }

P
n

(x)

tn

n!
,

where pFq(z) designates the generalized hypergeometric function given by [14]:

(2.3) pFq

 

(ap)

(bq)
; z

!

=
1
X

k=0

[ap]k
[bq]k

zk

k!
,

with [ar]p =
Qr

i=1(ai)p, (ai)p = �(ai + p)/�(ai) the Pochhammer symbol, and (ar)
the set {a1, · · · , ar}.
In this case, we have:

C(t) = C⇤(t) = �t ;
1

A(C⇤(t))
= exp(t) =

1
X

n=0

1
n!
|{z}

↵
n

tn ,

B(t) =
1
X

n=0

1
n!(↵+ 1)n
| {z }

b
n

tn .

It follows that:

hu0, x
ni = (↵+ 1)n =

1
�(↵+ 1)

Z +1

0
xnx↵e�x dx , (<(↵) > �1) .

3. Integral representations

In this section, we derive integral representations of the dual sequences of two
classes of PSs given by their inversion formulas. Then, as applications, we consider
some special cases. Some d-orthogonal PSs will be discussed.
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3.1. Theorems.

Theorem 3.1. Let {Pn}n�0 be a PS satisfying the following inversion formula of
the type:

(3.1) xn =
n
X

j=0

⇠j [h(j)]l(j)n
Qm

i=1 �(�i(j) + n)
Qs

i=1 �(⇢i(j) + n)
Pj(x) ,

where m � s and h(j), l(j),�i(j), ⇢i(j) are real numbers. Then the dual sequence
{ur}r�0 associated with {Pn}n�0 is given by

hur, x
ni =

Z 1

0
tn r(t) dt , n � r ,

where

 r(t) =
⇠r
t

Gm, 0
s, m

 

t

(h(r))l(r)

�

�

�

�

�

(⇢s)

(�m)

!

, if m > s ,

 r(t) = �[0,(h(r))l(r)]
⇠r
t

Gm, 0
m, m

 

t

(h(r))l(r)

�

�

�

�

�

(⇢m)

(�m)

!

, if m = s and
P

⇢i��i >0 .

Gm, n
p, q designates the Meijer’s G-function defined by [14, p. 143]:

Gm, n
p, q

 

z

�

�

�

�

�

(ap)

(bq)

!

= (2⇡i)�1

Z

L
z⌧

Qm
j=1 �(bj � ⌧)

Qn
j=1 �(1� aj + ⌧)

Qq
j=m+1 �(1� bj + ⌧)

Qp
j=n+1 �(aj � ⌧)

d⌧ .

We refer to [14, p. 144] for the details regarding the type of the contour L and for
the conditions on the involved parameters.

Proof. According to the identities (1.3) and (3.1), we get:

(3.2) hur, x
ni = ⇠r[h(r)]l(r)n

Qm
i=1 �(�i(r) + n)

Qs
i=1 �(⇢i(r) + n)

, n � r .

We consider the following two cases.

Case 1: m > s. Using the identity (3.2) and the Mellin transform of the Meijer’s
G-function given by [14, p. 157]:

(3.3)

Z 1

0
Gm, l

p, q

 

µt

�

�

�

�

�

(ap)

(bq)

!

ts�1 dt =

=
µ�s

Qm
j=1 �(bj + s)

Ql
j=1 �(1� aj � s)

Qq
j=m+1 �(1� bj � s)

Qp
j=l+1 �(aj + s)

,

we obtain

hur, x
ni = ⇠r[h(r)]l(r)n

Z 1

0
Gm, 0

s, m

 

t

�

�

�

�

�

(⇢s)

(�m)

!

tn�1 dt .

That, upon the change of variable t = t0/[h(r)]l(r), leads to the desired result.
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Case 2: m = s. Recall that the first author and Douak [4] showed that

(3.4)

pFq

 

(ap)

(↵q + �q + 1)
;x

!

=
q
Y

i=1

✓

�(↵i + 1 + �i)
�(↵i + 1)

◆

⇥

⇥
Z 1

0
Gq, 0

q, q

 

t

�

�

�

�

�

(↵q + �q)

(↵q)

!

pFq

 

(ap)

(↵q + 1)
;xt

!

dt ,

where
Pd+1

j=1 �j > 0.
This identity, for x = 0 and q = m, is reduced to

(3.5)
m
Y

j=1



�(↵j + 1)
�(↵j + 1 + �j)

�

=
Z 1

0
Gm, 0

m, m

 

t

�

�

�

�

�

(↵m + �m)

(↵m)

!

dt .

Thus, for
Pm

i=1 ⇢i � �i > 0, the identity (3.2) can be rewritten under the form

hur, x
ni = ⇠r[h(r)]l(r)n

Z 1

0
Gm, 0

m, m

 

t

�

�

�

�

�

(⇢m(r) + n� 1)

(�m(r) + n� 1)

!

dt .

That, by virtue of the transformation [17, p. 46]:

(3.6) z�Gm, n
p, q

 

z

�

�

�

�

�

↵1, · · · ,↵p

�1, · · · ,�q

!

= Gm, n
p, q

 

z

�

�

�

�

�

↵1 + �, · · · ,↵p + �

�1 + �, · · · ,�q + �

!

,

leads to the following identity

hur, x
ni = ⇠r[h(r)]l(r)n

Z 1

0
tn�1Gm, 0

m, m

 

t

�

�

�

�

�

(⇢m(r))

(�m(r))

!

dt .

Using the change of the variable X = t[h(r)]l(r), we get:

hur, x
ni = ⇠r

Z [h(r)]l(r)

0
Xn�1Gm, 0

m, m

 

X

[h(r)]l(r)

�

�

�

�

�

(⇢m(r))

(�m(r))

!

dt .

⇤
Theorem 3.2. Let {Pn}n�0 be a PS satisfying the following inversion formula of
the type:

(3.7) xn =
[n/(d+1)]
X

j=0

⇠j

j!
µn�(d+1)j

Qm
l=1 �(�l + pj + n)

Qs
l=1 �(⇢l + qj + n)

Pn�(d+1)j(x) ,

where m � s, p, q 2 Z and ⇠, µj ,�j and ⇢j are real numbers. Then the dual sequence
{ur}r�0 associated with {Pn}n�0 is given by

hur, x
ni = �i,i0

Z 1

0
tn r(t) dt , n � r ,

with
8

<

:

n = i + (d + 1)k , k 2 N , i 2 Nd+1 ,

r = i0 + (d + 1)k0 , k0 2 N , i0 2 Nd+1 ,

and  r the function defined by
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• for m(d + p + 1) > s(d + q + 1) + 1,
(3.8)

 r(t) = (d + 1)Trt�(r+1)⇥

⇥Gm(d+p+1), 0
s(d+q+1)+1, m(d+p+1)

 

td+1

⇠1

�

�

�

�

�

1,�(d+1+q, ⇢1+r),· · ·,�(d+1+q, ⇢s+r)

�(d+1+p,�1+r),· · ·,�(d+1+p,�m+r)

!

• for m(d + p + 1) = s(d + q + 1) + 1,

(3.9)

 r(t) = �
[0,⇠1/(d+1)

1 ]
(d + 1)Trt�(r+1)⇥

⇥Gm(d+p+1), 0
m(d+p+1), m(d+p+1)

 

td+1

⇠1

�

�

�

�

�

0,�(d+1+q, ⇢1+r),· · ·,�(d+1+q, ⇢s+r)

�(d+1+p,�1+r),· · ·,�(d+1+p,�m+r)

!

where �(r,�) designates the array of r parameters (�+ j � 1)/r, j = 1, · · · , r,

(3.10)

Tr = µr

Qm
l=1

"

�(�l + r)
Qd+p

j=0 �((�l + r + j)/(d + 1 + p))

#

Qs
l=1

"

�(⇢l + r)
Qd+q

j=0 �((⇢l + r + j)/(d + 1 + q))

# and

⇠1 = ⇠
(d + 1 + p)(d+1+p)m

(d + 1 + q)(d+1+q)s
.

Proof. Let n and r be two integers. Put

(3.11)

8

>

<

>

:

n = i + (d + 1)k , k 2 N , i 2 Nd+1 ,

r = i0 + (d + 1)k0 , k0 2 N , i0 2 Nd+1 ,

k00 = k � k0 .

According to (1.3) and (3.7), we get

(3.12) hur, x
ni = �i,i0µr

⇠k00

k00!

Qm
l=1[�l + r + (d + 1 + p)k00]

Qs
l=1[⇢l + r + (d + 1 + q)k00]

.

The use of the Gauss’s multiplication theorem for the Gamma function [17]:

(3.13)
�(a + mk)

�(a)
= mm k

m�1
Y

j=0

� ((a + j)/m + k)
� ((a + j)/m)

, k = 0, 1, 2, · · · ,

leads to

(3.14)

hur, xni = �i,i0Tr⇠k00
1 ⇥

⇥
Qm

l=1

h

Qd+p
j=0 � ((�l + r + j)/(d + 1 + p) + k00)

i

�(1 + k00)
Qs

l=1

h

Qd+q
j=0 � ((⇢l + r + j)/(d + 1 + q) + k00)

i ,

where Tr and ⇠1 are given by (3.10).
We consider the following two cases.
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Case 1. m(d + p + 1) > s(d + q + 1) + 1. Using the identity (3.14) and the Mellin
transform of the Meijer’s G-function given by (3.3), we obtain

hur, x
ni = �i,i0Tr

Z 1

0
tk

00�1⇥

⇥Gm(d+p+1), 0
s(d+q+1)+1, m(d+p+1)

 

t

⇠1

�

�

�

�

�

1,�(d+1+q, ⇢1+r),· · ·,�(d+1+q, ⇢s+r)

�(d+1+p,�1+r),· · ·,�(d+1+p,�m+r)

!

dt .

Applying the change of variable t = Xd+1 to obtain (3.8).

Case 2. m(d+p+1) = s(d+q+1)+1. The identity (3.14) under the transformation
(3.5), gives

hur, x
ni = �i,i0Tr

Z 1

0

(⇠1t)k00

t
⇥

⇥Gm(d+p+1), 0
m(d+p+1), m(d+p+1)

 

t

�

�

�

�

�

0,�(d+1+q, ⇢1+r),· · ·,�(d+1+q, ⇢s+r)

�(d+1+p,�1+r),· · ·,�(d+1+p,�m+r)

!

dt .

That, upon the change of variable ⇠1t = Xd+1, leads to the desired result.
⇤

3.2. Special cases.

3.2.1. Brafman polynomials. The Brafman polynomials B1
n((ap), (bq); x) are gener-

ated by [17]:

et
pFq

 

(ap)

(bq)
;�xt

!

=
1
X

n=0

B1
n(x; (ap), (bq))

tn

n!
.

The corresponding inversion formula is given by [2]:

(3.15)
[ap]n
[bq]n

xn =
n
X

m=0

✓

n

m

◆

(�1)mB1
m((ap), (bq);x) .

Using the definition of the Pochhammer symbol, the identity (3.15) can be rewritten
in the form:

(3.16)
xn =

n
X

m=0

(�1)m
Qp

i=1 �(ai)
m!
Qq

i=1 �(bi)
⇥

⇥ �(n + 1)
Qq

i=1 �(bi + n)
�(n�m + 1)

Qp
i=1 �(ai + n)

B1
m((ap), (bq);x) .

Hence, for p  q+1, the application of the Theorem 3.1, leads to the dual sequence
{ur}r�0 associated with the Brafman PS {B1

m((ap), (bq);x)}n�0 given by:

(3.17) hur, x
ni =

Z 1

0
tn r(t) dt , n � r ,

where

(3.18)  r(t) = ⇠Gq+1, 0
p+1, q+1

 

t

�

�

�

�

�

(ap � 1),�r

(bq � 1), 0

!

with ⇠ =
(�1)r

Qp
j=1 �(aj)

r!
Qq

j=1 �(bj)
.

Two particular cases are worthy to note:
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Example 3.3 (Laguerre polynomials). In the case p = 0 and q = 1 the Brafman
polynomials are reduced to the Laguerre ones [11] {n!/(↵ + 1)n L↵

n(x)}n�0, which
is orthogonal for ↵ > �1 with respect to the well-known weight function  0(x) =
t↵e�t/�(↵+ 1) on the interval 0  x < +1. This weight function is also given by
(3.18) for r = 0. In fact, from (3.18) we have

(3.19)  0(t) =
1

�(↵+ 1)
G2, 0

1, 2

 

t

�

�

�

�

�

0

↵, 0

!

.

In view of the transformations (3.6) and [17, p. 46]:

(3.20)

Gm, n
p, q

 

z

�

�

�

�

�

↵1, · · · ,↵p�1,�1

�1, · · · ,�q

!

=

= Gm�1, n
p�1, q�1

 

z

�

�

�

�

�

↵1, · · · ,↵p�1

�2, · · · ,�q

!

; m, p, q � 1 ;

the identity (3.19) can be written in the form

(3.21)  0(t) =
t↵

�(↵+ 1)
G1, 0

0, 1

 

t

�

�

�

�

�

�
0

!

.

Then, according to the formula [17, p. 46]:

(3.22) G1, p
p, q+1

 

�z

�

�

�

�

�

1� ↵1, · · · , 1� ↵p

0, 1� �1, · · · , 1� �q

!

=
Qp

j=1 �(↵j)
Qq

j=1 �(�j)
pFq

 

(↵p)

(�q)
; z

!

,

we obtain  0(t) = t↵e�t/�(↵+ 1).

Example 3.4 (d-Laguerre polynomials). For p = 0 and q = d the Brafman poly-
nomials are reduced to the d-Laguerre ones {n!l(↵d

)
n (x)}n�0 defined by

(3.23) `(↵d

)
n (x) = `(↵1,··· ,↵

d

)
n (x) = 1Fd

 �n

(↵d + 1)
;x

!

.

These polynomials were deeply investigated by the first author and Douak [4]. They
showed that these polynomials are d-orthogonal. Hence, the dual sequence given
by (3.17) leads to the d-dimensionnal functional vector U =t (u0, u1, · · · , ud�1)
ensuring the d-orthogonality of these polynomials given by:

(3.24) hur, x
ni =

Z 1

0
tn r(t) dt , n � r, r 2 Nd .

where

 r(t) =
(�1)r

r!
Qd

j=0 �(↵j + 1)
Gd+1, 0

1, d+1

 

t

�

�

�

�

�

�r

0, (↵d)

!

.

For d = 2, the PS {`(↵d

)
n }n�0 are reduced to the PS {B↵1,↵2

n (x)}n�0, which was stud-
ied separately by the first author and Douak [3], and Van Assche and Yakubovich
[18]. In [3] the 2-dimensional functional vector was derived via a solution of a
Pearson type equation since these polynomial set is classical.
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3.2.2. Chaunday polynomials. The Chaunday polynomials Pn(x; (ap), (bq)) are gen-
erated by [17]:

(1� t)��
pFq

 

(ap)

(bq)
;xt

!

=
1
X

n=0

(�)n

n!
Pn(x; (ap), (bq)) tn .

The corresponding inversion formula is given by [2]:

(3.25)
[ap]n
[bq]n

xn =
n
X

m=0

✓

n

m

◆

(��)n�m(�)nPm(x; (ap), (bq)) .

Applying Theorem 3.1, we deduce that the dual sequence {ur}r�0 associated with
the Chaunday polynomials is given by:
• For q + 1 = p:

(3.26) hur, x
ni =

Z 1

0
tn r(t) dt , n � r ,

where

 r(t) = ⇠ Gp+1, 0
p+1, p+1

 

t

�

�

�

�

�

1� r, (ap)

1,��� r, (bq)

!

with ⇠ =
(�1)r(�)r

Qp
j=1 �(aj)

�(��)
Qq

j=1 �(bj)
.

• For q + 1 > p:

(3.27) hur, x
ni =

Z 1

0
tn r(t) dt , n � r ,

where

 r(t) =
⇠

t
Gq+2, 0

p+1, q+2

 

t

�

�

�

�

�

1� r, (ap)

1,��� r, (bq)

!

with ⇠ =
(�1)r(�)r

Qp
j=1 �(aj)

�(��)
Qq

j=1 �(bj)
.

3.2.3. Jain polynomials. The Jain polynomials R(s)
n (�, (ap), (bq);x) are generated

by [17]:

(3.28) (1� t)��
pFq

 

(ap)

(bq)
;� ssxt

(1� t)s

!

=
1
X

n=0

(�)n

n!
R(s)

n (�, (ap), (bq);x)tn .

The corresponding inversion formula is given by [2]:

(3.29)

[ap]n
[bq]n

ssn

(�)sn
xn =

=
n
X

m=0

(�1)n

✓

n

m

◆

ms + �

(�+ m)n(s�1)+1
R(s)

n (�, (ap), (bq);x) .

Applying Theorem 3.1, we obtain the dual sequence {ur}r�0 associated with the
Jain polynomials given by:

(3.30) hur, x
ni =

8

>

>

>

<

>

>

>

:

Z 1

0
tn r(t) dt , if q + 1� p > 0 ,

Z (s�1)1�s

0
tn r(t) dt , if q + 1� p = 0 ,
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where

(3.31)  r(t) =
⇠

t
Gq+s+1, 0

p+s, q+s+1

 

(s + 1)s�1t

�

�

�

�

�

1� r, (ap),�(s� 1,�+ r)

1, (bq),�(s,�)

!

,

⇠ =
(�1)r(�+ rs)r

Qp
j=1 �(aj)

r!�(�+ r)
Qq

j=1 �(bj)

Qp
j=1 �((�+ j + r � 1)/(s� 1))
Qq

j=1 �((�+ j � 1)/s)
.

From the identity (3.28), it is easy to show that the Jain polynomials have the
following hypergeometric representation:

(3.32)

R(s)
n (�, (ap), (bq);x) =

= p+sFq+s

 �n,�(s� 1,�+ n), (ap)

�(s,�), (bq)
; (s� 1)(s�1)x

!

.

Four particular cases are worthy to note:

Example 3.5 (d-Laguerre polynomials). In the case p = s = 1, q = d, the
Jain polynomials are reduced to the d-Laguerre ones defined by (3.23). Then,
we rediscovery the d-dimensionnal functional vector given by (3.24) ensuring the
d-orthogonality of the d-Laguerre polynomials from the dual sequence defined by
(3.30) corresponding to the Jain polynomials .

Example 3.6 (d-Jacobi polynomials). In the case p = s = d + 1, q = d, (ap) =
�(s,�), the identity (3.32) is reduced to the hypergeometric representation of the
d-Jacobi polynomials given by:

(3.33)

P (�,(b
d

))(x) = R(d+1)
n (�,�(d + 1,�), (bq);x) =

= d+1Fd

 �n, �(d,�+ n)

(bd)
; ddx

!

This PS was introduced by the authors and Ouni [5] as a d-orthogonal PS of Jacobi
type. Hence, the dual sequence given by (3.30) leads to the d-dimensional func-
tional vector U = t(u0, u1, · · · , ud�1) ensuring the d-orthogonality of the d-Jacobi
polynomials, which is given by the following integral representation:

(3.34) hur, x
ni =

Z dd

0
tn r(t) dt , n � r ,

where

 r(t) =
(�1)r(�+ r(d + 1))

r!(�+ r)

Qd
j=1 �((�+ j + r � 1)/d)

Qd
j=1 �(bj)

1
t
⇥

⇥Gd+1, 0
d+1, d+1

 

ddt

�

�

�

�

�

1� r, �(d,�+ r)

1, (bd)

!

.

The functional vector defined by (3.34) was given by the second author and Ouni
[13] for the particular case (↵d) = (↵d,µ) where (↵d,µ) = {(µ + 1 + j)/(d + 1) ; j 2
Nd+1 and j 6= d� µ}, µ 2 Nd+1. The general case given here appears to be new.
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For d = 1, 1-Jacobi polynomials are the classical Jacobi polynomials
n

n!/(↵+ 1)n

P (↵,�)
n (1� 2x)

o

with � = ↵ + 1 + � and b1 = ↵ + 1. Moreover, for this case, the
identity (3.34) becomes

hu0, x
ni =

�(↵+ � + 1)
�(↵+ 1)

Z 1

0
tnG1, 0

1, 1

 

t

�

�

�

�

�

↵+ �

↵

!

dt .

Taking into account the following identity [4]:

(3.35) G1, 0
1, 1

 

x

�

�

�

�

�

↵+ �

↵

!

=
1

�(�)
(1� x)��1x↵ ,

we obtain

hu0, x
ni =

�(↵+ � + 1)
�(↵+ 1) �(�)

Z 1

0
tn+↵(1� t)� dt .

That, upon the change of variable t = (1� ⇠)/2, leads to

(3.36)

hu0, (1� 2x)ni =
n
X

j=0

✓

n

j

◆

hu0, (�2x)ji =

=
1

2↵+�+1

�(↵+ � + 1)
�(↵+ 1)�(�)

Z 1

�1
⇠n(1� ⇠)↵(1 + ⇠)� d⇠ .

From (3.36), we deduce the well-known weight functions associated to the Jacobi
polynomials

⇢

n!
(↵+ 1)n

P (↵,�)
n (1� 2x)

�

n�0

given by [17]:
Z 1

�1
(1� ⇠)↵(1 + ⇠)�P (↵,�)

m (⇠)P (↵, �)
n (⇠) d⇠ =

2↵+�+1�(n + ↵+ 1)�(n + � + 1)
(2n + ↵+ �)n!�(n + ↵+ � + 1)

.

Example 3.7 (Srivastava-Pathan polynomials). For the case s = 2 and fixed two
numerator parameters, the Jain polynomials are reduced to the Srivastava-Pathan
polynomials generated by:

(1� t)��
p+2Fq

0

@

�

2
,
�+ 1

2
, (ap)

(bq)
;
�4xt

(1� t)2

1

A =

=
1
X

n=0

(�)n

n! p+2Fq

 �n,�+ n, (ap)

(bq)
;x

!

tn .

From the identity (3.30), we deduce that the dual sequence corresponding with the
Srivastava-Pathan polynomials is given by:

(3.37) hur, x
ni =

8

>

>

<

>

>

:

Z 1

0
tn r(t)1 dt , if q � 1� p > 0 ,

Z 1

0
tn r(t) dt , if q � 1� p = 0 ,
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where

 r(t) =
⇠

t
Gq+1, 0

p+2, q+1

 

t

�

�

�

�

�

1� r, (ap),�+ r

1, (bq)

!

with

⇠ =
(�1)r(�+ 2r)

Qp
j=1 �(aj)

r!
Qq

j=1 �(bj)
.

Example 3.8 (Rice polynomials). The Srivastava-Pathan polynomials, for p = 1
and q = 2, are reduced to the Rice polynomials defined by [17]:

H(↵,�)
n (�,�;x)

(↵+ 1)n

n! 3F2

 �n,�+ n, �

↵+ 1,�
;x

!

with � = ↵+ � + 1 .

From the identity (3.37), we deduce that the dual sequence corresponding with the
Rice polynomials is given by:

(3.38)

hur, x
ni =

(�1)r(2r + �)
r!

�(�)
�(↵+ 1)�(�)

⇥

⇥
Z 1

0
tnG3, 0

3, 3

 

t

�

�

�

�

�

�r,↵� 1,↵+ � + r

0,↵,� � 1

!

dt .

3.2.4. Humbert polynomials. The Humbert polynomials are defined by the gener-
ating relation [8]:

(3.39) (1� (d + 1)xt + td+1)�⌫ =
X

n�0

h⌫
n,d+1(x)tn ,

where ⌫ > �1/2, ⌫ 6= 0.
The corresponding inversion formula is given by [2]:

(3.40) xn =
[n/(d+1)]
X

j=0

(⌫ + n� (d + 1)j)
(⌫)n+1�j

n!
(d + 1)nj!

h⌫
n�(d+1)j,d+1(x) .

The d-dimensional functional vector ensuring the d-orthogonality was derived in
[13] using the inversion formula. That is, according to Theorem 3.2:

(3.41) hur, x
ni = �r,i

Z d�d/(d+1)

0
⇠n'r,d(⇠) d⇠ ,

where n = i + (d + 1)k, k 2 N, i 2 Nd+1, r 2 Nd and

(3.42)

'r,d(⇠) =
r!

(d + 1)r�1(⌫)r

Qd
j=1 �((⌫ + r + j)/d)

Qd+1
j=1 �((r + j)/(d + 1))

⇥

⇥⇠�(r+1)Gd+1, 0
d+1, d+1

0

B

@

dd⇠d+1

�

�

�

�

�

�

�

⌫ + r + 1
d

, · · · ,
⌫ + r + d

d
, 1

r + 1
d + 1

, · · · ,
r + (d + 1)

d + 1

1

C

A

.

The Humbert PS {h⌫
n,d+1}n�0 contains as particular cases the Legendre, Tcheby-

chev, Pincherle, Kinney and Gegenbauer ones [9]. Then, by using Theorem 3.2,
we can rediscovery the weight functions ensuring the orthogonality of Legendre,
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Tchebychev and Gegenbauer polynomials, the functional ensuring the 2-orthogo-
nality of Pincherle polynomials, and the functional ensuring the d-orthogonality of
Kinney polynomials.

Example 3.9 (Gegenbauer polynomials). By letting d = 1 in (3.39), we meet the
generating function of Gegenbauer polynomials {C⌫

n(x)}n�0. These polynomials
are orthogonal with respect to the well-known weight function [11]:

(3.43) '0,1(⇠) =
⌫(�(⌫))2

⇡�(2⌫)21�2⌫
(1� ⇠2)⌫�1/2 , �1  ⇠  1 .

From (3.41) with d = 1 and the transformation (3.20), we have

'0,1(⇠) =
2�(⌫ + 1)p

⇡
⇠G1, 0

1, 1

0

@⇠2

�

�

�

�

�

�

⌫

�1
2

1

A .

Taking into account the identity (3.35) we obtain

(3.44) '0,1(⇠) =
2�(⌫ + 1)p
⇡�(⌫ + 1/2)

(1� ⇠2)⌫�1/2 ,

which in view of Gauss’s multiplication theorem [17, p. 23]

(3.45)
p
⇡�(2z) = 22z�1�(z)�

✓

z +
1
2

◆

, z 6= 0,�1
2
,�1,�3

2
, · · · ,

becomes

'0,1(⇠) =
⌫(�(⌫))2

⇡�(2⌫)2�2⌫
(1� ⇠2)⌫�1/2 .

Consequently, the Gegenbauer functional is given by its moments

hu0, x
ni = �0,i

Z 1

0
⇠2k(1� ⇠2)⌫�1/2 ⌫�(⌫)2

⇡�(2⌫)2�2⌫
d⇠ ,

where n = i + 2k, k 2 N and i = 0, 1.
Or equivalently

(3.46) hu0, x
ni = �0,i

Z 1

�1
⇠n(1� ⇠2)⌫�1/2 ⌫�(⌫)2

⇡�(2⌫)21�2⌫
d⇠ .

3.2.5. Gould-Hopper polynomials. The Gould-Hopper polynomials are generated by
[17]:

(3.47) exp[xt� htd+1] =
1
X

n=0

gd+1
n (x;h)

tn

n!
.

The corresponding inversion formula is given by:

(3.48) xn =
[n/(d+1)]
X

j=0

(�h)j

j!
n!

(n� (d + 1)j)!
gd+1

n�(d+1)j(x;h) .

The d-dimensional functional vector ensuring the d-orthogonality was derived in
[12] using the inversion formula. That is, according to Theorem 3.2:

(3.49) hur, x
ni = �r,i

Z 1

0
⇠n r,d(⇠) d⇠ ,
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where n = i + (d + 1)k, k 2 N, i = 0, 1, · · · , d, r = 0, 1, · · · , d� 1, and

(3.50)

 r,d(⇠) =
(d + 1)⇠�(r+1)

Qd+1
j=1 �((r + j)/(d + 1))

⇥

⇥Gd+1, 0
1, d+1

0

@

�⇠d+1

h(d + 1)d+1

�

�

�

�

�

�

1

r + 1
d + 1

,
r + 2
d + 1

, · · · ,
r + (d + 1)

d + 1

1

A .

Example 3.10 (Hermite polynomials). For d = 1 and h = �1, the Gould-Hopper
polynomials are reduced to the Hermite ones {Hn(x/2)}n�0. The weight function
given by (3.50) is reduced to the well-known weight function

 0,1(⇠) = e�⇠2/
p

⇡ , 1 < ⇠ < +1 ,

ensuring the orthogonality of the Hermite polynomials {Hn(x/2)}n�0 (see, for in-
stance, [11, p. 50]).
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