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Abstract!. Hypercomplex function theory generalizes the theory of holomorphic func-
tions of one complex variable by using Clifford algebras and provides the fundamentals
of Clifford Analysis as a refinement of Harmonic Analysis in higher dimensions. After a
brief introduction to basic concepts like hypercomplex differentiability and a correspond-
ing Taylor series expansion we discuss approaches to some classes of special polynomials
and polynomial bases in Clifford Analysis.

1. INTRODUCTION

1.1. Brief historical remarks. The Swiss mathematician Rudolf Fueter (1880-
1950), disciple of David Hilbert, systematically started around 1930 with the foun-
dation of a theory of quaternion valued functions w = f(q) of a quaternion variable
q ([20], [21], [22]). Being that time a famous number theorist, he was in the be-
ginning mainly interested in its applications as a tool for the development of new
analytical methods in Number Theory (cf. [35]), but soon he became aware that he
had found an approach to generalize the classical complex function theory in a way
different from that of holomorphic functions of several complex variables. He coined
the designation Hypercomplex Function Theory for such a theory of functions with
values in a hypercomplezx system (nowadays called algebras). Analogous attempts
had been made before Fueter and - very curiously - even after him until recent
times (a detailed description is given in [15]). But in that time only the work of the
Romanian mathematicians G. Moisil and N. Théodoresco (cf. [41], [42]), developed
mainly for boundary value problems in R?® and using a matrix approach without
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mentioning quaternions, came close to Fueter’s ideas. As Fueter explains in [23],
only in 1936 he had knowledge about those papers.

Although until the 50-ties several students of Fueter contributed together with
him to the further development of Hypercomplex Function Theory, the break-
through came only after a systematical work of the Belgian mathematician R.
Delanghe and his school in the end of the 60-ties (cf. [14]). The publication of their
book [7], which title Clifford Analysis soon was used as designation for the field of
higher dimensional Analysis involving Clifford algebras, contributed very much to
an increasing interest in this field. Indeed, we would like to stress, that nowadays
Clifford Analysis should not be considered as a straightforward attempt to gener-
alize Complex Analysis (even if this is suggested, due to the obvious association
with Ahlfors’ classical book Compler Analysis and the fact that C is the simplest
and unique commutative Clifford algebra). Due to our objectives, we prefer here
to follow the classical designation of Fueter, keeping in mind that almost all basic
ideas of Clifford Analysis have their origin in Hypercomplex Function Theory (cf.
116]).

Another important step with important impact was the application of Clifford
analytic tools to elliptic boundary value problems in higher dimensions and properly
developed numerical tools (cf. [24]). The first text book with a parallel treatment
of classical and hypercomplex function theory is the recently published [25], which
contains also a CD-ROM with corresponding software.

It is also necessary to notice the relationship between Clifford Analysis and
Harmonic Analysis. The possibility of factorizing the second order Laplace operator
(in several real variables) by a product of two generalized hypercomplex first order
Cauchy-Riemann operators by the use of a corresponding Clifford algebra, suggests
to consider Clifford Analysis as some kind of refinement of Harmonic Analysis.

Finally we would like to call attention to the fact, that in present time the
research on function theoretic methods and its applications in all fields of Clifford
Analysis is subject to an intensive study in Austria, Australia, Belgium, China,
Egypt, Finland, France, Germany, Israel, Italy, Japan, Mexico, Poland, Portugal,
Russia, UK, USA and other countries.

Potential theory, differential geometry, operator theory, BVP of partial differ-
ential equations, analytic number theory, discrete and computational mathematics
and their corresponding applications in Sciences and Engineering are some exam-
ples of other mathematical fields with relationship to Clifford Analysis. It seems
to us also remarkable that a Fields Medallist of 2006, namely Terence Tao, started
his career in Clifford Analysis.

1.2. Clifford algebras. A finite-dimensional algebra with a unit element over the
field of real or complex numbers was formerly known as a hypercomplex system.
Examples of hypercomplex systems are: the real numbers, the complex numbers,
the quaternions, and the Cayley numbers or octonions (in this list each successive
system is obtained by doubling the preceding one). Other examples include double
and dual numbers, and the Clifford numbers as elements of a Clifford algebra of rank
2". They are, for n = 3, also known as Clifford-Lipschitz numbers. Another very
important example of hypercomplex systems are complete matriz algebras over R.
Clifford numbers possess an isomorphic representation as elements of a (2" x 2™)
matrix algebra. The matrix representations of complex numbers and quaternions
are well known special cases.
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Clifford algebras as associative non-commutative algebras over the field of real
or complex numbers can be defined in several ways (cf. [13]).

The easiest way is the introduction of the basis of the algebra through the multi-
plication rules of an orthonormal basis of the underlying vector space of dimension
n. This vector space, in general, has not to be Euclidean, but could be also a
Minkowski or, more general, a pseudo-Euclidean vector space.

In a more general way a Clifford algebra is constructed from a finite dimensional
space with (not necessarily positive definite) inner product, introducing an alge-
bra multiplication which both reflects the properties of this inner product and a
corresponding outer product following the concept of W. K. Clifford (1878).

Let V be a finite dimensional vector space. A function B : ¥V xV — R is a
non-degenerate symmetric bilinear form (inner product) if for all A € R and z, y
and z in V,

B(z,y) = By, z),
B(Ax +y,z) = AB(z, z) + B(y, z) and
B(z,u) =0, Yu implies x = 0.
Based on this general background about vector spaces a Clifford algebra over

RP-? with signature (p, ¢), p+ ¢ = n, is denoted by C/, , and it is generated by RP»9
modulo the relation

-z =1>=-B(z,z),
where
Blej,e;)=-1 , i=1,---,p,
Bles,e))=1 , i=p+1,--- n,
assuming an orthonormal basis (e1,es, - ,e,) of R»9. Applying

B(ei,e;) = bij
to the square of the vector e; + e;, where i # j, leads to
e? +eiej +eje; + e? = —Ble; +ej,e;+ej) =
= —B(ei,e;) — Blei,e;) — Blej,e;) — Blej, e) = e + e?
from which the non-commutativity property
eie; +eje; = —2B(e;, e5) = —20;;

follows.
Let us now consider the universal Clifford algebra C/ ,,, formed by elements of
the form

a:ZaAeA , ag€R,
A
with A C {1,--- ,n}, ea = ey e, e, where 1 <y < -+ <[, <nand ey =:

eg =: 1.
The conjugate of o € Cly ,, is defined by

a = E aA€p
A

where €4 =¢€,€, ,---€,, beinge; = —e; (j=1,---,n), e =€y = 1.
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The Euclidean space R™! is embedded in the Clifford algebra Cly,, by the
identification of each element x = (zg, 1, -+ ,¥,) of R*"! with

z=xo+x1ey + -+ xpe, € A:=spang{l,ei, -+ ,e,} CTClyyp .

The elements of A are called paravectors.
The conjugate to z is then given by

Z =29 —T1€1 — " — Tp€yn .

Like in the complex case the norm of z € A is defined by

n 1/2
2| = V22 = (Zx?) .
i=1

It immediately follows that each non-zero z € A is invertible and its inverse is
—1 _ /]2
27t =z/|z|%

The extension of this norm to the norm of o € C4y ,, is straightforward and leads

m o) ()

1.3. Two approaches to hypercomplex function theory. The usual approach
to hypercomplex function theory considers Cly ,,-valued functions of the form f(z) =

Y4 fa(z)ea, fa(z) € R, as mappings
frQCR™ = A Cly, .

Of course, the big advantage of this approach is to deal with only one hyper-
complex variable z. Compared with the ordinary case of two real and one complex
variables (R? = C) it reflects the reduction of the real dimension (n + 1) to dimen-
sion 1, i.e. by n, compared to R**1.

A second hypercomplex structure of R"*+! different from that given by A consists
in the following isomorphism:

R 2 H™ = (7= (21, -+ ,2k) : 21 = Tk — Toek; To, Tk € R},

which reduces the real dimension only by 1. More detailed, this means to take n
copies Cy, of C identifying i 2 ey, (k=1,---,n); o = Rz; z) = Jz; where z € C,
and Cy := —eiC. Then H" is the cartesian product H" :=C; x --- x C,,.

Hence, C{y -valued functions f(z) =, fa(z)ea are considered as mappings

f:QC]R"H%H”»—>C€0m.

Naturally the question arises, if in the same way also the generalization of the one
complex variable theory to the theory of holomorphic functions in several complex
variables could be explained? The answer is affirmative and throws by a simple
detail light on the duality of both higher dimensional theories - the several complex
variable and the hypercomplex one. Notice that in the case of functions of several
complex variables the real vector space R?" equipped with the complex multipli-
cation leads to C™ by reducing the real dimension by the half. Indeed, this is the
third way of generalizing the ordinary case of two real and one complex variables
(R? = C!) - an amazing play with three different interpretations of the change
from 2 to 1. As we will see, the use of H" instead of A for the pre-image set is just
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the clue to the natural hypercomplex generalization of the classical Cauchy resp.
Weierstrass approaches to holomorphic functions.

2. HYPERCOMPLEX DIFFERENTIABILITY

2.1. Definition of a hypercomplex differentiable function. The adequate
definition of hypercomplex differentiability as generalization of complex differentia-
bility remained an unsolved problem until the end of the 80-ties of the last century
(cf. [32]). Based on the use of the hypercomplex structure expressed by R+ = Hn
and the fact that differentiability is equivalent with the possibility of local lineariza-
tion of the increment of the considered function, we have the following

Definition 2.1. Let f be a continuous mapping from a neighborhood of z; € H"
into Clo.,,. Then f is called left hypercomplex differentiable (vesp. right hypercom-
plex differentiable) at Z; if there exists a left (resp. right) Cfy ,-linear mapping ¢
such that

G G [ e -5

im — =

AZ—0 [1AZ]]
We say that a function f is hypercomplex differentiable in Q C R =2 H™ if it is
hypercomplex differentiable at all points of Q (cf. [33]).

Through this definition the well known Cauchy approach to holomorphic func-
tions is generalized. In [47], which discussed the adequate generalization of Cauchy’s
as well as Weierstrass’ approach (by the concept of convergent power series) to holo-
morphic functions and gave a negative answer, this possibility has been overseen
(cf. also [15]).

Following [33], the equivalence of the Cauchy approach and the so called Riemann
approach by a generalized system of Cauchy-Riemann equations, is stated in the

Theorem 2.1. Let f = f(Z) be continuously real differentiable in an open set
Q C H™. Then f is hypercomplezx L- (R-) differentiable in Q, if and only if Df =0
(fD = 0) in Q, where D is the hypercomplex differential operator (generalized
Cauchy-Riemann or Dirac operator) defined by

D =0y, + €10y, + - +e,0;,

which acts on the function f from the left (resp. right) like indicated by its position
on the left (right) side of f.

Real differentiable solutions of Df = 0 (resp. fD = 0) are called left (resp.
right) monogenic functions. This designation has historically been used in [7] and
later on as long as the appropriate definition of hypercomplex differentiability was
not clarified. For stressing more the complete coincidence with the situation in the
complex case, recently in [25] and other papers f is called (Clifford) holomorphic.

2.2. Examples and remarks. We illustrate now the aforementioned facts in re-
lation to the classical complex case.

1. A system of partial differential equations which describes the flow of a non-
compressible fluid without sources nor sinks is given in the following way.
Consider an open set  C R? and a continuously differentiable vector field
(the velocity field of the flow) g on Q. Then § satisfies the Riesz system

divg=20
curl g=0.
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In the equivalent hypercomplex setting we consider
f:QCR? = R3~ A=spang{l,e;, es}

which leads to the hypercomplex function f = fo+ f1 e1 + f2 e2. Identifying
7 = (90,91,92) = (fo, —f1, —f2), then the Riesz system can be written with
respect to f in a compact form as

Df=0 o fD=0

and represents obviously a generalized Cauchy-Riemann system in R3.

. The hypercomplex variables

1
fk(z):zk::xkfxoek:fi[zekJrzek] , (k=1,---,n)

are left- and right-monogenic functions, also called totally reqular variables

(cf. [14)).

. The identity function f(z) = z € A is not monogenic unless n = 1 (the

classical complex case), since Df = fD =1 —n.

. Powers of z, i.e. f(z) = 2" and simple products of the totally regular

variables like z; - i, j # k, are not monogenic.

. Symmetric products of the totally regular variables in the form

1
21 X 29 1= 5[2'] Zp oz - 2j] = TR — ToTpe; — ToT ek

are left- and right-monogenic. More general, it has been proven in [34],
that if v = (v1,- - ,vy) is a multi-index, all homogeneous monogenic poly-
nomials of degree |v| = k can be obtained as linear combinations (from the
left or from the right) of generalized powers given in the form

ZV =2t X X2 =2 X X 2 X X 2y X X 2y =
———— —_——
vy Vn
1
= H E Zil sz )
(i1 i)

where the sum is taken over all permutations of {i1,--- ,ix} C {1, .- ,n}
and z; = x; —woej, j=1,--- ,n.

Moreover, all functions of the form f(z) = Z'¥, are left and right mono-
genic and Cly ,, - linear independent. Therefore they can be used as basis
for generalized power series. Following [34] it has been shown, that the
generalized power series of the form

oo
PE=> > 2% |.ch €Clon
k=0 \|v|=k

generates in the neighborhood of the origin a monogenic function f(Z) and
coincides in the interior of its domain of convergence with the Taylor series
of f(Z), i.e, in a neighborhood of the origin we have

Iy L)
f(Z):kZ—oH |;kz (”) orv |-

where ' = (21, -+ ,x,).
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6. Let
D= Opy — €104, — -+ — €n0y,

be the conjugate operator to D. Like in the complex case we have
DE = ED = An+1 5

and therefore all real components fa(x) of a monogenic function f are
also harmonic functions of (n + 1) real variables (“refinement” of harmonic
function theory).

7. The analogy or similarity of the fundamental concepts in the hypercom-
plex case with the complex case, particularly the well defined concept of
hypercomplex differentiability, suggest to ask for the role of the conjugate
differential operator in the whole theory. Does D play the same role as
9, = (1/2)(0yy — 10z, ) in C, where in the case of a holomorphic function f
we have the coincidence with its ordinary complex derivative, i.e.

daf

—10.,. = 22— = .= /?
(Opy — 102, ) f 2dz 20, =2f

The answer to the last question will be given in the next section. For more details
we refer to [15], [36] or [25].

3. THE HYPERCOMPLEX DERIVATIVE AS AREOLAR DERIVATIVE
IN THE SENSE OF POMPEIU

In the following we are using different hypercomplex differential forms without
going into the details of their definition (cf. [36]). We mention only that we define
the outer products of the dz; (k = 0,1,--+,n), 20 := zp, in the same way as
defining the complex differential forms by their corresponding real components.
For example, dz := dx +idy and dz := dx — idy, which leads to their outer product
dz Ndz = —2idx N dy = 2idy A dz by applying the multiplication rules for the outer
product of the real differential forms dz and dy. Remarkable, that the form of the
hypercomplex variables z; leads again to a system of alternating differential forms,
i.e. we have dzpAdz = —dz;Adzg; k # 1. This can be seen immediately and implies
extremely easy calculations if applied to corresponding integral representations, for
example in connection with the hypercomplex version of Stokes’ or Cauchy’s integral
formulae (cf. [36]). The following theorem shows that the generalized Cauchy-
Riemann operator D can be characterized as a areolar derivative in the sense of
Pompeiu. The concept of areolar derivative in the sense of Pompeiu originated
from [44] has been discussed in the hypercomplex context in [40], [36] and [25].

Theorem 3.1. Let z, be a fixed point in a positively oriented differentiable and
contractible domain  C H™ with smooth boundary. Consider a reqular sequence
of subdomains {0, } which is shrinking to z. if n tends to infinity and whereby z,
belongs to all Q. For a real differentiable function f defined in €2 holds

(3.1) (fD)(z,) = lim

n—oo mes 2y Joq,

(2)dz1 A -+ Ndzy,
i.e. the (right) generalized Cauchy-Riemann operator D is a (right) generalized
areolar derivative in the sense of Pompeiu of f = f(z) over Q at 2.

The proof of this theorem relies on the application of the hypercomplex form
of Stokes’ theorem and the mean value property (cf. [25]), but it is out of the
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scope of this survey. Our main concern is the corresponding interpretation of the
hypercomplex derivative of a monogenic function, which plays an essential role in
the forthcoming subjects and will be given after some

Remarks.
1.
mes ), :/ dzg Ndzi N+ Ndzy,
Q

n

and therefore dV = dzg Adzy A - -+ Adz, is the corresponding (real valued)
volume element.

2. In the corresponding expression of the left generalized areolar derivative
the integrand in (3.1) has the form

dzi N+ Ndzp f(2) =: dogy f(2)
3. In terms of dxj, the hypercomplex surface element do,) is expressed by
dO’(n) =dig—e1diy + -+ (*1)n€nd§3n

where, like usual, dz, (k = 0,---,n) means that in the ordered outer
product of the 1-forms dxj the factor dzy is absent.

Now we will answer the question about the role of the conjugate operator D applied
to a monogenic function. For the recognition of (1/2)D f as an areolar derivative of
a monogenic function f we need also the hypercomplex (n — 1) - differential form

do‘(nfl) = 761di‘0,1 + egdi'olyg + -+ (71)n6nd§707n .

where dZg,, (m =1,---,n) means that in the ordered outer product of the 1-forms
dzy (k=0,...,n) the factors dxo and dz,, are absent.

Theorem 3.2. Let S C Q be an oriented differentiable n-dimensional hypersurface
with boundary 0S,, and z* be a fixed point in S. Consider a sequence of subdomains
{Sm} which is shrinking to z* if m — oco. Suppose now that the function f is left
monogenic in Q, i.e. Df = 0. Then the left hypercomplez derivative (1/2)D is a
generalized areolar derivative in the sense of Pompeiu of the form

1 . -
5 Df = lim |:/ dU(n):| / (dU(nfl)f) .
m—oo | /g S

Remarks.

1. Tt thus follows that in case of monogenic functions the nature of the deriva-
tive (1/2)D is also that of an areolar derivative, but related to an oriented
differentiable hypersurface of dimension n (not of full dimension (n + 1)).
This fact coincides exactly with the situation in the plane and the exis-
tence of the ordinary complex derivative df /dz equal to the (plane-)areolar
derivative 0f/0z.

2. Moreover, a function f is monogenic iff f has a uniquely defined hypercom-
plex areolar derivative f' in the sense of Pompeiu (cf. [26]). It holds, that
f/ = (1/2)Ef = (1/2)(610.}0 - elazlf - enaxnf) = azof due to the
fact that Df = Oy f + €105, f +---+€,0,, f =0.

After this short survey about some fundamental concepts of hypercomplex function
theory, the following sections are dedicated to the construction of special sets of
polynomials in (n+1) real variables that have been considered very recently. One of
the main reasons was the fact that classical special sets of polynomials did almost
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not have their counterpart in the context of Clifford Analysis, but seem to have
rather high significance for the development of new hypercomplex numerical meth-
ods related to approximation problems in higher dimensions. Another reason was
how the systematical use of the hypercomplex derivative could give new insights in
the structure of special monogenic functions and their relationship with classical
special functions of one or several complex variables. Therefore the following sec-
tions are dedicated to Appell sets of special monogenic polynomials, a generating
function approach to generalized Bernoulli and Euler polynomials as well as to the
important question of complete sets of polynomials in certain function spaces of
monogenic functions.

4. APPELL SEQUENCES OF SPECIAL MONOGENIC POLYNOMIALS IN R™t1

Such an elementary problem as the construction of a suitable generalization of
the complex exponential function to the hypercomplex case has been considered for
a long time, for instance in [6] and [46], using the method of Cauchy-Kovalevskaya
extension and corresponding series representations. The problem is not only the
non-commutativity of the used algebra, but also the fact that it is not possible
to deal in the same way as usual with the non-monogenic ordinary power of the
underlying variable z € A as mentioned in example 4 of subsection 2.2. A more
recent approach can be find in [25], using as building blocks solutions of ordinary
differential equations which the real harmonic components have to satisfy. Anal-
ogously to the complex case, this approach started from the differential equation
f' = f with the initial condition f(0) = 1 taking into account that Df = 0. The
derivative has to be understood as the hypercomplex derivative f' = (1/2 D)f of
f

Here we use another method for the construction that relies on the idea to find
first an Appell sequence of homogeneous monogenic polynomials and after, as a
direct consequence, to obtain the exponential function as its elementary generating
function.

4.1. Appell sequence in terms of a paravector variable and its conjugate.
In this section, we start by considering special homogeneous monogenic polynomials
of degree k of the form

k
(4.2) Pi(a) = 3 Thm)ab—* 2,

where £ = 29+ z € A, with 2 = 211 + - -+ + Tpe,, and TF(n) are suitable defined
real numbers, such that for a given n > 1 the sequence {P}'(z)}, oy, forms an
Appell sequence with respect to the hypercomplex derivative?.

2In the article [2] and some subsequent papers of the same authors, also special monogenic
polynomials in terms of  and & similar to (4.2) have been considered. But the authors have been
concerned with the extension of the theory of basic sets of polynomials in one complex variable, as
introduced by J. M. Whittaker and B. Cannon, to the setting of Clifford analysis. At the time of
publication of [2] the concept of hypercomplex differentiability ([33]) or the corresponding use of
the hypercomplex derivative, first published in [26], have not been at disposal for the investigation
of Appell sequences of monogenic polynomials.
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We recall that a sequence of polynomials Py(x), Pi(z),--- is said to form an Appell
sequence if

i. Pp(z) is of exact degree k, for each k =0,1,---;

ii. P/(z) = kPy_1(x), for each k =1,2,---.
The basic idea is that the polynomials of an Appell sequence behave like power-
law functions under the differention (see e.g. [4, 5]). As usually, the sequence is
normalized by making Py(z) = 1.

Due to the fact that it is not an easy task to obtain by induction the general
expression of TF (s = 0,--- .k, k =0,1,---), we developed in [37] a recursive matrix
method with the additional (but natural assumption from the complex point of
view) condition P}(1) = 1 and obtained

kU ((n+1)/2)—s) ((n — 1)/2)(5)
(n)k (k — s)ls!
as the general expression for the unknown coefficients.

In this context an essential role play the coefficients cg(n) in the representation
of the PJ(z) in terms of the generalized powers z;* X --- X z¥, which is given by

T (n) =

k
Pi(z) =Pr(21,- -, 2n) = cx(n) Z 2T X X gk (1/)65] X oo X el
|v|=k

where (’j) =kl/vi!- )
Using the initial value, it is straightforward to show that at the same time the cx(n)
are equal to the alternating sum of T%(n), i.e.

k
cr(n) =Y (-1)°T¥(n).

0

As an example, the first TF(n) and cj(n), n > 1, are given by

c(n) == g (=1)°T¥ (n) T (n)

1 1

1 n+4+1 n—1

n 2n 2n

1 n+3 n—1 n—1

n 4n 2n 4n

3 (n+5)(n+3)  3(n—1)(n+3) 3(n%*-1) (n—1)(n+3)
n(n+2) 8n(n+2) 8n(n+2) 8n(n+2) 8n(n+2)

3 (n+5)(n+7) (n+5)(n—1) 3(n%2-1) n2-1 (n+5)(n—1)
n(n+2) 16n(n+2) 4n(n+2) 8n(n+2) 4n(n+2) 16n(n+2)

Remarks. It holds:

1. Z’g Tk(n) =1 as a consequence of the condition Pk™(1) = 1.
2.
Ell(n —2)!1
ck(n): (n+k71)” ’

Ck—1 if kis even

if kis odd
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The following table for the case n = 2 of the first hypercomplex Appell polynomials
in terms of z; and 2z reveals clearly that the use of those monogenic hypercomplex
variables leads to symmetric expressions total different from the representation in
terms of x and z:

k ’Pk(z) Pk(Zl,ZQ)

0]1 1

1| 32+ 1z $(z1e1 + 22€2)

2| 3424 laz+ 122 —3(2f +43)

3 %z?’ + %x%@ + %mf 24+ %a’c 3 —%(z?el + 22 X zoea + 21 X 22e1 + Z5e2)
4| Bty Bz 1822224 2ozt | 3(2f 4222 x 23 +25)

Further analysis showed for all polynomials and independent from n the validity
of a binomial type theorem of the form

k k

@y Ao =3 (L) eori@ =Y (e

s=0 s=0

=2 () (57 ()

We can also notice that for Legendre polynomials Ly (z) holds a similar formula

or, equivalently,

with (’:)2 instead of ¢, (Ij), namely

no=2 () () (5

as a consequence of Rodrigues’ formula

1 d

From (4.3) and ¢o(n) = 1 follows in the case of z = 0 that
,PI? (TO) = Tg )
as consequence of the construction of {P} ()}, oy, as Appell sequence with Pg (n) =
co(n) = 1.
In the case of g = 0 we obtain the essential property:
Pit(x) = cr(n)a® .
Finally we mention some relationships of monogenic functions generated by
{Pi(2)},.cn, with Special Functions (cf. [19]).

If we define now (as noticed in the beginning of this section) the corresponding
hypercomplex exponential function by

Bxp, (x) = eap(PL (@) = 3
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then Exp, (21) is an ezponential generating function of the sequence {P}(z)}; oy, -
With w(z) := z/|z| and w? = —1 as the equivalent for the imaginary unit i we
can prove the following result (cf.[19]):

Theorem 4.1. The Exp,,-function can be written in terms of Bessel functions of
the first kind, J,(x), for orders a =n/2—1,n/2 as

2

|z|

(n/2)-1
n
Bxpuaota) =0 (5) (2) T (wamslle) +wla)ualla))
Finally we mention some further relationships of monogenic functions generated
by {P}(z)},.cn, to other Special Functions:

1. The generalized exponential function Exp,, suggests, for example, to con-
sider the series of cosh(Pj(z)) or sinh(Py(z)). This leads to expressions
with modified Bessel functions of first kind.

2. The analogous study of the series arccos(Pj}(z)) and arcsin(Py(z)) leads
to expressions with elliptic integrals of type K and E.

3. The series arctan(P;(z)) leads to expressions with the LerchPhi-function
etc.

4.2. Appell sequences generated by n-tuples of real parameters. In [10]
a new family of monogenic Appell polynomials was defined. More precisely, we
consider a fixed n-tuple of real parameters g = (u1,--- ,fn), such that |u|?> =
p3+---+p2 # 0. For each degree of homogeneity k > 0, we define the homogeneous
monogenic polynomials

N k
(4.4) ﬂ@%%“w%PIVWrF“+%%ﬁ(ﬁ)v

where
(4.5) ﬂ:,u161+“-+un€n

||

)

with the property that 42 = —1.
We remark that in the expression (4.4) the power should be understood in the
permutational product sense (see [34] for details about this product in C¥ ).

Theorem 4.2. For each fized n-tuple p = (1, , pn) of real parameters such

that |u| # 0, the sequence (M), < is an Appell sequence.

Proof. 1t is clear that, for each k, M) has exactly degree of homogeneity k.
The hypercomplex derivative of M;"* is given by

(MZJL(ZL ce :Zn))/ =k (Zl p1+ -+ zpn ,LLn)k_l (_Nflel — anen) X
5 (pre1 + -+ pnen)® _
|u|?k
_ er 4+ ppen)t ! n
:k(zlﬂl‘i‘"""znﬂn)k ! (Ml ! a ) :kMkf1(Zla"'azn)'

P2

We stress the fact that the new family of monogenic Appell polynomials defined
by (4.4) is not a generalization of the Appell sequence {P}}ren,. Indeed, there are
no particular choices of the parameter p = (p1,- - , ftp,) such that PP = MZ’”, as
we can see in the following example:
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Example. For n = 2 and k = 2, we have
1
Py(z1,22) = —i(zf +23)
and

N 2
M3H (21, 22) = (21 p1 + 20 i)’ <ﬁ> =

1
:_W (z%u?—ﬁ—?,zq XZZ/JllLZ"_Z%'U“%) :

The identity of Py and Mﬁ”‘ would imply that g1 = pe = 0, which contradicts
the definition of M3*.

Naturally, the Appell sequence defined by (4.4) lead to a new method of gener-
ating exponential monogenic functions in R**!, with respect to a fixed n-tuple of
real parameters = (fi1,- - , fbn), such that |u| # O:

=1
E(z1, -+ y2ni b1, 5 oy t) i= 7 MPH (2, - - cz)th . teR.
k=0

The particular choice of the parameter ¢ = 1 defines the exponential function

oo

1
Baply(z, ) = Y o M (e z) , |ul #0.
k=0
Theorem 4.3. For each fized n-tuple of real parameters p = (py,- -+ , ) Such
that |p| # 0, the exponential function Expl has the following properties:
1. E.Tp (Z17 : ,Zn)| _O:ezoz wOGR
2. (Expt(Azy,--- ,)\;n))/ =AExpt(Az1, -, zn), AER.

Proof. We begin by proving property 1. We have
Iz . - — (= e -~
Bapy (21, 52| > o (Terzom €n Tofin) <|N|> :

- k=0
Taking into account the definition of i given by (4.5), we obtain
“w = 1 k .k
Expp (21, azn)|x:0 = %l (=1) xg (e1pr + -+ enpin
@ = k!

(=1ul?)
*Z k' R R |2 Z ot

Property 2 is a consequence of the homogeneity of the polynomials M"* and the
fact that they form Appell sequences.

)2k} _
|af

Remark. For n = 2 the Appell sequences (4.4) can easily be written in terms of
the generalized powers as

—1)8 L2 .
ey Z( )u%l‘sugz%l Txzp o, k=2
S

2 AP 2
Mkﬁu(zl’ 22) =

214+1 R
(—1)! A 4+1\ o1 s o 2141 s fi
M DT, ) s xH s k=24l
s=0
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and for the particular case of |u| = 1, the polynomials Mi’” are generated by the
complex powers z¥, 2 = x + 4y € C, in the sense described in [18].

5. HYPERCOMPLEX BERNOULLI AND EULER POLYNOMIALS

Bernoulli polynomials and Euler polynomials in one real or complex variable
have been studied over the last two centuries. Their application in several branches
of mathematics justifies the amount of literature about them, mainly about the
first one. Applications in Combinatorics, Number Theory and Numerical Analysis
are well known.

There are various ways to define those polynomials but one of the most common
is using the exponential generating functions

text oo tk
(5.6) -] :ZBk(a:)g |t < 2n
k=0 ’
and
2¢Tt o tk
(5.7) a1 ZEI@(SC)E st <,
k=0 :

where By (z) and Ei(x) denote the k-th Bernoulli and Euler polynomials, respec-
tively. Bernoulli numbers, By, and Euler numbers, Ey, are given by By := By(0)
and By = 2" Ej(1/2) (cf. [1, 12]).

A considerable part of literature about those polynomials and numbers handles
with generalizations and applications. In [39] and [38] we have studied the pos-
sibility to extend the referred polynomials to higher dimensions using concepts of
Clifford Analysis. New polynomials were obtained as well as their properties were
studied.

The introduction of the hypercomplex exponential function by the formal series

| —

|(t121 + - +tnzn)k 5

=

(5.8) Exp(f,2) :=exp (t1z1 + - + tp2,) = Z
k=0

with & = (t1,--- ,t,) € R", Z = (21,--- ,2n) € H", permits to define Bernoulli
polynomials, Bj, ... ;, (21, ,%n), jk € No, (k=1,---,n), and Euler polynomials,
Ej .. ju(z1,-++ ,2n), ju € Ng (k = 1,--- ,n), in several hypercomplex variables,
as coefficients of the multiple power series ordered with respect to the degree of
homogeneity by

oo

Exp(t,?) = (Z Uﬂ_il)!(t1+...+tn)r> X

r=0

o0

Z 1 _ ‘
J1 "
X il By, o (z1, e )ttt ’
|71=0
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and
2Exp(7, (1 + Z (t1 + tn)T) y
(5.10)
X Z F Ejl,u-,jn(zh... 7Zn)t]11 tzln ’
ljl=0 7"
respectively.

The expressions (5. 9) and (5.10) can be considered as generalizations of

2 (St (Brek)

e
(1) (En).

for several Varlables obtamed by using (5.6 5.7) in their equivalent form

oo

. et —1 th
ot — . Z By (x)
k=0

and

and
oo tk
2" = (1+¢")>  Ei()
k=0

From (5.9) and (5.10), using (5.8) and comparing both sides, an expression can
be derived to calculate the referred polynomials:

1 Pl
)DL g
151 77 |
o2, (sl +1)sly! o!
and
. 1 - P
s+j=0c
where s = (517"' 75TL)7 J = (jh'“ 7jn)7 and o = (0-17' o 7Jn)~

Remark 5.1. The generalization of Genocchi polynomials (cf.[31]), G, (z), is en-
tirely similar to the above polynomials, since their generating function is analogous
to those of the Bernoulli polynomials and Euler polynomials. Extensions of other
special polynomials to several hypercomplex variables will appear in a forthcoming

paper.
6. HYPERCOMPLEX POLYNOMIALS AND SPECIAL MATRICES

The interest has recently emerged around the matrix representation of polyno-
mials (see, for instance, [3, 29]). This representation allows to deal with them in
an easier way and also to derive interesting combinatorial identities. Bernoulli and
Euler polynomials are, evidently, object of special attention. The representation of
polynomials is connected with the well known Pascal matrix, P, and consequently
with the “creation matrix”, H, since P = efl (cf. [3, 11, 29, 48]).

In the case of polynomials in several variables the problem of the matrix rep-
resentation is more complicated. We need to choose a suitable monomial order
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to write the polynomials, since for each homogeneous degree one has to deal with
products of several variables.

As a general tool of dealing with the matrix representation of multivariate poly-
nomials, we introduce a block Pascal matrix, P, and a block creation matrix, H,
which simulate, in some sense, the classical ones. In fact, we consider P = [Ps,]

such that
(8) P, s>r
Psr = r
o , otherwise s,r =0,---,n
(O is the null matrix of order n + 1), and H = [Hj, ], where
H | s=r
H,, = sl , s=r+1
O , otherwise s,7=0,---,n

(1 is the identity matrix of order n+ 1), both block matrices of order (n+1)(n+1).
Most properties of P and H (cf. [3, 11]) are fulfilled for their block versions, P
and H. In particular,

e The inverse of the block Pascal matrix, P~ = [(P~!),,], is

0 , otherwise s,7r=0,--+ ,n;

e The symmetric block Pascal matrix, § = [Ss;] with Ss. = (H?:T')PPT7
s,r=0,---,n, is PPT;

o M is nilpotent of order 2n;

e P and H are related by

2n Hk
(6.11) P=cl= 0
k=0
In order to pursuit the matrix representation of hypercomplex polynomials, in
particular Bernoulli and Euler polynomials, we have defined in [39] the hypercom-
plex Pascal matrix of order (n+ 1)(n + 1), P(z1, 22) = [Psr(21, 22)], where

(S)P(zl) Xzy "o, s>r
Ps’r(zlazQ) = "

0 , otherwise s,r =0,--- ,n,

and P(z1) is the generalized Pascal matrix considered in [3, 48]

2n
- 21 H)k
P(z) =" = E (1k!) .
k=0

Introducing the block matrix F(z1, 22) = [Fsr(21, 22)]:
znH , s
For(z1,20) = S22l , s=r+1

o , otherwise s,r =0,---,n,

r
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it is possible to conclude that

2n

F k

(6.12) P21, 25) = el (F1:22) = E 7(“]{’!32)
k=0

It is worth noting that, setting z; = zo = 1 in (6.12), formula (6.11) is obtained.
Recall that the hypercomplex polynomial Bernoulli matrix and the hypercomplex

polynomial Euler matrix, introduced in [39] and [38], are block matrices of order

(n+1)(n+1), B(21,22) = [B] (21, 22)] and (21, 22) = [£]] (21, 22)] such that

(Z) (s) Bi_js—r(z1,22) , 1>2jAs>r
(6.13) B (21,2) = { NI/ \T

0 , otherwise 7,5,8,7=0,---,n
and

<Z> (S> Ei_jsr(21,22) , i>jAs>r
(6.14) ET (21, 22) = i) \r

0 , otherwise %,7,5,7r=0,---,n.

B;i(z1,22) and & (21, 22) denote the entry in the position ij of the block in the
position sr. The matrices B := B(0,0) and £ := £(0,0) are called, respectively,
Bernoulli matrix and Euler matrix.

Relations between the hypercomplex Pascal matrix and (6.13) as well as (6.14),

(6.15) B(z1,22) = P(z1,22)B,

5(21, 22) = P(Zl, ZQ)S 5
were studied in [39] and [38], thereby extending to higher dimensions results ob-
tained by Zhang and Wang in [49].
As a consequence of the matrix representation of polynomials, in [3, 29] the
authors obtained the transformation matrix between the Taylor expansion of a real
function and an expansion in terms of Bernoulli polynomials. They achieved to the

matrix
L=
2 E

that satisfies Lb(z) = &(z), z € R, where b( ) = [Bo(x) - -+ By (z)]T is the vector
of univariate Bernoulli polynomials and &(z) = [1 = --- 27]T.

In our case, due to (6.15) and noting that P(z1,22)B = BP(z1, z2), the matrix
B~ has a similar action on B(z1,22) as L in the univariate case.

Representing by

b(z1, 22) = [Bo,o(#1,22) -+ Bno(z1,22)| - |Bon(z1,22) -+ Bpn(z1, zg)}T
and
p(z1,20) ==[1 21 -+ 20|20 21 X 29 -+ 20 X 2]+ |20 21 x 2§ -+ 27 x 28T
the first column of B(z1, z2) and P(z1, 22), respectively, we have
(6.16) B7'b(z1, 20) = p(21, 22) -

Notice that p(z1, z2) = vec(&(z1) ®&(22)T), with ® the Kronecker product (cf. [28])
in the Clifford Analysis setting.
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Let F' = [f;;] be the matrix whose entries f;;, (¢,j = 0,--- ,n) are the coefficients
of 2% x 23 in the Taylor expansion of a function of hypercomplex variables, f(z1, 22).
Then it is possible to write the Taylor expansion in the form

(6.17) f(21,22) = (vee(F))Tvec(§(z1) ®E(z2)") + - = (vee(F)) p(ar, 22) + -+,

where vec stands for the usual vectorization of matrices [28]. Moreover, since (6.16),
(6.17) becomes

f(z1,22) = (vee(F))T B b (21, z2) + - - -

In other words, we achieve the expansion of f(z1,22) in terms of hypercomplex
Bernoulli polynomials.

In a completely analogous way, it is possible to obtain an expansion in terms of
hypercomplex Euler polynomials:

f(z1,22) = (vec(F)TE ez, 20) + -+ -,

where e(z1, 22) is the first column of £(z1, 22).

7. MONOGENIC POLYNOMIAL BASES

Following the notations of Delanghe (cf. [17]), we denote by M T (n; k) the Clg ,,-
linear space of homogeneous monogenic polynomials of degree k with values in C/¢y ,,
and by P(n; k) the space of C¥ ,-valued homogeneous polynomials of degree k in
R™. An element P € P(n; k) can be expressed as

P(z) = Z z%ay , 6o €Clyy .
lal=k

The dimension of M (n;k) can be obtained from the already mentioned Cauchy-
Kovalevskaya extension (CK) applied to the space P(n;k). As a consequence of
M™T(n;k) = CK(P(n; k)) (see [7]), we get that
k-1
dim M+ (n k) = dim P(n; k) = <" N ) .

n—1

On the other hand, we can consider the R-linear space of A-valued homogeneous
monogenic polynomials of degree k in R+ that we denote by M (A;n;k). The
operator D determines an isomorphism between the real vector spaces H(n;k + 1)
of homogeneous harmonic polynomials of degree k + 1 and M (A;n; k) (cf. [17]).

As a consequence,
k k—1
dimM(A;n;k):(n+ >+(n+ >

n—1 n—1

From now on, we restrict ourselves to the case n = 2, the most relevant case
in pratical applications. Consequently, the dimension of the spaces Mt (k) :=
M™*(2;k) and M(A; k) :== M(A;2; k) are equal to k + 1 and 2k + 3, respectively.

We remark that the elements of M (A; k) are polynomial solutions of the Riesz
system described in subsection 2.2.
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7.1. C¢y-linear space of homogeneous monogenic polynomials of degree
k. A canonical basis of M (k) is formed by the set of generalized powers {2 7 x 27 :
j =0,---,k}. The proof of this fact has been done in different ways by several
authors (e.g., Fueter [22], Sudbery [47], Delanghe [14], Malonek [34]). Another
basis for the space Mt (k), generated by a pair of real numbers was built in [8].
More precisely, given k + 1 pairs of real numbers (a;, b;) (¢,j = 0,--- , k), such that
a? + b2 # 0, and a; b; — a;b; # 0,7 # j, the set of the corresponding homogeneous
monogenic polynomials defined by Hy (q,,) = (a;z1 + bs 2)*, form a basis of
M (k).

Motivated by this result we can built bases of M (k) with elements Mi’” of the
Appell sequence defined in subsection 4.2 (briefly called Appell bases).

Theorem 7.1. For each k € Ny, the monogenic polynomials

(4)

{Mk,u p@ e R : @] £0, yPul — 1D 20, i£4, 4,5=0,- k}

form a family of Appell bases of the Cly 2-linear space M (k).

Proof. Clearly it is enough to prove the C/ o-linear independence of such a set

for a given pair of real parameters pu(* = (,ugl) (7))

(see [34])

. By using the binomial formula

(o an) =3 () () () st

=0

and the fact that the generalized powers form a basis of M (k), we obtain homo-
geneous linear systems of equations whose determmants are Vandermonde deter-
minants that are different from zero if ,u( 9 (]) (]) ;é 0,i#7 (4,j=0,--- k)
holds.

Example. Choosing the parameters

,u(i):(cosiﬁ szkil) , 1=0,---,k,

the required conditions,

e NG R R
) =y = cos iy Sy sy sinip g =
:Sin(j—i)k+1:‘u(i)xu(j)#0 . i,

are satisfied, due to the choice of (k + 1) pairwise non collinear directions (")

(i=0, k).

7.2. R-linear space of homogeneous monogenic polynomials of degree k.
An explicit construction of a basis for the space M(A;k) was made in [30] by
combining in an appropriate way the known generalized powers. Indeed, the author
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found that a basis of M (A; k) is formed by the homogeneous monogenic polynomials

P}g ::<‘>Z1kisz2] ’ j:(),--~’k;7
J

ﬁé = P,iel + P]i71€2 =

= (?) Zlkil X 22l€1 + <l f 1>Zlkil+1 X Zgl71€2 , 1=0,--- k+1

(with the convention P! = P*+l =0).

These results were later generalized to arbitrary dimensions in [17].

A detailed study about orthonormal bases of M(A;k) was done in [9], with
respect to the inner product defined by

(7.18) F. 90.00(5) = /B Sc(F g)dv

where B := B(0, 1) denotes the unit ball in R3 and Sc(.) represents the scalar part
of its argument.

The aforementioned polynomial basis {P,z7 ISIi :j=0,--k, 1=0,--- k+1}
is not orthogonal with respect to this inner product (see [8]). The use of the
Gram-Schmidt orthonormalization procedure is analytically very difficult to apply,
numerically requires a high storage, is very time consuming and unstable. For
that reason, another approach was followed in [9] constructing an orthonormal
basis of the space M (A;k), by using the factorization of the Laplace operator,
As =D D = DD. It is clear that this factorization permits to obtain homogeneous
monogenic polynomials by applying the operator D to real-valued homogeneous
harmonic polynomials.

We start by considering spherical coordinates = = rw, w = w(f,¢) € S := IB.
Taking the standard basis of spherical harmonics of degree k + 1 in R3 (see, e.g.,
[45] or [43]) and applying the operator D to their extensions into the ball, we get
the following 2k + 3 homogeneous monogenic polynomials of degree k,

X (z) =¥ [A""’k cos mp + (B™" cos ¢ cos mp — C™F sin @ sin me) e1+

+ (Bm’ksin @ cos myp + C™F cos psin mgp) ez] , m=0,--- k+1

Vi(z) =r*[A"sin lp 4+ (B* cos psin lp 4+ CHFsin ¢ cos lp) e+
+ (Bl’ksin @sin lp — CY* cos ¢ cos lgo) ez] , I=1---Jk+1,
where A™* Bk CmE (m = 0,---  k+ 1) are functions that depend only on 6.
They are defined by using the associated Legendre functions and their derivatives.

For details about the construction, see [9].
Taking, for each k € N,

~ 1
k k+m+1 B m=0 ke

k

. 1

)7/6 .

T kit
k

i o, l=1,---k+1
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we have that ,
()?,gn) kX, , m=0,-- k+1

~ N/ ~
(Y,j) —kYL, L l=1, k41,

ie.,

(7.19) {X,:" quzm:o,---,kﬂ,1:1,---,k+1}

keNg

form an Appell sequence of homogeneous monogenic polynomials. We notice that
the special case m = 0 coincides with the Appell sequence of homogeneous mono-
genic polynomials {P}(z)} ren,» constructed in section 4 by other methods.

The main properties of the Appell sequence (7.19) are stated in the following
theorems proved in [9]:

Theorem 7.2. For each k, the set
(X ¥hom=0, k41 1=10 k1)
is orthogonal with respect to the inner product (7.18).
From this result, it follows
Theorem 7.3. For each k, the set
{)?;gl, Vim=0,- k+1,1=1,- ,k+1} 7
form a orthogonal Appell basis of the space M(A;k).

We remark that the constructed basis contains two monogenic “constants”, i.e,
two functions that depend only on the variables x; and x5 and that behave like

~ i
constants with respect to the hypercomplex derivation. In fact, it holds (X g“) =
~ !/
(Y#“) =0 (see [9]).

The norms of the constructed homogeneous monogenic polynomials were explic-
itly calculated by using the recurrence formulae of the associated Legendre functions
(see [9]). Hence, we can easily normalize the constructed orthogonal polynomial
basis in order to get a complete orthonormal system of A-valued functions of the
R-linear Hilbert space La(B) of Cly 2-valued functions. Recently, this system was
used to describe the pointwise and local behavior of general A-valued functions in
R3 (see [27]).
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