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Abstract1. Let E be a partial di↵erential operator of order 2m with real constant co-

e�cients in any number of variables. Denote by {!k} a basis of polynomial solutions of

the equation Eu = 0. We survey some recent results concerning the completeness of the

system {(!k, @⌫!k, · · · , @

m�1
⌫ !k)} on the boundary of a bounded domain in L

p and in C

0

norms. In particular necessary and su�cient conditions for the completeness to hold are

given.

1. Introduction

Let E be an elliptic partial di↵erential operator

(1) Eu =
m
X

|↵|=0

a↵(x)D↵u ,

where the coe�cients a↵ belong to C1(Rn).
Let K be a compact set in Rn and ⌦ a domain containing K. Let f be a function

which is continuous on K and such that Ef = 0 in the interior of K (if nonempty).
A classical problem in the approximation theory is to find conditions under which

f can be approximated on K in a certain norm (for example the uniform norm) by
a sequence of particular solutions of the equation Eu = 0 in ⌦.

For example, if f is a holomorphic function of one complex variable, we may
ask when f can be approximated in some norms by polynomials or by rational
functions. The classical theorems of Weierstrass, Runge and Mergelyan are the
main results in this area.

These kind of problems have been widely studied and extended to general elliptic
partial di↵erential equations.

Even if necessary and su�cient conditions are not known for general elliptic op-
erators, several results are nowadays available for such operators (see, for example,
[1, 16, 17]).
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Theorem 1. Let K be a compact set and A, B two open sets such that K ⇢ A,
A ⇢ B ⇢ Rn. Suppose that

(i) E and E⇤ satisfy the unique continuation property in B;
(ii) K \ @K satisfies the restricted cone hypothesis;
(iii) B \ K is connected.

Then S = ⌦(K), where S is one of the following spaces:

S =
⇢

p | p(x) =
Z

H
'(y) s(x, y) dy, ' 2 C1(H)

�

(H being a fixed compact set such that H ⇢ B \ A) ;

S =

8

<

:

p | 9 y1, · · · , ym 2 H : p(x) =
m
X

j=1

cjs(x, yj)

9

=

;

.

If E has constant coe�cients, Theorem 1 holds also with

S = {p | p is a polynomial, Ep = 0}
under some additional conditions (see [17]). For a short proof of Theorem 1 hinging
on potential theory, we refer to [13].

The problem of completeness can be stated in a more sophisticated way, as
proposed many years ago by Picone.

Let us consider a BVP for the operator E:

(2)

(

Eu = 0 in ⌦

Bhu = fh on ⌃ (h = 1, · · · , s)

which is supposed to be an index problem. Then there exists a solution of the
problem (2) if and only if (f1, · · · , fs) satisfies a finite number of compatibility
conditions:

s
X

h=1

Z

⌃
fh 

(k)
h d� = 0 k = 1, · · · , r .

Let S be a family of particular solution of the equation Eu = 0 defined in a
larger domain A � ⌦. The problem proposed by Picone is to prove that the system
{(B1!, · · · , Bs!) | ! 2 S} is complete in the subspace of [Lp(⌃)]s whose elements
(v1, · · · , vs) are orthogonal to the vectors ( (k)

1 , · · · , (k)
s )

s
X

h=1

Z

⌃
vh 

(k)
h d� = 0 k = 1, · · · , r .

It is worthwhile to remark that in the very particular case n = 2, E = �,
⌦ = {(x, y) 2 R2 | x2+y2 < 1}, S = {Re zk, Im zk | k = 0, 1, 2, · · · } (z = x+iy),
the completeness of the system {!|⌃ | ! 2 S} in C0(⌃) (or in Lp(⌃)) is nothing
but the completeness of the trigonometric system.

The first to prove some completeness theorems in the sense of Picone was Fichera,
which proved the following results concerning the Dirichlet, the Neumann and the
mixed problem for Laplace equation

Theorem 2 ([12]). Let ⌦ ⇢ Rn be a bounded domain whose boundary ⌃ belongs to
C2. Let {!k} denote the system of harmonic polynomials. Then
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(i) the system {!k} is complete in L2(⌃);
(ii) the system {@⌫!k} is complete in the space {v 2 L2(⌃) | R⌃ v d� = 0};
(iii) the system {!k|⌃1 , @⌫!k|⌃2} is complete in L2(⌃1)⇥L2(⌃2), where ⌃1 and

⌃2 are such that ⌃1 \ ⌃2 = ; and ⌃ = ⌃1 [ ⌃2, ⌃k having the same
superficial measure as ⌃k (k = 1, 2).

We have to remark that one can repeat Fichera’s proof with small changes and
obtain the same completeness theorems (i) and (ii) in Lp(⌃) (1  p < 1) or in
C0(⌃), assuming that ⌃ is a Lyapunov boundary (i.e. ⌃ 2 C1,�).

As far as (iii) is concerned, it is clear that completeness in L2(⌃1) ⇥ L2(⌃2)
implies completeness in Lp(⌃1)⇥Lp(⌃2) for 1  p < 2. However the completeness
of the system {!k|⌃1 , @⌫!k|⌃2} in Lp(⌃1)⇥Lp(⌃2) for p > 2 is still an open problem.

After Fichera’s result, several other completeness theorems have been proved for
particular BVPs. However while very general completeness theorems analogous to
the Mergelyan one are known, this is not the case for the completeness theorems
as proposed by Picone. In the literature there are several results which are con-
nected to particular boundary value problems for the harmonic and the biharmonic
equation, the Helmotz equation, the elasticity system, the heat equation, general
2nd order elliptic equations and higher order elliptic equations with constant coef-
ficients in two variables. We refer to [13] for a list of references updated until 1979,
to which we would like to add [2, 3, 4, 5, 6, 11, 18].

In the present paper we present some recent results ([8, 9, 10]) connected to the
Dirichlet problem for general higher order elliptic equations. They are the only
known completeness results for polynomial solutions of general partial di↵erential
operators of higher order in any number of variables.

Section 2 is devoted to some theorems in potential theory. They provide a key
ingredient of the proof and seem to be interesting in themselves.

In Section 3 we describe the completeness results for an elliptic operator E with
constant coe�cients satisfying a G̊arding inequality (see (19) below). In particular,
we show that a certain algebraic condition on the characteristic polynomial of E is
necessary and su�cient for the completeness theorems to hold.

It is interesting to remark that - generally speaking - the existence and uniqueness
of solution of the Dirichlet problem (which is a consequence of (19)) does not imply
the relevant completeness for polynomial solutions.

2. Some results in potential theory

Let ⌦ be a bounded domain in Rn, whose boundary ⌃ is supposed to be C1. By
⌫x we denote the inward unit normal vector to ⌃ at the point x 2 ⌃.

Let s(x� y) be the fundamental solution for Laplace equation

s(x� y) =

8

>

>

>

<

>

>

>

:

1
2⇡

log |x� y| if n = 2

�1
(n� 2)cn

|x� y|2�n if n � 3 ,

cn being the hypersurface measure of the unit sphere in Rn.
The following formulas are very well known

(3) lim
x!x0
x2⌫

+
x0

Z

⌃
'(y) @⌫

y

s(x� y) d�y = �1
2
'(x0) +

Z

⌃
'(y) @⌫

y

s(x0 � y) d�y ,
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(4) lim
x!x0
x2⌫

�
x0

Z

⌃
'(y) @⌫

y

s(x� y) d�y =
1
2
'(x0) +

Z

⌃
'(y) @⌫

y

s(x0 � y) d�y ,

(5) lim
x!x0
x2⌫

+
x0

✓

Z

⌃
'(y) @⌫

y

s(x� y) d�y �
Z

⌃
'(y) @⌫

y

s(x0 � y) d�y

◆

= �'(x0)

where x0 is a point on ⌃, x 2 ⌫+
x0

(x 2 ⌫�x0
) means that x is taken on the inner

(exterior) normal at x0 and x0 is its symmetric with respect to x0. These formulas
can be proved under di↵erent hypothesis for ⌃ and '. For example, (3) and (4)
hold if ⌃ 2 C1,�, ' 2 L1(⌃) and x0 is a Lebesgue point for '.

Under the same hypothesis formula (5) follows from (3) and (4). However (5)
can be proved directly, supposing merely ⌃ 2 C1 (see the Appendix of [14]).

Let us consider now more general kernels. We recall that the function h is said
to be essentially homogeneous of degree ↵, if h(x) = h1(x) log |x| + h2(x), where
h2(%x) = %↵h(x), x 6= 0, % > 0 and h1(x) is a homogeneous polynomial of degree ↵
if ↵ is a nonnegative integer, h1(x) ⌘ 0 otherwise.

The next result generalizes formulas (3) and (4)

Theorem 3 ([7]). Let h 2 C2(Rn \ {0}) be even (h(�x) = h(x)) and essentially
homogeneous of degree 2 � n. Suppose that ⌃ 2 C1,�, ' 2 L1(⌃) and x0 is a
Lebesgue point for '. Then

lim
x!x0
x2⌫

+
x0

Z

⌃
'(y) @x

k

h(x� y) d�y =

(6) = ⌫k(x0) �(x0)'(x0) +
Z

⌃
'(y) @x

k

h(x0 � y) d�y ,

lim
x!x0
x2⌫

�
x0

Z

⌃
'(y) @x

k

h(x� y) d�y =

(7) = �⌫k(x0) �(x0)'(x0) +
Z

⌃
'(y) @x

k

h(x0 � y) d�y ,

where �(x0) is given by

(8) �(x0) =

8

>

>

>

<

>

>

>

:

⇡h1 � 1
2

Z

|⇠|=1
�h2(⇠) log |⇠ · ⌫x0 | d�⇠ if n = 2

1
2

Z

|⇠|=1
[(2� n)h(⇠)��h(⇠) log |⇠ · ⌫x0 |] d�⇠ if n � 3 .

Note that the integrals in the right hand side of (6) and (7) are singular integrals,
due to the strong singularity of the kernels.

As remarked in [11], the function � can be expressed by means of the Fourier
transform of the kernel h:

(9) �(x0) =
1
2

F (�h)(⌫x0) = �2⇡2F (h)(⌫x0)

where the Laplacian � has to be understood in the sense of distributions and F
denotes the Fourier transform

F (h)(x) =
Z

Rn

h(y) e�2⇡ix·ydy .
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We have also

Theorem 4 ([7]). Let h 2 C2(Rn \ {0}) be even (h(�x) = h(x)) and essentially
homogeneous of degree 2�n. Suppose that ⌃ 2 C1, ' 2 L1(⌃) and x0 is a Lebesgue
point for '. Then

lim
x!x0
x2⌫

+
x0

✓

Z

⌃
'(y) @x

k

h(x� y) d�y �
Z

⌃
'(y) @x

k

h(x0 � y) d�y

◆

=

(10) = 2⌫k(x0) �(x0)'(x0) ,

where �(x0) is given by (8) (or (9)).

If we try to prove a completeness theorem in the uniform norm, (10) is not su�-
cient anymore, and it is necessary to have a jump formula for a potential generated
by a measure µ 2 M(S), where M(⌃) is the dual space of C0(⌃).

Theorem 5 ([10]). Let ⌃ 2 C1. Let h 2 C2(Rn \ {0}) be even and essentially
homogeneous of degree 2� n. If µ 2 M(⌃), for any p 2 C�(Rn) we have

lim
%!0+

 

Z

⌃
%

p(x%) d�x
%

Z

⌃
@x

k

h(x% � y) dµy�

(11) �
Z

⌃�%

p(x�%) d�x�%

Z

⌃
@x

k

h(x�% � y) dµy

!

= 2
Z

⌃
⌫k�p dµ

where � is given by (8) (or (9)).

Here {⌃%} is a family of “parallel surfaces” contained in ⌦ if % > 0 (in Rn \ ⌦ if
% < 0) and tending to ⌃ (as % ! 0) in a certain sense. For all the details we refer
to [10].

Let us consider now an elliptic operator E with real constant coe�cients and no
lower order term, i.e.

(12) Eu =
X

|↵|=2m

a↵D↵u

with a↵ 2 R, such that

(13) Q(⇠) =
X

|↵|=2m

a↵ ⇠
↵ > 0 , 8 ⇠ 2 Rn \ {0} .

As shown by Fritz John [15], the functions

S0(x� y) =
1

4(2⇡i)n�1(2m� 1)!
(�y)(n�1)/2

Z

|⇠|=1

|(x� y) · ⇠|2m�1

Q(⇠)
d�⇠

for n odd, and

S0(x� y) =
�1

(2⇡i)n(2m)!
(�y)n/2

Z

|⇠|=1

|(x� y) · ⇠|2m log |(x� y) · ⇠|
Q(⇠)

d�⇠

for n even, provide a fundamental solution for (12).
Theorems 4 and 5 lead to the following results
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Theorem 6 ([9]). Let ⌃ 2 C1. Let ' 2 L1(⌃) and x0 2 ⌃ be a Lebesgue point for
'. For any multi-index ↵ with |↵| = 2m� 1, we have

(14)

lim
x!x0
x2⌫

+
x0

✓

Z

⌃
'(y)D↵

y [S0(x� y)] d�y �
Z

⌃
'(y) D↵

y [S0(x0 � y)] d�y

◆

=

= � ⌫↵(x0)
Q(⌫(x0))

'(x0) .

Theorem 7 ([10]). Let ⌃ 2 C1. Let ↵ be a multi-index with |↵| = 2m � 1. For
any p 2 C�(Rn) we have

lim
%!0+

 

Z

⌃
%

p(x%) d�x
%

Z

⌃
D↵

y S0(x% � y) dµy�

(15) �
Z

⌃�%

p(x�%) d�x�%

Z

⌃
D↵

y S0(x�% � y) dµy

!

= �
Z

⌃

⌫↵

Q(⌫)
p dµ .

Jump formulas (14) and (15) are useful also when we consider the elliptic oper-
ator (1) with real constant coe�cients and lower order terms.

3. Completeness theorems for higher order operators in Lp and in C0

Let us consider a higher order operator

(16) Eu =
X

|↵|2m

a↵D↵u , a↵ 2 R .

which is supposed to be elliptic (see (13)).
Moreover we suppose that

(17) a(0,··· ,0) = 0 .

The last condition is necessary and su�cient for the existence of polynomial
solutions of the equation Eu = 0. In fact, if a(0,··· ,0) 6= 0 and pk is a polynomial of
degree k, Epk = a(0,··· ,0)pk + qk�1, qk�1 being a polynomial of degree less than or
equal to k � 1. This shows that there are no polynomial solutions of the equation
Ep = 0.

Conversely, suppose that (17) is satisfied and let pk be a polynomial of degree
k. Denote by cn,k the number of the coe�cients of a generic polynomial of degree
k in n variables. Since Epk is a polynomial of degree at most k � 1, the equation
Epk = 0 is equivalent to a linear homogeneous system of cn,k�1 equations with cn,k

unknowns. Such a system admits eigensolutions, because cn,k�1 < cn,k, and this
proves that there are polynomial solutions of the equation Ep = 0.

Let us consider now the Dirichlet problem
(

Eu = 0 in ⌦

@h
⌫ u = fh on ⌃ (h = 0, · · · , m� 1) .

Our aim is to give the relevant completeness theorems for polynomial solutions.
More precisely, if {!k} is a basis of polynomial solutions of the equation Eu = 02,

2Saying that {!k} is a basis of polynomial solutions of the equation Eu = 0, we mean that
E!k = 0 and that any polynomial solution ! of the equation E! = 0 can be written as a finite
linear combination of !k.
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we want to prove that the system {(!k, @⌫!k, · · · , @m�1
⌫ !k)} is complete. The

completeness will be considered in di↵erent spaces.
It is well known how to construct a basis of polynomial solutions when E = �m:

if {Yhs} (s = 1, · · · , pnh, h = 0, 1, · · · ) is a complete system of spherical harmonics,
where pnh = (2h + n� 2)(h + n� 3)!/((n� 2)!h!), the system

|x|h+2jYhs

✓

x

|x|
◆

(j = 0, · · · , m� 1, s = 1, · · · , pnh, h = 0, 1, · · · )

provides a basis of polyharmonic polynomials.
In [3] an explicit method is given for elliptic equations of higher order without

lower order terms in two independent variables. For more general operators we
refer to [19, 20, 21].

Let us consider now two di↵erent cases. At first, we consider elliptic operators
of order 2m with no lower order terms, i.e. operators of the form (12), such that
(13) holds.

The following result was proved in [8] (the particular case E = �m was consid-
ered in [11])

Theorem 8. Let ⌦ ⇢ Rn be a bounded domain such that Rn \ ⌦ is connected and
⌃ 2 C1. Denote by {!k} a basis of polynomial solutions of the equation Eu = 0.
The system {(!k, @⌫!k, · · · , @m�1

⌫ !k)} is complete in [Lp(⌃)]m (1  p < 1).

When the operator E contains lower order terms, the situation is more delicate.
We start recalling a condition introduced by Malgrange in [17]: we say that a
polynomial Q satisfies the M -condition if all its irreducible factors over C vanish at
the origin.

Let E be the operator (16) which now we prefer to write as

(18) Eu =
0,m
X

|p|,|q|

(�1)|p|apqD
pDqu (a00 = 0)

and suppose that it satisfies G̊arding inequality

(19)
0,m
X

|p|,|q|

apq

Z

⌦
Dqu Dpu dx � C kuk2W m,2(⌦) 8 u 2

�
C1(⌦) .

We remark that G̊arding inequality (19) implies the ellipticity of the operator
E.

Generally speaking, Theorem 8 does not hold for such more general operators.
However the next theorem provides a necessary and su�cient condition for the
completeness result to hold.

Theorem 9 ([9]). Let ⌦ ⇢ Rn be a bounded domain such that Rn \ ⌦ is connected
and ⌃ 2 C1. Let E be the operator (18) and suppose that the G̊arding inequality
(19) holds. Let us denote by Q the characteristic polynomial

(20) Q(⇠) =
0,m
X

|p|,|q|

(�1)|p|apq⇠
p+q .

Let {!k} be a basis of polynomial solutions of the equation Eu = 0. The system
{(!k, @⌫!k, · · · , @m�1

⌫ !k)} is complete in [Lp(⌃)]m if and only if the polynomial
(20) satisfies the M -condition.
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It is worthwhile to remark that if E does not contain lower order terms and
it is elliptic, the G̊arding inequality (19) and the M -condition are both satisfied.
Therefore Theorem 9 implies Theorem 8.

Recently Theorem 9 (and then also Theorem 8) was extended to the case of
uniform norms, where 11 played a key role.

Theorem 10 ([10]). Let ⌦ ⇢ Rn be a bounded domain such that Rn\⌦ is connected
and ⌃ 2 C1. Let E be the operator (18) and suppose that the G̊arding inequality
(19) holds. Let {!k} be a basis of polynomial solutions of the equation Eu = 0.
The system {(!k, @⌫!k, · · · , @m�1

⌫ !k)} is complete in [C0(⌃)]m if and only if the
polynomial (20) satisfies the M -condition.

We remark that the G̊arding inequality (19) and the M -condition are indepen-
dent of each other, as some examples can show (see [9, p. 95]).
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