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About connection of generalized M&bius Listing’s surfaces
GM Ly with sets of knots or links

Tlia TAVKHELIDZE, Caterina CASSISA and Paolo Emilio Riccrt

Abstract®. We consider the cutting process of a generalized Mobius Listing’s surfaces
GMLY along a set of lines “parallel” to its “basic line”. We show connections of the
resulting mathematical objects with the set of knots and links.

1. INTRODUCTION

In previous articles [2, 5, 6, 7, 8, 9, 10, 11, 12] a wide class of geometric figures -
“generalized twisting and rotated” bodies (also called “surface of revolution” see [1])
- shortly GT' R}, - was defined through their analytic representation. In particular
cases, this analytic representation gives back many classical objects (torus, helicoid,
helix, M6bius strip, etc.).

Aim of this article is to consider some relationship between the generalized
Mobius Listing’s surfaces GM L3 and the sets of knots and links. The knots and
links classifications is well known (see e.g. [3, 4, 13]). In this article we consider
ribbon knots and links which appear after cutting a generalized Mobius Listing’s
surface GM Ly along x € N different lines, which are “parallel” to its “basic line”.

In previous articles [2, 12] we considered the case when GM LY surface had only
one slit.

Notations. We use following notations:

e XY Z, or x,y,z - is the ordinary notation for coordinates;
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e 7,1, 0 - are space values (local coordinates or parameters in parallelogram):

1. 7€, 7] , where 7, <7* usually are non-negative constants ;
(1) 2. ¢elo2a];
3. 6€]0,2rh] , where h € R (Real);

But sometimes, as a special case, we suppose that
(1%) T e [-7",77]

e 7,z,0 - are space values (local coordinates or parameters in the cylinder
PR, or in the diametral cross section of this cylinder correspondingly)

PR ,={(@Z=7cos¢,Z2=rsinv,0): 7€ [-7*,7]; ¥ €[0,7);
(2) 6 c[0,2m)}
T=PRy={(@=7,2=0,0):7e€[-7",7];¢v=0;0€[0,2m)};

2. SOME GEOMETRIC PROPERTIES OF A “REGULAR” GM L} SURFACES

In this part of our article we study some geometric characteristic of a “regular”
generalized Mobius-Listing’s surfaces GM LY, with circle as basic line (see e.g. Fig.
1.a, 1.b, 1.c)2. This means that the parametric representations of these surfaces (6)

2Note that in the present article n denotes the number of rotations and m the symmetry
number of the cross section, while in [6] the meaning of these indices was reversed.



About connection of generalized Mébius Listing’s surfaces GM L3 with sets of knots or links 189

or (6*) in [6] have the following simple form
X(r,0) = {R + 7 cos <w + g)] cos(0)
(3) Y (r,0) = {R + 7 cos <¢ + %9>] sin(0)

Z(1,0) = Tsin <1j)+%9> ,

where, respectively:

- R - radius of basic circle - is constant;

- In the general case (see e.g. (6) in [6]) 7, defined in (1), is variable, but now, ac-
cording to the notation (2), the argument 7 always belongs to the interval [—7*, 7*],
see (1*) where 7* < R is some non-negative constant. So that, when n = 1 formula
(3) is the classical (well known) form of analytic representation of the Mobius strip
([13], [1]). Actually, 27* is the width of the surface GM L%;

- the variable 6 is defined in (1) and in this case h = 1, i.e. 6 € [0, 27];

- The “rule of twisting around basic line” is “regular”, i.e. the function defined by
equation (4) in [6] is g(0) = 6;

- n - the “number or twisting” of GM L} - is an arbitrary integer number, i.e. the
number defined by equation (5) in [6] is 4 = n/2. In this article we always assume,
for simplicity, n > 0;

- in the present case, v is a constant defined in (1) (but when n = 0, the number
¥ in equations (3) defines even the type of the corresponding surface, for example:
if » = 0, then the “regular” generalized Mobius-Listing’s surfaces GM L3, with
basic line a circle, is a Ring (R > 7*) or Circle (R = 7*), and if ) = 7/2, then
GM LY is a cylinder, in other cases these surfaces are cones or truncated cones (see
[9, 10, 5, 6, 12])).

Remark 1. When R > 7*, note that:

a) For every integer number n equation (3), when the arguments 7,1,6 are
from (1), defines a one to one correspondence between the cylinder (2) and
the body GM L", (“Twisted Torus” [6, 12]);

b) In particularly, if n = 0, then equation (3), when the arguments 7,1, 0 are
from (1), defines a one to one correspondence between the cylinder (2) and
the Torus GM LY ;

¢) For every integer number n, equations (3), when the arguments 7,1, 6 sat-
isfy: 7 € [-7F,7*], 6 € [0,27) and y is a constant, defines a one to one
correspondence between the strip T in (2) and the surface GM LY;

d) If n is an even number, then each function (X,Y, Z) in the representation
(3) is a 2m-periodic function of the argument 6.

e) If n is a odd number, then each function (X,Y, Z) in the representation (3)
is a 4m-periodic function satisfying the following properties

(M*) (X (7,0 +27); Y(7,0 +27); Z(1,0 +27)) = (X (—7,0); Y(—1,0); Z(—7,0))

(in analogy to the Mobius condition see [13]).
f) For every integer number n equations (3), defines a “width preserving”
correspondence (proof in ref. [8]).



190 Ilia Tavkhelidze, Caterina Cassisa and Paolo Emilio Ricci

Proof. By using elementary trigonometric formulas, it is easy to rewrite the
representation (3) in the following form

X (7,9,0) = {R + 7 cos (”9> — Zsin (%9)} cos(0)
< _

(4) Y(r,9,0) = {R+ T cos
Z(7,9,0) = Tsin (%9> + % cos <%9> 7

where 7, Z, 0 - are variables in the (2). After calculation we remark that

(5) % — _R- {%cos (%9> ~ Zsin (”79)} £0.

i.e. the Jacobian matrix of this correspondence is different from zero (R > 7*). So
that the relation (3) or (4) is a one to one correspondence. Also, parts b.) and c.)
of the Remark 1 are trivial corollary of the equation (5).

According to the representation (3), the tangential vectors of the “regular” general-
ized Mobius-Listing’s surface GM L3, with circle as basic line, are correspondingly

6) T,= {cos <1/) + %6> cos(f); cos (1/) + %9> sin(6); sin (1/) I %9>}

and

— {R—l— T Cos (1/} + %9)} sin(f) — % sin <7/) + %0) cos(0) ;

Remark 2. For any integer number n two tangential vectors of a regular GM LY,
with circle as basic line, are always orthogonal, i.e. the local system of coordinates
(7,0) in this surface is an orthogonal system.
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Also we may check that the unit normal vector of a “regular” generalized Mobius-
Listing’s surfaces GM Ly, with circle as basic line, has the form

- {R + 7 cos (1/1 + %9)] sin (1/} + %6) cos(6) + % sin(6)

[[peren(ve ) w2

- {R + 7 cos (¢ + %9” sin (¢ + j) sin(0) — % cos(@).

[ reos (6 2)] 2 |
@+mw@+gﬂwﬁ )
[ reon (2] 2

Remark 3. Note that:

a) If n is an even number, then the unit normal vector 7/ (7, 6) is a 27-periodic
vector and consequently the GM L3 body is a two-sided surface; i.e. to each
point of the GM L} corresponds one (external or internal) normal vector of
this surface;

b) If n is a odd number, then the unit normal vector 7 (7, ) is a 4r-periodic
vector function, with the property

(M**) V(7,0 +2rm) = -7 (1,0)

so that the GM LY is a one-sided surfaces; i.e. to each point of the GM LY
surface correspond two normal vectors to this surface and, by the geometric
point of view, it is impossible to “distinguish” the external from the internal
normal vector to this surface.

Additional information about similar properties for the semi-regular surfaces
GM LY are reported in [2].

3. RELATIONS BETWEEN THE SET OF GENERALIZED MOBIUS-LISTING’S
SURFACES AND THE SETS OF KNOTS AND LINKS

We use the following definitions and notations:
e Everywhere in this article we use the terminology “Link-1" instead of “knot”.

Definition 1. A closed line (similar to the basic or border’s line) which is situated
on a GMLY and is “parallel” to the basic (or border’s) line of the GM LY - i.e. the
distance between this line and basic or border’s lines is constant - is called a Slit
line or shortly a s-line (see e.g. Fig. 2.d).

e If the distance between an s-line and the basic line is zero, then this s-line
coincides with the basic line (and sometimes is called B-line) (see e.g. Fif. 2.c).

Definition 2. A domain situated on the surface GM L} and such that its border’s
lines are slit lines, is called a Slit zone or shortly a s-zone (see e.g. Fig. 2.a, 2.b,
2.e, 3.a, 3.c, 3.d).
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e The distance between the border’s lines of an s-zone is the width of this s-zone.
e If an s-zone’s width equals to zero, then this zone reduces to an s-line.

Definition 3. If the B-line is properly contained inside a Slit zone - i.e. his distance
to the border’s lines is strictly positive - then this Slit zone will be called a B-zone
(see e.g. Fig. 2.d, 3.b, 3.d).
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Definition 4. The process of cutting or shortly the cutting is always realized along
some s-lines and produces the vanishing (i.e. elimination) of the corresponding
s-zone (which eventually reduces to an s-line).

o If a GM LY surface is cut belong an s-line (sometimes —!), then the corre-
sponding vanishing zone will be called a s-slit.

o If a GM LY surface is cut belong its B-line (sometimes —?), then the corre-
sponding vanishing zone will be called a B-slit.

o If the vanishing zone - after a s-slit (a B-slit) - is given by a s-zone (a B-zone),
then the cutting process will be called a s-zone-slit (a B-zone-slit).

o If a GM LY surface is cut (k + 1)-times along (k + 1), k =0,1,2,---, different
s-lines and none of them coincides with the B-line (for this process we use the
symbolic notation: —**1), then the resulting object is called a (x + 1)-slitting
GMLY, and the corresponding vanishing zones are (x + 1)-slits. In this case the
cutting process is called a (k + 1)-zone-slits.

o If a GM LY surface is cut (k + 1)-times along (k + 1), k = 0,1,2,-- -, different
s-lines and one of this line coincides with the B-line (for this process we use the
symbolic notation: —B+%) then the resulting object is called a (B + )-slitting
GMLY, and the corresponding vanishing zones are (B + )-slits. In this case the
cutting process is called a (B + k)-zone-slits.

e For each natural number & the segment [0, 7*] is divided by one of the following
rules:

~ . (T*—E 5) &
T2; =] 7. 7”'7 .
k+1 k
) k/
?2j+1z(j+1) k’+1 +.7% ) .7*0’17 7k
or
?QjE].kT ’ ]:Ovlaak
(10) Jj-T ¢
?2]'-‘1-157 ) ]207177k_1

where ¢ € [0,7*) is a real number.
e For each natural number k the domain of definition T' = {[—7*,7*] x [0, 27)}
(see (2)) of the representation formula (3) is divided by one of the following rules:

T=T,UT}

k

T, [—77177'1 U 7'237727+1 [ ?2]_“7_;2]_] X [0727T)7

(11)

2%
T = U Toj—1,725] U [=Taj, —T2j—1] p x [0,27) ,
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or
T=TppUTh,
2k—
(12) Tp = L_J Toj—1,T2j] U [=Toj, =T2j-1] p x [0,27) ,
k
Tgr=4[-71,71] U Toj, Taj1) U [=T2j41, —T25] p % [0,2m)
or
T=T;UTe"
N k
(13) Tr =< -7 L_J Toj, Toj41] p % [0,2m) ,
B 2k—1
T]j’* = U [?ijl,?gj] X [0,27‘1’) R
j=1

Without loss of generality and for simplifying the process of proofing, in this
article we consider the following restrictions:

e The GM LY is a regular generalized Mobius-Listing’s surface (see representation
(3) and notation (1*);

e A B-slit is symmetric (see e.g. Fig. 2.c, 2.d, 3.b, 3.d), i.e. the “origin” (domain
of its parametric representation) (3) of the corresponding B-zone is the domain T 5.0
n (12).

e For any fixed number of cutting k, the width of the eliminated slit zones on
the GM LY surfaces are always identic and equal to 2¢/k (see e.g. Fig. 2.e, 3.c,
3.d);

e For any fixed number of cutting k, the width of the remaining slit zones on
the GM LY surfaces are always identic and equal to 2(7* — ¢)/(k + 1).

Theorem 1. If the GM LY surface is cut (k+ 1)-times along (k+ 1) different (i.e.
k=0,1,---) s-lines, and n is an even number, then for each integer numbers n, k,
after (B + k)-zone-slits or (k + 1)-zone-slits, an object Link-(k + 2) appears, whose
each component is a GMLY surface (knot with structure {01})3; i.e. if n = 2w s

an even number, then for each w =0,1,2,---, and k:
Case A.

(14) GML3 —B Link-(k +2) of (k+2) x GML3 ;
Case B.

(15) GMLZ —** Link-(k +2) of (k+2) x GML3 .

Proof. The representation (3) is a one to one correspondence between the points
of the strip T" and the points of the GM L} surface, and according to the remak 1,
If n is an even number (n = 2w), then each of the functions X (7,0),Y (7, 60), Z(r,0)
is a 2m-periodic function of the argument 6.

3The topologic group of the link-(k + 2) in this case is at present unknown; only when k = 0,
the link-2 is of type {n?}, according the standard classification (see [2]).
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Let us consider the particular case A, when k = 0 - This means that there exists
only one B-slit-zone.

So that, according to (12), a the B-zone-slit corresponds to the elimination of the
fg,o in the domain of definition 7. But in this case, the domain of definition fB70
in (12) consists of two parts and define by (3) two different objects GM LY. The
one to one correspondence (3) guarantees that the new objects have not self-cross
points.

In this case, according to the above restrictions, both new objects have identic
widths.

Let us consider the particular case B, when x = 0 - This means that there exists
only one s-slit-zone.

So that, according to (3) and (13), a s-slit-zone corresponds to the elimination
of the ff " in the domain of definition 7". But in this case, the domain of definition
Tl* in (13) consists of two parts and define by (3) two different objects GM LY,
with different widths. The widths of components of B-zone-slits are equal, but the
widths of components of s-zone-slits are different.

Let us consider now the general case A, when k is an arbitrary natural number.

This means that there exist (B + k)-zone-slits.
- Recall that in the particular case A, after a B-zone-slit, an object Link-2 appears,
whose both components are GM L3 surfaces. So that the following cutting or the
(B + 1)-zone-slits (k = 1) is a cutting of one of the new objects GM L%, which
appears in the particular case A. Consequently, applying the same arguments of
the particular cases A or B to each of the new GM LY surfaces (we do not know if
the new slit-zone includes the B-line of this surface or not, but this is not important,
since the number n is even and both results are the same), we find that an object
Link-2 appears, whose both components are GM Ly surfaces. Therefore, the domain
of definition fB,l in (12) consists of 3 parts and define by (3) 3 different objects
GMLE.

So that, in the general case, according to (12), to a (B + k)-zones-slit or to each
number x corresponds the elimination of fgﬁ 41 sub-domains in the domain 7'
But in this case, the domain of definition fB,n+1 in (12) consists of (k + 2) parts
and defines, by (3), x + 2 different objects GM L%, and the structure of these new
objects is always identic to the original surface. The one to one correspondence (3)
guarantees that the new objects have not self-crossing points. Some examples are
given in Fig. 4.

Let us consider now the general case B, when k is an arbitrary natural number.
This means that there exist (x + 1)-slit-zones. In this case, by using the same
arguments of the previous case A, but considering the domain of definition T: L1 in
(13), we find identical results. Some examples are given in Fig. 5.

Theorem 2. If the GMLY surface is cut (k+1)-times along (k+ 1) different (i.e.

k=0,1,---) s-lines and n is an odd number, then for each integer numbers n, k,

after:

Case A - a (B+k)-zone-slits an object Link-(k+1) appears, whose each component
is a GML3"? surface (knot with structure {ny}*); i.e. for every natural

4The topologic group of the link-(k + 1) in this case is at present unknown; only when k = 0,
the knot is of type {n1}, when n > 1, and of type {01}, when n = 1, according the standard
classification (see [2]).
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x +1 - slitting

numbers w =0,1,2,---, and kK,

(16) GMLE*H P+ Link-(x +1) of (x+1) x GMLE***.



About connection of generalized Mébius Listing’s surfaces GM L} with sets of knots or links 197

Case B - a (k+ 1)-zones-slit an object Link-(k + 2) appears, whose one component
is a GMLY surface (knot with structure {01}), and each other component
is a GML3"*? surface (knot with structure {n,}, except when n = 1, since
in this case the topological group is (0)1)05; i.e. for every natural numbers
w=0,1,2,---, and K,

(17) GML%M-H __rtl Link—(l-{-‘rZ) of one GML%“"H and (li-i—].) « GML%QJ-F‘I ]

Proof. If n is an odd number (n = 2w + 1), then the functions X (7, 0),Y (1,0),
Z(7,0) are 4r-periodic functions of the argument 6, with property (M*); i.e. for
each 7 € [—7*, 7]

(18) X(—7,0) = X(7,2n); Y(—7,0) =Y (r,27); Z(—7,0) = Z(7,27) .

Let us consider the particular case A, when = 0 - This means that there exists
only one B-slit-zone.

In this case, the one to one correspondence (3) defines a single object, in spite of
the fact that the domain of definition fB,o in (12) is disconnected. This new object
has a new basic line (in particular, according to equation (3) and restriction (9))
which is given by

" —¢ ™ — ¢ nb
X( 3 ,9> = {R—i— 5 cos (w—i— 7)] cos(6)

(19) Y (T*Q_E ,9) = {R+ 7*2_5 cos (¢+%9>] sin(6)

" —¢ T —¢ . nf
Z( 3 ,9)- 5 sm<1/)+7>.

This is a representation of a really closed line, but now 6 € [0,47) (see Fig. 2.a.
or Remark 2, when 1 € Q in [6]), and therefore the unit normal vector (8) makes
2n + 2 rotations around the new basic line (19), since it belongs to a GML3"*?
surface.

The following cutting of the GM LY body or (B + 1)-zones-slit (k = 1) is a
cutting of the new GM L%”H surface, which appears after a B-zones-slit. Since the
number of rotations 2n + 2 is an even number, and by using the same arguments
of the previous theorem, we find that, after a (B + 1)-zones-slit, an object “Link-
(k4 2)” appears, whose both components are GM L2" surfaces.

In general, after a (B + k)-zones-slit an object “Link-(k 4+ 1)” appears, whose
each component is a GML3""? surface. Some examples are given in Fig. 6.

Let us consider the particular Case B, when x = 0 - i.e. there exists only one
s-slit-zone. Since n is an odd number, then according to (11) after an s-zone-slit
the new domain of definition (3) is given by

(20) Ty ={[-7, 7] x [0,2m)} U{[F, 73] x [0,27)} U {[~F3, —72] x [0,27)} .

This is a disconnected domain, which consist to three parties. The domain defined
from the central part of the right hand side of equation (20), according to the
representation formulas (3), defines an object GM LY . But its width is smaller
with respect to the original surface; i.e. 7 € [—719+¢, 79 —¢]. Each of the remaining
parts of the right hand side of equation (20), similarly to the case A of this theorem,

5The general topological group, in this case, is at present unknown.
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B + « -slitting

K +1 - slitting

define a geometrical object GML3" 2. So that after an s-zone-slit of a GM LY, when
n is an odd number, appears a link-2, where one of the components is a GM LY
and the second one is a GM L3" 2.
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The following cutting of the GM L% body or 2-zones-slit (k = 1) is a cut of one
of the new GML3"*? or GM L} surfaces, which appear after a B-zones-slit

If the second cut is a cutting of the GM L3""? surface, then since 2n + 2 is a
even number, by using the same arguments of previous theorem, we find that after a
2-zones-slit an object “Link-3” appears, whose one component is a GM Ly surface,
and each other component is a GM L§"+2 surface.

But if second cut is a cutting of the GM Ly surface, then, since n is an odd
number, by using the same argument of the particular case B of this theorem, we
find that after a 2-zones-slit an object “Link-3” appears, whose one component is
a GMLY surface, and all other components are GM L3"™2 surfaces.

Let us consider the general case B, when k is an arbitrary natural number. This
means that there exist (x + 1)-slit-zones. In this case we can use the previous
arguments (when x = 1) and remark that the domain of definition Ty, in (11),
consists of (2k + 3) sub-strips and defines an object “Link-(x + 2)”. Therefore,
we can conclude that one object is a GM LY surface, and each other object is a
GM Lg"” surface. Some examples are given in Fig. 7.

Lastly, from the above Theorems and Remarks 1, 2, 3 (also Remarks 1, 2, 3, 4
of [2]) we can deduce the following facts

Remark 4. Both the previous Theorems still hold when the basic line is a closed
space line.

After cutting each regular Mobius-Listing surface GM L%, whose basic line is a
circle, appear objects (object) with the following properties:

e the tangential vectors of the new objects (object) 7, and 74 (8),(9) are
orthogonal;

e cach point of these objects are Hyperbolic (saddle) points if n # 0;

e cach point of these objects are Parabolic points if n = 0.
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