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Compensated compactness, div-curl theorem and
H-convergence in general Heisenberg groups

Annalisa BALDI, Bruno FRANCHI and Maria Carla TESI

Abstract!. In this paper we present some recent results concerning existence and
estimates of the fundamental solution for hypoelliptic differential operators in the contact
complex of Heisenberg groups, and their application to the compensated compactess for
intrinc Heisenberg differential forms. As a consequence, we prove a general div-rot theorem
for horizontal vector fields and a compactness theorem with respect to the H-convergence
of differential operators in general Heisenberg groups H" with n > 1.

1. INTRODUCTION

In this note, we present some recent results proved in [1], [2], [3] concerning
existence and estimates of the fundamental solution for homogeneous left invari-
ant hypoelliptic differential operators in the contact complex of Heisenberg groups,
together with their application to the compensated compactness for intrinsic differ-
ential forms. Finally we apply our results to prove a div-curl theorem for horizontal
vector fields and a compactness result for the H-convergence of differential opera-
tors in the Heisenberg group H" with n > 1, extending to H" similar results proved
for Euclidean spaces in [15], [16], [13], and for H! in [9].

The compensated compactness (or div-curl) theorem of Murat and Tartar in the
Euclidean space R™ states basically that the scalar product of two weakly convergent
sequences of vector fields (Dy)reny and (Ex)ren in (L2(R™))™ still converges in the
sense of distributions, provided {divDy : k € N} and {curlE; : k € N} are
compact in H,,!(R") and (H,,}(R™))"("=1/2 respectively.
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The compensated compactness theorem provides a key tool in homogenization
theory for elliptic pde’s, in the study of H-convergence, and in the analysis of
continuity properties for functionals of the calculus of variations.

This theorem has a natural formulation in the setting of De Rham complex of
differential forms (see [13] and [19]). If we want to develop a complete theory of
compensated compactness for differential forms in higher dimensional Heisenberg
groups H" (identified through exponential coordinates with R?**+1) with n > 1, the
natural setting is provided by the contact complex introduced by Rumin ([20], [17],
and [10], [1] for a slightly different presentation). This notion will be made precise
later on in Section 2. A key feature of the contact complex is the presence of a
second order differential operator D replacing the exterior differential on (intrinsic)
n-forms. The presence of this second order operator reflects the non-Euclidean
character of the contact complex, and is somehow related to the gap between the
topological dimension (= 2n + 1) of H", and its intrinsic Hausdorff dimension
(Q = 2n + 2), see [10] for an exhaustive theory on the dimension of intrinsic
submanifolds of H™. The structure of the complex, together with the presence of
the second order operator D, affects the statement of our compensated compactness
theorem, as well as that of the div-curl theorem. In fact, the compactness of the
differentials of the weakly convergent forms has to be assumed in (intrinsic) Sobolev
spaces of order either —1 or —2 according to the order of the differentials involved
and hence to the degree of the forms. Consequently, also the integrability exponents
in the div-curl theorem must be changed coherently.

2. NOTATIONS

We denote by H" the n-dimensional Heisenberg group, identified with R2n+!
through exponential coordinates. A point p € H" is denoted by p = (p1,. .., pan,
p2n+1) = (p/7p2n+1)7 with p, € R2n and Pan+1 € R7 or by p= (xvyvt)7 with both
z,y € R" and t € R. If p and ¢ € H", the group operation is defined as

n
p-q= 0 +4d, P21+ Gons1 + QZ(quj+n — Pj+ndj)) -
j=1

We denote as p~! := (—p’, —pans1) the inverse of p (remember 0 is the identity of

For a general review on Heisenberg groups and their properties, we refer to [22],
[12] and to [23]. We limit ourselves to fix some notations, following [10].

For fixed ¢ € H" and for r > 0, left translations 7, : H® — H"™ and non isotropic
dilations ¢, : H" — H" are automorphisms of the group defined as

(1) 7,p):==q-p andas d,.(p):= (10,7’ pans1) -

The Heisenberg group H" can be endowed with the homogeneous norm (Koranyi
norm)

4
(2) o) = (11" + p3yn) "
and we define the gauge distance as
(3) d(p,q) = o(p™" - q) .

Finally, set B,(p,r) = {¢ € H"; d(p,q) < r}. We denote by Q := 2n + 2 the
Hausdorff dimension of (H", d).
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Let b be the Lie algebra of the left invariant vector fields of H”. The standard
basis of § is given, for i = 1,...,n, by

Xi =0y, +2y;0; , Y;: =0y, —22,0¢ , T :=0;.

The only non-trivial commutation relations are [X;,Y;] = —4T, for j =1,...,n.

The horizontal subspace b1 is the subspace of b spanned by Xi,...,X, and
Yi,...,Y,. Coherently, from now on, we refer to Xy,...,X,,Y1,...,Y, (identified
with first order differential operators) as to the horizontal derivatives. Sometimes,
to avoid cumbersome notations, we put

Wi=X; , Wign =Y, , Wopp1: =T , fori=1,---,n,

Following [8], we also adopt the following multi-index notation for higher-order
derivatives. If I = (iy, ... ,i2n41) is a multi-index, we set W/ = Wit ... WiznTiznt1,
By the Poincaré-Birkhoff-Witt theorem (see, e.g. [4], 1.2.7), the differential opera-
tors W form a basis for the algebra of left invariant differential operators in H™.
Denoting by b the linear span of T', the 2-step stratification of b is expressed by

h=h1Dha.

The vector spaces §h and h; can be endowed with an inner product, indicated as
(-,-), making X1,...,X,, Y1,...,Y, and T orthonormal. Following e.g. [8], we can
define a group convolution in H": if, for instance, f € D(H") and g € Li (H"), we
set

(4) Frglp) = / F@)gg~'p) dg forq € H" .

We remind also the notion of kernel of order . Following [7], a kernel of order o
is a homogeneous distribution of degree o — @ (with respect to group dilations 4,
as in (1)), that is smooth outside of the origin.

The dual space of b is denoted by /\1 h. The basis of /\1 h, dual to the basis
X1,...,Y,, T is the family of covectors {dx1,...,dx,,dy1,...,dy,,0} where 6 :=
dt + QZyzl(xjdyj — y;dx;) is called the contact form in H". We indicate as (-, )
also the inner product in /\1 h that makes dz,...,dy,, 0 an orthonormal basis.

We put A\gh:=A"h=Rand, for 1 <k <2n+1,

Npb =span{W;, A--- AW, 11 < <+ <ip <2n 41},

/\kh i=span{;, A A0 1 <ip < <ip<2n+1},
where we set
0;:==dx; , Oprn:=dy; , Oapi1:=0 , fori=1,---,n.

As customary, the volume (2n + 1)-form 61 A -+ - A 02,11 will be also written as
dav.

The action of a k-covector ¢ on a k-vector v is denoted by (¢, v).

The inner product (-,-) extends canonically to A, b and to A" b making both
bases Wi, A--- AW;, and 0;, A --- A8;, orthonormal.



36 Annalisa Baldi, Bruno Franchi and Maria Carla Tesi

The same construction can be performed starting from the vector subspace h; C
h, obtaining the horizontal k-vectors and horizontal k-covectors

Apbi =span{W; A---AW;, : 1<4 <--- <ip <2n}

Aby c=span{fi, A~ A, 1 1<iy <--- <ip<2n}.
The symplectic 2-form df € /\2 b is df =437 | da; A dy;.

Proposition 2.1. For1l <k < 2n+1, we can define canonical linear isomorphisms
(see [6] 1.7.8, [10], Definition 2.3)

* /\kh — /\2n+l—kh and % : /\kf) — /\2n+1_kb ,

such that
If v € A, b we define v € /\kh by the identity (v, w) := (v, w), and analogously
we define ¢ € A\, b for ¢ € /\k h.

We remind now the definitions of the vector spaces g/\, and H/\k of integrable
k-vectors and k-covectors ([10], Definition 2.5).

Definition 2.2. We set g\, = R and, for 1 <k < n,
#/\, :=span{v € A, b1 : vis simple and integrable} ,

H/\2n+1—k =*(/\)

where the simple k-vector v = vy A--- Avy € A, by is said to be integrable if
the distribution of k-planes span {v1,...,vx} is integrable. Integrable covectors are
defined for 0 < k <2n + 1 by

H/\chéf{(pe/\kh : tph GH/\k} ,

and A" turns out to be isomorphic to A’ (aM\g) -

Notice that gA\; = A; b1 = b1. On the contrary, for 1 < k < n, {0} #x /A, €
A b1. In addition, we point out that any v €y A\, with k& > n can be written in
the form

(5) v=wAT , withwe/\k_lhl.

By Proposition 2.1, if 1 < k < n we have also

H/\k - (H/\2n+1—k) '

We set N, := dimpg/\, = dimH/\k for k =1,...,2n+1. The spaces of integrable
covectors are canonically isomorphic to the spaces defined by Rumin in [20]. Fol-
lowing [20], we define Z* and J* C A", where T* is the graded ideal generated
by @, that is T* := {BA0 +yAdO: 3,y € A" b} and J* is the annihilator of Z*,
thatis 7* :={a € A"h : aAf =0and a Adf = 0}. Both Z* and J* are graded,
indeed T* = ®2"T17% and J* = @211 7% where TF, 7% ¢ A" b and

" ={BA0+yAd0 : Be Ny e NFTPh)

J* ={aeANb:arnf=0andandd=0}.
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The following identities, or natural isomorphisms, hold ([10], Theorem 2.9).

Theorem 2.3. For1 <k <n,

~ er ZF o Ponnikh
(6) af\,=ker T8 and g\, = o~ T
k k 21—k
(7) AN /\Ikh and  pf\ = g

where kerITF = {v € N\, b : (p,0) =0 Vo € I} and ker 72" 1% is analogously
defined.

Remark 2.4. For our purposes, it will be convenient to write explicitly a canonical
isomorphism realizing (7). To this end, if 1 < k < n, let denote by

k kh
RN _)/\IT

the map defined by Ra := [a], where [a] is the equivalence class of a. Then us
denote by .
k
P : % — /\
the map [a] — Pla] := m(«) that associates with a class [a] the orthogonal projec-
tion () in A" b of a representative of [a] on the orthogonal complement Tt of
the linear space I, := {3A 0+~ Adf, with 8,7 € A"b}. Clearly, this definition
does not depend on the representative chosen.
We have PRa = o for any a ey A", and RP[o] = [a] for any [a] € A" b/TF.

We observe that our previous algebraic construction yields, by left translation,
canonically several bundles over H”. These are the bundles of k-vectors and k-
covectors, that, thanks to the left invariance of the structure, we can still indicate
as [\, b and /\k h. Analogously, we can define the bundles A, b, and /\]c by of the

horizontal k-vectors and k-covectors and the bundles g/\, and H/\k of the integrable
k-vectors and k-covectors. The fiber of A, b over p € H" is denoted by A ph and
analogously the other ones. For ¢,¢’ € H" and for any linear map f : TH — THy,,

Aef o N\, TH; — \, TH;
is the linear map defined by
(Arf) (v A= Aog) = flor) A-- A f(ug) -
The inner product (-, -) on /\; b induces an inner product (-, -),, on each fiber yA; ,

by the identity
(Ardrp(v), Apdry(w))p = (v, w) .

Analogously,
AFf /\k TH?, — /\k TH?
is the linear map defined by
(A*F) (@), 01 A Avg) = (o, (A f)(vr A+ Avg))
for any a € /\k THY, and any simple k-vector vy A---Av, € A\, THy. 1f p,q € H",

then
Medry s wf\, —nf\,  and Afdr H/\'; _>H/\:p
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are isomorphisms and isometries.

3. FORMS, CURRENTS AND FUNCTION SPACES

If Q@ C H"™ is a bounded open set, 1 < p < oo, and k € N, then we denote by
WP () the space of all u € LP(§) such that W u € LP(Q) for any multi-index I
with d(I) < k, endowed with the natural norm. If 1 < p < oo, we denote also by

o
Wy #7(Q) the completion of D(€2) in WeE?(Q).

If Y C H" is an open subset, then we denote by DJf (U) the space of all smooth
sections of g\ over U with compact support, endowed with the usual topology
making it a Fréchet space. We refer to the elements of D (f) as to the Heisenberg
(smooth) m-differential forms in U with compact support. The definition of &' is
given in the same way.

Let {&1,...,€n,,} be an orthonormal basis of yA!'. Then, by left translation,

we can define N,, smooth sections of gA™, that we still denote by &1,...,&nN,, .
Obviously, {£1p,.--,6nN,, p} is an orthonormal basis of H/\;n. In the sequel, we
shall refer to {&1,...,&n,, } as an (orthonormal) left invariant moving frame in

m
a\"-
A left invariant orthonormal moving frame of g\™ yields a special trivialization
of the fiber bundle g\ that makes computations remarkably simpler. Indeed, the
map that associates with « belonging to the fiber over p the local coordinates

a— (p,{a, ‘fl,p>p7 oA, gNm,,p>p)

defines a trivialization of g\"".

From now on, function spaces of intrinsic forms are defined by means of their
coordinates with respect to a left invariant orthonormal moving frame. For in-
stance, if 1 < p < oo and A C H" is an open set, we can define the spaces
L™P(A) := LP(A,g\"™) and L2, (A) := LP(A,u/\,,) of all sections of y\"™ (of w/\,,,
respectively) with components in LP(A), endowed with the natural norm. Finally,
if 1 < p<ooands >0, we define in the same way the Sobolev space Wy"**(A)
(the Sobolev space Wiz? (A)) of all sections of a\"™ (of m\,,, respectively) with
components in Wi (A).

We proved in [1], Definition 6 and Remark 4, that it is possible to define in
a simple but intrinsic way the convolution ® * «, for any ® € D(H") and any
o € LN (H™). In coordinates, if &1, ..., &y, is a left invariant orthonormal moving

loc
frame, and o = Zj a;&;, we have

Pra=) (Pxa;)E; .
J
Following [20], [9], we can obtain from yA* a complex of intrinsic differential

forms that fits the structure of Heisenberg groups in the same way as De Rham
complex does for usual differential forms in Euclidean spaces.

Theorem 3.1. LetUd C H™ be an open set. If0 < k < n, we denote by d. :H/\k —H
/\kJrl the map induced on the quotient spaces by the exterior differential on forms.
Ifn+1<k<2n+41, d. will be the usual exterior differential. Then there exists
a left invariant homogeneous differential operator of order two D :gr \" —>H/\”+1
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such that the complex (the contact complex)

dc

0— DY) 2= e, .. 2

DLU) % - L pp ) B

de
—

Zoppttu) L - s D2 Y) — 0

has the same cohomology as De Rham complex.

Remark 3.2. The above definition of intrinsic differential d. relies on Rumin’s
notion of intrinsic k-covectors as quotient classes. Indeed, if 1 < k < n — 1 and
[a] € A"B/T* we have set d.[a] := [da]. Clearly, there is a corresponding notion
(that we shall not distinguish if this does not lead to any ambiguity) relying on our
original definition of H/\k7 if we take d := Pd.R, or, in other words, making the
following diagram commutative:

d.
H/\k H/\kJrl

Rl TP

A4 AT

Tk Tht1
Remark 3.3. In the sequel, it will be useful to have an explicit representation of
the operator D. To this end, let 5 € &f. To this aim, we recall ([24], [20]) that -
denoting by L the algebraic operator on horizontal forms given by L(«) := df A «
- we have L : Dy — Dﬂ'{f, and, in addition, L is injective if s < n — 1, and L is
surjective if s > n — 1 (hence for s = n — 1 it is an isomorphism). In the class 3
there exists always a purely horizontal element (since any form [ can be written as
B = Bu + 0 A Br, with 8y, fr € Djyy purely horizontal), that we can still denote
by . Then the operator D is defined ([20], [21], and also [9]) by

(8) DB =0A (Lrf+duL™ (dup))

where Lr is the Lie derivative along T and the horizontal differential dg on hori-
zontal forms is defined by

2n
dp (f0i, A= NO) = (Wif)0; AbOiy A=~ A by,
j=1

with i1,...,1x < 2n.

The following notion of current in Heisenberg groups appears in [10]. For general
results in the Euclidean setting, we refer to [6], [11] and [5]. The main result we
are interested here is precisely Proposition 3.7 below, i.e. the representation of a
current as a distributional coefficients form proved in [1],

Definition 3.4. If U/ is an open set, we say that T is a Heisenberg m-current if T
is a continuous linear functional on Djf’(U) endowed with the usual topology. We
write T € Dy, (U).

The definition of & ,, (U) is given analogously.

Proposition 3.5. If U C H" is an open set, and T € D'(U) is a (usual) distribu-
tion, then T' can be identified canonically with a (2n + 1)-current T' € Dy o, 1 (U)
through the formula

9) (T, o) := (T, xa)
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for any a € D1 (U). Reciprocally, by (9), any (2n+1)-current T can be identified
with an usual distribution T € D'(U).

We want to define here the wedge product of two (say) smooth forms « € & (U)
and B € EL(U). This is not always possible if we want to preserve all “good
properties” with respect to the exterior differential of the usual wedge product
between forms. Nevertheless, the definition is possible when k+h < nork <n < h.
Our definition turns out to be much simpler if we think in terms of the covectors
belonging to the classes (7).

Definition 3.6. If o € EE(U) and B € ER(U) with k + h < n, then for any
p € U, both a(p) and B(p) are identified with quotient classes. Thus, if ap and

(o are representatives of a(p) and [(p), respectively, we denote by (« A 8)(p) the
equivalence class of ag A Bp.

If « € EEU) and B € EL(U) with k < n, h > n then for any p € U, a(p) is
identified with a quotient class. Thus, if ag is a representative of a(p), we define
(o A B)(p) to be the form oy A B(p). These definitions do not depend on the
representatives we choose for quotient classes. A pair (k, h) satisfying one of the
above assumptions will be called a wedge-admissible pair.

Following [6], 4.1.7, if T € Dﬁ’m(L{), and ¢ € EE(U), with k < m, we define
TL ¢ € Dy ,,_(U) by the identity

(TL¢,a) == (T, ¢ A )

for any a € Dﬁ“k (U), provided k and m are such that ¢ A o is well defined in
Dy U).

The following result is taken from [1], Propositions 5 and 6, and Definition 10,
but we refer also to [5], Sections 17.3, 17.4 and 17.5.

Proposition 3.7. Let Y C H" be an open set. If 1 <m <2n+1, &,...¢N,, 1S
a left invariant orthonormal moving frame of g/\"" and T € ’Dﬁﬂym(l/{), then there
exist (uniquely determined) Ty, ...,Tyn, € D'(U) such that we can write

T=> TjL(+) .

Notice *&; A a is well defined for any a € DI (U), for & € EF*T™(U), and the
pair (2n + 1 —m,m) is always wedge-admissible, since 2n+ 1 —m and m can not
be both less than n.

If U,V are open subsets of H", and f : U — V is a diffeomorphism, then for any
a € E™(V), we denote by ffa the pull-back form in £™(U) defined by

Fra(p) = (A™df (p))a(f(p)) ,

for any p € U. Notice that, if A™df(p) maps H/\}”(p) in H/\;"7 then clearly the pull-
back of any Heisenberg m-differential form in V is still a Heisenberg m-differential
form in Y. By duality, (A™df (p))(5\}(,)) Cua/\,’ if and only if (A df (p))(#\,, ) C

1\ )+ SiCE (A (9))(0%) = ((Amdf () (v))".
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Proposition 3.8. Let {&1,...,&n,,} be a left invariant orthonormal moving frame

of g\, where 1 <m < 2n+1. Ifa = > 5 € & (H) (o € D (H™)) and

t >0, then 65& is well defined and belongs to EF(H™) (a € Dy (H"), respectively).
In addition

(10) Sfa =11 (0, 08,)8;
J

where dim) =m if 1 <m <n, anddim)=m+1ifn+1<m<2n+1.

Identity (10) suggests the following notation, that by itself is not correct, but
nevertheless allows simpler statements. If a = Zj & € ErH™), t > 0, and
p € H", we write

(11) (a0 81)(p) =t~ (F)(p) = Y (0 0 0)(P)&s -

J
In fact, the notation is not formally correct, since the map p — a(d;(p)) is not a
section of g™, for a(d:(p)) belongs to g/, and not to m/\;". Notice that (10)

yields that the definition of a0 d; is independent of the left invariant orthonormal
moving frame chosen.

Definition 3.9. We say that a left invariant differential operator
L: Dy (H") — D (H")
is homogeneous of degree a € N if, with our notation (11), for any ¢ > 0
t*(La) ooy = L{awody) .
for any o € D (H"™). We say that L is left invariant if for any ¢ € H"
i (L(a)) = L(rja)

q q
for any o« € Dt (H™).

Proposition 3.10. If1 <p < oo, 1/p+1/p' =1,k €N, and Q C H" is a bounded

open set, then the dual space (I/f/ﬁ”k’p/(ﬁ))* coincides with the set of all currents

T € Dy,,(Q) of the form

(12) T = Zi’jL(*gj),

with Ty, ..., Tn,, € W]H?k’p(Q). In particular, it is natural to write
i—k, ° msk,p’ *
Wy (Q) = (WE™P Q)
The following result is well known.

Theorem 3.11. Let Q@ C H" be a bounded open set. If k,h € N, h < k, and

°rmik,p Trmsk—h,q

1 < p,g < oo, then Wi"P(Q) is compactly embedded in Wi (Q) for 1 <
q < pQ/(Q — hp) if p < Q/h and for any q > 1 if p > Q/h. By duality, if
1< s < oo, then W F™"(Q) is compactly embedded in Wi (Q) for 1 <
" < $Q/(Q —hs'") if s < Q/h and for any r > 1 if s > Q/h where (r,7') and
(s,s") are Holder conjugate pairs.
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4. HORIZONTAL LAPLACE OPERATORS ON FORMS

The following result - together with the hypoellipticity of the intrinsic Laplace
operator for the contact complex proved in [20] - provides the crucial tool for the
Hodge decomposition of intrinsic forms (see Proposition 5.2 below). This result was
proved under more restrictive assumptions in [1], [2] (i.e. assuming that the operator
L is maximal hypoelliptic), and in the present form in [3]. Its proof is inspired by
Folland’s paper [7] for the scalar case, but relies also on the proof of a Liouville’s
type theorem in homogeneous groups given in [14]. Recently, some related results
have been proved independently, by means of pseudodifferential techniques, in [18].

Theorem 4.1. Suppose

L: Dy (H") — Dy (H™)
is a hypoelliptic differential operator such that 'L = L. Suppose also that L is
homogeneous of degree a < Q. If &1,...€n,, is a left invariant orthonormal moving
frame of g\™, then for j =1,..., N, there exists

(13) Ky =) Kijl(+€i) € Dz (H") N &5 (H" \{0}) ,

with K;; € D'(H"), 4,5 =1,..., Ny, such that
i) LK = 0L(x&);
ii) if a < Q, then the K;;’s are kernels of type a in the sense of [7], for
4,7 =1,..., Ny (i.e. they are smooth functions outside of the origin, ho-
mogeneous of degree a — @, and hence belonging to Li (H™), by Corol-
lary 1.7 of [7]). If a = Q, then the K;;’s satisfy the logarithmic estimate
|Ki;(p)] < C(1+ |Inp(p)|) and hence belong to Li (H™). Moreover, their
horizontal derivatives (i.e. W, K;; for £ = 1,...,2n) are kernels of type
Q — 1 in the sense of [7];
iii) when o € Dy (H™), if we set
(14) Ko = (o # Kij)L(&) ,
ij
then LKa = a. Moreover, if a < Q, also KLa = «.

iv) if a = Q, then for any o € Dt (H™) there exists a “constant form” [, =
Zj B;&;, where B35 is a real constant for j =1,..., Np,, such that

KLa—a=0,.

5. COMPENSATED COMPACTNESS THEOREM

Our compensated compactness theorem in the contact complex of Heisenberg
groups read as follows (for an analogous result in De Rham complex, see for instance
[19], [13]).

Theorem 5.1. Assume that of, -+ ,af are smooth Heisenberg differential forms
on the bounded open set Q C H"™, of degree s1,--- sy, respectively. Assume that,
for any open set Qo CC €,

(15) of — a; weakly in L%P1(Qg) ,

with 1 <p; <oo fori=1,...,4, and 1/p1 + -+ 1/ps = 1, and that
(16) {d.aS} is a compact set in W THTIPH(Q) | ifsi # 0,
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and
(17) {Da5} is a compact set in Wi 2PH(Q0)  if s =n.
Ifs:==814+ - -+s<2n+1 and

(18) Zsign,

si<n

then we have
(19) JaiiRaiRo— [aR-Rako
for any ¢ € D%H"H*S(Q).
The proof relies on the following Hodge decomposition for intrinsic forms.

Proposition 5.2. We can write

(20) o =w; +deYf  ifs; Fn+1;,

and

(21) af =w; +Dy;  ifsi=n+1,

with

(22) Wi —w;  strongly in L*P(Q")

(23) oS — by strongly in L5 VPH(Q") ifsi #An+ 1,
(24) »§ — 1 strongly in Wﬁ;l’pi Q") ifsi=n+1,
(25) dep; — de; and Dy — Dty weakly in L¥P4(Q") |

respectively if s; #n and if s; = n.

6. A GENERAL div-curl THEOREM AND H-CONVERGENCE

If F is an horizontal vector field, i.e. if F is a (say) smooth section of g/,
(usually denoted also by HH"), as customary we set

divyg F = (xdo(+F?))* |

and
curly ' := (xDF%)?  ifn=1,

curly F' = (xd F%)*  ifn>1.

Moreover, if f is a (say) smooth function, we denote by Vy f the horizontal vector
field

Vuf = (dcf)h .

We remind that a left invariant orthonormal moving frame of p/\; is given
by {W1,...,Wa,}, and hence the horizontal vector field F' can be written in
the form F':= 3, I;;IW; and therefore identified with the vector-valued function
(F1,..., Fap). Thus

diveg F =Y W, F; .
J
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On the other hand, if n = 1, then an orthonormal left invariant moving frame of
#/\s is given by {Wy A W3, =W A W3}, Using (8), a straightforward computation
shows that curly F' can be identified with the second order vector-valued operator

(FlaFQ)—}

1
— Z(W1W2F2 + W22F1 — QWQWIFQ, W12F2 — 2W1W2F1 + WQWIFl) ,
that is precisely the formula given in the proof of Proposition 2.6 of [9]. Indeed, by
Remark 3.3, dHFh = (W2F1)92 A 91 + (W1F2)91 N 92 = (WlFQ — W2F1)91 A 92; on
the other hand, df := dfis = 461 A 0y, so that L™ (dg F?) = (1/4) (W1 Fy — Wy Fy).
On the other hand [,TFh = *(1/4)((W1W2 —Wng)Flﬁl + (W1W2 - Wng)FQGQ),
so that
DF% =05 A {(— (W1 Wa — WoW1)Fy + Wy (W1 Fy — WaFy)) 61+
+( = (Wi Wa — WoWy) Fy + Wa(W1Fy — Wa )6y} =
= ( — (W1W2 — WQWl)Fl + Wl(WlFQ — WzFl))(—gl A 93)+
+((W1W2 — WoWh) Fy — Wo (W1 Fy — W2F1))92 Abs
and the assertion follows by duality.

If n > 1, we denote by 7 the orthogonal projection in /\2h along the linear
subspace Z2, and by 7o the orthogonal projection in /\2 h1 along the linear space
O spanned by dfs,+1. Then, by Remark 3.2,

d F* = w(dF®) = mo(dp F?) .

Suppose for instance n = 2. In this case

= Z (WIF] - W]FZ)QZ N 9]' = Fij 91 N 9]' .

On the other hand, dfls = 4(6; A 03 + 02 A 64), so that an orthonormal basis of
/\2 b1 N OL is given by
1

{61 A 62, 01 A0y, 05 N O3, O3 A O,
V2

(01 A 03— 02N 04)},

and
Wo(dHFh) = F12 091 /\92 + F14 91 A 94 + F23 62 A 03 +F34 93 /\94"‘

1
+§(F13 + Fou)(01 N b3 — 02 N Oy) .

Thus, by duality, curlg F' can be identified with the first order vector-valued oper-
ator

1
V2
Theorem 5.1 yields the following result that generalizes to the casen > 1 and p > 1
Theorem 3.3 of [9], extending to the setting of Heisenberg groups Theorem 5.3 and
its Corollary 5.4 of [13].

(Fy, Fy, F3, Fy) — (Fia, Fuy, Fa3, Fa4, —=(Fi3 + Faa)) .

Theorem 6.1. Let Q@ C H" be an open set, let p,q > 1 a Holder conjugate pair,
and let a,b > 1 be such that
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i) ifn=1, then a > Qp/(Q + 2p), b > Qq/(Q + 2q);
ii) ifn>1, thena > Qp/(Q +p), b > Qq/(Q + q).
Let now E™ € L} (9, HH") and D™ € Ll _(Q,HH") be horizontal vector fields
for n € N, weakly convergent to E and D in L}, (2, HH") and in L{ (Q, HH"),
respectively.
If {cwrly E™} is bounded in LY (U, HH™) and {divg D"} is bounded in
LY (2, HH™), then

(E™,D") — (E,D) in D'(Q) ,
/ (E"(p), D" (0))(p) dp — / (E(p). D0))pd(p) dp
Q Q

for any ¢ € D(Q).
Proof. We want to apply Theorem 5.1 (with its notations) to the forms
of == (E™ and of :=«(D")?,

taking s1 = 1, sa = 2n, p1 = p, p2 = q. Indeed, af X ay = af Nay =
((E™)&, (D™)8) dV = (E™, D"™) dV, and thus the assertion will follow by showing
that {divg D"} is compact in WH_%O'i(Q) and {curly E"} is compact in Wﬁig:ﬁ’oc(ﬁ)
ifn=1,orin Wﬁié’foc(ﬁ) if n > 1. But this follows by a simple computation from
Theorem 3.11, since

i) Lb (92, HH") is compactly embedded in W]}ﬁc’)i(ﬂ) for n > 1;

ii) L{. (92, HH") is compactly embedded in Wﬂii’f;(ﬂ) for n =1;

iii) L (Q, HH") is compactly embedded in Wy 12(Q) for n > 1.

loc JJoc

Indeed, consider first the case i): we have to show that the choice r = b and
s = q satisfies the assumptions of Theorem 3.11. If now Qgq/(Q + ¢) < 1, then our
assumptions reduce to b > 1; but Qq/(Q+¢) < 1yields s’ := ¢’ > @, and hence the
assumptions of Theorem 3.11 are satisfied. On the other hand, if Qq/(Q + ¢q) > 1,
then ' < Q, and 1’ = V' < qQ/(4Q — Q- Q) = ¢Q/(Q — ) = $'Q/(Q — ), and
the assumptions of Theorem 3.11 are still satisfied. Finally, cases ii) and iii) can be
handled in the same way.

O

In particular, Theorem 6.1 makes possible to extend the notion of Murat-Tartar
H-convergence (see e.g. [16]), given in [9] for H', to H™ for n > 1. In fact, the
definitions given in [9] are naturally stated in general Heisenberg groups as follows.

Definition 6.2. If 0 < a < < oo and 2 is an open subset of H*, n > 1, we
denote by M (a, 8;) the set of (2n x 2n)-matrix-valued measurable functions in
such that

(AP)E, E)gen > % A@)E2a and (AP, E)gen > aléfnn

for all £ € R?" and for a.e. p € Q.

Definition 6.3. We say that a sequence of matrices A™ € M(«, 3; ) H-converges
to the matrix A% € M(o/,3';9Q) for some 0 < o < 3’ < oo, if for every f €
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W]H?l’z(Q), called u,, the solutions in V([)/]iﬂz(Q) of the problems —divy (A"V gu,) =
f, the following convergences hold:

o
Up — Uoo 1N Wﬁ’%ﬁ)-weak

A™Y g, — ATV gus  in L2(Q; HH"™)-weak .

Therefore 1, is solution of the problem —divy (A% Vus) = f in Q.

Theorem 6.1 above enables us now to extend to higher order Heisenberg groups
Theorem 4.4 of [9], showing that the sets M (a, 8;) are compact in the topology
of the H-convergence.

Theorem 6.4. If 0 < a < 8 < oo and Q2 is a bounded open subset of H", n > 1,
then for any sequence of matrices A™ € M («, 3;Q) there exists a subsequence A™*
and a matriz AV € M(a, 8;Q) such that A™ H-converges to AT,

(1]

(10]

(11]

12]

(13]
(14]
(15]

[16]
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