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On semigroups associated with degenerate elliptic operators
with unbounded coefficients in RN

Luca Lorenzi

Abstract1. In this note, partly based on the communication held in the workshop

“Meeting on subelliptic pde’s and applications to geometry and finance”, we present a

method developed in [16, 17] to determine a classical solution u to the Cauchy problem

associated with a class of degenerate elliptic operators A in RN , as well as uniform and

pointwise estimates for the spatial derivatives of the function u. As a byproduct, this

allows to associate a semigroup of bounded operators {T (t)} with A. In particular, the

uniform estimates allow to prove Schauder estimates for the (distributional) solution to

the elliptic equation ∏u ° Au = f and the nonhomogeneous Cauchy problem associated

with A. Finally, under more restrictive assumptions on the coefficients of the operator

A, we show that one can associate an invariant measure with {T (t)} and we prove some

basic properties of the extension of {T (t)} to the Lp-spaces related to this measure.

1. Introduction

Starting from the pioneering papers by Aronson and Besala ([1, 2]), Krzyżański
([11, 12]), Krzyżański and Szybiak ([9, 10]) the interest in elliptic operators with
unbounded coefficients in RN and its unbounded domains has grown considerably,
due to their applications to various fields of sciences such as mathematical finance.

Nondegenerate elliptic operators with unbounded coefficients have been studied
using several different approaches, with ideas and methods from partial differential
equations, Dirichlet forms, stochastic processes, stochastic differential equations,
martingale theory. In fact, nowadays the theory of these operators is rather com-
plete and satisfactory. For most of the results in the literature, we refer the reader
to the monograph [4].

It is well known that, under very general assumptions on the coefficients of the
nondegenerate elliptic operator

(1.1) A =
N

X

i,j=1

qij(x)Dij +
N

X

j=1

bj(x)Dj + c(x) , x 2 RN ,
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the initial value problem u(0, ·) = f for the parabolic equation Dtu = Au admits
at least a classical solution, in the sense that

(i) u is continuously differentiable in ]0,+1[£RN , once with respect to time
and twice with respect to the spatial variables,

(ii) it is bounded and continuous in [0, T ]£ RN for any T > 0;
(iii) it satisfies the above differential equation pointwise in ]0,+1[£RN and

u(0, ·) = f .

It is worth stressing that such a problem needs not to admit a unique classical
solution. This is due to the lack of a maximum principle for elliptic operators with
unbounded coefficients when no additional (algebraic) conditions are prescribed.

In any case one can associate a semigroup {T (t)} of bounded linear operators
in Cb(RN ) with the operator A. For any positive f , T (·)f is the minimal positive
solution to the above Cauchy problem, in the sense that, if f ∏ 0, then any other
solution v is greater than T (·)f .

In particular, uniform estimates for the spatial derivatives of the function T (t)f ,
when f belongs to several spaces of Hölder continuous functions defined in RN , are
available under more restrictive assumptions on the smoothness and the growth at
infinity of the coefficients of the operator A.

Schauder estimates for the elliptic equation

(1.2) ∏v(x)°Av(x) = h(x) , x 2 RN , ∏ > 0 ,

as well as for the Cauchy problem

(1.3)

(

Dtu(t, x) = Au(t, x) + g(t, x) , (t, x) 2]0, T [£RN ,

u(0, x) = f(x) , x 2 RN ,

when the data f, g, h belong to suitable classes of Hölder continuous functions, are
then obtained as a byproduct of the uniform estimates.

As in the classical case of bounded coefficients, the solutions to (1.2) and (1.3)
are given, respectively by the (pointwise) Laplace transform of the semigroup, i.e.,

(1.4) v(x) =
Z +1

0
e°∏t(T (t)f)(x) dt , x 2 RN ,

and the (pointwise) variation of constants formula

(1.5) u(t, x) = (T (t)f)(x) +
Z t

0
(T (t° s)g(s, ·))(x) ds , t 2 [0, T ], x 2 RN .

In the case when A is a degenerate elliptic operator with unbounded coefficients,
global uniform estimates for the spatial derivatives of the associated semigroup as
well as Schauder estimates for problems (1.2) and (1.3), seem, to the best of our
knowledge, to be available only in a few situations. The simplest one occurs when
A is the degenerate Ornstein-Uhlenbeck operator, i.e., when the operator A is given
by

(1.6) A =
N

X

i,j=1

qijDij +
N

X

i,j=1

bijxjDi , x 2 RN ,
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where Q = (qij) and B = (bij) are suitable constant square matrices, Q being
semi-positive definite, such that the hypoelliticity condition

det
µ

Z t

0
esBQesB§

ds

∂

> 0 ,

is satisfied at any t > 0. As it is shown in [13], the previous condition is equivalent
to both the Kalman rank condition and the hypoellipticity of A in the sense of
Hörmander.

Up to an orthogonal change of variables, the operator A in (1.6) may be reduced
to the following one:

(1.7) A =
p0
X

i,j=1

qijDij +
N

X

i,j=1

bijxjDi , x 2 RN ,

for some p0 < N and some new matrices Q = (qij) 2 L(Rp0) and B 2 L(RN ), with
Q strictly positive definite and

(1.8) B =

0

B

B

B

B

B

@

? ? · · · · · · ?
B1 ? · · · · · · ?
0 B2 ? · · · ?
...

...
. . . . . .

...
0 0 0 Br ?

1

C

C

C

C

C

A

,

where “?” denotes suitable submatrices and Bj are pj°1 £ pj matrices with full
rank pj , j = 1, · · · , r, pj (j = 1, · · · , r) being positive integers such that p0 ∏
p1 ∏ · · · ∏ pr and p0 + · · · + pr = N , see e.g., [13, 9]. One of the main features
of the Ornstein-Uhlenbeck operator is that an explicit representation formula for
the associated semigroup is available. Of course, this simplifies the analysis of the
properties of the semigroup. Direct computations on the representation formula for
T (t)f , allow Lunardi ([20]) to estimate the behaviour of the spatial derivatives of
the functions T (t)f when t approaches 0 and f belongs to several spaces of Hölder
continuous functions. In fact, such behaviour heavily depends on the variable with
respect to one differentiates.

The anisotropic behaviour of the semigroup with respect to the directions where
differentiation is performed, suggests that suitable spaces where to look for Schauder
estimates for both the problems (1.2) and (1.3) are anisotropic spaces of Hölder
continuous functions, modelled on the degeneracy of the operator A.

Denoting, roughly speaking, by Cµ (µ 2]0, 1[), such anisotropic spaces, the results
in [20] show that

(1.9) kT (t)fkCµ ∑ Ct°(µ°Æ)/2 kfkCÆ , t 2]0, T ] ,

for any Æ, µ 2 [0, +1[, with Æ ∑ µ, any T > 0 and some C = C(T ). Estimate (1.9)
represents what one can expect when A is a nondegenerate elliptic operator with
bounded coefficients, and Cµ and CÆ are replaced with the usual Hölder spaces.
The estimates in (1.9) are the keystone to prove, via formulas (1.4) and (1.5), the
following results:

1.1. Elliptic equation (1.2). Fix ∏ > 0 and µ 2]0, 1[. Then, for any h 2 Cµ, the
function v defined by formula (1.4), is the unique distributional solution to problem
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(1.2). Moreover, there exists a positive constant C, independent of h, such that

kvkC2+µ ∑ CkhkCµ .

1.2. Cauchy problem (1.3). Fix T > 0 and µ 2]0, 1[. Then, for any f 2 C2+µ and
any continuous function g : [0, T ]£ RN ! R such that

[[g]]µ := sup
t2[0,T ]

kg(t, ·)kCµ < +1 ,

the function u in (1.5) is the unique distributional solution to problem (1.3). More-
over, there exists a positive constant C, independent of f and g, such that

sup
t2[0,T ]

ku(t, ·)kC2+µ ∑ C (kfkC2+µ + [[g]]µ) .

The anisotropic behavior of the spatial derivatives of the semigroup reflects in the
fact that only the spatial derivatives up to the second-order with respect to the first
p0 variables exist in the classical sense, whereas all the other spatial derivatives, as
well as the time derivative, are meant in the distributional sense.

Recently, in [6, 16, 17, 24, 26], more general classes of degenerate elliptic oper-
ators, modelled on the Ornstein-Uhlenbeck operator, have been studied with both
probabilistic ([24]) and analytical methods ([6, 16, 17]) with the aim of proving
estimates similar to (1.9) and, consequently, to prove Schauder estimates for both
the solutions of (1.2) and (1.3).

In [16, 17] operators of the type (1.7) have been considered assuming that r = 1,
p0 ∏ N/2, and allowing the diffusion coefficients of A to depend on the spatial
variables and (possibly) to blow up at infinity with a certain rate. The forthcoming
paper [7] is devoting to generalizing the results in [16, 17], dropping out the rather
restrictive condition r = 1.

On the other hand, [6, 24, 26] deal with operators of type (1.7) with a pertur-
bation in the drift part.

For other results concerned with existence and uniqueness of solutions to Cauchy
problems associated with elliptic operators and Hölder estimates for such solutions,
we refer the reader e.g., to [14, 15, 22, 23].

In the first part of this paper, we briefly present the technique developed in [16,
17] and, then, used in [7, 26], with the aim of pointing out the main techniques and
skipping, as much as possible, the technicalities, since we deem that the arguments
in the quoted papers may be applied to situations more general than those in [7, 26].
Then, in Sections 4 and 5 we prove some pointwise estimates in the spirit of [4,
Chapter 6] and we study some basic properties of the extension of {T (t)} to Lp-
spaces related to the invariant measure µ associated with the semigroup, giving
also a sufficient condition for its existence.

2. Function spaces, Assumptions and a Maximum principle

2.1. Function spaces. Here, we introduce the function spaces we deal with in this
note.

2.1.1. Isotropic spaces. For any k 2 [0, +1], Ck
b (RN ) denotes the usual set of

functions differentiable up to the [k]-th order and with all the derivatives bounded
in RN , those of maximum order being Hölder continuous with exponent k ° [k].
Here, [k] denotes the integer part of k. All these spaces are endowed with the
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Euclidean norm. When the index “b” is replaced by “c” it means that we are
dealing with compactly supported functions.

For any set F Ω [0,+1[£RN , C1,2(F ) denotes the space of the u’s which are
once continuously differentiable with respect to time and twice continuously differ-
entiable with respect to the space variables in F ; C1+Æ/2,2+Æ(F ) (Æ 2]0, 1[) is its
subset of all functions u with Hölder continuous derivatives of order Æ in F , with
respect to the parabolic distance d((t, x), (s, y)) = (|t° s|+ |x° y|2)1/2.

2.1.2. Anisotropic spaces. For any µ 2]0, 3], Cµ is the subset of Cb(RN ) of functions
f such that

kfkCµ = sup
y2RN°p0

kf(·, y)kCµ

b

(Rp0 ) + sup
x2Rp0

[f(x, ·)]
Cµ/3

b

(RN°p0 )
< +1 .

2.2. Hypotheses. Here, we state the assumptions on the coefficients of the oper-
ator A defined by

(2.1) A =
p0
X

i,j=1

qij(x)Dij +
N

X

i,j=1

bijxjDi , x 2 RN .

Hypotheses 2.1.
(i) qij = qji 2 C3+±(RN ) (i, j = 1, · · · , p0) for some ± 2]0, 1[, and there exist

a positive constant C and a function ∫, with infx2RN ∫(x) > 0, such that
p0
X

i,j=1

qij(x)ªiªj ∏ ∫(x)|ª|2 , x, ª 2 RN ,

and

|DÆqij(x)| ∑ C|x|(1°|Æ|)+p

∫(x) , x 2 RN , i, j = 1, · · · , p0, |Æ| ∑ 3 ,

s+ denoting the positive part of s 2 R;
(ii) the matrix B1 (see (1.8)) has full rank N ° p0.

Remark 2.2. Note that Hypotheses 2.1 imply, in particular, that the diffusion
coefficients qij (i, j = 1, · · · , p0) may grow at most quadratically as |x| tends to
+1.

2.3. Maximum principles. As it is well known, in the classical case of bounded
coefficients, the uniqueness of the classical solutions to problem (1.2) and (1.3) are
implied by the maximum principle. In the case when the coefficients are unbounded,
the maximum principle fails, in general, to hold without any additional assumption
on the coefficients. However, it may be proved assuming the existence of a Lyapunov
function, i.e. a smooth function ' 2 C2(RN ) blowing up at infinity such that
∏0'°A' is bounded from above in RN for some ∏0 2 [0,+1[. More precisely:

Proposition 2.3 (Generalized maximum principle). Let A be a (possibly degen-
erate) elliptic operator with unbounded and continuous coefficients in RN , which
admits a Lyapunov function '. Further, let u 2 C1,2(]0, T [£RN ) \ C([0, T ]£ RN )
be bounded (with respect to the sup-norm) and satisfy Dtu ∑ Au in ]0, T [£RN , for
some T > 0. Then, sup[0,T ]£RN

u ∑ supRN

u(0, ·). In particular, the Cauchy prob-
lem (1.3) (with g ¥ 0) admits, at most, a unique classical solution u. Moreover,
supt2[0,T ] ku(t, ·)k1 ∑ kfk1.

Proof. See e.g., [16, Proposition 2.7].
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§

Remark 2.4. Notice that the proof of the previous proposition may be adapted
to show that problem (1.2) resp. (1.3)), with A being given by (2.1), admits at
most a unique bounded and continuous distributional solution u such that the
derivatives Dju and Diju (i, j = 1, · · · , p0) exist in the classical sense in RN (resp.
in ]0, T [£RN ). For more details, see [7].

Remark 2.5. In view of Remark 2.2 it is an easy task to check that the function
'(x) = 1+ |x|2, for any x 2 RN , is a Lyapunov function for the operator A in (2.1).

3. Construction of the semigroup associated with the operator A
in (2.1) and uniform estimates for the function T (t)f

In this section we provide a method to construct a (unique) classical solution of
the homogeneous Cauchy problem associated with the operator A. As it has been
already remarked in the Introduction, this will allow us to associate a semigroup
{T (t)} of bounded operators with A. At the same time our technique provides us
with uniform estimates for the function T (t)f when f belongs to several spaces of
(Hölder-) continuous functions.

Here, we list briefly the main steps in this direction:
(i) we approximate the operator A with a family of uniformly elliptic operators

A" (" 2]0, 1[) defined by

(3.1) A" = A+ "
N

X

i=p0+1

Dii := Tr(Q(")(x)D2) + hBx, Di , x 2 RN ,

and we prove uniform estimates for the spatial derivatives of the function
T"(t)f , with constants independent of ", {T"(t)} being the semigroup asso-
ciated with the operator A";

(ii) we use such estimates in place of the usual interior Schauder estimates
holding in the nondegenerate case to prove the existence of a solution to
problem (1.3) (with g ¥ 0), via a compactness argument (the uniqueness
of such a solution is a consequence of Proposition 2.3 and Remark 2.5);

(iii) since “T (t)f = lim"!0+ T"(t)f” for any t > 0, taking the limit in the
estimates obtained in Step (ii), we get uniform estimates for the derivatives
of the function T (t)f .

3.1. Step (i). It is well known since the sixties that the Cauchy problem (1.3) (with
g ¥ 0) associated with uniformly elliptic operators A of the type (1.1), admits at
least a classical solution u for any f 2 Cb(RN ), when the coefficients of A are locally
Hölder continuous in RN with exponent Æ 2]0, 1[ and the potential c is bounded
from above. (One of) its solution may be obtained as the “limit” (as R tends to
+1) of the classical solutions uR to the Dirichlet Cauchy problems in the ball
B(0, R), with initial condition uR(0, ·) = f¥R, where ¥R is any C1c (RN ) smooth
function such that ¥R ¥ 1 in B(0, R/2) and ¥R ¥ 0 outside B(0, R). If A is given by
(3.1), Proposition 2.3 applies, taking the function '(x) = 1 + |x|2, for any x 2 RN ,
as a Lyapunov function. In particular, Proposition 2.3 immediately implies that
{T"(t)} is a positive semigroup of contractions. We refer the reader to [4, 21] for
further details.
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The uniform estimates for the function T"(t)f . This is the main step to prove
the existence of a classical solution to the Cauchy problem (1.3) as well as the
Schauder estimates in 1.1 and 1.2. In fact, one can show the following.

3.1.1. Estimates in isotropic spaces.

(3.2)

8

>

>

<

>

>

:

(a) kDiT"(t)fk1 ∑ Ct°(1/2)°∑(i) kfk1 ,

(b) kDijT"(t)fk1 ∑ Ct°1°∑(i)°∑(j) kfk1 ,

(c) kDijhT"(t)fk1 ∑ Ct°(3/2)°∑(i)°∑(j)°∑(h) kfk1 ,

for any t 2]0, T ], some T > 0 and C = C(T ), independent of ". Here, ∑(s) =
¬]p0,+1[(s). As in the nondegenerate case, the smoothness of f reflects in the
behavior of the derivatives of T"(t)f near 0. More precisely,

(3.3)

8

>

>

>

>

>

<

>

>

>

>

>

:

(a) kDijT"(t)fk1 ∑ Ct°(1/2)°∑(i) kfkC1
b

(RN ) ,

(b) kDijhT"(t)fk1 ∑ Ct°1°∑(i)°∑(j) kfkC1
b

(RN ) ,

(c) kDijhT"(t)fk1 ∑ Ct°(1/2)°∑(i) kfkC2
b

(RN ) ,

(d) kDkT"(t)fk1 ∑ CkfkCk

b

(RN ) , k = 1, 2, 3 ,

for any t 2]0, T ], where T and C are as above, and DkT"(t)f denotes the vector of
all k-th order spatial derivatives of the function T"(t)f .

3.1.2. Estimates in the anisotropic spaces Cµ. Combining the estimates in
(3.2), it is immediate to check that there exists C = C(T ) such that

(3.4) kT"(t)fkC3 ∑ Ct°(3/2) kfk1 ,

for any t 2]0, T ] and some positive T . So, the main step in order to obtain estimates
of the type (1.9) for T"(t)f in the anisotropic Hölder spaces Cµ consists in showing
that

(3.5) kT"(t)fkC3 ∑ CkfkC3 ,

for any t 2]0, T ], where C and T are as above. Indeed, since

(Cb(RN ), C3,1
b (RN ))µ,1 = C3µ , (CÆ, CØ)µ,1 = CÆ+µ(Ø°Æ) ,

for any µ 2]0, 1[\{1/3, 2/3} and any Æ, Ø 2]0, 3[\{1, 2} with Æ ∑ Ø and Æ+µ(Ø°Æ) /2
N, the estimate (3.4) and (3.6) allow to show, via a classical interpolation argument,
that

(3.6) kT"(t)fkC∞2 ∑ Ct°(∞2°∞1)/2 kfkC∞1 ,

for any t 2]0, T ], any T > 0, any ∞1, ∞2 2]0, 3[\{1, 2} with ∞1 ∑ ∞2 and some positive
constant C = C(T, ∞1, ∞2).

Remark 3.1. Note that it suffices to prove the estimates in (3.2), (3.3) and (3.6)
in a small neighborhood of t = 0. Indeed, the semigroup property allows then to
extend them to all the positive t’s.

As it has been already claimed in the Introduction, the estimate (3.6), written
for the semigroup {T (t)}, will be the keystone to prove the Schauder estimates in
(1.1) and (1.2) via an interpolation technique from [19].
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3.1.3. A method to obtain the uniform estimates (3.2), (3.3), (3.5). Here,
we explain the main ideas and techniques that can be used to prove the quoted
uniform estimates.

If A is a nondegenerate elliptic operator (admitting a Lyapunov function) and
{T (t)} is the associated semigroup, one can expect that kDkT (t)fk1 behaves like
t°k/2 when t approaches 0 (and k = 1, 2, 3). The classical Bernstein method ([3])
suggests to introduce the function vk : [0, T ]£ RN ! R defined by

vk(t, x) = Æ0|(T (t)f)(x)|2 + · · ·+ Æktk|(DkT (t)f)(x)|2 , t 2]0, T ], x 2 RN ,

Æj beng positive parameters, and look for the problem fulfilled by vk. After a few
computations and technicalities, one obtains that vk is a bounded classical solution
to the Cauchy problem

(

Dtvk(t, x) = Avk(t, x) + √k(t, x) , (t, x) 2]0, T [£RN ,

vk(0, x) = |f(x)|2 , x 2 RN ,

where √k is a suitable continuous function. A proper choice of the parameters
Æj (j = 0, · · · , k), allows to show that √k ∑ 0 in ]0, T [£RN . Hence, Proposition
2.3 applies and gives vk ∑ f2 in [0, T ] £ RN , which provides us with the desired
estimates for the derivatives of T (t)f up to the k-th order.

Having this situation in mind, one might think to apply verbatim the same
technique to the degenerate case. In the simplest case when

(A')(x, y) = Dxx'(x, y) + xDy'(x, y) , (x, y) 2 R2 ,

one should show that the function

(3.7) v(t, ·) = |T"(t)f |2 + Æt|DxT"(t)f |2 + Øt3|DyT"(t)f |2 , t 2]0, T ] ,

satisfies the first estimate in (3.2) for a suitable choice of the parameters Æ and Ø.
A straightforward computation shows that, in this situation,

√(t, ·) = °(2° Æ)|DxT"(t)f |2 ° (2"° 3Ø t2)|DyT"(t)f |2+

+2Æ t DxT"(t)f ·DyT"(t)f ° 2Æ t |DxxT"(t)f |2 ° 2Ø t3|DxyT"(t)f |2°

°2" Æ t |DxyT"(t)f |2 ° 2" Ø t3|DyyT"(t)f |2 .

Consequently, there is no hope to fix the parameters, independently of ", such that
the quadratic form in the gradient of T"(t)f (and, consequently, √) is nonpositive
in ]0, T ]£ RN for some T > 0.

This suggests that in the construction of the function v one has to take into
account the structure of the operator A. In fact, the function v in (3.7) should be
replaced with the function

v1(t, ·) = Æ3|T"(t)f |2 + hF1(t)DT"(t)f, DT"(t)fi , t 2]0, T ] ,

where

(3.8) F1(t) =

0

@

Æ t Ip0 t2F §1

t2F1 Ø t3IN°p0

1

A ,

F1 being a matrix to be chosen later on as well as the parameters Æ and Ø. Finally,
Ir denotes the r £ r identity matrix. A straightforward computation shows that
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√ = √1 + √2 + √3, where

√1(t, ·) = °2Æ3hQ(")DT"(t)f, DT"(t)fi ° 2
N

X

i,j=1

q(")
ij hF1DDiT"(t)f, DDjT"(t)fi ,

√2(t, ·) = h(BF1(t) + F1(t)B§)DT"(t)f, DT"(t)fi ,

√3(t, ·) = hF 01(t)DT"(t)f, DT"(t)fi+ 2
p0
X

i,j=1

DijT"(t)fhF1(t)Dqij ,DT"(t)fi ,

for any t 2]0, T ]. A long but straightforward computation shows that

√1(t, ·) ∑ °2Æ3∫|D?,1T"(t)f |2 ° 2Æ t ∫ hK1D
2
?,1T"(t)f, D2

?,1T"(t)fi°

°2∫ Ø t3|D2
?,2T"(t)f |2 ° 2∫ t2hK2D

2
?,1T"(t)f, D2

?,2T"(t)fi ,

for any t 2]0, T ], where K1 is a suitable diagonal matrices whose minimum eigen-
value is 1, whereas the entries of the matrix K2 depend linearly only on the en-
tries of F1. In particular, the two previous matrices are independent of Æ. Here,
D?,1T"(t)f contains all the first-order derivatives DjT"(t)f such that j ∑ p0. Sim-
ilarly, D2

?,1T"(t)f , D2
?,2T"(t)f , D2

?,3T"(t)f denote the vectors of all the second-
order derivatives DijT"(t)f (with no repetitions) such that i, j ∑ p0, respectively,
i ∑ p0 < j, respectively i, j ∏ p0, ordered lexicographically, i.e., if DijT"(t)f and
DhkT"(t)f belong to the same sub-block D2

?,lT"(t)f , we say that DijT"(t)f pre-
cedes DhkT"(t)f if either i < h or i = j and j < k. Hence, using properly Young
inequality, it follows that

(3.9) √1(t, ·) ∑ °2Æ3∫ |D?,1T"(t)f |2 + (°2Æ + Æ1/2 kK2k)t ∫ |D2
?,1T"(t)f |2+

+(°2Ø + Æ°1/2 kK2k)∫ t3|D2
?,2T"(t)f |2 ,

for any t 2]0, T ]. As it is immediately seen, if Æ and Ø are properly chosen, all the
terms in the right-hand side of (3.9) are negative. Hence, they allow us to control
part of the terms contained in √2 and √3. Note that in the right-hand side of
(3.9) the term D?,2T"(t)f , consisting of all the derivatives DjT"(t)f with j > p0, is
missing, whereas it appears in the definition of the function √3. We can recover the
term |D?,2T"(t)f |2, with a negative coefficient in front, from a part of √2. Indeed,

√2(t, ·) = 4h(B1F1 + F §1 B§
1)D?,2T"(t)f,D?,2T"(t)fi+ · · · .

Since the matrix B1 has full rank, we can take F1 = °B§
1 obtaining that

(3.10) 4h(B1F1 + F §1 B1)D?,2T"(t)f,D?,2T"(t)fi ∑ °8∂|D?,2T"(t)f |2 ,

for any t 2]0, T ] , where ∂ is the least positive eigenvalue of the matrix B1B§
1 . The

other terms in the definition of √2 and in √3 can be estimated, uniformly with
respect to ". In particular, choosing properly Æ, Ø and taking T sufficiently small,
they can be controlled by the right-hand sides of (3.9) and (3.10), so that √ ∑ 0 in
]0, T ]£RN . This means that v ∑ kfk21 in ]0, T ]£RN . Taking a larger value of Æ,
if necessary, we can assume that the matrix F1(t) is not singular. With this choice
of Æ, the condition hF1(t)DT"(t)f, DT"(t)fi ∑ kfk21 is equivalent to the first two
estimates in (3.2).

Note that, in the nondegenerate case, the matrix F(t) reduces to tIN , whereas in
the degenerate case the terms off the main diagonal turn out to play a crucial role.
Hence, what we have shown so far suggests that, to prove the remaining estimates
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in (3.2), the terms tk/2|DkT"(t)f |2 (k = 2, 3) have to be replaced with the quadratic
forms

hF2(t)D2
?T"(t)f,D2

?T"(t)fi and hF3(t)D3
?T"(t)f, D3

?T"(t)fi ,

where
(a) Dh

?T"(t) denotes the vector of all h-th derivatives of T"(t)f (h = 2, 3) with
no repetitions, ordered in sub-blocks as follows:

D2
?T"(t)f = (D2

?,1T"(t)f,D2
?,2T"(t)f, D2

?,3T"(t)f) ,

D3
?T"(t)f = (D3

?,1T"(t)f, D3
?,2T"(t)f, D3

?,3T"(t)f,D3
?,4T"(t)f) ,

where the vector D2
?,3T"(t)f contains the second-order derivatives D2

ijT"(t)f
with p0 ∑ i ∑ j, ordered lexicographically, whereas

D3
?,1T"(t)f = {D3

ijhT"(t)f : i ∑ j ∑ h ∑ p0} ,

D3
?,2T"(t)f = {D3

ijhT"(t)f : i ∑ j ∑ p0 < h} ,

D3
?,3T"(t)f = {D3

ijhT"(t)f : i ∑ p0 < j ∑ h} ,

D3
?,4T"(t)f = {D3

ijhT"(t)f : p0 < i ∑ j ∑ h} ,

each of these sets of derivatives being ordered lexicographically;
(b) the matrices F2(t), F3(t), which have to be positive definite at any t 2]0, T ],

and split into blocks according to the above splitting of the vectors D2
?T"(t)f

and D3
?T"(t)f , may be of the following form:

(3.11) F2(t) =

0

B

B

B

B

@

t2In2
1

0 0

0 Æ∞1t4In2
2

Æ∞2t5F2

0 Æ∞2t5F §2 Æ∞3t6In2
3

1

C

C

C

C

A

,

(3.12) F3(t) =

0

B

B

B

B

B

B

B

B

@

Æ∞4t3In3
1

0 0 0

0 Æ∞5t5In3
2

0 0

0 0 Æ∞6t7In3
3

Æ∞7t8F3

0 0 Æ∞7t8F §3 Æ∞8t9In3
4

1

C

C

C

C

C

C

C

C

A

,

where, nk
j denotes the length of the vector Dk

?,jT"(t)f and ∞j (j = 1, · · · , 8)
are to be properly chosen together with the constant Æ and the matrix
F2 and F3, whose role is to provide us with the terms |D2

?,3T"(t)f |2 and
|D3

?,4T"(t)f |2 with negative coefficients in front of them.
Some further details can be found in the proof of the forthcoming Theorem 5.1.

The estimates (3.3) and (3.5) may be obtained in a completely similar way with
obvious modifications in the powers of t appearing in the matrices (3.8), (3.11) and
(3.12).
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Remark 3.2. Of course, the technique described above can be used also to estimate
higher order derivatives of the functions T"(t)f provided one requires much more
regularity on the diffusion coefficients qij (i, j = 1, · · · , p0) as well as some growth
assumptions at infinity of the derivatives DÆqij . We refer the reader to [7] for
further details.

3.2. Step (ii). Here, we show how the previous estimates can be used to prove the
existence of a classical solution u of problem (1.3) with g ¥ 0. Fix f 2 Cb(RN ).
Using the estimates (3.2) and the fact that DtT"(t)f = A"T"(t)f , one can easily
show that

kT"(·)fkC1+Æ/2,2+Æ([a,b]£B(0,R)) ∑ Ckfk1 ,

for any Æ 2]0, 1[, any 0 < a < b, any R > 0 and some positive constant C =
C(a, b, R), independent of ". A compactness argument, based on the Ascoli-Arzelà
theorem, shows that there exists an infinitesimal sequence {"n} such that T"

n

(·)f
converges in C1,2([a, b]£B(0, R)) to a function u :]0,+1[£RN ! R.

The main effort consists in showing that u can be extended up to t = 0 where it
equals f . This can be done in three steps depending on the smoothness of f :

(a) first, one considers the case when f 2 C2
c (RN );

(b) next, one deals with the case when f 2 Cc(RN );
(c) finally, one proves the assertion in the general case when f 2 Cb(RN ).

The two first cases are rather simple. Indeed, one can use the fact that T"(t) and
A" commute on C2

c (RN ) to prove that, when f 2 C2
c (RN ), T"(·)f is Lipschitz

continuous in [0, +1[, with its Lipschitz constant being independent of ". This,
of course ensures the continuity at 0 of the function u as well as the fulfilling of
the condition u(0, ·) = f . In particular, one sees that T"(·)f converges to T (·)f in
[a, b] £ B(0, R), as " ! 0+, for any a, b, R as above. Then, the density of C2

c (RN )
in Cc(RN ) allows to extend the previous result to any function f 2 Cc(RN ). In
particular, one can show that the semigroup {T (t)} is well defined in Cc(RN ) and
T"(·)f converges to T (·)f in C1,2(F ) for any compact set F Ω]0,+1[£RN .

The case when f 2 Cb(RN ) follows from (b) via an argument from [8, Proposition
2.2], based on a localization procedure. In fact, using the maximum principle, one
can show that

(3.13) T"(t)((1° ')f) ∑ kfk1(1° T"(t)') , t > 0 ,

for any ' 2 Cb(RN ) and any " > 0. Let {"n} be an infinitesimal sequence such that
T"

n

(·) converges to u. Moreover, fix R > 0 and a smooth and compactly supported
function ' such that ' ¥ 1 in B(0, R). Splitting T"

n

(t)f = T"
n

(t)('f)+T"
n

(t)((1°
')f) and letting n ! +1, from (3.13) it is immediate to check that u(t, ·) °
T (t)('f) vanishes uniformly in B(0, R) as t tends to 0. Since 'f is compactly
supported in RN , it follows easily that u can be extended by continuity to {0} £
B(0, R) (and, hence, to {0}£ RN , by the arbitrariness of R) where it equals f .

3.3. Step (iii). Now, letting " ! 0+ in the estimates (a), (b) and (d) (with k ∑ 2)
in (3.2), (a), (d) in (3.3) and (3.6), we immediately get the corresponding estimates
for the semigroup {T (t)}.

Showing that also the remaining estimates in (3.2) and (3.3) hold with T (t)f
instead of T"(t)f , is a bit more tricky. In fact, the argument in Step (ii) does not
guarantee that the function T (t)f is thrice continuously differentiable in RN for any
t > 0. We briefly sketch how one can prove that the derivative D3

ijhT (t)f exists
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and that the estimate (3.2)(c) holds with T (t)f instead of T"(t)f , in the particular
(and simplest) case when i = 1 and j, h ∑ p0. It is immediate to realize that one
has only to prove the existence of the third-order derivative D3

1jhT (t)f . Indeed,
(3.2)(a)-(b) imply that the function DjhT (t)f(·, x2, · · · , xN ) is Lipschitz continuous
in R with a Lipschitz constant bounded from above by Ct°5/2kfkC

b

(RN ) for any
t 2]0, 1] and some C > 0, independent of x2, · · · , xN . Therefore, if the derivative
D3

1jhT (t)f exists, then it satisfies (3.2)(c).
To prove the existence of D3

1jhu, it suffices to adapt to our situation the classical
Nirenberg translations’ method. For technical reasons it is useful to assume that
f 2 C3

b (RN ): this is not a loss in the generality at all. Indeed, first a density
argument allows to show that D3

ijhT (t)f exists for any t > 0 and any bounded
and uniformly continuous function f (say f 2 BUC(RN )). Then, splitting T (t)f =
T (t/2)T (t/2)f , one can obtain the same result in the general case when f 2 Cb(RN ),
observing that, by (3.2)(a), T (t/2)f 2 BUC(RN ).

Let øk be the operator defined by øk√ = [√(· + ke1) ° √]/k for any function
√ 2 Cb(RN ). Moreover, let vk,R = øk(¥RT (t)f), where ¥R 2 C1c (RN ) satisfies
¬B(0,R/2) ∑ ¥R ∑ ¬B(0,R). By an approximation argument, one can show that
the function vk,R solves the Cauchy problem (1.3) with f and g being replaced,
respectively, by ¥Rf and a continuous (and compactly supported) function gk,R.
The function vk,R may be expressed by the pointwise2 variation of constant formula

(3.14) vk,R(t, x) = (T (t)(øk(¥Rf)))(x) +
Z t

0
(T (t° s)gk,R(s, ·))(x) ds ,

t > 0, x 2 RN . Letting k ! 0 in (3.14)3 yields us to the fundamental formula

(3.15) D1(¥RT (t)f)(x) = (T (t)(D1(¥Rf)))(x) +
Z t

0
(T (t° s)gR(s, ·))(x) ds ,

for any t > 0, x 2 RN , where gR is compactly supported in B(0, R) and depends on
the derivatives of T (t)f , up to the second order and in the directions corresponding
to the first p0 variables, on the drift coefficients and on the diffusion coefficients
and their first-order derivatives.

Since

kD2
ijT (t° s)gR(s, ·)kC

b

(RN ) ∑ CkD2
ijT (t° s)kL(Cµ

b

(RN );C
b

(RN ))kg(s, ·)kCµ

b

(RN ) ,

for any t 2]0, +1[ and any µ 2]0, 1[, choosing properly µ and using (3.2), (3.3) and
an interpolation argument, one can easily show that the function

s 7! kD2
ijT (t° s)gR(s, ·)kC(K)

is integrable in [0, t] for any compact set K Ω RN . Therefore, from (3.15) we
immediately deduce that we can differentiate under the integral sign to get

D1jh(¥RT (t)f)(x) = Djh(T (t)(D1(¥Rf)))(x) +
Z t

0
Djh(T (t° s)gR(s, ·))(x) ds ,

for any t > 0 and any x 2 RN . Whence we also deduce that D1jhT (·)f is continuous
in ]0, +1[£RN .

2The function t 7! T (t)√ might not be integrable with respect to the sup-norm, when √ 2
Cb(RN ), since, in general, the semigroup {T (t)} is neither strongly continuous nor analytic in
Cb(RN ) and BUC(RN ).

3Here, the smoothness assumption on f is needed!
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The proof of the remaining estimates in (3.2), (3.3) and (3.5) is similar, but it
requires a bootstrap argument and some more interpolation arguments.

Remark 3.3. It is worth stressing that the argument in Steps (ii) and (iii) are
independent of the structure of the operator A, since they rely only on the estimates
(3.2), (3.3) and (3.6). Hence, they can be repeated verbatim whenever similar
estimates are available.

4. Proof of the Schauder estimates in 1.1 and 1.2

As it has been claimed in the Introduction, the candidate solutions to the prob-
lems (1.2) and (1.3) are the functions v and u given by (1.4) and (1.5). For both the
elliptic equation and the Cauchy problem, the main effort consists in proving that
the functions v and u(t, ·) (t 2]0, T ]) are in C2+µ, under the smoothness assumptions
on f, g, h in 1.1 and 1.2.

Since the needed techniques for this aim are essentially the same for both v
and u(t, ·), let us concentrate for simplicity on the elliptic equation. Note that the
estimate (3.6), written with the semigroup {T"(t)} replaced with {T (t)}, and with
∞1 = µ 2]0, 1[ and ∞2 = 2 + µ, yields

kT (t)fkC2+µ ∑ Ct°1kfkCµ ,

near t = 0. Hence, we cannot estimate the C2+µ-norm of the function v simply by
computing the integral of the C2+µ-norm of T (t)f .

This problem can be avoided applying an argument from [19], that we sketch
here. Since C2+µ = (CÆ, C2+Æ)1°(Æ°µ)/2,1, with equivalence of the corresponding
norms, for any Æ > µ, it suffices to show that v belongs to this latter space, for
some suitable choice of Æ. Recalling that (CÆ, C2+Æ)1°(Æ°µ)/2,1 is the set of '’s
such that |||'||| := supª2]0,1[ ª

1°(Æ°µ)/2K(ª,') < +1, endowed with the norm ||| · |||,
where

K(ª,') = inf
©

kakCÆ + ªkbkC2+Æ : a 2 CÆ , b 2 C2+Æ , a + b = '
™

,

(see e.g., [18, Chapter 1]), it suffices to find, for any ª 2]0, 1[, a suitable splitting of
the integral defining v into two functions aª and bª such that

ª1°(Æ°µ)/2 (kaªkCÆ + kbªkC2+Æ) ∑ CkfkCµ ,

for some positive constant C, independent of ª 2]0, 1]. Taking the estimates (3.6)
into account, one can easily realize that a suitable splitting of v may be the following:

aª(x) =
Z ª

0
e°∏t(T (t)f)(x) dt , bª(x) =

Z +1

ª
e°∏t(T (t)f)(x) dt .

5. Pointwise estimates and invariant measures

This section is devoted to prove pointwise estimates for the first-, second- and
third-order spatial derivatives of T (t)f and some nice consequences. This is the
original part of the paper.
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5.1. Pointwise estimate.

Theorem 5.1. For any f 2 Cl
b(RN ), any l = 1, 2, 3 and any p 2]1,+1[, we have

(5.1) |(DlT (t)f)(x)|p ∑ Mp

n

T (t)
°

|f |2 + · · ·+ |Dlf |2
¢p/2

o

(x) ,

for any t 2]0, +1[, x 2 RN and some positive constant Mp.

Proof. We begin with the case when l = 3 and p 2]1, 2]. To simplify the nota-
tion, throughout the proof we set u" = T"(·)f , where {T"(t)} is the approximating
semigroup defined in Step (i).

For any ± > 0 we introduce the function w±," : [0,+1[£RN ! R defined by

w±," =

√

Æ3|u"|2 +
3

X

k=1

hFk Dk
?u",D

k
?u"i+ ±

!p/2

,

where D1
? = D, D2

? and D3
? are as in Subsection 3.1.2 and

F1 =

0

@

ÆIp0 F1

F §1 Ip0

1

A , F2 =

0

B

B

B

B

@

In2
1

0 0

0 Æ°7/16 In2
2

Æ°4/5 F2

0 Æ°4/5 F §2 Æ°7/8 In2
3

1

C

C

C

C

A

,

F3 =

0

B

B

B

B

B

B

B

B

@

Æ°7/16 In3
1

0 0 0

0 Æ°7/8 In3
2

0 0

0 0 Æ°1 In3
3

Æ°13/12 F3

0 0 Æ°13/12 F §3 Æ°9/8 In3
4

1

C

C

C

C

C

C

C

C

A

,

with the matrices F1, F2 and F3, as well as the parameter Æ to be determined later
on. For simplicity, in what follows we simply write u for u".

By the results in the previous sections, we know that w± 2 Cb([0, T ] £ RN ) \
C1,2(]0, +1[£RN ) for any T > 0. Moreover, w±," solves the Cauchy problem (1.3)
with

g = p

0

@°Æ3
N

X

i,j=1

q(")
ij DiuDju°

3
X

k=1

N
X

i,j=1

q(")
ij hFkDk

?Diu,Dk
?Djui+

+
3

X

k=1

hFk [Dk
? ,A"]u,Dk

?ui
!

w1°(2/p)+

+

8

<

:

N
X

i,j=1

q(")
ij

√

Æ3uDiu +
3

X

h=1

hFhDh
?Diu,Dh

?ui
!

£

£
√

Æ3uDju +
3

X

k=1

hFkDk
?Dju,Dk

?ui
!)

p(2° p)w1°(4/p) ,
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and f being replaced by (Æ3|f |2 +
P3

k=1hFk Dk
?f,Dk

?fi)p/2. Here, [·, ·] denotes the
commutator of the quantities in brackets.

Let M and P be, respectively, a m£m and a p£p positive and symmetric square
matrices. Further let ªj , ª 2 Rm and ¥j , ¥ 2 Rp (j = 1, · · · , p0). Then, applying
twice the Cauchy-Schwarz inequality (firstly to the inner product induced by the
matrix Q = (qij) and then to the Euclidean one) we deduce that

N
X

i,j=1

q(")
ij hMªi, ªihP¥j , ¥i ∑

m
X

h=1

p
X

k=1

(M1/2ª)h(P 1/2¥)k £

£

0

@

N
X

i,j=1

q(")
ij (M1/2ªi)h(M1/2ªj)h

1

A

1/2 0

@

N
X

i,j=1

q(")
ij (P 1/2¥i)k(P 1/2¥j)k

1

A

1/2

∑

∑ (hMª, ªi)1/2(hP¥, ¥i)1/2

0

@

N
X

i,j=1

q(")
ij hMªi, ªji

1

A

1/2 0

@

N
X

i,j=1

q(")
ij hP¥i, ¥ji

1

A

1/2

.

This estimate can be used in order to get

(5.2)
N

X

i,j=1

q(")
ij

√

Æ3uDiu +
3

X

h=1

hFhDh
?Diu,Dh

?ui
!

£

£
√

Æ3uDju +
3

X

k=1

hFkDk
?Dju,Dk

?ui
!

∑
√

Æ3|u|2 +
3

X

k=1

hFk Dk
?u,Dk

?ui
!

£

£

0

@Æ3
N

X

i,j=1

q(")
ij DiuDju +

3
X

k=1

N
X

i,j=1

q(")
ij hFkDk

?Diu,Dk
?Djui

1

A .

Taking (5.2) into account and observing that [Dk
? ,A"] = [Dk

? ,A] (k = 1, 2, 3), it is
immediate to check that

g ∑ p

8

<

:

(1° p)

2

4Æ3
N

X

i,j=1

q(")
ij DiuDju +

3
X

k=1

N
X

i,j=1

q(")
ij hFk Dk

?Diu,Dk
?Djui

3

5 +

+
3

X

k=1

hFk [Dk
? ,A"]u,Dk

?ui
)

w1°(2/p) ∑

∑ p

8

<

:

(1° p)

2

4Æ3
p0
X

i,j=1

qijDiuDju +
3

X

k=1

p0
X

i,j=1

qijhFk Dk
?Diu,Dk

?Djui

3

5 +

+
3

X

k=1

hFk [Dk
? ,A]u,Dk

?ui
)

w1°(2/p) = p {(1° p)g1 + g2}w1°(2/p) .

A straightforward computation shows that

g1(t) ∏ Æ3∫|D?,1u|2 + Æ∫|D2
?,1u|2 + ∫|D2

?,2u|2 + ∫hK1D
2
?,1u,D2

?,2ui+ ∫|D3
?,1u|2+

+Æ°7/16∫|D3
?,2u|2 +Æ°7/8∫|D3

?,3u|2 +Æ°4/5∫hK2D
3
?,2u,D3

?,3ui+Æ°7/16∫|D4
?,1u|2+

+Æ°7/8∫|D4
?,2u|2 + Æ°1∫|D4

?,3u|2 + Æ°9/8∫|D4
?,4u|2 + ∫Æ°13/12hK3D

4
?,3u,D4

?,4ui ,
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for any t > 0, where Kj (j = 1, 2, 3) are suitable square matrix, whose coefficients
are independent of Æ. Hence, using Young inequality, we get

(5.3) g1(t) ∏ Æ3∫|D?,1u|2 + Æ∫|D2
?,1u|2 + ∫|D2

?,2u|2 + ∫|D3
?,1u|2+

+Æ°7/16∫|D3
?,2u|2 + Æ°7/8∫|D3

?,3u|2 + Æ°7/16∫|D4
?,1u|2+

+Æ°7/8∫|D4
?,2u|2 + Æ°1∫|D4

?,3u|2 + Æ°9/8∫|D4
?,4u|2°

°kK1k∫(Æ1/2|D2
?,1u|2 + Æ°1/2|D2

?,2u|2)°
°kK2k∫(Æ°3/5|D3

?,2u|2 + Æ°1|D3
?,3u|2)°

°kK3k∫(Æ°49/48|D4
?,3u|2 + Æ°55/48|D4

?,4u|2) ∏
∏ Æ3∫|D?,1u(t)|2 + (2 + o(1))Æ∫|D2

?,1u(t)|2+
+(2 + o(1))∫|D2

?,2u(t)|2 + 2∫|D3
?,1u(t)|2+

+(2 + o(1))Æ°7/16∫|D3
?,2u(t)|2 + (2 + o(1))Æ°7/8∫|D3

?,3u(t)|2+
+2Æ°7/16∫|D4

?,1u(t)|2 + 2Æ°7/8∫|D4
?,2u(t)|2+

+(2 + o(1))Æ°1∫|D4
?,3u(t)|2 + (2 + o(1))Æ°9/8∫|D4

?,4u(t)|2 ,

for any t > 0, where by o(1) we have denoted suitable functions of Æ (depending
also on F2 and F3) vanishing as Æ ! +1.

As far as g2 is concerned, in [16, Thm 3.1] we have proved that [D, hB·,Di]u =
B§Du, [Dk

? , hB·,Di]u = MkDk
?u (k = 2, 3), where

M1 =

0

B

B

B

B

@

? ? 0

? ? M1

0 ? ?

1

C

C

C

C

A

, M2 =

0

B

B

B

B

B

B

B

B

B

B

@

? ? 0 0

? ? ? 0

0 ? ? M2

0 0 ? ?

1

C

C

C

C

C

C

C

C

C

C

A

,

?, M1 and M2 being suitable matrices whose entries linearly depend on the entries
of B, but are independent of Æ, F2, F3. In particular, the matrices M1 and M2 have
full rank. See also [7] for further details. Hence,

(5.4) 2hF1[D, hB·, Di]u,Dui = h(FB§ + BF§)Du,Dui =

= 2(Æk ? k+ kF1k · k ? k)|D?,1u|2 + kB1k(Æ5/2|D?,1u|2 + Æ°1/2|D?,2u|2)+
+(kF1k · k ? k+ kF1k · k ? k+ k ? k)(Æ|D?,1u|2 + Æ°1|D?,2u|2)+

+(∏max(F1B
§
1 + B1F

§
1 ) + 2k ? k)|D?,2u|2 =

= Æ5/2(kB1k+ o(1)}|D?,1u|2 + {∏max(F1B
§
1 + B1F

§
1 ) + 2k ? k+ o(1)}|D?,2u|2 ,

where by ∏max(E) we denote the maximum eigenvalue of the matrix E and “?” are
as in (1.8). In particular, in the last term of (5.4), “?” denotes the last block of B.
Similarly,

(5.5) 2hF2[D2
?, hB·,Di]u,D2

?ui ∑
∑ 2k ? k · |D2

?,1u|2 + k ? k(Æ1/2|D2
?,1u|2 + Æ°1/2|D2

?,2u|2)+
+kF2k · k ? k(|D2

?,1u|2 + Æ°8/5|D2
?,3u|2) + Æ°7/16k ? k(|D2

?,1u|2 + |D2
?,2u|2)+

+2Æ°7/16k ? k|D2
?,2u|2 + 2Æ°4/5kF2k · k ? k · |D2

?,2u|2+
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+kM1k(Æ°1/24|D2
?,2u|2 + Æ°5/6|D2

?,3u|2)+
+kF2k(k ? k+ k ? k)(Æ°3/5|D2

?,2u|2 + Æ°1|D2
?,3u|2)+

+Æ°7/8k ? k
°

|D2
?,2u|2 + |D2

?,3u|2
¢

+ Æ°4/5∏max(F §2 M1 + M§
1 F2)|D2

§,3u|2+
+2Æ°7/8k ? k · |D2

?,3u|2 =

= {k ? k+ o(1)}Æ1/2|D2
§,1u|2 + Æ°1/24{kM1k+ o(1)}|D2

?,2u|2+
+Æ°4/5{∏max(F §2 M1 + M§

1 F2) + o(1)}|D2
?,3u|2 ,

and

(5.6) 2hF3[D3
?, hB·,Di]u,D3

?ui ∑
∑ 2Æ°7/16k ? k · |D3

?,1u|2 + k ? k(Æ°1/8|D3
?,1u|2 + Æ°3/4|D3

?,2u|2)+
+k ? kÆ°7/8(|D3

?,1u|2 + |D3
?,2u|2) + 2Æ°7/8k ? k · |D3

?,2u|2+
+k ? k(Æ°1/2|D3

?,2u|2 + Æ°5/4|D3
?,3u|2) + k ? k(Æ°3/4|D3

?,2u|2 + Æ°5/4|D3
?,3u|2)+

+2(Æ°1k?k+Æ°13/12kF3k·k?k)|D3
?,3u|2+kM2k(Æ°43/48|D3

?,3u|2+Æ°53/48|D3
?,4u|2)+

+kF3k · k ? k(Æ°25/24|D3
?,3u|2 + Æ°27/24|D3

?,4u|2)+
+kF3k · k ? k(Æ°1|D3

?,2u|2 + Æ°7/6|D3
?,4u|2)+

+kF3k · k ? k(Æ°25/24|D3
?,3u|2 + Æ°27/24|D3

?,4u|2) + Æ°9/8k ? k(|D3
?,3u|2 + |D3

?,4u|2)+
+(Æ°13/12∏max(F §3 M2 + M§

2 F3) + 2Æ°9/8k ? k)|D3
?,4u|2 =

= Æ°1/8{k ? k+ o(1)}|D3
?,1u|2 + Æ°1/2{k ? k+ o(1)}|D3

?,2u|2+
+Æ°43/48{kM2k+ o(1)}|D3

?,3u|2 + Æ°13/12{∏max(F §3 M2 + M§
2 F3) + o(1)}|D3

?,4u|2 .

Finally, we observe that, denoting by A0 the principal part of the operator A, from
[16, Theorem 3.1], we have

(5.7)
3

X

k=1

hFk [Dk
? ,A0]u,Dk

?ui =
3

X

k=1

p0
X

i,j=1

DijuhFk Dk
?qij ,D

k
?ui+

+hF2ND3
?u,D2

?ui+ hF3 PD3
?u,D3

?ui+ hF3RD4
?u,D3

?ui ,

where, for any x 2 RN , the matrices N (x), P(x) and R(x), split according to the
splitting of the vectors Dk

?u" (k = 2, 3, 4), are given by

N (x) =

0

B

B

B

B

@

N1(x) 0 0 0

N2(x) N3(x) 0 0

0 N4(x) 0 0

1

C

C

C

C

A

, P(x) =

0

B

B

B

B

B

B

B

B

@

P1(x) 0 0 0

P2(x) P3(x) 0 0

P4(x) P5(x) 0 0

0 P6(x) 0 0

1

C

C

C

C

C

C

C

C

A

,

R(x) =

0

B

B

B

B

B

B

B

B

@

R1(x) 0 0 0 0

R2(x) R3(x) 0 0 0

0 R4(x) R5(x) 0 0

0 0 R6(x) 0 0

1

C

C

C

C

C

C

C

C

A

,
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for any x 2 RN . Moreover, there exists a positive constant C, independent of
Æ, G1,H1 and x, such that

kNi(x)k+kPj(x)k+kRj(x)k ∑ C2

p

∫(x) , x 2 RN , i = 1, · · · , 4, j = 1, · · · , 6 .

Therefore, the terms in the right-hand side of (5.7) are all negligible with respect
to the terms in (5.3)-(5.6), provided we fix the matrices F1, F2 and F3 such that

∏max(F1B
§
1 + B1F

§
1 ) + 2k ? k < 0 , ∏max(F §2 M1 + M§

1 F2) < 0 ,

∏max(F §3 M2 + M§
2 F3) < 0 .

This is possible since the matrices B1, M1 and M2 have full rank.
Combining the estimates so far proved, we get

(5.8) g ∑ p
©

Æ3∫[1° p + o(1)]|D?,1u|2+
+[∏max(F1B

§
1 + B1F

§
1 ) + 2k ? k+ o(1)] |D?,2u|2+

+[2° 2p + o(1)]Æ∫|D2
?,1u|2 + [2° 2p + o(1)]∫|D2

?,2u|2+
+[∏max(F §2 M1 + M§

1 F2) + o(1)]Æ°4/5|D2
?,3u|2 + [2° 2p + o(1)]∫|D3

?,1u|2+
+[2° 2p + o(1)]Æ°7/16∫|D3

?,2u|2 + [2° 2p + o(1)]Æ°7/8∫|D3
?,3u|2+

+[∏max(F §3 M2 + M§
2 F3) + o(1)]Æ°13/12|D3

?,4u|2 + [2° 2p + o(1)]Æ°7/16∫|D4
?,1u|2+

+[2° 2p + o(1)]Æ°7/8∫|D4
?,2u|2 + [2° 2p + o(1)]Æ°1∫|D4

?,3u|2+
+[2° 2p + o(1)]Æ°9/8∫|D4

?,4u|2
™

w1°(2/p) .

Taking Æ sufficiently large, we can make all the coefficients of the terms in the
right-hand side of (5.8) negative in [0,+1[£RN . Hence, with this choice of Æ, w±

satisfies
8

>

<

>

:

Dtw± ∑ Aw± , in [0, +1[£RN ,

w±(0, ·) =
≥

|f |2 +
P3

k=1hFk Dk
?f, Dk

?fi+ ±
¥p/2

, in RN .

Then, by comparison, using the maximum principle in Proposition 2.3, we get

w±,"(t, ·) ∑ T"(t)

8

<

:

√

|f |2 +
3

X

k=1

hFk Dk
?f, Dk

?fi+ ±

!p/2
9

=

;

, t > 0 ,

for any ± > 0. Taking the limit, first, as " ! 0+ and, then, as ± ! 0+, the assertion
immediately follows when p 2]1, 2], provided we assume that the matrices F , G and
H are positive definite. This is surely the case if Æ is sufficiently large.

The case when p > 2 now follows from Jensen inequality, observing that, by the
forthcoming formula (5.10), (T (t)√)p/2 ∑ T (t)(√p/2) for any √ 2 Cb(RN ) and any
t > 0. Indeed,

|D3T (t)f |p =
°

|D3T (t)f)|2
¢p/2 ∑

∑
°

M2 T (t)
°

|f |2 + |Df |2 + |D2f |2 + |D3f |2
¢¢p/2 ∑

∑ Mp/2
2 T (t)

h

°

|f |2 + |Df |2 + |D2f |2 + |D3f |2
¢p/2

i

,

for any t > 0.
To get (5.1) in the case when p 2]1, 2] and l = 1, 2, it suffices to apply the

previous arguments to the function

w±,"(t, ·) =
°

|u"(t, ·)|2 + hF1 Du"(t, ·),Du"(t, ·)i+ ±
¢p/2

,
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if l = 1 and to the function

w±,"(t, ·) =
°

|u"(t, ·)|2 + hF1 Du"(t, ·),Du"(t, ·)i+ hF2 D2
?u"(t, ·), D2

?u"(t, ·)i
¢p/2

,

if l = 2. Estimate (5.1) with l = 1, 2 and p > 2 can, then, be obtained by means of
Jensen inequality as in the case l = 3.

§
Remark 5.2. One can easily see that all the techniques used in this and in the
previous sections can be applied to the operator

AF ' =
p0
X

i,j=1

qijDij' +
N

X

i,j=1

bijxjDi' +
p0
X

j=1

FjDj' ,

obtained perturbing the operator A by a drift term F which satisfies the following
conditions:

(i) Fj 2 C3(RN ) for any j = 1, · · · , p0;
(ii) there exists a positive constant K such that

|DÆFj(x)| ∑ K
p

∫(x) , x 2 RN , |Æ| ∑ 3 , j = 1, · · · , p0 .

5.2. Invariant measures. By definition, an invariant measure of the semigroup
{T (t)} is any (probability) measure µ such that

(5.9)
Z

RN

T (t)f dµ =
Z

RN

f dµ ,

for any t > 0 and any f 2 Cb(RN ). Note that an invariant measure of {T (t)}
may not exist. Indeed, in the case when A is the Ornstein-Uhlenbeck operator, an
invariant measure exists if and only if B is of negative type, i.e., if and only if the
eigenvalues of B have negative real part.

As in the nondegenerate case, a sufficient condition ensuring the existence of an
invariant measure of {T (t)}, is the following:

Hypothesis 5.3.
There exists a (Lyapunov) function ' 2 C2(RN ) such that A' tends to °1
as |x|! +1.

In our situation, in view of Remark 2.2, Hypothesis 5.3 is satisfied taking '(x) =
1 + |x|2 provided we assume that B is a matrix of negative type such that

∏max(B + B§) < °2 sup
x2RN

Tr(Q(x))
|x|2 .

As it has been proved in [17, Corollary 4.2], there exists a family of probability
Borel measures {p(t, x, dy)} such that

(5.10) (T (t)f)(x) =
Z

RN

f(y)p(t, x, dy) , t > 0, x 2 RN ,

for any f 2 Cb(RN ).
Let us define the family of probability measures {r(t, x; dy), t > 0, x 2 RN} by

setting

r(t, x; B) =
1
t

Z t

0
p(s, x; B) ds ,

for any Borel set B, where p(s, x;B) = (T (s)¬B)(x).
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Theorem 5.4 (Krylov-Bogoliubov + Khas’minskii). Suppose that Hypotheses 2.1
and 5.3 are satisfied. Then, the semigroup {T (t)} admits an invariant measure µ.

Proof. To prove the assertion, it suffices to show that the family of measures
{r(t, 0; dy), t > 1} is tight.4 Indeed, once this property is proved, we can apply
Prokhorov theorem which implies the existence of a sequence {tn} diverging to +1
as n ! +1 such that r(tn, 0; dy) converges weakly§ to a probability measure µ.
The measure µ is an invariant measure of {T (t)}. Indeed, for any f 2 Cb(RN ), we
have

Z

RN

(T (t)f)(y)r(tn, x0; dy) =
1
tn

Z t
n

0
(T (s + t)f)(0) ds =

=
Z

RN

f(y)r(tn, x0; dy) +
1
tn

Z t
n

+t

t
n

(T (s)f)(x0) ds°

° 1
tn

Z t

0
(T (s)f)(x0) ds .

Since kT (t)kL(C
b

(RN )) = 1 for any t ∏ 0, letting n tend to +1 we immediately
deduce that µ is an invariant measure of {T (t)}.

So, let us check the tightness of the measures {r(t, 0; dy) : t > 1}. Let {√n} 2
C1([0,+1[) be a sequence of smooth functions with the following properties:

(i) √n(t) = t for any t 2 [0, n];
(ii) √n(t) = n + 1 for any t ∏ n + 2;
(iii) √0n(t) 2 [0, 1] and √00n(t) ∑ 0 for any t ∏ 0.

Note that DtT (t)'n = T (t)A'n for any n 2 N and any t > 0. Indeed, for any
n 2 N, the function 'n ° n ° 1 belongs to C2

c (RN ) and the semigroup commutes
with A in C2

c (RN ) as it has been already recalled. Hence,

DsT (s)'n = DsT (s) ('n ° n° 1) = T (s)A ('n ° n° 1) = T (s)A'n , s > 0 ,

so that

(5.11) (DsT (s)'n)(0) =
Z

RN

0

@√0n(')A' + √00n(')
p0
X

i,j=1

qijDi'Dj'

1

A p(t, 0; dy) ,

for any s > 0. We now fix t > 0 and integrate (5.11) with respect to s 2 [0, t].
Recalling that T (·)'n ∏ 0 in [0, +1[£RN and √00n ∑ 0 in [0,+1[, we get

(5.12) °'n(0) ∑
Z t

0
ds

Z

E
√0n(')(A')p(s, 0; dy) +

+
Z t

0
ds

Z

RN\E
√0n(')(A')p(s, 0; dy) ,

where E = {y 2 RN : A'(y) ∏ 0}. Since E is a bounded set, the first integral term
in the last side of (5.12) converges to

Z t

0
ds

Z

E
(A')p(s, 0; dy) ,

4i.e., we have to show that for any " > 0 there exists R > 0 such that r(t, 0, B(R)) ∏ 1° " for
any t > 1.
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as n ! +1, by dominated convergence. On the other hand, since the sequence
{√0n(s)} is increasing to 1 for any s 2 [0, +1[, and A' ∑ 0 in RN \ E, the second
integral term tends to

Z t

0
ds

Z

RN\E
(A')p(s, 0; dy) ,

by monotone convergence. Note that this latter integral is finite due to (5.12).
Therefore,

(5.13) °'(0) ∑
Z t

0
ds

Z

RN

(A')p(s, 0; dy) .

Now, fix " and let R > 0 be such that A' < °"°1 outside the ball B(0, R). From
(5.13) we obtain that

°'(0) ∑ Mt° 1
"

Z t

0
p(s, 0; RN \B(0, R)) ds = Mt° t

"
r(t, 0; RN \B(0, R)) ,

where M = supRN

A'. Consequently,

r(t, 0, RN \B(0, R)) ∑ "
Mt + '(0)

t
∑ "(M + '(0)) , t > 1 ,

which is, of course, the claim.
§

Before going on describing some of the properties of µ, let us prove the following
lemma.

Lemma 5.5. The semigroup {T (t)} extends to Bb(RN ) (the set of all bounded Borel
functions f : RN ! R) with a strong Feller semigroup, i.e., T (t) maps Bb(RN ) into
Cb(RN ) (and, hence, into C3

b (RN )) for any t 2]0, +1[.

Proof. Since any f 2 Bb(RN ) is the pointwise limit of a bounded sequence of
functions in Cb(RN ), it is immediate to extend {T (·)} to Bb(RN ) through (5.10).

To prove that the so extended semigroup is strong Feller, we observe that using
the uniform estimates (3.2)(a), it is immediate to check that there exists a positive
constant C = C(t) such that

[T (t)f ]Lip(RN ) ∑ Ckfk1 , t 2]0, +1[ ,

for any f 2 Cb(RN ). Of course, the previous estimate can be extended, by domi-
nated convergence, to any f 2 Bb(RN ) and this leads to the assertion.

§
We now introduce the set W k,p(RN , µ) (k 2 N, p 2 [1, +1[) of all functions

u 2 Lp(RN , µ) such that the distributional derivatives of u up to the k-th order are
in Lp(RN , µ). It is endowed with the norm kukp

W k,p(RN ,µ) =
Pk

j=0 kDjukLp(RN ,µ).

Moreover, W k,p
0 (RN ) denotes the closure of C1c (RN ) in W k,p(RN ).

As a consequence of the previous theorem, we can prove the following result.

Proposition 5.6. The semigroup {T (t)} extends to Lp(RN , µ) with a strongly
continuous semigroup of contractions for any p 2 [1,+1[. Moreover, there exists
a positive constant C such that

kT (t)fkW k,p(RN ,µ) ∑ CkfkW k,p(RN ,µ) , t > 0 ,

for any f 2 W k,p
0 (RN , µ) and any k = 1, 2, 3.
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Proof. Using formula (5.10) and Jensen inequality, it follows that |T (t)√|p ∑
T (t)(|√|p) for any t > 0, any p 2 [1,+1[ and any √ 2 Cb(RN ). Hence, from (5.9)
it is immediate to check that

(5.14) kT (t)fkLp(RN ,µ) ∑ kfkLp(RN ,µ) , t > 0 ,

for any f 2 Cb(RN ), by Lusin theorem. Since Cb(RN ) is dense in Lp(RN , µ) for
any p as above, (5.14) can be extended to any f 2 Lp(RN , µ).

To check that {T (t)} is strongly continuous, it suffices to observe that T (t)f
tends to f as t ! 0+, by dominated convergence, if f 2 Cb(RN ). Still, by virtue of
(5.14), such a convergence can be extended to any f 2 Lp(RN , µ).

The last part of the proof can be proved similarly, taking Theorem 5.1 into
account.

§
Remark 5.7. In the nondegenerate case, the spaces W k,p(RN , µ) and W k,p

0 (RN , µ)
coincide. A proof of this property can be obtained in the following way. By a
truncation argument, one can easily see that any u 2 W k,p(RN , µ) is the limit of
a sequence {un} Ω W k,p(RN , µ) of compactly supported functions. Moreover, as
a consequence of the regularity results proved in [5], µ and the Lebesgue measure
dx are equivalent and there exists a positive function % 2 L1(RN ) \ Cb(RN ) such
that µ = %dx. Therefore, W k,p(B(0, R), µ) and W k,p(B(0, R), dx) coincide for any
R > 0. Since C1c (RN ) is dense in W k,p(B(0, R), dx), the assertion immediately
follows. See, e.g., [4, Chapter 8] for further results on invariant measures in the
nondegenerate case.

In the degenerate case, there are, to the best of our knowledge, only a few results
on the regularity of the invariant measures and none of them can be applied to the
case where A degenerates identically in RN . A complete understanding of the
regularity of the invariant measures in the degenerate case is still an open problem.

Remark 5.8. The results in Proposition 5.6 show that the Lp-spaces of the in-
variant measure are the right Lp-spaces where to study elliptic operators with un-
bounded coefficients. Indeed, it is known also in the nondegenerate case, that, in
general, the realizations of the elliptic operators with unbounded coefficients in the
usual Lp spaces related to the Lebesgue measure dx have no nice properties. For
instance, in [25, Introduction] it has been shown that whatever " > 0 is fixed, the
operator

(A')(x) = '00(x)° sign(x)|x|1+"'0(x) , x 2 R ,

does not generate a strongly continuous semigroup in Lp(R, dx) for any p 2]1,+1[.
On the contrary, it generates semigroups of contractions in Lp(R, µ) when µ is the
invariant measure.
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Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Nat., (8)27(1959), 113–117.
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