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A survey on the asymptotic Dirichlet problem

for some elliptic PDE’s on Cartan-Hadamard manifolds

Jaime Ripoll1

Abstract. This is an expanded version of a talk given by the author in “Università

degli Studi della Basilicata”, Potenza, Italy, in February of 2013, on the solvability of the

asymptotic Dirichlet problem for some quasi-linear elliptic PDE’s in a Hadamard manifold.

1. General overview

In these notes we survey partially what has been done, mainly more recently, on
the asymptotic Dirichlet problem on some quasilinear elliptic PDE’s in a Cartan-
Hadamard manifold.

Recall that a Cartan-Hadamard manifold is a complete, connected and simply
connected Riemannian n-manifold, n � 2, of non-positive sectional curvature. By
the Cartan-Hadamard theorem, the exponential map expo : ToM ! M is a
di↵eomorphism for every point o 2 M . Consequently, M is di↵eomorphic to Rn.

A Cartan-Hadamard manifold M can be compactified by adding a sphere at
infinity. Denoted by M(1), the sphere at infinity is defined as the set of all
equivalence classes of unit speed geodesic rays in M ; two such rays �1 and �2 are
equivalent if supt�0 d(�1(t), �2(t)) < 1. The compactification M̄ of M is then
M̄ := M [M(1), with the following topology.

For each x 2 M and y 2 M̄ \ {x} there exists a unique unit speed geodesic
�x,y : R ! M such that �x,y

0 = x and �x,y
t = y for some t 2 (0,1]. If v 2 TxM \{0},

↵ > 0, and r > 0, we define a cone

C(v, ↵) = {y 2 M̄ \ {x} : ^(v, �̇x,y
0 ) < ↵}

and a truncated cone
T (v, ↵, r) = C(v, ↵) \ B̄(x, r) ,

where ^(v, �̇x,y
0 ) is the angle between vectors v and �̇x,y

0 in TxM . All cones and
open balls in M form a basis for the so called cone topology on M̄ . The space M̄ ,
equipped with the cone topology is homeomorphic to a closed Euclidean ball. For
more details see [15].
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We consider on M operators of the form

(1) Q[u] := divA(|ru|2)ru

with A : (0,1) ! [0,1) a smooth function such that

(2) A(t)  A0t
(p�2)/2

for all t > 0, with some constants A0 > 0 and p � 1, and that B := A0/A satisfies

(3) � 1
2t

< B(t)  B0

t

for all t > 0 with some constant B0 > �1/2. Furthermore, we assume that tA(t2) !
0 as t ! 0+ and therefore we set A(|X|2)X = 0 whenever X is a zero vector. As a
consequence of (3), the function t 7! tA(t2) is strictly increasing.

An example of equation that satisfy the conditions above is the minimal graph
equation

(4) Q[u] = M[u] := div
ru

p

1 + |ru|2
= 0 ,

in which case
A(t) =

1p
1 + t

and B(t) = � 1
2(1 + t)

,

and therefore (2) and (3) hold with constants A0 = 1 and B0 = 0, respectively.
We note that u satisfies (4) if and only if G := {(x, u(x)) : x 2 ⌦} is a minimal
hypersurface in M ⇥ R.

The class of equations considered above also includes other classical PDE’s as
the p-Laplace

Q[u] = �p[u] := div
�

|ru|p�2ru
�

= 0 , 1 < p < 1 ,

in which case
A(t) = t(p�2)/2 and B(t) =

p� 2
2t

,

and so A0 = 1 and B0 = (p � 2)/2. In particular, when p = 2, one obtains the
usual, extensively studied, Laplace-Beltrami equation �u = 0, with A(t) ⌘ 1 and
B(t) ⌘ 0.

We are interested here in the asymptotic Dirichlet problem on M for the operator
Q, namely: given a continuous function h on M(1) does there exist a (unique)
function u 2 C(M̄) such that Q[u] = 0 on M and u|M(1) = h?

We recall that a function u is a (weak) solution to the equation Q[u] = 0 in M
if it belongs to the local Sobolev space W 1,p

loc (M) and

(5)
Z

M

⌦

A
�

|ru|2
�

ru,r'
↵

dm = 0

for every ' 2 C10 (M). Such function u will be called a Q-solution in M .

For future references in the text, it is convenient to state the asymptotic Dirichlet
problem for Q in the following short form

(6)

(

Q[u] = 0 on M

u|M(1) = h , u 2 W 1,p
loc (M) \ C(M̄) .
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The study of (6) in a Cartan-Hadamard manifold began with the particular case
of the Laplace-Beltrami equation, gaining strength with the seminal work of R.
E. Greene and H. Wu [19]. Motivated by their search for a higher dimensional
counterpart for the uniformization theorem of Riemann surfaces they conjectured
in [19] that if the sectional curvature on a Cartan-Hadamard manifold M satisfies
KM  �C/⇢2 outside a compact set, where C > 0 is a positive constant, then there
exists a non-constant bounded harmonic function on M . This is the well-known
Green-Wu conjecture.

Here and throughout these notes, ⇢(x) stands for the distance between x 2 M
and a fixed point o 2 M . Also, when one states a condition on KM we mean that
this condition is satisfied at all points outside a compact subset of M and on the
sectional curvatures on all planes through the origin of the tangent spaces at these
points.

Despite numerous partial results, the conjecture is still open in its general form
in dimensions three and above. In fact, in the present state of art, it is not even
known if this conjecture is true under the stronger hypothesis KM  c < 0.

A natural framework to discuss the existence of globally defined bounded har-
monic functions is the Dirichlet problem at infinity.

The asymptotic Dirichlet problem for the Laplace-Beltrami operator was solved
a�rmatively by Choi [10] under assumptions that sectional curvatures satisfy KM 
�a2 < 0 and any two points in M(1) can be separated by convex neighborhoods.
Such appropriate convex sets were constructed by Anderson [5] for manifolds of
pinched sectional curvature �b2  KM  �a2 < 0. Independently, Sullivan [35]
solved the Dirichlet problem at infinity under the same pinched curvature assump-
tion by using probabilistic arguments. In [6], Anderson and Schoen presented a sim-
ple and direct solution to the Dirichlet problem again in the case of pinched negative
curvature. By modifying Anderson’s argument, Borbély [7] was able to construct
appropriate convex sets under a weaker curvature lower bound KM � �g(⇢(x)),
where g(t) ⇡ e�t, with � < 1/3.

Major contributions to the Dirichlet problem were given by Ancona in a series of
papers [1], [2], [3], and [4]. In particular, he was able to replace the curvature lower
bound with a bounded geometry assumption that each ball up to a fixed radius
is L-bi-Lipschitz equivalent to an open set in Rn for some fixed L � 1; see [1].
On the other hand, in [4] Ancona constructed a 3�dimensional Cartan-Hadamard
manifold with sectional curvatures bounded from above by�1 where the asymptotic
Dirichlet problem is not solvable. Another example of a (3-dimensional) Cartan-
Hadamard manifold, with sectional curvatures  �1, on which the asymptotic
Dirichlet problem is not solvable was constructed by Borbély [8].

To the best of our knowledge, the most general curvature bounds under which
the asymptotic Dirichlet problem for the Laplace-Beltrami equation is solvable are
given in the following theorems by Hsu (see also Theorems 3 and 4 below).

Theorem 1. Let M be a Cartan-Hadamard manifold. Suppose that there exist a
positive constant a and a positive and non-increasing function h with

R1
0

th(t)dt <
1 such that

�he⇢2a  RicM and KM  �a2 .
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Then the Dirichlet problem (6) is uniquely solvable for Q = � for any h 2 C(M̄).

Theorem 2. Let M be a Cartan-Hadamard manifold. Suppose that there exist
positive constants r0, ↵ > 2 and � < ↵� 2 such that

�⇢2�  RicM and KM  �↵(↵� 1)
⇢2

with ⇢ � r0. Then (6) is uniquely solvable for Q = � for any h 2 C(M̄).

Di↵erent approaches to the asymptotic Dirichlet for the Laplace-Beltrami equa-
tion can also be found in ([33], Ch. II, Section 5) and in ([27], Section 13).

The asymptotic Dirichlet problem has been studied also in a more general context
of p-harmonic and A-harmonic functions as well as for operators Q. For the p-
Laplace equation the asymptotic Dirichlet problem was solved by Ilkka Holopainen
[22] on Cartan-Hadamard manifolds of pinched negative sectional curvature by
modifying the direct approach of Anderson and Schoen [6]. In ([25], Theorem 3.21)
Holopainen and Vähäkangas studied the asymptotic Dirichlet problem for the p-
Laplace equation on a Cartan-Hadamard manifold M under a curvature assumption

(7) �b(⇢(x))2  KM  �a(⇢(x))2

on M , where a, b : [0,1) ! [0,1), b � a, are smooth functions satisfying certain
explicit conditions (see [25], Section 3). The following two special cases of functions
a and b are of particular interest:

Theorem 3 ([25], Corollary 3.22). Let M be a Cartan-Hadamard manifold. Sup-
pose that

�⇢2��4�"  KM  ��(�� 1)
⇢2

for some � > 1 and " > 0. Then problem (6) is uniquely solvable for Q = �p for
every p 2 (1, 1 + (n� 1)�) and for any h 2 C(M̄).

Theorem 4 ([25], Corollary 3.23). Let M be a Cartan-Hadamard manifold. Sup-
pose that

�⇢�2�"e2k⇢  KM  �k2

for some k > 0 and " > 0. Then problem (6) is uniquely solvable for Q = �p for
every p 2 (1,1) and for any h 2 C(M̄).

The case of the usual Laplacian (p = 2) is covered by Theorem 3 for every � > 1
since then 1+(n�1)� > 2. Thus the assumptions in Theorem 3 are slightly weaker
than those in Theorem 2. On the other hand, Theorem 4 and Theorem 1 are closely
related in the case p = 2 but, nevertheless, slightly di↵erent and neither one implies
the other directly.

Note that using the Ricci curvature instead of the sectional makes no essential
di↵erence since all sectional curvatures are nonpositive.

In [37] Vähäkangas generalized the method and results due to Cheng [9] and
showed the solvability of (6) for Q = �p if M satisfies a pointwise curvature
pinching condition

|Kx(P )|  C |Kx(P 0)|
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for some constant C and
KM  ��(�� 1)

⇢2(x)
for some constant � > 1 with 1 < p < 1 + �(n � 1). Above P and P 0 are any
2-dimensional subspaces of TxM containing the (radial) vector r⇢(x). It is worth
observing that no curvature lower bounds are needed here.

In fact, Vähäkangas considered even a more general case of A-harmonic functions
(of type p 2 (1,1)), i.e. continuous weak solutions to the equation

�div A(ru) = 0 ,

where A is subject to certain conditions; for instance hA(V ), V i ⇡ |V |p, 1 < p < 1,
and A(�V ) = �|�|p�2A(V ) for all � 2 R \ {0}. This class of equations is di↵erent
from the ones satisfied by Q in this survey, although both include the p-Laplace
equation. Recently, Vähäkangas generalized Theorems 3 and 4 to cover the case of
A-harmonic functions as well; see ([38], Corollary 3.7, Corollary 3.8 and Remark
3.9).

We turn now our attention to the minimal graph PDE (4). In [12] Collin and
Rosenberg constructed harmonic di↵eomorphisms from the complex plane C onto
the hyperbolic plane H2 disproving a conjecture of Schoen and Yau [33]. A bit later
Gálvez and Rosenberg [18] extended the result to any Hadamard surface M whose
curvature is bounded from above by a negative constant by proving the existence of
harmonic di↵eomorphisms from C onto M . The proofs in both papers are based on
the construction of an entire minimal surface ⌃ = (x, u(x)) ⇢ H2⇥R (⌃ ⇢ M ⇥R,
resp.) of conformal type C, and thus on the construction of an entire solution
u to the minimal graph equation that is unbounded both from above and from
below. Harmonic di↵eomorphisms C ! H2 (C ! M , resp.) are then obtained by
composing conformal mappings (di↵eomorphisms) C ! ⌃ with harmonic vertical
projections ⌃ ! H2 (⌃ ! M , resp.). A crucial method in the construction of an
entire unbounded solution u to the minimal graph equation is to solve the Dirichlet
problem on unbounded ideal polygons with boundary values ±1 on the sides of
the ideal polygons.

The unexpected result of Collin and Rosenberg has raised interest in (entire)
minimal graphs in the product space M ⇥ R, where M is a Cartan-Hadamard
manifold. Also, recent research in this field (see for example, [13], [16], [17], [28],
[29], [30], [31], [32], [34]) motivated the author of the present survey, in collaboration
with J-b. Casteras and I. Holopainen, the investigation of possible extensions of
the results for the Laplacian and for the p-Laplacian to the minimal graph PDE.
And, very recently, in ([11], Theorem 1.6), they proved the solvability of (6) for
operators Q that satisfy (2), (3), under the curvature assumption (7), with a and
b satisfying the same conditions of [25], Section 3, already mentioned above. As a
main consequence they obtained:

Theorem 5. Let M be a Cartan-Hadamard manifold of dimension n � 2. Assume
that

(8) �⇢2(��2)�"  KM  ��(�� 1)
⇢2

for some constants � > 1 and " > 0. Then the asymptotic Dirichlet problem (6)
for Q = M is uniquely solvable for any h 2 C(M̄).
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Until [11], the solvability of the asymptotic Dirichlet problem for the minimal
graph equation had been established only under hypothesis which included the
condition KM  c < 0 (see [18], [30]). In [30] Ripoll and Telichevesky introduced
the following strict convexity condition (SC condition) that applies to equations (1).

A Cartan-Hadamard manifold M satisfies the strict convexity condition (SC
condition) if, for every x 2 M(1) and relatively open subset W ⇢ M(1) containing
x, there exists a C2 open subset ⌦ ⇢ M such that x 2 ⌦(1) ⇢ W and M \ ⌦ is
convex. They proved that the asymptotic Dirichlet problem for (1) on M is solvable
for any h 2 C(M̄) if KM  �k2 < 0 and M satisfies the SC condition; see [30,
Theorem 7]. Furthermore, they showed by modifying Anderson’s and Borbély’s
arguments that M satisfies the SC condition provided there exist constants k > 0,
" > 0 such that

�⇢(x)�2�"e2k⇢(x)  KM  �k2 .

Another special case of Theorem 1.6 of [11], where the curvature is bounded from
above by a negative constant �k2, generalizes Theorem 4 and gives another proof
for the above mentioned result of Ripoll and Telichevesky ([30], Theorem 14). It
reads:

Theorem 6. Let M be a Cartan-Hadamard manifold of dimension n � 2. Assume
that

(9) �⇢(x)�2�"e2k⇢(x)  KM  �k2

for some constants k > 0 and " > 0 and for all x 2 M \ B(0, R0). Then the
asymptotic Dirichlet problem (6) for Q = M is uniquely solvable for any h 2 C(M̄).

We close this section with comments on the necessity of curvature bounds. It is
worth of pointing out that the curvature bounds mentioned so far are essentially
the most general ones under which the asymptotic Dirichlet problem is known to
be solvable, for instance, for the usual Laplace equation ([26]), for the p-Laplace
equation or the A-harmonic equation ([25], [38]), or for the minimal graph equa-
tion ([30] and [11]). On the other hand, Ancona’s and Borbély’s examples ([4],
[8]) show that a (strictly) negative curvature upper bound alone is not su�cient
for the solvability of the asymptotic Dirichlet problem for the Laplace equation.
In [23], Holopainen generalized Borbély’s result to the p-Laplace equations, and
very recently, Holopainen and Ripoll [24] extended these nonsolvability results to
equations (1), in particular, to the minimal graph equation.

2. Overview of one the main techniques (PDE approach)

We say that a relatively compact open set ⌦ b M is Q-solvable if for any
continuous boundary data h 2 C(@⌦) there exists a unique u 2 C(⌦̄) which is a
Q-solution in ⌦ and u|@⌦ = h.

In addition to the growth conditions on A, conditions (2) and (3), the solvability
of (6) depends heavily on the following two facts:

(A) existence of an exhaustion of M by an increasing sequence of Q-solvable
domains ⌦k,

(B) compactness on compact subsets of M of locally uniformly bounded se-
quences of continuous Q-solutions.
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For the minimal graph equation, condition (A) follows from ([14], Theorem 2)
where ⌦k may be chosen as a geodesic ball with radius k centered at a fixed point
of M , and condition (B) follows from ([34],Theorem 1.1); see also([14], Theorem 1).

It is well-known that the properties (A) and (B) above hold for the p-Laplace
equation and that (weak) solutions of the p-Laplace equation have Hölder-conti-
nuous representatives, usually called p-harmonic functions; see [21].

Once conditions (A) and (B) are satisfied the solvability of (6), for a given
h 2 C(M̄), depends on the continuous extension to M(1) of the bounded solution
u (call prospective solution) obtained, using (A) and (B), as the limit of sequences
of solutions on the exhaustion ⌦k, which boundary values on ⌦k coincide with
h|@⌦

k

, and that u|M(1) = h|M(1).

In the case of bounded domains, the continuous extension to the boundary of the
domain of a prospective solution of an elliptic PDE (for example, the one obtained
by Perron’s method is typical; see [20]) depends on the regularity of the domain
with respect to the PDE (see also [20]). To deal with the asymptotic Dirichlet
problem in M we extend this notion to the asymptotic boundary M(1) of M as
follows.

We recall that a function u 2 W 1,p
loc (⌦) is a Q-subsolution in a domain ⌦ of M if

Q[u] � 0 weakly in ⌦, that is

(10)
Z

⌦

⌦

A
�

|ru|2
�

ru,r'
↵

dm  0

for every non-negative ' 2 C10 (⌦). Similarly, a function v 2 W 1,p
loc (⌦) is called

a Q-supersolution in ⌦ if �v is a Q-subsolution in ⌦. Note that u + c is a Q-
solution (respectively, Q-subsolution, Q-supersolution) for every constant c if u is
a Q-solution (respectively, Q-subsolution, Q-supersolution). It follows from the
growth condition (2) that test functions ' in (5) and (10) can be taken from the
class W 1,p

0 (⌦) if |ru| 2 Lp(⌦).

We say that M is regular at infinity with respect to Q if, given C > 0, x 2 M(1),
and a relatively open subset W ⇢ M(1) containing x, there are an open subset
⌦ ⇢ M such that x 2 Int(⌦(1)) ⇢ W ,sub and supersolutions �, ⌃ 2 C(M) of Q =
0 in M (called barriers at x) such that �  0  ⌃, limp!x �(p) = limp!x ⌃(p) = 0
and �|M\⌦  �C and ⌃|M\⌦ � C. We then have:

Theorem 7. Let M be a Hadamard manifold and let

Q[u] = divA(|ru|2ru)

be a di↵erential operator in M where A : (0,1) ! [0,1) satisfies the growth
conditions (2) and (3) and conditions (A) and (B) as well. Assume that M is
regular at infinity with respect to Q. Then the asymptotic Dirichlet problem of Q
is solvable for any continuous boundary data ' 2 C(M(1)).

Proof. Let h 2 C0(M) be an extension of '. Condition (A) allows us to solve
the Dirichlet problem

(

Q[u] = 0 in ⌦k , u 2 W 1,p
loc (⌦k) \ C0(⌦k)

u|@⌦
k

= h ,

and find a solution uk 2 C0(⌦k).
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Condition (B) together with the diagonal method show that there exists a sub-
sequence of (uk) (which we suppose to be (uk)) converging uniformly on compacts
subsets of M to a global solution u of Q = 0. We show that u extends continuously
to M(1) and satisfies u|M(1) = '. Choose x 2 M(1) and let " > 0 be given.

Since ' is continuous, there exists an open neighborhood W ⇢ M(1) of x such
that '(y) < '(x)+"/2 for all y 2 W . Furthermore, the regularity of M with respect
to Q implies the existence of an open subset ⌦ ⇢ M such that x 2 Int(⌦(1)) ⇢ W
and and upper barrier ⌃ : M ! R with respect to x and ⌦ with height C :=
maxM |h|.

Defining
v(q) := ⌃(q) + '(x) + " ,

we claim that u  v in ⌦.
Since � is continuous, 9k0 >> 0 such that �(q) < '(x)+ "/2 for all q 2 @⌦k \⌦,

k � k0; we may chose k0 such that ⌦k0 \ ⌦ 6= ;.
Setting Vk = ⌦ \ ⌦k, k � k0, we claim that uk  v in Vk. First we observe that

the inequality holds on

@Vk = (@⌦k \ ⌦) [ (@⌦ \ ⌦k) .

In fact: on @⌦k \⌦, it is true due to the choice of k0; on @⌦\⌦k, it holds because
⌃ � max |h| on @⌦, which implies that ⌃ � uk, by the Maximum Principle.

Also the Maximum Principle implies that uk  v in Vk; since it holds for all
k � k0, we have u  v on ⌦.

It is also possible to define v� : M ! R by v�(q) := '(x)� "�⌃(q) in order to
obtain u � v� in ⌦. It then holds that

|u(q)� '(x)| < " + ⌃(q) , 8 q 2 ⌦ ,

and hence
lim sup

p!x
|u(p)� '(x)|  " .

The proof is complete, since " > 0 is arbitrary.
⇤

Acknowledgement. I would like to thank Professor Sorin Dragomir for the invi-
tation and the opportunity of writing these notes.
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[37] A. Vähäkangas, Dirichlet problem at infinity for A-harmonic functions, Potential Anal.,
27(1)(2007), 27–44.
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