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Geometry of harmonic maps and biharmonic maps

Hajime URAKAWA®

Abstract. A biharmonic map is a critical point of the bienergy in the space of C'*°
maps between two Riemannian manifolds, and it is a natural extension of a harmonic map
which is a critical point of the energy. In this paper, we give a brief survey on our recent
works for biharmonic maps

1. INTRODUCTION

A biharmonic map is a critical point of the bienergy in the space of C'* maps
between two Riemannian manifolds, and it is a natural extension of a harmonic
map which is a critical point of the energy. In this paper, we give a brief survey
on our recent works for biharmonic maps. The topics with which we treat in this
paper will be as follows.

Table of Topics:

(1) from harmonic maps to biharmonic maps,

(2) classification and construction of biharmonic maps,

(3) B-Y. Chen’s conjecture,

(4) bubbling phenomena of biharmonic maps,

(5) biharmonic Lagrangian submanifolds of a symplectic manifold,
(6) k-harmonic maps and k-harmonic B-Y. Chen’s conjecture.

2. FROM HARMONIC MAPS TO BIHARMONIC MAPS

2.1. From the submanifold theory. One source of biharmonic map theory is
submanifold theory due to the work of B-Y. Chen. B-Y. Chen proposed the follow-
ing problem in his paper ([7]): some open problems and conjectures on submanifolds
of finite type, Soochow J. Math., 17(1991), 169-188.

Let us consider an isometric immersion ¢ : (M™,g) — (R hg) and p(z) =
(p1(z), -, pr(x)) (x € M). Then it holds that

Ap:=(Ap1, - ,Apr) =mH,
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where H := (1/m) >_1" | B(e;, €;), the mean curvature vector field, where B is the
second fundamental form defined by

B(X7 Y) = D())((SO*Y) - (p*(vXY) )

for vector fields X, Y on M. Here, V, V¥, and D°, are the Levi-Civita connections
of Riemannian manifolds (M, g), (N, h), and the standard Euclidean space (R¥, hy),
respectively. The Laplacian A of (M, g) is defined by

Af=— Z{q(eif) —Veeft  (feC®(M)),

where {e;}; is a locally defined orthonormal frame field on (M, g). Then

Definition 2.1. An isometric immersion ¢ : (M™, g) — (R¥, gg) is minimal if
H = 0. Furthermore Chen defined ([7]) that ¢ is to be biharmonic if

AH =A(Ap)=0.
He showed ([7]) that
Theorem 2.2. If dim M = 2, any biharmonic submanifold is minimal.

Then he raised the following conjecture ([7]).
e B-Y. Chen’s Conjecture:
Any biharmonic isometric immersion into (R*, go) must be minimal.

There is an alternative approach from theory of harmonic map. For a smooth

map ¢ : (M, g) — (N, h), the energy functional is given by

1
B@)i=3 [ lelPo.

Then the first variation formula is:

d
| Fen==[ @,

Here, V is a variation vector field given by V,, = (d/dt)|i=ow¢(x) € Ty N, (x € M),
and 7(p) is the tension field of ¢ given by

() = ZB(SD)(ei,ei) ;

where
B(p)(X,Y) = Vi, xydp(Y) —dp(VxY) (XY € X(M)).

Then ¢ : (M, g) — (N, h) is harmonic if T(¢) = 0.
The second variation formula for the energy functional E(-) for a harmonic map
¢ :(M,g) — (N,h) is given as follows.

G| Be= [ 0wy,

t=0
Here, J is an elliptic second order partial differential operator acting on I'(p~!T'N),
called the Jacobi operator given by

J(V):=AV —-R(V) (VeTl(p 'TN)),
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where

s —

AV =V VV == (V. (V.,V = Vv, .V},

i=1

m
R(V) = RY(V.dp(ei))dp(e:) ,
i=1
where V is the induced connection on the induced bundle ¢ 'TN from V¥ by ¢,
and RN is the Riemannian curvature tensor on (N,h) defined by RN (U, V)W =
VN(VIW) - VE(VIW) - V%,V]W, for vector fields U, V, W on N.

In 1983, Eells and Lemaire [11] introduced the notion of k-harmonic map. Let
us consider the k-energy functional due to Eells and Lemaire ([11]) is

1 2
Ei(¢) = 5 /M||<d+6>’“so{| v (h=1,2,).
Note that
1 1
B =5 [ lelPo, ad Bao)=3 [ 1@,

For k = 2, the first variation formula for Es(yp):

d
(21) Gl oEe) == [ (). Vv,
where 75(¢p) is called the bitension field given by

dt
(2.2) m2(p) = J(7(p)) = At(p) = R(7(¥)) ,
and ¢ : (M, g) — (N, h) is called biharmonic if 72(p) = 0.
The second variation formula for the bienergy was obtained by G.Y. Jiang [20]

and C. Oniciuc [38], independently. The second variation formula for Es(¢p) is given
by

t=0

23) | Beo= [ o,
Here,
(2.4) J2(V) = J(J(V)) = Ra(V)
e Ra(V) = RN (7(), V)7(9)+
+2tr RN (dp(+), 7(9))V.V + 2 tr RN (dp(-), V)V.7()+
+r(V 5 BV (deo (), 7(0)) V+
(2.5) +t1(Vo (o) RY) (de(-), V)de(-) .

Then the notions of indices and nullities for Fy are obtained as follows.
The inder and nullity for a harmonic map are defined by

(2.6) Index(p) := dim(®r<oFy) , Nullity(p) := dim Ey ,
and also, the indez and nullity for a biharmonic map are defined by

(2.7) Indexa () := dim(Pr<oF3) , Nullityy(p) := dim EZ |
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where E, and E?\ are the eigenspaces of J, and J, with the eigenvalues A, respec-
tively.
Then it holds ([16]) that

Theorem 2.3. If ¢ is a harmonic map, it is biharmonic and
(2.8) Indexa(p) =0 and Nullity,(p) = Nullity(p) .

For the index and nullity for the Hopf map and further calculations, see E.
Loubeau and C. Oniciuc’s work ([25]).

3. BIHARMONIC MAPS INTO S™

We turn to hypersurface theory in the symmetric spaces of rank one and of
compact type. We first consider biharmonic hypersurfeces of the unit sphere.

Theorem 3.1 (Jiang, [20]). Let ¢ : (M™,g) — Sm“(%) be an isometric im-
mersion. Assume that the mean curvature of ¢ is nonzero constant. Then ¢ is
biharmonic if and only if || B(p)||*> = me.

By using this theorem, we can give a classification of biharmonic isoparametric
hypersurfaces in S™(1). To do it, let us recall the theory of isoparametric hyper-
surfaces in the unit sphere S™(1).

Let ¢ : (M,g) — S™(1) be an isometric immersion, and assume that dim M =
n — 1. Let us recall the notion of the shape operator A; : T,M — T, M (x € M)
which is defined by

9(AcX,Y) = (p.(VxY),§) (X, Y € X(M)),

where £ is the unit normal vector field along M. The eigenvalues of A, are called the
principal curvatures, and M is called isoparametric if all the principal curvatures
are constant in x € M. Thus we can apply Theorem 3.1 to all the isoparametric
hypersurfaces, because the mean curvature of ¢ is constant because it is 1/(m — 1)
times the sum of all principal curvature with their multiplisities.

Now let us recall the works of E.Cartan, H.F. Miinzner ([30], [31]), H. Ozeki,
and M. Takeuchi ([40], [41]) (See also [28]).

Theorem 3.2. Assume that ¢ : (M, g) — S™(1) is an isoparametric hypersurface.
Then there exists a homogeneous polynomial F' on R™ of degree d such that M
is given by
M =@ t), for some —1<t<l1,
where p := F|gney. Say M = M(t).
All the principal curvatures are given as
k‘l(t) > kg(t) > > kd(t)(t) s

with their multiplicities m;(t) (j = 1,---,d(t)). Here, d = d(t) is constant in t,
and d=1,2,3,4, or6.

Then our main result is the following classification of biharmonic isoparametric
hypersurfaces in the unit sphere S™ ([16], [17]).

Theorem 3.3. Assume that ¢ : (M,g) — S™(1) is a biharmonic isoparametric
hypersurface in the unit sphere. Then (M, g) is one of the following three cases:

o M =S""1(1/v2) c S*(1) (a small sphere, Oniciuc),
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o M = S P(1/y/2) x SP~1(1/v2) € S*(1) (n—p # p —1), (the Clifford
torus, Jiang),
w: (M,g) — S™(1) is minimal.

4. BIHARMONIC MAPS INTO THE PROJECTIVE SPACES

The first case is the complex projective space CP". Let us begin the following
theorem ([16], [17]) which is an analogue of Theorem 3.1 in the case of the complex
projective space.

Theorem 4.1. Let (M, g) be a real (2n—1)-dimensional compact Riemannian man-
ifold, ¢ : (M,g) — CP™(c), an isometric immersion into the projective space with
constant holomorphic sectional curvature c. Assume that ¢ : (M, g) — CP™(c) has
nonzero constant mean curvature. Then ¢ is biharmonic if and only if | B(¢)||? =

(n+1)/2)c.

In order to apply this theorem to biharmonic isometric immersions, let us recall
R. Takagi’s work on classification of all the homogeneous real hypersurfaces in CP"

([47)).

Theorem 4.2 ([47]). Let U/K be a compact Hermitian symmetric space of rank
two, and let u =€ @ p, the Cartan decomposition. Then

o M = Ad(K)A C p is a hypersurface in S*"*1 for some regular element
A € p with ||A|| = 1. Here, we put dim¢p =n + 1.
o M =n(M) C CP"™ give all real homogeneous hypersurfaces in CP™, where

W:C"+1—{O}:p—{0}—>CP"
is the natural projection.

Theorem 4.3 ([47]). All the homogeneous real hypersurfaces in CP™ are classified
into the following five types:

C SU(s+ 1) x SU(+ 1)
* Aiee) UK = qmy = o ) < S« U
B type) U/K = S0(m+2)/(SO(m) x SO(2)),
< U(2)),

D type) U/K = O(10)/U(5),
E type) U/K = Eg/(Spin(10) x U(1)).

( ) /(SO(
EC type) U/K = SU(m+ 2)/S(U(m)
(

Then we can state our main result ([16], [17]):

Theorem 4.4. All the biharmonic homogeneous real hypersurfaces in CP™(4) are
classified as follows. Let M be a homogeneous real hypersurface in CP™(4). Then
M is one of the types A ~ E.

(I) For all the types, there exists a unique orbit M which is a minimal hyper-
surface in CP™(4) as in Theorem 4.5.

(IT) There exists a unique orbit M C CP™(4) which is biharmonic but not har-
monic in each the types A, D and E. There are no such orbits in the types
B and C.

The next is real hypersurfeces in the quaternionic projective space HP"(c). We
first show the following:
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Theorem 4.5. Let ¢ : (M, g) — HP"(c) be an isometric immersion with nonzero
constant mean curvature, dim M = 4n — 1. Then @: biharmonic if and only if
IB(@)II?> = (n + 2)c.

For cases of the non-compact duals of the S™(1), CP™(4), or HP™(c), it holds
that
n+1
IB(@)|* = (n—1)e, [|Bp)lI* = —5 ¢
Therefore, every biharmonic hypersurfaces in (R™, gg), or one of the classical rank
one symmetric spaces of non-compact type with constant mean curvature must be
minimal.

or ||B(o)||*> = (n+2)c (respectively).

Then we give a classification of all biharmonic homogeneous hypersurfaces in
HP™(4) ([16], [17]).

Theorem 4.6.

(I) (J. Berndt) All the homogeneous real hypersurfaces in HP™(4) are classified
into of the three types.
(I1) In each types, there exist minimal homogeneous real hypersurfaces in
HP™(4).
(III) In each types, there exist biharmonic nonminimal homogeneous real hyper-
surfaces in HP™(4).

5. CONFORMAL CHANGE AND BIHARMONIC MAPS

In this section, we want to treat with the O.D.E. method to construct biharmonic
non-harmonic maps, i.e., to give the reduction theorem of biharmonic map equation
into the ordinary differential equation, and to give existence and non-existence
theorem due to the joint work with H. Naito (cf. [32]).

Let us recall a work due to P. Baird and D. Kamissoko ([4]) on constructing
biharmonic maps by using conformal change of metrics. Our setting is a little
bit different from them. Consider a C* mapping ¢ : (M,g) — (N,h) with g =
fAm=2g fc C®(M), f >0 (m:=dimM > 2).

We give a theorem of conformal change of bienergy tension field.

Theorem 5.1. Forp € C°(M, N), the bienergy tension field, denoted by 2(; g,h)
of o : (M,g) — (N, h) is given by

FAm 20 (G ) = =T [Ty () + £ Ty (9))

4 , 2
N {m [ X]g™ + mf(Agf)}Tg(@)*

-~ {mpﬂg Jme(Agf)}d‘P(X)JF

+ I E T xdo(X) +  Jy(dol(X)

where X = VIf € X(M).
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In the case that ¢ is the identity map of the Euclidean space, we give the reduc-
tion in the following.

Let (M, g) = (R™, go), (m > 3), the standard Euclidean space, and f € C*°(R™)
is given by

f(mhx?v“' 7$m) :f(ﬂfl) :f(x)a

where we denote by x = z1, and its differentiation of f by f’. Then the identity
map of R™, id : (R™, f2/(m=2)g0) — (R™, go) is biharmonic if and only if
m+1 m?

P+ gy 17 =0,

(5.1) =2 (22

m—2
Then we have the following results (joint work with H. Naito, [32]).

Theorem 5.2. Assume that m > 3. Then

(i) (m > 5) there exists no positive global C* solution f on R of the ODE.
(i) (m =4) f(x1) = a/cosh(bz1 + ¢) is a global positive C*° solution of the
ODE for every a >0, b and c.
(iii) (m = 3) there exists a positive C*° solution f, and no positive periodic
solution f on R.

Corollary 5.3. The identity map of the 4-dimensional Fuclidean space
id : (R%, (a/cosh(bz1 + c))go) — (R%, go), is a proper biharmonic map, where,
(21, - ,x4) is the standard coordinate of R*.

One of main ingredients of our method is the following:

Theorem 5.4. Let ¢ : (M?,g) — (N"~1 h) be any harmonic map (n >2). For a
positive solution [ of

(52) PP =8f1 9 =0,

let f(x,t) := f(t), (z,t) € MxXR, and p: M xR > (x,t) — (¢(x),t) € NxR. Then
the C* map @ : (M x R, f2(g+ dt?)) — (N x R, h + dt?) is a proper biharmonic
map.

In the case of m =4, for every a >0, b, and c € R, the C* map
@ : (M xR, (a/cosh(bt + c)) (g + dt*)) — (N x R, h + dt?) is a proper biharmonic
map.

Corollary 5.5. Let (M2, g) be any Riemannian surface, and for a positive C*®
solution of

(5.3) PE=8fr ot =0,
let f(x,t):= f(t), (z,t) € M xR. Then

(1) the identity map id : (M x R, f2 (g + dt?)) — (M x R, g + dt?) is a proper
biharmonic map.

(2) Let m=4. Fora>0,b, and c € R, the identity map
id : (M xR, (a/cosh(bt + ¢)) (g + dt?)) — (M x R,g + dt?) is a proper
biharmonic map.
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6. BIHARMONIC MAPS INTO COMPACT LIE GROUPS

In this section, we want to describe all the harmonic maps and biharmonic maps
into compact Lie groups. Let us recall the theories of harmonic maps into Lie
groups (cf. K. Uhlenbeck [48], and J.C. Wood [54]). Then we have to extend them
to biharmonic maps into compact Lie groups.

Let G be a compact Lie group, and h a bi-invariant Riemannian metric on G
corresponding to Ad(G)-invariant inner product (, ) on g.

Let 6 be the Maurer-Cartan form on G which is defined by 0,(Z,) = Z (Z € g,
y € G).

For a C* map ¢ : M — G, let a := 9*0. Then the tension field 7(¢)) €
L(v~'TG) is given by

(6.1) (0,7(¢)) =0 o 7(¢) = —ba,

(6.2) Op(a)(T(P) (@) = —(0a)  (z€G).
We can calculate the bitension field as follows:

(6.3) 0(2(¥)) = 0(Jy(T(4))) -

Theorem 6.1. For a C* map ¢ : (M, g) — (G, h),

(6.4) 0(Jy(T(¥))) = =04 d (dar) — Tracey ([, ddar]) .

As a corollary, we have

Corollary 6.2. We have

(1) ¢ : (M, g) — (G,h) is harmonic if and only if da = 0.
(2) ¥ :(M,g) — (G,h) is biharmonic if and only if

(6.5) dg dda + Tracey (o, déa]) =0 .

In the Case (M,g) = (R,g0), let ¥ : R >t +— (t) € (G,h), a C*® curve, and
consider the g-valued 1-form « := 1*0 on R. Then the 1-form a = ¢*0 = F(¢)dt
satisfies

0 -
Fit)=10 <w* (E)) = Lw(lt)*w’(t) , da=-—F'(t).
Then ¢ is harmonic if and only if

(6.6) da=0 <= F@{t)=0<

(6.7) — ¢:(R,g0) — (G,h), a geodesic .

Furthermore, in the Case (M, g) = (R, go), we have the following.
To see the biharmonic map equation, we have

(6.8) Sgodda = —(%22 (—F'(t)) = F® |
(6.9) Tracey, (o, déa) = — [F(t), F"(t)] .

Then ¢ is biharmonic if and only if

(6.10) F® _[F(t),F"(t)] =0.
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Furthermore let us consider t(t) = exp(X(t)), where X : g — g is a C*-
mapping. Then o = F(t) dt is given by

a9, B = (—adX ()", o,
(6.11) at)(z,) = F(t) = ;W(X (t)) -

Now let us consider the Case: (M,g) = (R, go), G = SU(2). In the case G =
SU(2), and g = su(2),

(X,Y):= —2Trace(XY) , X,Y €su(2).

We take as an orthonormal basis {X;}2_; of su(2),

X1:<\/T1/2 0 ) 7 X2:( 0 1/2),

0 —v=1/2 ~-1/2 0
o 0 V12
37\ V=12 0 '
It holds that
(X1, Xo] =X3 , [Xo,X3]=X; , [X3,X1]=X,.

Then we have

F(t) = <_\/%ﬁ Sth) X1+
a 1
6.12 4+ | ——= cott | Xo + — X3
(©12) <\/a2+1 ) T Varr1?

But it is difficult for us to find X (¢) satisfying that

Fi =Y e ).

n=0

for a given F(t) such as the above.

7. BIHARMONIC MAPS INTO LIE GROUPS AND INTEGRABLE SYSTEMS

In this section, we consider a C'>° map
¥ (R%g) DQ— (G, h),

where ¢ := pu? go with g > 0, a C* function on §, G, a compact linear Lie group,
and h, a bi-invariant Riemannian metric corresponding to the Ad(G)-invariant inner
product (, ) on g. Then we have

a:=* 0 =y dy .

We first want to describe the harmonic map equations.

If we put A, := 10 /0x), Ay == ¢~ (dY/dy), we have

0 0
_ -2
o= —p {amAI—i—ayAy}.

Then % is harmonic if and only if

aAI+2Ay:O,

(7.1) e 3y
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where A, and A, are g-valued 1-forms on €2, and satisfy the integrability condition:

0 0
Conversely, if two g-valued 1-forms A, and A, on 2 satisfy the above two equa-
tions (7.1) and (7.2), then there exists a harmonic map ¢ : Q — (G,h) with

N0 /0x) = Ay and ¢ (0/dy) = Ay

Now we want to describe the biharmonic map equations. We have

(7.2)

Theorem 7.1.

(1) 4 is biharmonic is and only if

02 02 0 0

(2) If we define the g-valued 1-form 3 by

(7.4) B = [Az,da]dz + [A,, da]dy ,
then,
0 0
. =—n 2 =[A —[A4 .

(7.5) 68 = 7 (52Andal + 314,501

(3) Thus v is biharmonic if and only if
(7.6) d(dda— ) =0.
Now, we want to consider the complexifications.

Take the complex coordinate z = x + iy (i = v/—1). Then dz = dz + idy,
dz = dx — idy,

o _1(o_ o\ o _1(o .0
0z 2\0z Oy 9z 2\0z  Oy)

Extend « to a g&-valued 1-form on Q as

a=A,dr+Aydy=A.dz+ Az dz .

Then
ad ad ad ad
— = —2 e o = -2 R — A=
(7.7) b= p <8wa + 8yAy> 24 <8§AZ + 8zAZ> ,
(7.8) the integrability: 2 As — 24 +[A., A7) =0
. g y: 8,2 z 82 z zy Az — .

Then the harmonic and biharmonic conditions can be described as follows. Let
¢ (R?,9) D Q — (G, h) with g = ®go.
1) is harmonic if and only if

0 0
. — A, +—A:=0.
(7.9) 7% + 9 0
For v, to be biharmonic if and only if
0 0
(7.10) —B,+ —Bz=0.

0z 0z
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Here, B = B, dz + Bz dz is a gC-valued 1-form on Q defined by

B, = g(éa) —[A,,da],
(7.11) ;
B = g(éa) — [Az,da] ,

where
ad ad
_ -2 _
da=—2u ( ZAZ+aZAZ) .

Then our problem is how to solve the biharmonic map equation.
Step 1: Solve the harmonic map equation (1):

0 0 0 0

(7.12) Bt B=0 g5 Be— B+ (BB =0.
Step 2: For such B, solve A of the partial differential equations (2):

0 0

—(6a) — [A;,00] =B, , —(da)—[A45,0a] = Bz,

0z 0z
(7.13) 5 5

Az — —=A. Aza Azl = ’

547~ gpte T AL =0
where

0 0
— _9, 2 = = A
do = =2 (GEAZ + azAz) .

Step 3: For such A = A,dz + Azdz, solve a C* mapping ¢ : Q — G satisfying
that

Y(x0,90) =a € G,

(7.14) 8 8
-1 _ 1YY A
d} E - Az 9 1/) az - Az .

Then we have:

Theorem 7.2. This map ¢ : (,g9) — (G, h) is biharmonic. FEvery biharmonic

map can be obtained in this way. (g := u2go and p is a positive C*= function on

To see biharmonic map: 9 : (52, g9) — (G, k), let us recall

Theorem 7.3 (Sacks and Uhlenbeck). Every harmonic map 1 : (R2,9) — (G, h)
with finite energy can be uniquely extended to a harmonic map 1 : (S?, go) — (G, h).

Conversely, every harmonic map v : (S%,g0) — (G, h) can be obtained in this
way.

We wish to obtain the following:

“Theorem 7.4” Every biharmonic map v : (R?, g) — (G, h) with finite bienergy
can be uniquely extended to a biharmonic map 9 : (5%, go) — (G, h).

Conwersely, every biharmonic map ¥ : (S%,g0) — (G,h) can be obtained in this
way.

The above works is based on our recent works (cf. [49]).
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8. BIHARMONIC MAPS INTO SYMMETRIC SPACES

Now let us recall the famous work of Dorfmeister, Pedit and Wu ([9]) on harmonic
maps into symmetric spaces. This work gave a systematic scheme for constructing
all harmonic maps from a Riemann surface ¥ into G/K.

We want to extend it to biharmonic maps. We first begin to set framework
of biharmonic maps into symmetric spaces. Let (M, g) be a compact Riemann-
ian manifold, (N, h) = (G/K,h), a Riemannian symmetric space with G-invariant
Riemannian metric h on G/K, and 7 : G — G/K, the natural projection. Let
¢: M — G/K, a C® map with a local lift ¢ : M — G, i.e., p =7 o . Let 8 be
the Maurer-Cartan form on G, i.e., 0,(Z,) =7, Z € g,y € G.

Let us consider a g-valued 1-form «w on M given by « := 1*6, and, corresponding
to the Cartan decomposition g = ¢ & m, decompose it as

o= g + Qpy -

Then the tension field 7(¢p) is given by

(8.1) ty@)-1T(0) = =0(am) + > _[ae(es), am(es)] ,

i=1
where {e;}, is a local orthonormal frame field of (M, g) (dim M = m), and 0 is
the co-differentiation. =~ Then we have

Theorem 8.1. The bitension field 2(p) of ¢ : (M,g) — (G/K,h) is given by

Ta(p) = Ay (-5(am) + Z[ae(e,‘)7am(ei)]> +

2

s=1

[—5(%) +_lae(eq), am(ed)], am(es)} 7am(es)] :

i=1
As a corollary, we have
Corollary 8.2. Let (G/K,h) be a Riemannian symmetric space, ¢ : (M,g) —
(G/K,h), a C* map. Then
(1) ¢ is harmonic if and only if

(82) *6(04111) + Z[O‘E(ei)7am(ei)] =0.

i=1
(2) ¢ is biharmonic if and only if the following equation holds:

A <—6(ozm) + Z[ae(ei)aam(ei)o +

m

(8.3) +>

s=1

|:_6(am) + Z[a?(ei)a am(ei)]7 am(es):| >am(es):| =0.

i=1
Conversely, any g valued 1-form « = ag + auy satisfies the Maurer-Cartan equa-
tion: da + (1/2) [a A a] =0, ie.,

1 1
(8.4) dog + 5[(13 A ag) + 5[am Aam] =0,

dom + e ANam] =0
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Then there exists a C° map ¥ : M — G such that « = *6.

Therefore, every g-valued 1-form o = ag+a, which satisfies (8.3) and (8.4), there
exists a C> map ¢ : M — G such that a = ¢¥*6, and ¢ := wop : (M, g) — (G/K,h)
is a biharmonic map.

The lift ¢ is horizontal if

(85) w*(TzM) C H,/)(x) = {Yw(ﬂ“) |Y € m} (V x e M)
which is equivalent to ap = 0.

Now, let ¢ : R - G/K be a O curve in G/K, and ¢ : R — G, the lift, i.e.,
@ =m o 1. The 1-form o := "0 = ¥ ~'dy) can be written as o = F(t)dt, where
F(t) is a g-valued function in ¢. Write as
F(t) = Fe(t) + Fu(t) .

Then ¢ is harmonic if and only if

(8.6) F(t) + [Fe(t), Fu(t)] = 0.
And ¢ is biharmonic if and only if
(8.7) —(F () + [Fe(t), Fu ()" + [Fr () + [Fe(t), Fu(t)], Fu], Fu] = 0.

Now we treat with the case of harmonic curves: Consider the horizontal lift:
Fy =0. Then F,, =0, i.e.,, Fr, = X € m (constant). Thus ¥(t) = x exp(tX) and
o(t) =z exp(tX) - o, where X e mand o = {K} € G/K.

Next, we treat with the case of biharmonic curves: Consider the horizontal lift:
Fy; =0. Then

(8.8) —F/(t) + [[Fu(t), Fu(8)], Fu(t)] = 0 .

In particular, in the case of the Euclidean space R", (8.7) is —Fy,"" = 0, so we
have

(8.9) Fu(t)=at®> + bt +c (a,b,c € m =R", constants) .
We have

(8.10) P(t) =z exp(d) = (I4,d) € EM(n) ,

(8.11) o(t) =o(t) - o=xzdy ,

where

1 1
ngm%@ﬂﬁ+deWL,erMmy

Now we consider biharmonic curves in the unit sphere. Let us recall that the
unit sphere S™ can be realized as follows. Let G = SO(n + 1), K = SO(n), and
g=tom,

¢ “
. 0 —‘u . n
m= (u o > lu=| 1 ]€eR
Un
The equations (8.7) is
(8.12) —u" 4+ (v u)u — (u,u)u’ =0.

One of solutions of (8.12) is given by
(8.13) (u1,+ ,up) = (0,--+,0,at> + bt + ¢,0,--- ,0) .
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Furthermore

pi(t) = - (xeSO(m+1), i=1,---,n)

are biharmonic curves in S™. In particular, ; are harmonic if and only ifa = b = 0.

To solve the equation (8.12) in the case S2, let take a curve p(s) in R? with arc
length parameter s. Then

/ / /
p=e , € =Key , €,=—Kej.

Substituting this into (8.12), we have x® = &, i.e., K = 0, £1.
Then we have

Case 1: £ = 0. In this case, we have a great circle:
b
(8.14) o(t) =z - Ycos(te), S sin(te), - sintc))
c c

where ¢ := va? 4+ b2, a,b € R and z € SO(3).

Case 2: k£ = 1. In this case, we have

0 ‘ sint —cost
(8.15) Fu(t)=| —sint| 0 0
cost 0 0
Case 3: kK = —1. In this case, we have
0 ‘ sint cost
(8.16) Fu(t) = —sint | O 0
—cost 0 0

Now we consider biharmonic curves in CP™.
Recall that the complex projective space CP™ can be realized as follows: let
G=SU(n+1), K=SU(1)xU(n)),and g=tdm,

0 —'z
mZ{(z Oz)|z:t(zl,-~,zn)€(C"}.

The equations (8.12) is that:
(8.17) 2"+ 2z, 22— (2, 2) 2 — (2,2)2 =0.
Solutions of (8.17) are
(8.18) (z1,--+ ,2n) = (0,---,0,at®> + bt +¢,0,--- ,0), or

(8.19) (z1,-++ ,2n) = (0,---,0,v/=1(at® + bt +¢),0,--- ,0) .
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Then biharmonic curves in C" are given by

cos d; cos d;
0 0
0 0
1 _ . 2 = .
(820) ®; (t) =T —sin dt ) ' (t) T \/j sin dt
0 0
0 0
where © € SU(n + 1), i = 1,--- ,n, are biharmonic curves in CP", and ¢} (resp.

©2) are harmonic if and only if a = b = 0.
Next, we treat with biharmonic curves in HP". In HP™, one can also obtain
biharmonic curves:

cos dy cos dy cos d; cos dy
0 0 0 0
. 0 . 0 . 0 . 0
. —sind; ’ 1 sindy ’ 7 sindy ’ k sin d;
0 0 0 0
0 0 0 0

(z € Sp(n + 1)), are all biharmonic curves in HP", and they are harmonic if and
only if a = b= 0.

Now, let us consider the case dim M = 2. From now on, we consider biharmonic
maps of (R?, go) into a Riemannian symmetric space (G/K, h) with gy = dz? +dy?.

Let ¢ : R? — (G/K,h) be a C*™ map, 9 : R?> — G, a local lift, and a = *0.
Let ap = Rdx+ S dy, ay = Pdx+Qdy, where R, S, (resp. P, and Q) are £-valued
(resp. m-valued) functions on R2.

Then ¢ is harmonic if and only if

(8.21) P, +Qy+[R,PI+1[5.Q]=0,
where P, = OP/0z, Q, = 0Q/0y. Furthermore ¢ is biharmonic if and only if

02 02
A oo, P Q)

+[[P; + Qy + [R, P] +[S,Q], P], P]+

(8.22) [P +Qy +[R, P +[5,Q,Q,Q] = 0.

In the case 1 is horizontal, i.e., ag =0, R = 5 = 0, ¢ is biharmonic if and only
if
_Pzzz - szy - szy - nyy+

(8.23) +[[Pr + Qy, Pl, Pl + [P + @y, QL Q] = 0.
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Furthermore, the integrability condition, i.e., da+ (1/2)[a A a] = 0 becomes the
following:

(8.24) “Ry+ S, +[R.S]+[P.Q =0,

(8.25) =Py +Qz +[R,Q +[P,S]=0.
In the case v is horizontal,
(8.26) [P,Q]=0 , and P,=Q,.
Thus, when 9 is horizontal, we only have to solve the following three equations:
(1) —Pogo = Poyy — Quay — Quyy+
+{[Pr + @y, Pl Pl + ([P + Qy,QL, Q] = 0,

(2) [P,Q}:O,

Now assume that [P,Q] = 0 and P, = 0 and Q, = 0, i.e., P(z,y) = P(x),
Q(z,y) = Q(y). Then (1) becomes

{=Prox + [[Po; P, PI} + {=Qyyy + [[Qy, Q) QI}+

(8.27) +[Qy, P, Pl + [P, Q],Q] = 0 .
Here,

(8.28) 0= %[[P, Ql.Ql = [[F,Ql,Q],
and

(8.29) 0= 5@ PP = Q. P P).

Thus (1) becomes

(8-30) {*Pzzz + [[szp],P}} + {*Quyv + HQwQ]vQ” =0.

Then we have

Theorem 8.3. Let (G/K,h) be a Riemannian symmetric space of rank > 2, g =
t @& m, the Cartan decomposition, m D a, a mazximal abelian subalgebra of g, and
{X,Y} Ca. Let P(z) := (a12% + biz + 1) X, Q(y) := (azy? + bay + c2), where a;,
bi, and ¢; (i =1,2) are constants. Then

(1) ¥(z,y) = x0 exp(dy, X + d;Y) satisfies ¢~ 'dyp = o = Pda + Qdy.

(2) Let o(z,y) = z¢ exp(di X + dzY)-o0. Then ¢ : (R? go) — (G/K,h) is

biharmonic (where xg € G, di = (a;/3)t> + (b;/2)t? + c;t).
(3) ¢ is harmonic if and only if a; =b; =0 (i =1,2).
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Finally, we give an example.
Example (The case (S™,h)). Let

cos(d}, + d?)
0

(8.31) i, y) =z - fsin(a%ngdZ) (z € SO(n +1)).
Lo+

0
Then ¢; are biharmonic maps, and ¢; are harmonic if and only if a¢; = b; = 0. For

the projective spaces, one can get the similar results which are omitted. The above
works are due to the recent one (cf. [50]).

9. CHEN, CADDEO, MONTALDO, P1U AND ONICIUC’S CONJECTURE

Let us recall again the following famous conjecture which has been open until
now ([7], [8]):
e (The B-Y. Chen’s conjecture) Any biharmonic submanifold of the Euclidean
space is harmonic.
e (The generalized B-Y. Chen’s conjecture) Every immersion into a Rie-
mannian manifold with nonpositive curvature which is biharmonic is har-
monic.

Partial answers were given by several authors (see [8]), and a negative answer to
the generalized B-Y. Chen’s conjecture was given by Y. Ou and L. Tang (cf. [39]):

There exist biharmonic, but not minimal hypersurfaces (which are incomplete
Riemannian manifolds) into the 5-dimensional space with strictly negative sectional
curvature.

On the other hand, B-Y. Chen’s conjecture and the generalized B-Y. Chen’s
conjecture are true under certain additional conditions. Indeed, our first answer to
the conjecture is the following ([17]):

Theorem 9.1 ([17]). Assume that (M,g) is complete, and ‘RiemM‘ < C, and
Riem” < 0. Let ¢ : (M,g) — (N, h) be a biharmonic map whose tension field 7(p)
satisfies
(@)l € L*(M) and [Vr(p)] € L*(M)..
Then ¢ : (M, g) — (N, h) is harmonic.

Recently, Akutagawa and Maeta obtained ([1]) a very striking result:

Theorem 9.2 (Akutagawa and Maeta, [1]). B-Y. Chen’s conjecture is true for a
proper isometric immersion into the Euclidean space. Namely, let ¢ : (M,g) —
(R™, go) be an isometric immersion which is proper, i.e., ¢~ (K) is compact for
every compact subset K in R™. Then if ¢ : (M,g) — (R™, go) is biharmonic, then
it 1s minimal.

Our recent results are as follows ([33], [34], [35]).
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Theorem 9.3 (N. Nakauchi and H. Urakawa, [33]). Assume that ¢ : (M™,g) —
(N, h) is a biharmonic isometric immersion and dim M = m = dim N — 1. Let
H := (1/m)TryA, the mean curvature, where A is the shape operator.

If Ric™ < 0, (M,g) is complete, and T H2v, < oo, then, H = 0, i.c., ¢ :
(M,g) — (N, h) is minimal.

Furthermore, for biharmonic isometric immersions, we have

Theorem 9.4 (N. Nakauchi and H. Urakawa, [34]). Let ¢ : (M™,g) — (N,h)
be a biharmonic isometric immersion, and n := (1/m)TryB, the mean curvature
vector field along ¢, Vg*Xgo*Y = . (VxY) + B(X,Y), X, Y € X(M). Assume
that (N, h) is non-positive curvature, (M, g) is complete and [, |n|* vy < co. Then
n =20, i.e., © is minimal.

For a biharmonic maps, we have

Theorem 9.5 (N. Nakauchi and H. Urakawa, [35]). Assume that (M, g) is complete
and (N, h) has non-positive curvature. Then

(1) any biharmonic map with finite energy E(p) < oo and finite bienergy
Es(p) < 0o must be harmonic.

(2) Assume that Vol(M, g) = co. Then any biharmonic map with finite bienergy
Es(p) < 0o must be harmonic.

Notice that Theorem 9.5 implies Theorem 9.4 Indeed, assume that ¢ : (M, g) —
(N, h) is a biharmonic isometric immersion, (M, g) complete, [, |[n* vy < oo, and
RY < 0. Then since 7(¢) = (1/m)n (m = dim M),

1 1 m
Bae) = 5z [ vy < o0 and B(e) = [ gl v, = FVol(0.g)
(1) If Vol(M, g) < o0, (1) of Theorem 9.5 implies that ¢ is minimal.
(2) If Vol(M, g) = o0, (2) of Theorem 9.5 implies also that ¢ is minimal.
0

We have their applications to horizontally conformal submersions.

Here, recall that a submersion ¢ : (M™, g) — (N™ h) (m > n > 2) is a horizontal
conformal submersion if there exist the orthogonal direct sum: T, M =V, & H,,
V, = Ker(dy,) (vertical space), H, horizontal space (x € M), and A € C>*(M)
(dilation) such that

h(dps(X),dpa(Y)) = N (2) g(X,Y) , XY €Ha.
Then the tension field 7(¢p) is given by
n—2 1 A
(9.1) 7(p) = —5— N dp(grady(5)) — (m = n)dp(H) ,

where H := (1/(m — n))H(Y jep 1 Verer), and e; is a local orthonormal frame
field on M.

Then let us recall

Theorem 9.6 (cf. Wang and Ou, [53]). For a horizontally conformal submersion
from a space form (M™, g) of constant curvature into (N2, h), it is biharmonic if
and only if it is harmonic.

On the other hand, one of our theorems which is a corollary of Theorem 9.5, is
that (cf. [35]):
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Theorem 9.7. Assume that (M™,g) (m > 2) is non-compact complete, (N2, h)
has non-positive curvature, X € L*(M) and X|H|, € L*(M). For a horizontally
conformal submersion ¢ : (M™,g) — (N2%,h), it is biharmonic if and only if it is
harmonic.

Proof of Theorem 9.5. The proof of Theorem 9.5 is divided into four steps.
(First step). Take a cut-off function A on M as

0<Az)<1,

Az) =1 on B.(x0),

A(z) =0 outside Ba,(z0), and
VAl < % on M.

The bitension field of a map ¢ : (M, g) — (N, h) is given by

m

72(p) = Alr(p)) = Y RV (r(0), deolei))dp(ei) -

i=1

For a biharmonic map ¢ : (M, g) — (N, k), we have

/ Br())r? 7(0)) vy =
J M

- /M P Y (RN (7(0), dpea))dg(en), 7)) vy < 0

since (N, h) has non-positive curvature.
Notice here that A = V'V, where V is the induced connection on T(p~1TN).

(Second step). Thus we have
0> /M<A<T(w>>,n () vg = / (), VP 7(9))) =

= /M Z<v€i7—((p)avei (772 7'((,0))) Vg =
= [ AP ). Tusr0) + sl V(). 70) ) =

- / 7 [Verr(@)] vg +2 / (Ve (), () 7()) v -
M M

Thus, letting V; := 0 Ve,7(0), Wi := e5(n) 7(0),

[ P Fear@l v <=2 [ @Fur(eo) o) v, -
M M

(9:2) =2 [ S,

Use Cauchy-Schwarz inequality in (9.2),

1
:t2<ViaWi>§€|Vi|2+z|Wi|2 (Ve>0).
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Then we have

m m 1 m
72/ (Vi, Wi)w §e/ [Vi|? v +f/ [W;|% v,

Therefore, we have, by putting ¢ = 1/2,

/M ;W%T Vg < % /M;”2 [Ve,7(9)
w2 [ Sewrlreor

Thus we have

= 2
/ 7’ |Ver(@)] vy < 4/ IVnl? 7 ()7 vy <
M M

i

(9.3) < 1—5 /M ()

(Third step). Since (M, g) is complete and non-compact, we can tend r to infinity.

But )
_1 / (@) 2y < 00,
2 M

so that the right hand side of (x) goes to zero if r — co. We obtain

m
(9.4) / 3 V)| vy =0.
M =1
Thus we obtain, for every vector field X on M,
(9.5) Vxt(p)=0.
Therefore |7(p)| is constant, say c. Because, for all vector field X on M,
X[r(V)]? =2(Vx7(V),7(p)) = 0.

Thus, in the case that Vol(M, g) = oo, if we assume ¢ # 0, we have

-5 [ e )= S Vol(M,g) =
which is a contradiction. We have (2) of Theorem 9.5.
For (1), assume E(p) < oo and Es(p) < co. Define
a(X) = (dp(X),7(¢)) (X € X(M)),
Then we have
oo = e;(afe;)) —a(Ve,e) =
= ¢e; (dp(e:), () — (dp(Ve,ei), 7(0)) =
= (Ve,(dp(ei)) — dp(Ve,e:), () + (dp(ei), Ve, 7(9)) =
= (1(p),7()) = IT(@)[* .

[ 16alvy = [ o) o, = 2Bae) < oo
M M

Thus we have
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Furthermore we have

/M ol = /M (Stdgte.ren?)” <
= /M (3= lagtenr? |r(¢)\2)” -

- /M dg| ()| < \/ /N 1 dwlz\/ /M ().

The finiteness assumptions E(p) = (1/2) [,, ldp|lvy < oo and also Es(p) =
(1/2) [, 17(¢)? vy < oo imply that

/ |dr| vy < o0 and / la) vg < 00 .
M M

By Gaflney’ s theorem, since (M, g) is complete,

0= /M(—(Sa) vg = /M (@) v -

Namely, we obtain 7(¢) = 0, i.e., ¢ is harmonic.

10. BUBBLING PHENOMENA OF HARMONIC MAPS AND BIHARMONIC MAPS
We treat with the totality of harmonic maps and/or biharmonic maps, that is,
“What is bubbling phenomena on harmonic maps and biharmonic maps?’

Let us recall the following results (cf. [37]): For any C > 0, let
F = {gp :(M™,g) — (N™,h) smooth harmonic | / |dp|™ vy < C} .
M

Then F is causes a bubbling, a kind of compactness.
For any C' > 0, let

F = {(p :(M™,g) — (N™, h) smooth biharmonic |

/ |do|™ vy < C and / \T((p)|2vg < C} .
M M

Then F is causes a bubbling, a kind of compactness.
More precisely, for a bubbling for harmonic maps, we have

Theorem 10.1. Let (M,g), (N, h) be compact Riemannian manifolds dim M > 3.
For any C > 0, let
F = {cp (M™,g) — (N™,h) smooth harmonic | / |dp|™ vy < C’} .
M

Then for all {p;} € F, there exist S = {x1, -+ ,x¢} C M, and a harmonic map
Yoo : (M\'S,g) — (N, h) such that

(1) @i, = Yoo in the C*-topology on M\ S (j — o), and
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(2) the Radon measures |dp;;|™ vy converges to a measure given by

L

|dﬂpoo|mvg + Zak §wk (.7 - OO) .
k=1

Our bubbling of biharmonic maps is the following.

Theorem 10.2 (Bubbling). Let (M, g), (N, h) be compact Riemannian manifolds,
dim M > 3. For any C > 0, let

F={p:(M™, g) — (N" L) smooth biharmonic |

/ |dp|™ vy < C and / |T(<p)\2vg§0} .
M M

Then for all {¢;} € F, there exist S = {x1,--- ,x¢} C M, and a biharmonic map
Yoo : (M\'S,g) — (N, h) such that

(1) @i, = Yoo in the C*-topology on M\ S (j — o0),

(2) Radon measure |di;|™ vy converges to a measure

deoe|™ vy + > arbs,  (j— 0).
1<k</¢

Outline of Proof of Bubbling Theorem. We need the following two propositions:

Proposition 10.3. Assume that the sect. curvature of (N, h) is bounded from
above by a positive constant C > 0: RN < C < co. Then there exist eg > 0 and
C’ > 0 depending on C & (M, g), such that, for all biharmonic map p € C®°(M, N)
with fBT(zo) |de|™ vy < €0, it holds that

2 ¢’

(10.1) swp 1P <oz [ (e,
B,.2(x0) r B (o)

where m = dim M.

Proposition 10.4 (The C! estimate for biharmonic maps). Assume that (M, g)
is compact and RN < C < oo, m = dim M. Then there exist e, > 0, g > 0
and C* > 0 such that for all biharmonic map ¢ : (M, g) — (N,h), with Es(p) =

(1/2) [y I7(9)[?vg < 00, and

(10.2) / |[do|™ vy < €1 and
By (z0)
(10.3) / (@)™ vy < €2,
B (o)
then it holds that
C* m m
(10.4) sup |do|+ sup |T(p)] < - [ei/ +e§/ +1} .

B../2(wo) B../2(wo)

Remark 10.5. By Propositions 10.3 and 10.4, we have the C! estimate for a
biharmonic map with finite bienergy. The proofs of Propositions 10.3 and 10.4
need to use the Moser’s iteration technique.
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By using Propositions 10.3 and 10.4, we give a proof of Theorem 10.2.
Take for all {¢;} € F, and ¢y > 0 as in Proposition 10.3. Let us define a subset
S of M, as

(10.5) S={xeM| liminf/ |do;|™ vg > €0} .
71— 00 BT(I)

Then it holds that S is a finite set. Because For for all subsets {x¢;1 < ¢ <k} in
S, choose 19 > 0 in such a way that By, (zs) N By (zt) = 0 (s # t). Then it holds
that

keo < / ldpi ™ vy = / ldgi|™ v, <
Z B (z¢) Ub_, Brgy(ze)

1<0<k

(10.6) < / |dp;|" vy < C < 0
M

for large 4. Thus (10.6) implies that k < C/eg. Therefore, we obtain that #S <
C/E() < 00.
g

Proof of Bubbling Theorem continued. We may assume by taking a subsequence
of {‘Pi}7

S:{x€M|limsup/

B, (x

: |dipi[™ vg > €0} -
Now, let take z € M \ S. Then

lim sup / |dei|™ vy < € -
B, (x

i—00

We have, by Proposition 10.3,

C
(10.7) sup |7(p:)]? < 72 / IT(0:)|? vy < T3
Byy2(@) r B () r

Thus we obtain
(C9): the C%-estimate on B,.(z) of 7(;).

Then for a sufficiently small » > 0, we obtain

(10.8) / (0™ vy < €2,
B, (z)

where €3 > 0 is a positive constant in Proposition 10.4 after a long estimation.
We may take ¢y < e3 which is a positive constant in Proposition 10.4. Then it
holds that

C* m m
(10.9) sup il + sup |r(p)] < — [/ + & +1] .
B, /2(x) B,/ (x) r

Thus we obtain
(C1):  the Cl-estimate on B,.(x) of ¢;.
All the ¢; are biharmonic, i.e.,

(10.10) A(T(0) —R(T(p:) =0 <= Aoy = R(0y),7(0;) = 0y .
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Here R(0;) =3, NR(oi,dpi(e;))dpi(e;) and |dpi(e;)| (1 < j < m) are bounded
uniformly on i. So that, each o; are solutions of the linear equations with bounded
coefficients uniformly on 7.

By Ladyzhenskaya and Ural’tseva [21], p. 397, Theorem 3.1, we obtain

(C*):  the C*-estimate on B,.(z) of o;.

By the equation 7(p;) = o;, ¢; are solutions of the equations

; 0p;® O
Y — Y jk Ny ) _
(10.11) (i) = A" + Y ¢ VT (0) i
Namely,
(10.12) 7(pi) = Ap; + M (05) (di, dps) = o5 .

Since |dg;| are bounded and one of two dy; can be regarded as coefficients, ¢; are
solutions of the linear equations with bounded coefficients. By Ladyzhenskaya and
Ural’tseva [21], p. 399, Theorem 4.1, we obtain

(C1*):  the Cl*-estimate on B,.(z) of ;.

Thus we obtain that ¢; are solutions of the linear equations with the C%-
coefficients dyp;.

Due to the Schauder estimate, we have
(10.13) lpilc2e (B (@) < Clleileos, () + loilce (B () < C(C1+ C2),

due to |@i|co(p, () < C1 and |o3|ce (B, (2)) < C2. Namely, we have
(C%%):  the C*“-estimate on B,(x) of ;.

Thus we have the C*-estimate on B,(z) of ¢; uniformly on i. Therefore, we
obtain (1) of Theorem 10.2, i.e., there exist a subsequence {y;;} and a C*°-map
Yoo : M\ S — N such that ¢;; — @oo on B,(x) in C*-topology (j — 00).
Therefore, poo : (M \ S, g) — (N, h) is biharmonic.

For (2), there exists a Radon measure x4 such that the Radon measure |dy;, | v,
— 1 (weakly) (j — o00). p satisfies, for any Borel set A C M,

u(A) =sup {u(K) | VK C A (compact subset)} =

=inf {u(0) | YO D A (open subset)} .

Since @;; — Yoo on M\ S (C*®-topology) (j — 00), = |dpoo|™ vy on M\ S.
Since § = {z1,--- ,zx} (a finite set), it holds that

k
p— ldpos|™ vg = Z ag Oz,
=1

for some a; > 0 (constants).

The above is based on a joint work with N. Nakauchi ([37]).
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11. BIHARMONIC MAPS AND SYMPLECTIC GEOMETRY

In this section, our problem is:
What is a relation between biharmonic maps and
symplectic geometry?

One of main issues in symplectic geometry is the geometry of Lagrangian sub-
manifolds in a symplectic manifold. Then one can ask:

When are Lagrangian submanifolds biharmonic immersions into a symplectic
manifold? Take as a symplectic manifold, a Kahler manifold: When is its La-
grangian submanifold biharmonic immersion?

We begin symplectic setting for biharmonic maps.

Let (N, J, h) be a complex m-dimensional Kéhler manifold, and consider a sym-
plectic form on N by w(X,Y) := h(X,JY), X,Y € X(N).

A real submanifold M in N of dimension m is called to be Lagrangian if the
immersion ¢ : M — N satisfies that ¢*w =0, i.e.,

ho(TeM, J(T,M)) =0 VzeM).

Problem When is ¢ : (M, g) — (N, J,h) biharmonic?

Here, g :== p*h.

As examples of Lagrangian submanifolds, there is a real form of a Hermitian
manifold. Let (N,J,h) be a Hermitian manifold of dim¢ N = m, o, an anti-
holomorphic involutive isometry of (N, J,h), and M := Fix(c) ={x € N | o(z) =
x}, (called a real form). Let w be a 2-form on N defined by w(X,Y) := h(X,JY)
(X,Y € X(N)), and, an m~dimensional submanifold M is said to be Lagrangian in
(N, J,h) if wlpr = 0. (dw # 0, in general.) Then any real form is Lagrangian, and
for all x € M,

T,N =T,M & J(T,M) and h(T,M,J(T,M))=0.

Proposition 11.1. Let (N, J,h) be a Hermitian symmetric space of compact type.
Then any real form M of (N, J,h) is totally geodesic.

Then we have

Theorem 11.2. Let G€ be a complex Lie group with a left invariant Riemannian
metric h. Then any real form G of G is minimal in (G, h).

Proof. The proof is clear since the second fundamental form of the inclusion
G — GC satisfies that

BX,Y) =3 3 Je(h(X,Y) Jei
=1

for all X, Y € X(G), where {e;} is a locally defined orthonormal frame on G
(dim G = m).
g

Now we consider biharmonic submanifolds. We first need the following theorem:

Theorem 11.3 (Maeta and Urakawa, [27]). Let ¢ : (M, g) — (N, h), an isometric
immersion. Then it is biharmonic if and only if

(11.1) Try(VAn) + Try(Ag s (o)) - (Z RN(H, ei)ei)T —0,
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(11.2) AYH 4 Tr, B(An(e). ) — (3B (Hoe)e) =0
Here, B, A¢ are the 2nd fundamental form, the shape operator for ¢, i.e., recall
that, for X,Y € X(M), £ e T(TM™L),
VY =VxY + B(X,Y),
(B(X,Y),§) = (AeX,Y)
VXE= A X + V%€ .
Then we have

Theorem 11.4 (Maeta and Urakawa, [27]). Let (N, J, h), a Kihler manifold, and
(M, g), a Lagrangian submanifold. Then it is biharmonic if and only if

Trg(VAn) + Trg(Aviu(e))—

(11.3) =Y (Try (Ve B) = Try(Vy B)(ei,), Hye; =0,
ATH + TryB(Ap(e), o)+

+ " RicV(JH, e;) Je; — Y Ric(J H, ;) Je;—
(11.4) —J TrgApm,e () + mJAn(JH) =0.
where m = dim M and Ric, RicY are the Ricci tensors of (M,g), (N,h), respec-
tively.

In particular, we have

Theorem 11.5 (Maeta and Urakawa, [27]). Let (N, J,h) = N™(4c) be the complex

space form of complex dimension m with constant holomorphic curvature 4c (< 0,
=0, > 0), and, (M,g), a Lagrangian submanifold. Then it is biharmonic if and

only if
(11.5) Ty (VAR) + Ty (A ipa(e) = 0.

(11.6) A*H + Tr,B(Au(e),8) — (m +3)cH=0.

Now recall that B.Y. Chen introduced the following two notions on a Lagrangian
submanifold M in a Kéhler manifold N:

H-umbilic: M is called H-umbilic if M has a local orthonormal frame field {e; }
satisfying
Bl(ej,e1) =AJer , Blei,e)=plde;,

B(ei,ei) =pJer , Blei,e)) =0 (i#7]),
where 2 < 4,5 < m = dim M, B is the second fundamental form of M <— N, and
A, o are local functions on M.

PNMC: M has a parallel normalized mean curvature vector field if V- (H/|H|) =
0.

Then based with the Sasahara’s works [42] ~ [45], and Inoguchi [18], we obtain
the following theorem ([27]):
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Theorem 11.6. Let ¢ : M — (N™(4c), J,h) be a Lagrangian H-umbilic PNMC
submanifold. Then it is biharmonic if and only if c = 1 and (M) is congruent to
a submanifold of P™(4) given by

- M2 e*(i/ﬂ)w 1 eium Y1, 1 eipx Um
1+ p2 V14 p2 TV 14

where z,y; € R with >~ y;> = 1. Here, w : S*™+1 — P™(4) is the Hopf fibering,
and p = j:\/(er 54 vVm2+6m+25)/2m, (A= (u?—1)/p).

More recently, we study the Kéhler cone manifolds. Then we have ([51]):

Theorem 11.7. Let ¢ : (M™,g9) — (N™ h) be a Legendrian submanifold of a
Sasaki manifold (n =2m+1), and @ : (C(M),g) — (C(N)LE), a Lagrangian cone
submanifold of a Kihler cone manifold with § = dr? +r2g, h = dr? +r*h. Then it

holds that
(1) 7(@) =7r*7(p), and
(2) (@) =r'r(p).
Recall that

Theorem 11.8 (T. Sasahara’s recent works). Immersions ¢ into S?™+1(1),

1 . . .
@(I7y17 e »?Jm) = \/i (6_1(1/#)7 et Y, = e ym) )

where z,y; € R with ZZ”ZI y:2 = 1, are proper biharmonic Legendrian immersions.
Here, pp = £1.

Then we obtain

Corollary 11.9. The corresponding embeddings @ : C(M) — {0} — C™*! are
proper biharmonic embeddings into the standard complex space C™ 1 (m > 2).

This work is due to the recent paper on Sasaki manifolds and Ké&hler cone man-
ifolds, and biharmonic submanifolds ([51]).

12. THE k-HARMONIC MAPS AND THE k-HARMONIC B-Y. CHEN’S CONJECTURE

Now, in this section, we study more general k-harmonic maps. The contents of
this section will be as follows:

(Table of contents of this section)

12.1 Introduction to k-harmonic maps, and the k-harmonic B-Y.
Chen’s conjecture.

12.2 The first variation formula of 3-harmonic maps.

12.3 The 3-harmonic maps into N(c¢) (¢ < 0).

12.4 The k-harmonic B-Y. Chen’s conjecture.

12.5 The k-harmonic maps into R™.
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12.1. Introduction to k-harmonic maps and the k-harmonic B-Y. Chen’s
conjecture. J. Eells and L. Lemaire, Selected Topics in Harmonic Maps, Regional
Conference Series in Math., 50 (1983), AMS.

They introduced the k-energy: for a C° map of (M, g) into (N, h),

B =5 [ 1@+9" o,

Here, (d +6)* is k-times iteration, dpe A (@™ 'TN), d: AXp~'TN) — AP+~ 'TN)
is the exterior differentiation with respect to the induced connection V from the
Levi-Civita connection V¥ of (N, k), and § is the co-differentiation.

Definition 12.1. ¢ : (M™,g) — (N, h) is k-harmonic if

dt
for all C*° variations ¢; € C®°(M,N) (—e <t < €) with ¢ = ¢.

Er(pt) =0
=0

We would like to expect the first variation formula for all k > 3,

Theorem 12.2. There exists the k-tension field 71,(¢) € T'(p™'TN) such that

d
Gl By = [ wintonv,.
t=0 M
where
d
Ve = T oi(z) € Ty N (reM).
t=0

Let us recall the following conjecture (cf. [8]):

The k-harmonic B-Y. Chen’s conjecture: Let p: (M,g) — (R™, hy) be an
isometric immersion. Assume that ¢ is k-harmonic (k > 2). Then ¢ is minimal,
i.e., harmonic.

Here let us recall again ¢ : (M, g) — (N, h) is harmonic if 7(p) = 0, where the
tension field T(p) is defined by

m

7(p) == > (Ve,dp)(er) = Z {Vedp(ei) = dp(Ve,ei) } =

i=1

= { Vi dieler) — dp(een)}
i=1

Then in this section, we will show our following results and also some related
topics:

(1) Due to a recent joint work of S. Maeta, N. Nakauchi and H. Urakawa (cf.

[26]), we obtain the first variation formula for the trienergy Es (k = 3).

We show that the (k = 3)-harmonic B-Y. Chen’s conjecture is true for an
isometric immersion into N"(c) (¢ < 0) under some L2-, L*-conditions.

(2) By a recent joint work of N. Nakauchi and H. Urakawa (cf. [36]), we

establish the first variation formula for the k-energy Ej for a C'*° map

of (M, g) into the Euclidean space (R™ hgy). And then, we show that the

(k > 2)-harmonic B-Y. Chen’s conjecture is true under some L2-conditions.
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12.2. The first variation formula of 3-harmonic maps. For the first variation
formula for k& = 3, we have

Theorem 12.3. Recall the definition of trienergy which is defined by

Bae)i=3 [ 1@+8%lPo, (9 Ce(LN).

Then the first variation formula for E3 holds:

Gl Bea=-[ v,
where
(12.1) 73(p) 1= J(AT(p)) — Z RN(Ve,7(9),m(9)) dle;)
(12.2) J(W) =AW =Y " RN (W, dp(e;))dg(e;) ,

=

for W e T(¢~1TN).
Definition 12.4. ¢ : (M, g) — (N, h) is triharmonic if 75(p) = 0.

For every C'* variation ¢y : (M, g) — (N,h) (—e < t <€) with ¢y = ¢, it holds
that

Ba) =5 [ 1@+8Pl, =5 [ Frelo,.

Because (d+6)%p = d(dp)+35(dp) = 0—7(¢p), and (d+6)3¢ = d(—7(¢)) = -V 7(p),
since d : T'(¢ 'TN) — A'(p~'TN) is the exterior differentiation associated with
V.

Then we have

d

(12.3) %Eg(apt):/MW%ﬁi T(t), Ve, (1)) vg -

Let F' : M x (—€,¢) — N be a C* map defined by F(t,z) := pi(z), (v €
M, —e <t <e), and Y/, the Levi-Civita connection of (—¢,€) x M, 57, the induced
connection on F~!TN, the corresponding rough Laplacian

AV = — i {661,551‘/ - gv%‘c’v} ’

i=1

V e T(F~ITN), v, the induced connection on T*((—¢, €) x M) ® F~'TN, and R,
the corresponding curvature tensor. Then, by (12.3),

GEe) == [ @5 e r(PL TP,

QJ‘Q,

Lemma 12.5. For X € X(M),

Ve VxT(F)| =-VxAV+Vx (RY(V.dp(e;))dp(e;)) + RY (V,dp(X))T() -

t=0
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Proof continued. By Lemma 12.5, we have
d m
Gl Be)=[ >v
dt +=0 M Z:ZI
+Ve, (RN(V, dp(e;))di(e;)) +

(12.4) +RY (V,dp(ei)7(9), Ve, (T(9))) vy -
Integrating by parts,

G i) = [ 3B I+ SR V. dplegdites). B+
(125) + 3 (R (V. dple) (), vcn«o»} .
=1

J
Next, by (RN (v3, va)va, v1) = (RN (v1,va)v, v3),

dt t=0
+ Z RN (A7(p), dp(e;))dp(e;)+
(12.6) + Z RN (Ve,m(0), 7(0))dp(e)) vg -
Finally, we obtain
d
| B == [ v

The proof of Lemma 12.5 goes as follows: Recall that

T o V() = Tx (7 o 7(F) + RY (P (2

52 dF(X))7(F) =

=Vx {—AdF(g) + RN(dF(aa ) dF(ez))dF(ei)} +

0
S AF(X)7(F)

Putting ¢t = 0 in the equality (12.6), we have Lemma 12.5.

(12.7) +RN(dF (=

We have to give a proof of the following equality in (12.7):

(12.8) VeT(F)= —AdF(§)+RN(dF(§) dF(e;))dF(e;) .

Indeed, we have

Vor(F) =V (Ve dF)(es)) =
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. - -9
(129) = vczV%dF‘i’V[%'Ll]dF‘i’R(&,el)dF (61) .
By (12.9), ga/atT(F) can be given as follows:

Vo 7(F) = Ve, (Vg dF)(es)) = (V5 dF)(Te,e0) +

FRY(AF(), dF(e) dF(e) =

=90 (TP - (o, )5+

(12.10) +RN(dF(%),dF(ei)) dF(e;) .

I ]len (12 10) gl\/eb
ot € €4 5)t e; €i 5)t

+RN(dF(%),dF(ei)) dF(e;) =
= (T TedF) o) + (T )T o)~ (T, o dF) o)+

0
+RY(AF (), dF (e;)) dF (e;) =

- _de(%) + RN(dF(%), dF(e;))dF (e;) .

12.3. The 3-harmonic maps into N"(c) (¢ < 0). Then we obtain
Theorem 12.6 (cf. S. Maeta, N. Nakauchi and H. Urakawa [26]). Let ¢ be an

isometric immersion of a complete Riemannian manifold (M, g) into the space form
N™(c¢) (¢ <0). If ¢ is 3-harmonic, and

/ Br(@)Po, <o and [ |r(p)| v, < oo,
M M

then ¢ : (M, g) — N"(c) is minimal.

Lemma 12.7. Let ¢ : (M,g) — N™(c) (¢ < 0) be an isometric immersion. Then

73(p) = A(AT(0)) = RY (A7(), dp(e;))do(e;)
—ch(r(),7()) () -
To prove Lemma 12.7, we only have to show:
RY(Ve,7(0), () dip(e;) = ch(r (), 7()) (%) -
Since RY(X,Y)Z = c{h(Y,Z)X — h(X, Z)Y}, the left hand side is equal to
¢ {M(7(0), de(e;)) Ve, m(0) = M(Ve; 7(), dip(e;)) ()} -
Then, since h(7(yp),dp(e;)) =0 for all j =1,--- ,m, and
h(Ve, (), deo(ej)) =
= ¢;(h(7(p), dp(e;))) = h(r(9), Ve, (dp(e)))) =
= —h(T(¢), 7(¢)) + dp(Ve,e)) =
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= h(7(p), 7(¥)) -
O

12.4. The k-harmonic B-Y. Chen’s conjecture. The k-energy is obtained as
follows. For a C* map ¢ : (M, g) — (R™, ho),

/|d+(5 vy =
/yA A r(p /\W’ Vg : (k=20),

S K 2 1 Sl (2
/M,V(A...AT(¢))\ ug:§/M|vww| vy o (k=20+1),

N | =

N | —

where we put Wé =AAT(p) (£2>1), W0 = .
-1
Then we have

Theorem 12.8 (The first variational formula). Let ¢ be a C* map of (M, g) into
(R™, hg). Then

d
(1211) — Ek(@t) = —/ <V,7—k(§0)>'l)g s (k: 17273’...) ,
dt|,— M
for every variation vector field
d
V(z) = m wi(x) € Ty N (xeM).
t=0

The k-tension field () is given by

(12.12) (o) = JWE ) =AWE Y =4 A7(p) ,
k—1
where W;f =A--A7(p) for k> 1. Furthermore 71 (¢) = 7(¢) (k = 1). Therefore
k—1

@ is k-harmonic if W:j =0.
Then we obtain

Theorem 12.9. Let ¢ be a k-harmonic map of a complete manifold (M, g) into
(R™, hg). Assume that

(1) Ej(¢) <oo forall j=2,4,---,2k—2,
(2) Vol(M,g) =00 or Ej(p)<oco forall j=1,3,---,2k—3.
Then ¢ is harmonic.

Remark 12.10. The condition (1) in Theorem 12.9; is equivalent to
/ |W€|2vg / |A AT(p ‘ vg < 00

foralll </¢<k-—1.
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The condition (2) in Theorem 12.9, is equivalent to

Sit)2 TN 2
Vol(M,g) =00 or /M\VWw\ vgz/M|VAt;~;AT(<p)| vg < 00
forall0 </ <k -—2.

We can restate Theorem 12.9 as

Theorem 12.11. Let ¢ be a k-harmonic map of a complete manifold (M, g) into
(R™; hg).
(1) In the case that Vol(M,g) < oo, assume that E;(p) < oo for all j =

1,2, 2k — 2.
(2) In the case that Vol(M,g) = oo, assume that E;(p) < oo for all j =
2,4, 2k — 2.

Then ¢ is harmonic.

Let us prepare Theorem 12.11 with the previous results on bi-harmonic maps as
follows:

Theorem 12.12 (cf. [35]). Let ¢ be a 2-harmonic map of a complete manifold
(M, g) into (N,h) with RN < 0. Assume that (1) in case of Vol(M,g) < oo,
Ei(p) <oo (j=1,2), or (2) in case of Vol(M, g) = oo, Es(p) < co. Then ¢ is
harmonic.

To prove Theorem 12.11, we need

Lemma 12.13 (Key Lemma (the iteration method)). Let ¢ be a C* map from a
complete manifold (M, g) into any Riemannian manifold (N, h). Assume that there

exists k > 2 such that Wj,f =0,die. A---A7(p) =0, and
k—1

(1) WE P, <oo | and
M

(2) (a) /M |§W:j72|2vg <oo or (b) Vol(M,g)=o0.

Then we have W;f*l =0,ie. A---Ar(p)=0.
—_—
k—2
Proof of Theorem 12.11. Let ¢ : (M, g) — (R™, hg) be k-harmonic, i.e. W£ =0

(k > 2), and assume that the conditions (1) and (2) in Theorem 12.11 hold. By
applying Key Lemma 12.13, the iteration works, and we have

k—1 _

Wh1 =0,
k-2 _
Wh2=0,
T(@):W;:O

The proof of Key Lemma 12.13 goes as follows.
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(First step). For a fixed g € M and 0 < r < oo, take a cut-off function n on M:

0<n(x)<1 (reM),

n(xz)=1 (z € Br(zg) :i={zx € M : d(z,x0) <7r}),
n(z) =0 (z & Bar(20)) ,

Vil<2 (e,

(Second step). Assume that Wk = AWE=1 = 0.
Our aim is to show WE=! = 0.

0 :/ (P WELAWE Yo, = (by AWS =0)
M
= /M<§e7 (772 Wﬁ_l),veiwﬁ_lﬂg =

(12.13) - /N T 42 /N emVE VLW e,

Therefore, by virtue of (12.13), we have

(1214) / 7722 |v€iW<f’71|2 U.‘? = 72/ Z<SZ7TZL>’U(] ’
M = M =1

where S; := nﬁch;f_l, and T; := e;(n) Wf‘l,
Since 0 < |\/€S; £ (1//€)T;|%, we have +2(S;,T;) < €|Si|? + (1/€) |T;|? for all
€ > 0. Thus we have

m m 1 m
—2/ Z<sz-,z->vg§e/ Z|si\2vg+f/ ST,
M =1 M =1 €JM

So by putting e = 1/2,

m
/ 7722 |§CIW£_1}2 Vg <
M=

(12.15)
1 = _ _
<5 [ PRLWE o2 [ WP,
M M

(Third step). By (12.14) and (12.15), we obtain

/ S [V WE1 20, < 4 / Tl (W12, <
M i M

16
(12.16) < / [WE=1120, .
M

By the last inequality in (12.16), we have

o 16 _
(12.17) / VWE1Y 20, < ﬁ/ WP g -
BT-(I'()) M



Geometry of harmonic maps and biharmonic maps 75

Since (M, g) is complete, B, (o) tends to M as r — co. By the assumption (1)
S |WJ§*1 |2 vy < 00, the right hand side tends to zero if 7 — co. Thus we obtain

(12.18) / VWS Pvy =0,
M
Thus we obtain
(12.19) ?Wﬁfl =0 (everywhere on M) .
Since e; [WE? = 2(V, Wi~ WE=1) =0 by (12.19),
(12.20) |I/V<';71|2 is a constant on M, say Cj .

(Fourth step). (a) In the case of Vol(M,g) = oo, by the condition in (1):
Jar WET12 vy < 00, we have

(12.21) 00 > / [WE vy = Co Vol(M, g) .
M

Thus, by Vol(M, g) = oo, Cy = 0, i.e. WE™1 =0,
(b) In the case [,, |[VWE22u, < oo, let us define a € A'(M) by a(X) =
(WE=1,VxWE=2) (X € X(M)). Then we will obtain that

(1) div(e) = —\W£_1|2 ) so/ |div(a)|vg < 00,
M

(ii) /M la) vg < 00

which we will give a proof. Then we can apply Gaffney’s theorem, and then we
have 0 = [, div(a)vy = — [}, [WE~*|?v,, which implies that Wr=! = 0.

(12.22)

|
For the proof of (12.22) (i):

m

div(a) =) (Ve,a) (@) = Z{ez‘(a(ei)) —a(Vee)} =

i=1
= e (W Ve ™) = (W™ Ve, o We2) =
G T WA + (WAL T, T W2
—(WE Ve, e WE?) =
= (WETH —AWE™?) = —(WETH WETY) = —[WEH7.
To see (ii) [, |a|vy < oo, we have

/M o] v, = /M (WL TWE2)] 0, <

1/2 - 1/2
g( / \WZ;*Fv;;) ( / \VWZ;”F%) <00,
M M

by our assumptions that [, [WE™![?v, < 0o and also [, [VWE2[2p, < co. We
obtain Key Lemma 12.13.
g
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12.5. The k-harmonic maps into R”. We shall get the k-tension field for a C'*°
map into (R™, hg).

Recall, for a C*° map of (M g) into (N, h),

(12.23) / l(d+8)relPv,  (k>1).

Calculate (d + )%

k=1, (d+)p=dp.
k=2, (d+6)%p = d?p+ ddp = 6d = —7(ip) since

(12.24) d(dp)(X,Y) = Vx(dp(Y)) = Vy (dp(X)) — de([X,Y]) =0,

due to Pages 5 and 6 in J. Eells and L. Lemaire, Selected Topics in Harmonic Maps,
1983, AMS.
For k = 3, we have

(d+ 630 = dédp = —dr(p)) = V() .
For k =4,
(d+ 6)*¢ = (d + 6)(dddy) = ddédy + ddddyp =
(12.25) = —ddr(p) — ddr(p) = RY @ 7(p) — Ar(p) .

For k > 5, We have no idea to calculate (d-+6)*, in general. But we can proceed
more in the case (N,h) = (R", hg). We need the following theorem whose proof
will be given later.

Theorem 12.14. For a C™ map ¢ : (M, g) — (R", hg), RY =0.
Thus, for k = 4, we have

(12.26) (d+0)*¢ = ddédp = —Ar(p) .
Furthermore, for every k > 1, we have
(6d)---(dd)yp , k=20, 0=1,2,---
%,—/
k,_ ¢
@+ =3 Jod) (od)p , k=20+1, =01,
|

¢
The proof is an induction on k.
Fork=2¢ ((=1,2,---),

(12.27) (d+8)* o = (d+0)(d+6)rFp =d(3d)--- (6d) ¢
14

Because 6 (0d) - - - (6d) ¢ = 0, since (dd) - - - (6d) p € T(p~1TN).
—_—— —_———

For k:2£+£1 (£=1,2,--),
(d+6)* = (d+0)(d+6)Fp = (d+8)d(dd) - (3d) p =

—_——
£

(12.28) = d*(8d)- - (6d) o + (8d) - - (6d) o = (5d) - -~ (6d)

I3 {41 41
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2V =RV®V =0®V =0, where V = (6d) - - - (5d) ¢ € T'(¢"*TN).
N —
4

Next notice that
ddp = —7(p) =V € T(¢~'TN),

(12.29) 6d)---(6d)V =K. BV
-1
-1 -

because

5V == {Ve, (@V)(e:) —dV (Ve,ei)} =

= —{Ve, (Ve,V) = Vv, eV} =AV el (¢ 'TN .
Therefore we obtain
(6d)---(6d) p = (3d) --- (8d)(=7(p)) = = A---A7(p),
4 /—1 -1

(12.30) -
d(6d)---(0d) o = —V(Al; S AT(p)) .
¢ —1
Thus we have

Theorem 12.15. For a C* map of (M, g) into (R™, hy), it holds that

1 — 2
Eo(p :7/ A A1) v (=1,2,---),
ule) =5 [, & Bl )
(12.31)

1 =~ * 2
Basrte) =3 [, FEB o vy (=12,
—1
We remark that, for k =1 (£ =0), Ei(p) = (1/2) [, |de]* vy since
d(0d)---(0d) p = dep.
|
14
Then we obtain the first variation formula:

Theorem 12.16 (The first variation formula). Let k = 2,3,---, and ¢ be a C*
map of (M, g) into (R™, hg). Then it holds that

d
(12.52) Gl Bl == [ @) viv,
dt =0 M
where the k-tension field i(p) is given as
. S .
(12.33) Te(p) = AW D=AA - A7(p)=A---A1(p) .
k—2 k—1

Thus, for k=1,2,---, ¢ is k-harmonic if and only if

(12.34) Tr(p) = Z(ngl) = sz_ZZT(<P) = Zk_IZT(SD) =0.
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The proof of Theorem 12.16 goes as follows.
Let ¢ : (M,g) — (N,h) = R" hg), a C map, and ¢; (¢ < t < ¢), a C®
variation of ¢ with ¢y = ¢, and consider a C* map F,

F:(—€,e)x M > (t,z) — F(t,z) = @i(z) € N .

Recall first the following notation. Let us take a Riemannian metric dt? 4+ g on
(—¢,€) x M, and let vy, its Levi-Civita connection, v/, the induced connection on
F~ITN, and v/, the induced connection on T*((—e, €) x M)® F~TN, respectively.
If {(0/0¢t), ei} alocal orthonormal frame field, then we have

depi(e;) = dF(e;) ,
(Veudior) (e5) = (Ve dF) (e5)

(ﬁek%id@t) (ej) = (%ek%eid%) (e5) -

1d - = ~ ~
%E%(‘Pt) = 5 dZE/M<AZIAT(ﬁpt),A21AT(@t)>Ug =

_ % %/M@”'Z((%d%) (€)) . 8B ((Terdpr) () ) vy =

-1 £—-1

55 ) (BB ((F0P) @) T F ((BadF) ) oy

-1 -1

(12.35) =

Here, by using that (N, h) is the standard Euclidean space, we have

GEute) = [ (@g | BB ((FatF) @) | BB ((FedF) @) oy =

-1 =1
(12.36) = M(Z-.Z(%% ((VedF) (€)) .5 B ((Te,dF) (e0)) ) vy -
-1 =1

Because by using A = — 3" {V,, V., ~ Vv, ,}» to sce the equality in (12.36), we
only have to see §a/at(§xw) =Vx (ga/atW) which follows from 6[8/(%7)(] =0
and RV =0 (due to Theorem 12.17. In the equations of (12.36), we have

v ((%eidF) (61')) = (§%§eidF) (e;) = (ﬁ;%gdl’) (e;) =
= Ve {(V2dF) (e1) = (V2.dF) (Veien) } =

(12.37) = (Ve V..0F) <%) ~(Vs..cdr) <%) '

Substituting (12.37) into (12.36), turns out the following.

oo L {0 (3 (0o 3]

-1
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AN A ((%ede) (ej)) Yvg =

(12.38)

which is equal to
9 ~ o~ ~ iy~
(1239) | (dF (E) »{Velvei - Vveiei} (A.--A ((VCJdF> (ej)) )>vg .
2(6-1)
Putting ¢ = 0 in (12.35) ~ (12.39), (d/dt)|,_, E2e(p:) turns to be equal to
VB ELB @) = | v oo,
2(0—1

where
Tu(0) = AW = AA- A 7(p) .
2(¢0—1)

Fork=20+1((=1,2,---),

= | @ l(E B (T (Fudr) @)
(12.40) ot

Then (12.40) is equal to the following:

%Ezul(%) = /M (A---A (5@ (%ch) (ei)) ;
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_ /M< (Ve 7..0F) (%) ~ (Fv.,edF) (%)

BB ((Ve,dF) () ) v

20—1

(12.41)

which is equal to the following:
9 -~ ~ gy~
(1242) /M <dF (&) ) {Vcle - Vveiel} A A ((VC7dF) (ej)) >U9 :
20-1
Putting t = 0 in (12.40) ~ (12.42), d/dt|,_, E2r41(¢:) turns out to be equal to

/ (V,-B{B- B ()} v :—/ (V, rae41 () v »
M M

where

O

For the flatness of the induced connection from the Euclidean space, we have the
following theorem.

Theorem 12.17. Let ¢ : (M,g) — (N,h) = (R™, hg), a C* map,iv, the induced
connection on w;lTN of the Levi-Civita one VN of (N, k), and RV, its curvature
tensor. Then RY (X,Y)s =0 for all X,Y € X(M), s € T(¢~1TN).

Proof. Let (y',---,y") be the coordinate of R™, and ¢ € C®(M,R"). Every
s € T(¢71TN) can be written as

(0= 3 s00) (50 (we M),

a=1 ()

where s, € C®(M), (a = 1,---,n). Let (z!,---,2™) be a local coordinate on
UcC M, o) = (p'(z), - ,¢"(z)) (z € U), and X = 3" X;(8/02"),Y =
" Y;(9/027) € X(M). Then

j=1"J
B . dsg O = 0
vxs_zi:XiVaii S_iz;Xi{axi W—H’Bv% a—yﬁ}_

22 (5)¢ (o)., o0

B=1i=1
since Va/@xia/ﬁyﬁ = Vg*(a/azi)a/ayﬁ =0.

By the bracket relation

B PR AN
X, V] =) {XZ o~ Vi } 07 (for m€U),

ij=1

we have

v _ OV 0Xi | 30880 (O
V[X’Y]SM;{X“ o0 Vo } (@) 50 @) (8yﬁ>¢(x) :
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On the other hand, we have

_ — dsg O
Vx(VYS):VX Zyja—ﬁw —
8.3

aY; 0Os 0%s 0
= X; =2 =8 X;Y; B
1;8{ Ox' OzJ + J amﬂawl} oyP’

and also

= —_ _ 8Xj 885 6255 0
v (Vxs) = Zﬁ{y e oa TV ggion | oyF
VA

Finally, by the above, and §%s5/0290x% = 9%s5/0x'0x7, we have

Vx(Vys) = Vy(Vxs) = Vixy)s.
O

Some results of this section are due to the joint works with N. Nakauchi (cf.
[36]), and also S. Maeta and N. Nakauchi (cf. [26]).

(1
2]

=
=)
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