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The stochastic solution of the Dirichlet problem and
controlled convergence

Lucian Beznea

Abstract

1. We expose the construction of the classical stochastic solution of the

Dirichlet problem, using the hitting time of the boundary of the associated Markov process,

the Brownian motion in the case of the Laplace operator. We present then the controlled

convergence initiated by A. Cornea and its application to the Dirichlet problem. Finally,

we show that the stochastic solution solves the Dirichlet problem with general boundary

data, in the sense of the controlled convergence.

1. Introduction

Let D be an open set in Rd, d � 1. Recall that a function h 2 C2(D) is called
harmonic on D provided that

�h :=
d
X

j=i

@2h

@x2
j

= 0 on D .

Let further @D be the boundary of D. A solution of the classical Dirichlet problem
on D with boundary data f : @D ! R is a harmonic function h : D ! R such that

lim
x!y
x2D

h(x) = f(y) for all y 2 @D .

Our first aim is to solve the classical Dirichlet problem by means of the stochastic
solution (Theorem 3.8). Necessary results on the Markov processes and Brownian
motion are exposed in Section 2. The presentation of the strong Markov property
and of the stochastic solution for the classical Dirichlet problem (Section 3) follows
closely the lecture notes [9]. Several detailed proofs of the results from Section 2
are given in Appendix (A.5). Some complements on probability theory used in this
paper were also collected in Appendix (A.2)-(A.4).
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The next remark will lead to our second aim, we present its proof in Appendix
(A.1).

Remark 1.1. If the classical Dirichlet problem with boundary data f has a solution
then f is a continuous function on @D.

Taking into account the statement of Remark 1.1, the following question arises:
What happens with the Dirichlet problem in the case when f is not a continuous
function?

Recall that the classical potential theory answers this question, with many ax-
iomatical developments, mainly in the frame of harmonic spaces (see the monograph
[5] an the references therein), with applications to elliptic and parabolic partial dif-
ferential operators, not necessary with smooth coe�cients.

The second aim for us is to indicate a short way to arrive to an answer for
the above question, combining analytic and probabilistic tools. It is a rather new
method which turned out to be e�cient in solving the Dirichlet problem in an
infinite dimensional frame too, like for the Gross-Laplace operator on an abstract
Wiener space (cf. [2]). A main ingredient of this approach is the method of con-
trolled convergence introduced by A. Cornea (cf. [6], [7], and [10]); we shortly
present the method in Section 4. The final result (Theorem 4.8) shows that the
stochastic solution solves the Dirichlet problem not only for continuous boundary
data, but also for general onces, the solution controlled converging to the boundary
data in this case.

We are deeply indebted to Elisabetta Barletta and Sorin Dragomir for their
essential role and infinite patience in elaborating this work.

2. Markov processes, the Brownian motion

Let (⌦,F , P ) be a probability space and T := [0,1). Let further (Ft)t2T be an
increasing family of sub-�-algebras of F ; Ft ⇢ Fs whenever t < s. The family
(Ft)t2T is called filtration.

A stochastic process with state space (E,B) and parameter set T is a collection
X = (Xt)t2T of maps Xt : ⌦ ! E such that Xt 2 F/B, t 2 T . The map
[0,1) 3 t 7! Xt(!) is called the path (trajectory) corresponding to !. X is called
adapted to the filtration (Ft)t2T provided that Xt 2 Ft/B for each t 2 T .

Example. A stochastic process X = (Xt)t2T is always adapted to the minimal
filtration F0

t := �(Xs, s  t), t 2 T ; if A ⇢ {f : ⌦ ! (E,B)} then �(A) denotes the
smallest �-algebra on ⌦ making measurable all the functions from A.

We denote by pB the set of all numerical, positive B-measurable functions on E.

The Gaussian semigroup. We define first the density of the Gaussian kernel,
gt : Rd ! R, t � 0, d � 1, as

gt(x) =
1

(2⇡t)d/2
e�|x|2/2t , x 2 Rd .
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For every x 2 Rd and t � 0, 1  i  n, the densities of the Gaussian kernels on Rd

have the following properties (cf., e.g., [3], Ch. 0, Lemma 2.1):

(2.1)

@gt

@xi
(x) = �xi

t
gt(x) ;

@2gt

@x2
i

(x) =
✓

x2
i

2t2
� 1

t

◆

gt(x) ;

@gt

@t
(x) =

1
2

✓ |x|2
t2

� d

t

◆

gt(x) ;

In particular, (1/2)�gt = @/@t gt.
We define the Gaussian kernel Pt as the convolution kernel (see (A.4) in Appen-

dix) induced by the density gt, Ptf := gt ⇤ f for all f 2 pB, that is

Ptf(x) =
1

(2⇡t)d/2

Z

Rd

e�|x�y|2/2tf(y) dy for all t > 0, x 2 Rd, f 2 pB .

For each t > 0 let µt be the Gaussian measure on Rd with (variance) parameter
t,

µt(A) :=
1

(2⇡t)d/2

Z

A

e�|x|2/2t dx , A 2 B(Rd) .

The Gaussian semigroup on Rd is the family of kernels (Pt)t�0, where P0 is the
identity operator, that is, P0f := f for all f .

The Gaussain semigroup and the Gaussian measures µt on Rd, t > 0, have the
following properties.

(i) Pt(x,A) =
Z

A

gt(y � x) dy, A 2 B(Rd), and the map A 7! Pt(x, A) is a

probability on (Rd,B(Rd)).

(ii) Pt(0, ·) = µt and Ptf(x) =
Z

Rd

f(y)Pt(x, dy) =
Z

Rd

f(x + y)µt(dy).

(iii) µt·s(A) = µt(1/
p

s ·A) for all A 2 B(Rd) (the time scaling property).
(iv) Pt(x+y,A+y) = Pt(x,A) for all x, y 2 Rd and A 2 B(Rd) (Pt is translation

invariant). In particular, Pt(x,A) := µt(A� x).

Transition function. A family of kernels (Tt)t�0 on a measurable space (E,B) is
called (time homogenous) Markovian transition function provided that for all t � 0
Tt is a Markovian kernel on (E,B) and Tt � Ts = Tt+s for all t, s � 0 i.e.,

Tt+s(x,A) =
Z

E

Ts(y, A)Tt(x, dy) for all A 2 B and x 2 E

(the Chapman-Kolmogorov equation). Assume that T0 is the identity operator.

Example. The Gaussian semigroup is a transition function on Rd. For the proof
one uses the convolution property of the densities of the Gaussian kernel, i.e. gs ⇤
gt = gs+t.

Let (C0(Rd), k k1) be the Banach space of all real-valued continuous functions on
Rd, vanishing at infinity, equipped with the supremum norm k k1.

Proposition 2.1. The following assertions hold.
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(i) For every f 2 bB(Rd) and t > 0 it follows that Ptf 2 C2(Rd) and
1
2

�Ptf =
@

@t
Ptf

(ii) (Pt)t�0 induces a C0-semigroup of contractions on C0(Rd), i.e. Ptf 2
C0(Rd) and limt&0||Ptf �f ||1 = 0 for all f 2 C0(Rd); Pt �Ps = Pt+s and
||Pt||  1 for all t, s � 0.

For the proof see [3], Lemma 2.3 from Ch. 0. Note that assertion (i) is a direct
consequence of (2.1).

Markov processes with transition function. Let X = (Xt)t�0 be a stochastic
process with state space (E,B), adapted to the filtration (Ft)t2T . Let (Tt)t�0 be a
transition function on (E,B).

One says that X is a Markov process with respect to (Ft)t2T having (Tt)t�0 as
transition function provided

E[f �Xt+s|Ft] = Tsf(Xt) for all f 2 pB, t � 0, s > 0 .

Taking conditional expectations with respect to �(Xt) in the above equality and
using the properties of the conditional expectation (cf. (A.3.1) in Appendix) we
obtain the Markov property:

E[f �Xt+s|Ft] = E[f �Xt+s|Xt] for all f 2 pB, t � 0, s > 0 .

Define the initial distribution of X as the distribution of X0, that is the measure
µ := P � X�1

0 on (E,B), i.e., µ(A) = P (X0 2 A) for all A 2 B. The initial
distribution of X is a probability on (E,B).

Using the Markov property repeatedly one obtains the following formula for the
finite-dimensional distributions of X: if 0  t1 < t2 < · · · < tn and f 2 bB(En),
then

E(f(Xt1 , · · · , Xt
n

)) =

=
Z

µ(dx0)
Z

Tt1(x0, dx1) · · ·
Z

Tt
n

�t
n�1(xn�1, dxn)f(x1, · · · , xn) .

Consequently, the finite-dimensional distributions of X are expressible in terms of
its initial distribution and transition function. Taking n = 1 in the above formula
and t1 = t we get

(2.2) E(f �Xt) =
Z

E

Ttf dµ, f 2 pB .

Question. Suppose we are given a probability measure µ on (E,B) and a transition
function (Tt)t�0 on (E,B). Does there exist a Markov process with state space
(E,B) which has (Tt)t�0 as transition function and µ as initial distribution?

The answer is a�rmative due to a celebrated theorem of Kolmogorov (Theo-
rem 2.2 below), if (E,B) is a Radon measurable space (i.e., (E,B) is measurably
isomorphic with an universally measurable subset of a compact metric space).

Let ⌦ := ER+ be the space of all trajectories and consider the coordinate map-
pings Xt : ⌦ ! E, t � 0,

Xt(!) := !(t) , ! 2 ⌦ .

Endow ⌦ with the product �-algebra F := �(Xt, t � 0) and the filtration Ft :=
F0

t = �(Xs, s  t), t � 0 (the minimal filtration).
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Theorem 2.2 (Kolmogorov’s theorem on the construction of Markov processes).
Let (E,B) be a Radon measurable space, µ a probability and (Tt)t�0 a transition
function on (E,B). Then there exists a unique probability Pµ on (⌦,F) such that
(Xt)t�0 is a Markov process with state space E, transition function (Tt)t�0, and
initial distribution µ, i.e.,

(2.3) Eµ[f �Xs+t|Ft] = Tsf(Xt) for all f 2 pB, t � 0, s > 0 .

and
µ(A) = Pµ(X0 2 A) for all A 2 B .

For the proof see, e.g., Corollary 52, Ch. III from [8] and [4], page 17.

Remark. (i) For each initial distribution µ, the space of trajectories ⌦ of the
process is the same and it is called the canonical realization.

(ii) If µ is the Dirac measure at x, µ = "x, we write P x instead of P "
x . One

says that the probability P x describes the evolution of the process starting
at x.

(iii) Taking µ = "x in (2.2) we obtain the following representation for the tran-
sition function:

Ttf(x) = Ex(f �Xt) for all f 2 pB, x 2 E and t � 0 .

If f = 1A and A 2 B then Tt(1A)(x) = Tt(x,A) and the above representation for
Tt has a version which justifies its name of “transition function of the process X”:

(2.4) P x(Xt 2 A) = Tt(x,A) for all A 2 B, x 2 E, and t � 0 .

Equality (2.3) becomes the Markov property:

(2.5) Ex[f �Xs+t|Ft] = EX
t(f �Xs) for all f 2 pB, x 2 E, t � 0, s > 0 .

Taking the expectation in both sides we obtain

(2.6) Ex(f �Xt+s) = Ex(EX
t(f �Xs)) for all t � 0, s > 0, f 2 pB, x 2 E .

Brownian Motion. The d-dimensional Brownian motion is the Markov process
with state space Rd, having the Gaussian semigroup as transition function.

From now on we assume that X = (Xt)t�0 is a d-dimensional Brownian motion.

One can show that the corresponding probability Pµ is carried by the set

{! 2 ⌦ | t 7! Xt(!) is continuous on [0,1)}
which means that the Brownian motion has continuous paths. In addition, since
P0 = Id, taking t = 0 and A = {x} in (2.4), it follows that for all x 2 Rd

X0 = x P x-almost surely.

One says that the process X is normal.

Stopping times. For t � 0 define Ft+ :=
T

s>tFs. Clearly (Ft+)t2T is also a
filtration and Ft ⇢ Ft+ for all t � 0.

A filtration (Ft)t2T is called right continuous provided that Ft = Ft+ for each
t � 0. Note that (Ft+)t2T is always right continuous.

A function S : ⌦ ! [0,1] is called stopping time (with respect to (Ft+)t2T )
provided [S  t] 2 Ft+ for all t > 0.
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Remark. S is a stopping time (with respect to (Ft+)t2T ) if and only if [S < t] 2 Ft

for all t > 0. Indeed, the assertion follows from the equalities [S  t] =
T

n[S <
t + 1/n] and [S < t] =

S

n[S  t� 1/n].

Clearly, every nonnegative constant is a stopping time.

Hitting time. The first hitting time of a set A ⇢ Rd is defined as

TA(!) := inf{t > 0 | Xt(!) 2 A} , ! 2 ⌦ .

Proposition 2.3. The following assertions hold.
(i) If A is an open set then TA is a stopping time.
(ii) Let A be a bounded subset of Rd, then TAc < 1 almost surely (the Brownian

motion leaves every compact set).

Proof. (i) Because the paths t 7! Xt(!), ! 2 ⌦, of the Brownian motion are
continuous we have [TA < t] =

S

a<r<t
r2Q

[Xt 2 A] 2 Ft.

(ii) We follow the proof of Lemma 4.2 from [9]. We may assume that A is a
compact set. Indeed, if B is a closed ball such that A ⇢ B then clearly TAc  TBc .

Let x 2 Rd. We show that

(2.7) for every " > 0, there exists t > 0 such that P x(Xt 2 A) < " .

For, let r > 0 be such that A� x ⇢ B(0, r). Then (1/k)(A� x) ⇢ (1/k)B(0, r) =
B(0, r/k) &

k!1
{0} and since µt({0}) = 0 we get limk µt((1/k)(A� x)) = µt({0}) =

0. By the time scaling property of the Gaussian measures it follows that P x(Xk2t 2
A) = µk2t(A� x) = µt((1/k)(A� x)) & 0

k!1
and thus (2.7) holds.

From [TAc = 1] ⇢ [Xt 2 A] 2 Ft if t is as in (2.7), one has P x([TAc = 1]) 
P x(Xt 2 A) < " and letting " tend to 0 we conclude that P x([TAc = 1]) = 0,
P x(TAc < 1) = 1 for all x 2 Rd.

⇤

Remark. Assertion (i) of Proposition 2.3 remains true if A ⇢ Rd is a union of
compact sets (see, e.g., [9], Proposition 4.1).

The shift operator. Fix s � 0, we define the shift operator ✓s : ⌦ ! ⌦ by
✓s(!)(t) := !(s + t), that is,

Xt � ✓s = Xt+s .

It is clear that ✓s is F/F-measurable and the map ✓s : (⌦,Fs+t) ! (⌦,Ft) is
Fs+t/Ft-measurable for all t � 0.

Let S be a stopping time and define

F+
S := {A 2 F | A \ [S < t] 2 Ft} for all t > 0 .

Remark. (i) F+
S is a �-algebra. Because we should think of Ft, as containing

all the information in some physical process up to the time moment t, then F+
S

contains all the information up to the random time S.
(ii) If S is constant, i.e., S = s 2 R+, then F+

s = Fs+. For, if ⇤ 2 F then

⇤ \ [S < t] =

( ; , if t  s

⇤ , if t > s .
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Proposition 2.4. Let S, T , Tn be stopping times. Then the following assertions
hold.

(i) S ^ T , S _ T , S + T are stopping times.
(ii) inf

n
Tn, sup

n
Tn, lim

n
Tn, lim

n
Tn are stopping times.

(iii) If t > 0 then t + S � ✓t is a stopping time.
(iv) S is F+

S -measurable and the sets [S < T ], [S = T ], and [S > T ] belong to
F+

S \ F+
T .

(v) If S  T then F+
S ✓ F+

T and F+
inf

n

T
n

=
T

n F+
T

n

.

Proof. We only prove assertion (i), the proofs of the other assertions are similar.
For every t > 0 we have [S ^ T < t] = [S < t] [ [T < t] 2 Ft, [S _ T < t] = [S <
t] \ {T < t} 2 Ft, and [S + T < t] =

S

0<r<t
r2Q

[S < r] \ [T < t� r] 2 Ft.

⇤

The Strong Markov Property. The presentation below is based on [9], the
omitted proofs are presented in Appendix (A.5).

Proposition 2.5 (The Strong Markov Property). Let S be a stopping time and
t � 0. Then for every f 2 pB(Rd),

Ex(f �XS+t;S < 1) = Ex(EX
S (f �Xt);S < 1) .

Remark. Taking f = 1A in the relation (2.7) we obtain

P x(Xt+s 2 A) = Ex(PX
t(Xs 2 A)) .

The same holds in the case of the strong Markov property:

P x(XS+t 2 A;S < 1) = Ex(PX
S (Xt 2 A);S < 1) for all A 2 B(Rd) .

Proposition 2.6. For every stopping time S the mapping XS : [S < 1] ! Rd

defined by
XS(!) := XS(!)(!)

is F+
S -measurable.

Corollary 2.7. Let S be a stopping time and t � 0. Then for each f 2 pB(Rd)
and every function Z : [S < 1] ! [0,1] which is F+

S � measurable,

E(Z · (f �XS+t);S < 1) = Ex(Z · EX
S (f �Xt);S < 1)

or equivalently
E[f �XS+t | F+

S ] = EX
S (f �Xt) .

If S is a stopping time then the shift operator ✓S : [S < 1] ! ⌦ is defined
as

✓S(!)(t) := !(S(!) + t) , ! 2 [S < 1], t � 0 .

Proposition 2.8. For every stopping time S and each F-measurable function Y :
[S,1] ! [0,1] we have

Ex(Y � ✓S ;S < 1) = Ex(EX
S (Y );S < 1) .

The next result gives the general version of the strong Markov propoerty.
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Theorem 2.9. Let S be a stopping time and Y : [S < 1] ! [0,1] be F-
measurable. Then

Ex[Y � ✓S | F+
S ] = EX

S (Y ) .

Equivalently, for every F+
S �measurable function Z : [S < 1] ! [0,1],

Ex(Z · Y � ✓S ;S < 1) = Ex(Z · EX
S (Y );S < 1) .

3. Stochastic solution for the classical Dirichlet problem

In this section we follow the approach of [9]. Fix x 2 Rd, r > 0, and define

B(x, r) = {y 2 Rd : |y � x| < r} , S(x, r) = {y 2 Rd : |y � x| = r} .

We denote the uniform distribution of mass 1 on B(x, r) by �x,r, that is, the normed
volume measure on B(x, r) and the uniform distribution of mass 1 on S(x, r) by
�x,r, that is, the normed surface measure on S(x, r).

Let T be a stopping time and ↵ � 0. We define the kernel P↵
T by

P↵
T f(x) = Ex(e�↵T f �XT ;T < 1) .

If ↵ = 0, we write PT instead of P 0
T .

For A 2 B we write P↵
A instead of P↵

T
A

and it is called the ↵-order hitting kernel
and the measure P↵

A(x, ·) is called the ↵-order hitting distribution of A starting
from x, or the ↵-order harmonic measure of A relative to x 2 Rd.

Remark. (i) Let (Tt)t�0 be a C0-semigroup on a Banach space B, then (e�↵tTt)t�0

is also a C0-semigroup on B. If L is the generator of (Tt)t�0 (eLt = Tt), then the
generator of (e�↵tTt)t�0 is L� ↵, where recall that

Lu := limt&0
Ttu� u

t
, u 2 D(L) .

(ii) P↵
T is the 0-order hitting kernel of the Markov process having the transition

function (e�↵tPt)t�0 and the generator L� ↵.
(iii) The (right) continuity of the paths implies that all the measures P↵

A(x, ·)
are concentrated on Ā (the closure of A). Indeed, if f = 0 on Ā, from
P↵

Af(x) = Ex(e�↵T
Af �XT

A

; TA < 1), where XT
A

(!) 2 Ā, it follows that
f(XT

A

(!)) = 0 and thus P↵
Af(x) = 0.

(iv) Because the paths are continuous, if A is closed and x /2 A then P↵
A(x, ·) is

concentrated on the boundary of A.

Lemma 3.1. Let x 2 Rd. Then the following assertions hold.
(i) If A is a bounded subset of Rd, a countable union of compact sets, then the

distribution of XT
A

c

is PAc(x, ·), i.e.,

PAc(x, F ) = P x(XT
A

c

2 F ) for all F 2 B(Rd) .

In particular, PAc(x, ·) is a probability on Rd for all x 2 Rd.
(ii) If r > 0 and a 2 Rd then PB(a,r)c(a, ·) = �a,r.

Proof. (i) By assertion (ii) of Proposition 2.3 TAc < 1 almost surely, hence
PAc(x, F ) = P x(XT

A

c

2 F, TAc < 1) = P x(XT
A

c

2 F ).
(ii) We may assume that a = 0 and let B = B(0, r). By assertion (i) and the

above Remark (ii), it follows that PBc(0, ·) is a probability on S(0, r). Since µt is
invariant under rotations one can check that P 0(XT

B

c

2 ·) is also invariant under
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rotations, hence coincides with �0,r.
⇤

Let D be a bounded open subset of Rd. For f : @D ! R bounded below,
f 2 B(@D), and x 2 D define

HDf(x) := Ex(f �XT
D

c

) = PDcf(x) .

By Lemma 3.1 (i) we have HD1(x) = 1 and HDf(x) is the expected value of f
at the points where the Brownian motion starting at x, exits from D.

Proposition 3.2 (Minimum principle; cf. [9], Proposition 6.1). Let f : D !
(�1,+1] be lower semicontinuous such that lim infD3x!z f(x) � 0 for every
z 2 @D. Then f is positive on D if it has one of the following two properties.

(i) For every x 2 D there exists a radius rx > 0, such that B(x, rx) ⇢ D and
Z

f d�x,r
x

 f(x) .

(ii) f 2 C2(D) and �f  0.

Proof. Assume the contrary, that is f(x0) < 0 for some x0 2 D. Choose
0 < " < |f(x0)| and define

g := f + " .

Then g(x0) < 0 and because lim infD3x!@D f(x) � 0 we get that g � 0 outside a
compact subset of D. Therefore

�1 < ↵ := inf g(D) < 0 (g is lower semicontinuous on D) ,

and the set K := [g = ↵] is a non-empty compact subset of D.
Suppose that (i) holds and consider x 2 K with minimal distance to Dc. Then

S(x, rx) is not a subset of K, hence S(x, rx) \ [g > ↵] is a non-empty set, so
�x,r

x

([g > ↵] \ S(x, rx)) > 0 and

↵ = f(x) + " �
Z

g d�x,r
x

=
Z

[g>↵]\S(x,r
x

)

g d�x,r
x

+
Z

[g=↵]\S(x,r
x

)

g d�x,r
x

=

=
Z

g[g>↵]\S(x,r
x

) + ↵ · �x,r
x

([g = ↵] \ S(x, rx)) >

> ↵ · �([g > ↵] \ S(x, rx)) + ↵ · �([g > ↵] \ S(x, rx)) = ↵ ,

a contradiction.
Suppose now that (ii) holds and choose an open set V such that V is a compact

subset of D and g � 0 on D \ V . Let a > 0 be such that V ⇢ B(0, a) and choose
� > 0 such that the function eg defined as

eg(x) := g(x) + �(a�
d
X

j=1

x2
j ) , x 2 D

satisfies eg(x0) < 0 (we have g(x0) < 0 and we choose � such that � < |g(x0)|).
Clearly �eg = �f � 2�d < 0. Since eg > g � 0 on @V and eg(x0) < 0, there exists
x 2 V where eg attains its minimum on the compact set V . For every 1  j  d
the function �j 7! eg(x1, · · · , xj�1, t, xj+1, · · · , xd) has a minimum at xj , hence
�00j (xj) � 0. It follows that �g̃(x) =

Pd
j=1 �00j (xj) � 0 and this is a contradiction.

⇤
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Corollary 3.3. Let h1, h2 be harmonic functions on D such that

lim
D3x!z

(h1(x)� h2(x)) = 0 for every z 2 @D .

Then h1 = h2. In particular, if the classical Dirichlet Problem has a solution then
it is unique.

Proof. It is su�cient to apply Propostion 3.2 for the functions f = h1 � h2

and f = h2 � h1.
⇤

Poisson kernel and integral. Fix a 2 Rd, r > 0 and let � = �a,r, B = B(a, r),
and S = S(a, r). The Poisson kernel is defined as

K(x, z) := rd�2 r2 � |x� a|2
|x� z|2 ,

where z 2 S and x 2 B.
For every f 2 L1(S, �) define the Poisson integral as

HB
f (x) :=

Z

S

K(x, z)f(z)�(dz) .

For an open set D we denote by H(D) the vector space of all harmonic functions
on D.

Proposition 3.4 (cf. [9], Proposition 6.3, and [3], Proposition 1.2 from Ch. 0).
The following assertions hold.

(i) If z 2 S then K(·, z) is harmonic on B. For every f 2 L1(S, �) the Poisson
integral HB

f is a harmonic function on B, HB
f (a) =

R

S
f d�, and HB

1 = 1.
(ii) (The boundary behavior of the Poisson integral). For every y 2 S and f 2

L1(S, �) we have lim infB3x!y HB
f (x) � lim infS3z!y f(z). In particular,

if f is continuous at y 2 S then

lim
B3x!y

HB
f (x) = f(y) .

(iii) If f 2 L1(S, �) then HB
f 2 L1(B, �). The operator HB : L1(S, �) !

L1(B,�) is linear, bounded, with
�

�HB
�

� = 1. We have � �HB = �, i.e.,
Z

B

HB
f d� =

Z

S

f d� for all f 2 L1(S, �) .

Proof. We show first that

(3.1) if z 2 S and " > 0 then lim
x!z

K(x, ez) = 0 uniformly for ez 2 S \B(z, ") .

We may assume that z = 0 (since we may translate B). If ez 2 S \ B(0, ") then
|ez| � " and |x� ez| � |ez|� |x| � "� |x|, we have 1/|x� ez|d  1/("� |x|)d for |x| < ",
so

K(x, ez)  rd�2 1
("� |x|)d

(r2 � |x� a|2) !
x!0

0 .

We prove now assertion (i). Since z = 0 we have |a|2 = r2 and

K(x, 0) = rd�2 r2 �Pd
i=1(xi � ai)2

|x|d = rd�2

 

�|x|2�d +
d
X

i=1

2ai
xi

|x|d
!

.
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One can easily check that both |x|2�d and xi/|x|d belong to H(Rd \ {0}) and the
first assertion follows.

Fix x 2 B. Since K(x, ·) 2 C(S) and K(x, ·) > 0 on S, there exist ↵,� > 0 such
that ↵ < K(x, z)  � for all z 2 S. Consequently we have f 2 L1(S, �) if and only
if fK(x, ·) 2 L1(S, �). Because the function x 7! K(x, z) is harmonic on B and
the partial derivatives are continuous, we are allowed to interchange the Laplace
operator with the integral. It follows that HB

f is also harmonic on B.
From K(a, z) = 1 we get HB

f (a) =
R

S
K(a, z)f(z)�(dz) =

R

S
f d�. Fix 0 < ⇢ <

r. By rotational invariance HB
1 is constant on S(a, ⇢). Indeed, if x0, x00 2 S(a, ⇢)

there exists a rotation R in Rd such that R(a) = a and Rx0 = x00. Then |Rx0�a| =
|x00 � a| = |x0 � a| = ⇢ and |Rx0 �Ry| = |x0 � y|, if y 2 S. Since �a,r is rotational
invariant we have

HB
1 (x00) = HB

1 (Rx0) = rd�2

Z

S

r2 � |Rx0 � a|2
|Rx0 � y|d �(dy) =

= rd�2

Z

S

r2 � |x0 � a|2
|Rx0 �Ry|d �(dy) = HB

1 (x0) .

Hence the harmonic function HB
1 is constant on S(a, ⇢), HB

1 = ↵⇢ on S(a, ⇢). By
Proposition 3.2 we have that HB

1 = ↵⇢ on B(a, ⇢). In particular, ↵⇢ = HB
1 (a) = 1.

It follows that HB
1 = 1 on B(a, ⇢) for all ⇢ < r and therefore HB

1 = 1 on B.
(ii) Step I. Let g � 0 on S and V be a neighborhood of y 2 S such that g = 0

on V and g 2 L1(S, �). Then limB3x!y HB
g (x) = 0. Indeed, let (xn)n ⇢ B with

limn xn = y. From (3.1) we have limn K(xn, ·) = 0 on S \ V and there exists
M > 0 such that |K(xn, ·)g|  M |g| 2 L1(S, �). By dominated convergence we get
limn HB

g (xn) = 0.
Step II. We may assume that lim infS3z!y f(z) > �1 and let ↵ 2 R, ↵ <

lim infS3z!y f(z). Thus, there exists a neighborhood V of y such that f(z) > ↵
for all z 2 V and let g := ↵ � min(f, ↵). Then g = 0 on V and g 2 L1(S, �).
By Step I we have limB3x!y HB

g (x) = 0. Clearly, from f � ↵ � g we get HB
f �

↵ �HB
g . It follows that lim infB3x!y HB

f (x) � ↵ � limB3x!y HB
g (x) = ↵ for all

↵ < lim infS3z!y f(z). Taking a sequence ↵n % lim infS3z!y f(z) we conclude
that

lim inf
S3z!y

f(z)  lim inf
B3x!y

HB
f (x) .

One can replace f with �f in the above argument and the second assertion follows.
(iii) Since |HB

f |  HB
|f | we may assume f � 0. By assertion (i) we know that

the function h = HB
f is harmonic on B. Using polar coordinates, the mean value

property, and again assertion (i) we have
Z

B

HB
f d� =

1
vol(B)

Z r

0

Z

S(a,⇢)

h d�a,⇢ d⇢ = HB
f (a) =

Z

S

f d� .

⇤
Corollary 3.5 (cf. [9], Corollary 6.4)). Let h : D ! R be locally bounded and
Borel measurable. Then the following assertions are equivalent.

(i) The function h is harmonic on D.
(ii) The function h has the mean value property, that is, for all x 2 D and

r > 0 such that B(x, r) ⇢ D we have h(x) =
R

h d�x,r.
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Proof. Let B = B(x, r) with B ⇢ D and S = S(x, r).
(i) =) (ii). By Proposition 3.4 (i) HB

h|
S

2 H(B) and since h = HB
h|

S

on S,
Corollary 3.3 implies h = HB

h

�

�

S
on B. Using assertion (iii) of Proposition 3.4 we

get h(x) = HB
h

�

�

S
(x) =

R

S
h d�.

(ii) =) (i). From h(x) =
R

S
h d�x,r0 for all r0  r, it follows that h(x) =

R

B
h d�x,r for all x. By dominated convergence we obtain that h is continuous. If

we set
g := h|B � HB

h

�

�

S

then g has the mean value property on B and limB3x!z g(x) = 0 for all z 2 S.
From Proposition 3.2 (Minimum principle) we get that g = 0 on B, that is h = HB

h|
S

on B. It follows that h|B 2 H(B) for every ball B such that B ⇢ D and therefore
h 2 H(D).

⇤

Proposition 3.6 (cf. [9], Proposition 7.1). If f 2 C(@D) then HDf is harmonic
on D.

Proof. From |HDf |  kfk1 < 1 it follows that HDf is bounded. By Corollary
3.5 it su�ces to show that HDf has the mean value property. Let x 2 D, B(x, r) ⇢
D, T = TDc , S = TBc . Because D and B are bounded sets, by Proposition 2.3 (ii)
the stopping times T and S are finite almost surely and by Lemma 3.1 (ii),

P x �X�1
S = �x,r .

Because Dc ⇢ Bc and since the Brownian motion has continuous paths we have
S < T P x-almost surely. By Proposition 2.8 (the strong Markov property) and the
above equality we get

HDf(x) = Ex(f �XT ) = Ex(EX
S (f �XT )) =

=
Z

Ez(f �XT ) d�x,r(z) =
Z

HDf d�x,r .

⇤

A Borel measurable function u : D ! (�1,+1] is called supermedian on D if
it is locally bounded and

Z

u d�a,r  u(a) for all r > 0, B(a, r) ⇢ D .

The function u is called hyperharmonic on D if it is supermedian and lower semi-
continuous.

Remark. (i) A real-valued function h is harmonic on D if and only if h and �h
are supermedian on D (cf. Corollary 3.5).

(ii) The pointwise infimum of finitely many hyperharmonic functions on D is
hyperharmonic.

Proposition 3.7 (cf. [9], Proposition 7.2). Let u � 0 be a lower semicontinuous
function on D which is hyperharmonic on D. Then HDu  u on D.
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Proof. Define inductively Tn : ⌦ ! [0,1], n = 0, 1, 2, · · · , by T0 = 0,

Tn+1(!) = inf
⇢

t > Tn(!) : |Xt(!)�XT
n

(!)| � 1
2

dist(XT
n

(!), @D)
�

,

if Tn(!) < 1 and Tn+1(!) = 1 if Tn(!) = 1. Equivalently we have Tn+1 =
Tn + S � Tn, where

S(!) := inf
⇢

t > 0 : |Xt(!)�X0(!)| � 1
2

dist(X0(!), @D)
�

.

It is easy to see that S is a stopping time, (Tn)n is an increasing sequence of
stopping times, and Tn  TDc < 1 P x-almost surely, x 2 D, for every n (the
finiteness follows from Proposition 2.3 (ii)). We claim that P x-almost surely

lim
n

Tn = TDc .

Indeed, fix ! 2 ⌦ with X0(!) 2 D and assume that t := limn Tn(!) < TDc(!).
Then K := [Xs(!) : 0  s  t] is a compact subset of D and therefore " :=
dist(K, Dc) > 0. There exists � > 0 such that

|Xs(!)�Xs0(!)| < "

2
if 0  s  s0  t, s0 � s < � .

By the definition of Tn and since Tn(!) 2 K for all n, it follows that Tn+1(!) �
Tn(!) � � for all n 2 N. We get t � TN+1(!) � N� for all N 2 N, contradiction.
Therefore t = TDc(!). Fixing x 2 D we obtain limn XT

n

= XT
D

c

P x-almost surely.
Since u is lower semicontinuous on D we conclude that

u(XT
D

c

)  lim inf
n

u(XT
n

) P x-almost surely .

Using Fatou’s lemma and since u � 0 on @D we have

(3.2) HDu(x) = Ex(u(XT
D

c

))  Ex(lim inf
n

u(XT
n

))  lim inf
n

Ex(u(XT
n

)) .

For y 2 D let r(y) := dist(y, Dc)/2. Since the Brownian motion is normal we
have P y-almost surely

S(!) = inf
⇢

t > 0 : |Xt(!)� y| � 1
2

dist(y, @D)
�

= TB(y,r(y))c(!)

and by Lemma 3.1 (ii)

Ey(u(XS)) = Ey(u(TB(y,r(y))c)) =
Z

u d�y,r(y)  u(y) for every y 2 D .

By the strong Markov property (Proposition 2.8) and the preceding inequalities

Ex(u(XT
n

)) = Ex(u(XS) � ✓T
n�1) = Ex

⇣

EX
T

n�1 (u(XS))
⌘


 Ex

�

u(XT
n�1)

�

for all n

and by recurrence we obtain Ex(u(XT
n

))  Ex(u(XT0)) = Ex(u(X0)) = u(x).
From (3.2) we conclude that for all x 2 D

HDu(x)  lim inf
n

Ex(u(XT
n

))  u(x) .

⇤
Theorem 3.8. Let f 2 C(@D) and assume that the classical Dirichlet problem for
f admits a solution h. Then h = HDf .



128 Lucian Beznea

Proof. Since h is bounded we may assume that |h|  1 and therefore |f |  1.
The functions 1�h and 1+h are harmonic on D and positive on D. By Proposition
3.7 (since h|@D ⌘ f) we have

HD(1� f) = HD(1� h)  1� h and HD(1 + f)  1 + h .

Because HD1 = 1 we conclude that HDf = h.
⇤

Remark. If D = B(x, r) =: B then

HB
f = HBf for all f 2 L1(S, �) .

Indeed, if f is continuous then the equality follows from Theorem 3.8 and the
uniqueness of the solution of the classical Dirichlet problem.

4. Aurel Cornea’s method of controlled convergence

Zaremba’s example of an open set having no solution for the classical
Dirichlet problem. Let D be the punctured unit ball, D = B(0, 1) \ {0}. Then
@D = S [ {0} and consider f : @D ! R, f 2 C(@D), given by

f(y) :=

(

0 , if |y| = 1

1 , if y = 0

Then the classical Dirichlet problem has no solution for the boundary data f .
Indeed, assume that there exists a harmonic function h : D ! R such that

lim
D3x!y

h(x) = f(y) for all y 2 @D ,

that is limx!y h(x) = 0 for all y 2 S(0, 1) and limx!0 h(x) = 1. Let u0(x) :=
1/|x|d�2, d � 3, and un := (1/n)u0 � h, n � 1. Then un is harmonic on D for all
n � 0 (because u0 has this property, being the Newtonian kernel). Since

lim
D3x!y

un(x) =

8

<

:

1
n

u0(y) , if y 2 S(0, 1)

+1 , if y = 0

we get limD3x!y un(x) � 0 for all y 2 @D and by the Minimum principle (Propo-
sition 3.2) un � 0 on D for all n. Hence (1/n)u0 � h on D for all n � 1 and letting
n !1 we have h  0 on D, contradicting the relation limx!0 h(x) = 1.

Remark. Although the classical Dirichlet problem has no solution, if we set h1 :=
HB

f

�

�

�

D
then h1 is a harmonic function on D such that

lim
D3x!y

h1(x) = f(y) for all y 2 @D \ {0} .

Controlled convergence. Let D ⇢ Rd be a bounded open set, f : @D ! R and
h, k : D ! R, k � 0.
The function h converges to f controlled by k (we write h

k! f) if the following
conditions hold.

For all (xn)n ⇢ D, xn ! y 2 @D, we have:
(⇤) If k is bounded on the sequence (xn)n then f(y) 2 R and limn h(xn) = f(y).
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(⇤⇤) If (k(xn))n is unbounded then inf
n

h(xn)
1 + k(xn)

= 0.

Remark. (i) According to [6] and [7], the controlled convergence o↵ers a method
for setting and solving the Dirichlet problem for general open sets and general
boundary data. The above function f should be interpreted as being the boundary
data of the harmonic function h. The function k is called control function.

(ii) The function h converges to f controlled by k if and only if the following
conditions hold.
For all (xn)n 2 D, xn ! y 2 @D with k(xn) ! ko(2 R+) we have:
(⇤) If ko 2 R then f(y) 2 R and limn h(xn) = f(y).

(⇤⇤) If ko = +1 then lim
n

h(xn)
1 + k(xn)

= 0.

Indeed, we clearly have that (⇤) and (⇤⇤) imply (⇤) and (⇤⇤). By passing to
subsequences one can see that conditions (⇤) and (⇤⇤) also imply (⇤) and
(⇤⇤).

A function f : @D ! R is called resolutive provided that there exists h 2 H(D)
and a superharmonic function k on D, positive and continuous, such that h

k! f .
The function h is called the solution of the Dirichlet problem with boundary data f .

Remark 4.1. A harmonic function h on D is the solution for the classical Dirichlet
problem with boundary data f if and only if h converges to f controlled by a
bounded function k.

Theorem 4.2 ([7], Theorem 1.5). Let f : @D ! R, h : D ! R+, and k : D ! R+.
Then the following assertions are equivalent.

(i) The function h converges to f controlled by k.
(ii) For any y 2 @D we have:

(ii*) If lim inf
D3x!y

k(x) < +1 then f(y) 2 R and lim
D3x!y

h(x)� f(y)
1 + k(x)

= 0.

(ii**) If limD3x!y k(x) = +1 then lim
x!y

h(x)
1 + k(x)

= 0.

(iii) For every " > 0 and y 2 @D

+1 6= lim sup
D3x!y

(h(x)� "k(x))  f(y)  lim inf
D3x!y

(h(x) + "k(x)) 6= �1 .

Corollary 4.3. If the Dirichlet problem has a solution then it is unique.

Proof. Let h, h0 be two solutions, h
k! f and h0

k0! f . Then by Theorem 4.2

lim inf
x!y

(h(x) + "k(x)) � f(y) � lim sup
x!y

(h0(x)� "k0(x)) ,

so

lim inf
x!y

(h + "k + "k0 � h0)(x) � lim inf
x!y

(h + "k)(x) + lim inf
x!y

("k0 � h0)(x) � 0 .

By Proposition 3.2 (Minimum principle) we have h� h0+ "(k + k0) � 0 and letting
" tend to zero we get h � h0, h = h0.

⇤
Theorem 4.4. Every continuous function on @D is resolutive.
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The case of the Euclidean ball. Let a 2 Rd, r > 0, B = B(a, r), S = S(a, r),
and � = �a,r.

Theorem 4.5 (A. Cornea). Every f 2 L1(S, �) is resolutive. More precisely, there
exists k : B ! R harmonic and positive such that for all (xn)n ⇢ B, xn ! y 2 S,
we have:

(i) If k is bounded on (xn)n then f(y) 2 R and HB
f (xn) ! f(y).

(ii) If (k(xn))n is unbounded then infn |HB
f (xn)|/(1 + k(xn)) = 0.

Proof. There exists a decreasing sequence (fn)n of lower semicontinuous, lower
bounded functions, fn : S ! R, fn � f for all n, such that limn

R

S
fn d� =

R

S
f d�.

We may assume that
�

�

�

�

Z

S

fn d� �
Z

S

f d�

�

�

�

�

 1
2n

for all n .

Analogously, there exist an increasing sequence (gn)n of upper semicontinuous,
upper bounded functions, such that gn  f and

�

�

�

�

Z

S

f d� �
Z

S

gn d�

�

�

�

�

 1
2n

for all n .

Let us set
g :=

X

n

(fn � gn) and k := HB
g .

Since gn  f  fn it follows that g � 0 and by the above inequalities we deduce
that g 2 L1(S, �),

R

S
g d�  2. Let " > 0 and fix n such that 1/n  ". The

function k is harmonic as the sum of a series of harmonic functions (the mean value
property passes over the sum) which is finite in one point (Harnack inequality). Let
� := (1/n)

Pn
j=1 fj , The function � is lower semicontinuous, lower bounded, and

from fj � f for all j it follows that � � f . In addition we have

(4.1) HB
f + "k � HB

� .

Indeed

HB
f + "k � HB

f +
1
n

k � HB
f +

1
n

X

jn

HB
(f

j

�g
j

) = HB
� + HB

(f�(1/n)
P

jn

g
j

) � HB
� .

We check now conditions (i) and (ii). Let (xn)n ⇢ B, xn ! y 2 S, and M :=
supn k(xn).

If M < 1 then the sequence (k(xn))n is bounded. We prove that f(y) 2 R.
Indeed, M < 1 implies that lim infn k(xn) < 1 and therefore lim infB3x!y k(x) <
1. The function g is lower semicontinuous on S, hence g(y)  lim infS3z!y g(z)
and by the boundary behavior of the Poisson integral (Proposition 3.4 (ii)) we have

g(y)  lim inf
x!y

HB
g (x) = lim inf

B3x!y
k(x) < 1 .

Hence
P

n(fn�gn)(y) < 1 and in particular f1(y), g1(y) 2 R. But g1(y)  f(y) 
f1(y), so f(y) 2 R. We show now that limm HB

f (xm) = f(y). As before, since the
function � is lower semicontinuous, using again Proposition 3.4 (ii) we obtain

lim inf
B3x!y

HB
� (x) � �(y) � f(y) .

On the other hand by (4.1)

HB
f (xm) + "M � HB

f (xm) + "k(xm) � HB
� (xm) for all m .
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It follows that lim infm HB
f (xm) � f(y). Analogously, applying the same procedure

to �f we have �fn  �f  �gn for all n and observe that
P

n(�gn� (�fn)) = g.
So, lim infm HB

�f (xm) � �f(y), or equivalently, f(y) � lim supm HB
f (xm) and we

conclude that limm HB
f (xm) = f(y).

If M = 1 then the sequence (k(xn))n is unbounded. Passing to a subsequence
we may assume that there exists limn k(xn) = +1 (actually we check condition
(⇤⇤)). Using (4.1) we have

HB
f (xn)

1 + k(xn)
=

HB
f (xn) + "k(xn)

1 + k(xn)
� "

k(xn)
1 + k(xn)

� HB
� (xn)

1 + k(xn)
� " � ↵

1 + k(xn)
� "

for all n, where ↵ 2 R is such that � � ↵.
It follows that lim infn HB

f (xn)/(1 + k(xn)) � �" for all " > 0, so
lim infn HB

f (xn)/(1 + k(xn)) � 0. Applying the above procedure for �f we get
0  lim infn HB

�f (xn)/(1 + k(xn)) = � lim supn HB
f (xn)/(1 + k(xn)). Therefore

lim supn HB
f (xn)/(1+k(xn))  0 and we conclude that limn HB

f (xn)/(1+k(xn)) =
0, hence (⇤⇤) holds.

⇤

Let f 2 L1(S, �). A point y 2 S is called exceptional if it does not hold
limB3x!y HB

f (x) = f(y).

Remark. If y 2 S is exceptional, then by Theorem 4.5 lim infx!y k(x) = +1.

Let E := {y 2 S : lim infx!y k(x) = +1}.
Proposition 4.6. The set E is �-null (i.e. �(E) = 0).

Proof. Let En := {y 2 S : lim infx!y k(x) > n}. Then En is open and E ⇢ En

for all n. Let ' 2 C(S) be such that supp ' ⇢ En, 0  '  1 and consider the
harmonic function h := k � n HB

' . We show that

lim inf
B3x!y

h(x) � 0 for all y 2 S .

Indeed, lim infB3x!y h(x) � lim infB3x!y k(x)� limB3x!y n HB
' (x) =

= lim infB3x!y k(x)� n '(y).
If y /2 En, then '(y) = 0, so lim infx!y h(x) � 0. If y 2 En, since lim infB3x!y k(x)
� n, it follows that lim infn k(xn)� n '(y) � n� n '(y) � 0.

By the Minimum principle (Proposition 3.2) we get now h � 0 on B, hence
HB

'  k/n on B for all n. In particular, using Proposition 3.4 (iii),
R

S
' d� =

HB
' (0)  k(0)/n for all ' 2 C(S), supp' ⇢ En. Because there exists a sequence

('k)k ⇢ C(S) such that 'k % 1E
n

, we deduce that �(En)  k(0)/n for all n,
�(E) = 0.

⇤

Controlled convergence outside an exceptional set (cf. Section 5 in [2]).
Let f 2 @D ! R, Do ⇢ D, and h, k : D ! R, k � 0, such that h|D

o

, k|D
o

are
real-valued. We say that h converges to f controlled by k on Do if for every A ⇢ Do

and y 2 @D \ Ā the following conditions hold:
(C1) If lim supA3x!y k(x) < 1 then f(y) 2 R and f(y) = limA3x!y h(x)
(C2) If limA3x!y k(x) = +1 then limA3x!y h(x)/(1 + k(x)) = 0.



132 Lucian Beznea

In [6] and [7] it was considered only the case Do = D for the controlled con-
vergence. One can see that h converges to f controlled by k if and and only if h
converges to f controlled by k on D.

The following result is a version of Proposition 1.7 from [7].

Proposition 4.7. Let be hn
k! fn for all n > 0 on Do. Let (↵n)n ⇢ R, ↵n % +1

such that
l :=

X

n

↵n|hn| < 1

and the series
P

n fn converges on Do. Then
P

n hn converges to
P

n fn controlled
by k + l on Do.

Recall that a subset M of D is called polar provided that P x-a.s. one has
TM = 1 for all x 2 D. Note that a Borel subset M of D is polar if and only if
there exists a hyperharmonic function u on D which is finite on a dense subset of
D, such that M = [u = 1].

The next result shows that the stochastic solution solves the Dirichlet problem
with general boundary data; it is a special case of Theorem 5.3 and Remark 5.4 (ii)
from [2].

Theorem 4.8. Let D ⇢ Rd be a bounded domain, � a finite measure on D, � :=
��HD, such that the classical Dirichlet problem has a solution. Let f 2 L1(@D, �),
then there exists a polar set M ⇢ D and g 2 pB(@D), such that k := HDg 2
L1

+(D,�) and HDf converges to f controlled by k on D \M .

Proof. (Cf. the proof of Theorem 5.3 from [2]). Let M be the set of all functions
f 2 L1

+(@D, �) such that there exists g 2 pB(@D) and HDf
k! f on [k < 1], where

k := HDg 2 L1(D,�). Since for every f 2 C(@D) the classical Dirichlet problem
has a solution and by Theorem 3.8 the solution is precisely HDf , from Remark 4.1
we get C+(@D) ⇢M.

We claim that it is su�cient to prove that:

(4.2) if (fn)n ⇢M, fn % f 2 L1(@D, �), then f 2M .

Indeed, we apply first the monotone class theorem (cf. (A.2) in Appendix) for H =
bB(@D) and K = C+(@D). It follows that bB(@D) ⇢M. Let now f 2 L1(@D, �)+.
From the above considerations the sequence (f ^ n)n lies in M and applying again
(4.2) we conclude that f 2M. Hence M = L1(@D, �). Note that since the control
function k is hyperharmonic on D, it belongs to L1(D,�), and D is a domain, it
follows that the set [k = 1] is polar.

To prove (4.2) let (fn)n ⇢ M, fn % f 2 L1(@D, �), and set hn := HDfn and
h := HDf . Then hn % h 2 L1(D,�). By hypothesis hn

k
n! fn on [kn < 1] for all

n. We may assume that �(kn) = 1 for all n and define ko :=
P

n kn/2n. It follows
that hn

k0! fn on [ko < 1] for all n. Let

l :=
X

n�1

n(hn+1 � hn) =
X

n�1

(h� hn) .

From hn % h we have �(hn) % �(h) < 1. Passing to a subsequence we may
assume that

P

n(�(h) � �(hn)) < 1. Consequently we get l 2 L1
+(D,�) and

l = HDg with g 2 pB(@D). By Proposition 4.7 we conclude that h
k

o

+l�! f on
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[ko + l < 1], so f 2M and therefore (4.2) holds, completing the proof.
⇤

Remark. As it was mentioned in Remark 5.4 from [2], the result from Theorem
4.8 holds in a more general setting, e.g., for a path continuous Borel right process
(see [1] and [11] for details on this type of Markov processes), provided that HDf
solves the classical Dirichlet problem with boundary data f 2 C(@D).

Acknowledgement. Support from the Romanian Ministry of Education, Research,
Youth and Sport (CNCS, PCCE-55/2008) is gratefully acknowledged.

Appendix

(A.1). Proof of Remark 1.1. Let yn, y 2 @D such that limn yn = y. Since
limx!y

n

x2D

h(x) = f(yn), there exists (xn)n ⇢ D such that

|h(xn)� f(yn)| < 1
n

, |xn � yn| < 1
n

for all n .

So, |f(yn)|  1/n + |h(xn)| and we obtain that the sequence (f(yn))n is bounded.
Passing to a subsequence we may assume that the limit limn f(yn) exists and it is
a real number ↵. Because limn yn = y we have limn xn = y, limn h(xn) = f(y).
Therefore

|h(xn)� ↵|  |h(xn)� f(yn)|+ |f(yn)� ↵|  1
n

+ |f(yn)� ↵| ,
f(y) = lim

n
h(xn) = ↵ = lim

n
f(yn) .

(A.2). The monotone class theorem. Cf. [11], (A0.6). Let H be a vector space
of bounded, real-valued functions such that 1 2 H and if (fn)n ⇢ H+, fn % f ,
f bounded, then f 2 H. If K ⇢ H is multiplicative (i.e., fg 2 K provided that
f, g 2 K), then b�(K) ⇢ H.

(A.3). Conditional expectation. Let (⌦,F , P ) be a probability space, i.e., F is
a �-algebra of subsets of ⌦ (that is: ; 2 F , Ac 2 F provide that A 2 F , and
if (An)n ⇢ F then

S

n An 2 F) and P is a probability on the measurable space
(⌦,F). Let (E,B) be a second measurable space.

A map X : ⌦ ! (E,B) is called random variable provided that X 2 F/B, i.e.,
X�1(B) 2 F for all B 2 B.

If X is a numerical valued random variable such that X� 2 L1(⌦, P ), then the
expectation of X is defined by E(X) :=

R

⌦
X dP , we write E(X; ⇤) :=

R

⇤
X dP if

⇤ 2 F .
Let G be a sub-�-algebra of F and X : ⌦ ! R such that X� 2 L1(⌦, P ). The

conditional expectation of X with respect to G is a function f : ⌦ ! R which is
G/B(R)-measurable and E(f ; ⇤) = E(X; ⇤) for all ⇤ 2 G.

• For every X : ⌦ ! R such that X� 2 L1(⌦,F , P ), the conditional expectation
E[X|G] exists and it is uniquely determined almost surely (abbreviated a.s.) and
we denote it by E[X|G]. For, assume that X 2 L1(⌦, P ). We may define the
real-valued measure µ on (⌦,G) as µ(⇤) :=

R

⇤
X dP , ⇤ 2 G. It follows that µ is

absolutely continuous with respect to the restriction of P to G and by the Radon-
Nikodym theorem there exists f 2 L1(⌦,G, P |G) such that µ(⇤) =

R

⇤
f dP for all

⇤ 2 G. Hence f = E[X|G].
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(A.3.1). Let G be a sub-�-algebra of F . A real-valued random variable X is G-
measurable if and only if E[X|G] = X. In addition we have E(E[X|G]) = E(X). If
G0 is a second sub-�-algebra, G0 ⇢ G, then

E[E[X|G]|G0] = E[X|G0] .

(A.4). Kernel. A kernel on (E,B) is a map N : pB ! pB such that N0 = 0 and
for each sequence (fn)n ⇢ pB we have N(

P

n fn) =
P

n Nfn.
The kernel N is called Markovian (respectively sub-Markovian) provided that

N1 = 1 (resp. N1  1).
(i) If N is a kernel on (E,B) then for each x 2 E the map f 7! Nf(x) is

a measure on (E,B) denoted by Nx or N(x, ·), i.e: Nf(x) =
R

f dNx,
N(1A)(x) = N(x,A) = Nx(A) for all A 2 B.

(ii) If (Nk)k is a sequence of kernels then
P

k Nk is a kernel and N1 �N2 is also
a kernel on (E,B).

Example. If g : E ⇥ E ! R+ is B ⇥ B-measurable and � is a �-finite measure on
(E,B), then we define

Gf(x) :=
Z

E

g(x, y)f(y)�(dy) for all x 2 E, f 2 pB .

By Fubini theorem it follows that G is a kernel on (E,B).
Let E = Rd, � be the Lebesgue measure on Rd, v : Rd ! R+ a Borel measurable

function, and set g(x, y) := v(x� y). Then

Gf(x) =
Z

Rd

f(y)v(x� y)�(dy) = v ⇤ f(x) , x 2 Rd .

G is called convolution kernel.

(A.5). Proofs of several results from Section 2.
Proof of Proposition 2.5 (cf. the proof of Proposition 5.1 from [9]). By the

monotone class theorem (see (A.2) in Appendix), we may assume without loss of
generality that f is continuous with compact support.

Let Sn : ⌦ ! Dn, n 2 N, defined by

Sn(!) :=

(

i2�n on [(i� 1)2�n  S < i2�n], i 2 N ,

1 on [S = 1]

and Dn := {i2�n; i = 0, 1, · · · }[ {1}. It is easily seen that Sn & S as n %1. Sn

is a stopping time because if 0 < t  2�n then [Sn < t] = ;, and if 2�n < t < 1 and
i is the largest natural number such that i2�n < t, then [Sn < t] = [S < i2�n] 2
Fi2�n ⇢ Ft. The sequence (Sn)n is called the canonical approximating sequence for
S.

Fix n 2 N and for i 2 N define Ai := [Sn = i2�n] and si := i2�n. We know that
Ai 2 Fs

i

for all i 2 N. By (2.5) (the Markov property)

Ex(f �XS
n

+t ; S < 1) =
1
X

i=1

Ex(f �Xs
i

+t ;Ai) =
1
X

i=1

Ex(EX
s

i (f �Xt); Ai) =

= Ex(EX
S

n (f �Xt);S < 1) = Ex(Ptf(XS
n

);S < 1) .
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By Proposition 2.1 (ii) we know that Ptf is a continuous function on Rd. Letting
n tend to infinity and since XS

n

! XS (because t 7! Xt(!) is continuous), the
claimed relation holds.

⇤

Proof of Proposition 2.6 (cf. the proof of Proposition 3.3 from [9]). Let (Sn)n

be the canonical approximation sequence for S (from the proof of Proposition 2.5).
Fix n 2 N, t > 0, A 2 B(Rd), and let m 2 N be maximal such that ms�n < t.
Then [XS

n

2 A] \ [Sn < t] =
Sm

i=1[(i � 1)2�n  S < i 2�n, Xi 2�n 2 B] 2 Ft.
Consequently for all n XS

n

is F+
S

n

-measurable on [S < 1] and therefore XS =
limn XS

n

is also F+
S

n

-measurable on [S < 1] for all n. By Proposition 2.4 (v) we
conclude XS is F+

S -measurable.
⇤

Proof of Corollary 2.7 (cf. the proof of Corollary 5.2 from [9]). Clearly, it is
su�cient to consider the case Z = 1A, A 2 F+

S . Define

eS =

(

S on A

1 on Ac .

Then eS is a stopping time, since for every t > 0 [eS < t] = A\ [S < t] 2 Ft. By the
strong Markov property (Proposition 2.5) we have

Ex(Z · f �XS+t;S < 1) = Ex(f �X
eS+t; eS < 1) =

= Ex(EX
e

S (f �Xt); eS < 1) = Ex(Z · EX
S (f �Xt);S < 1) .

⇤

Proof of Proposition 2.8 (cf. the proof of Proposition 5.3 from [9]). By the
monotone class theorem (see (A.2)) it su�ces to consider Y :=

Qn
j=1 fj � Xt

j

,
where f1, · · · , fn 2 bpB(Rd) and 0  t1 < · · · < tn < 1. We argue by induction on
n. For n = 1 the equality holds by the strong Markov property (Proposition 2.5).
Suppose that the statement holds for some n, then by Proposition 2.4 (i) S + tn is
a stopping time. We know from Proposition 2.6 that XS is F+

S -measurable and we
have Xt � ✓S = XS+t on [S < 1], t � 0. It follows that

fj �Xt
j

� ✓S = fj �XS+t
j

2 bpF+
S+t

j

⇢ bpF+
S+t

n

, 1  j  n .

By Corollary 2.7

Ex(
n+1
Y

j=1

fj �Xt
j

� ✓S) = Ex(
n
Y

j=1

fj �XS+t
j

· fn+1 �Xt
n+1�t

n

� ✓S+t
n

) =

= Ex(
n
Y

j=1

fj �XS+t
j

· EX
S+t

n (fn+1 �Xt
n+1�t

n

)) .

The last term has the form Ex(
Qn

j=1 gj�Xt
j

�✓S) with gj = fj for every 1  j  n�1
and gn(y) = fn(y)Ey(fn+1 �Xt

n+1�t
n

). Therefore, by the induction hypothesis and
using (2.5) (the Markov property) we have:

Ex(
n
Y

j=1

fj �Xt
j

� ✓S) = Ex(EX
S

n
Y

j=1

gj �Xt
j

) =
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Ex(EX
S (

n
Y

j=1

fj �Xt
j

· EX
t

n (fn+1 �Xt
n+1�t

n

))) = Ex(EX
S (

n+1
Y

j=1

fj �Xt
j

)) .

⇤

Proof of Theorem 2.9 (cf. the proof of Theorem 5.4 from [9]). We argue as in
the proof of Corollary 2.7. Consider the case Z = 1A, A 2 F+

S , and by Proposition
2.8

Ex(Z · Y � ✓S ;S < 1) = Ex(Y � ✓
eS ; eS < 1) =

= Ex(EX
e

S (Y ); eS < 1) = Ex(Z · EX
S (Y ); S < 1) .

⇤
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