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An invitation to the study of evolution equations by means of positive
linear operators

Francesco ALTOMARE and Vita LEONESSA

Abstract®. This paper provides a detailed survey on a series of methods and results
which are centered around the problem of the constructive approximation of the posi-
tive semigroups generated by degenerate second order differential operators by means of
iterates of positive linear operators.

This problem, first stated in [7], has been tackled in the last fifteen years from different
angles and in different settings such as spaces of bounded and unbounded continuous
functions on real intervals as well as on multidimensional convex compact subsets.

For the sake of simplicity the presentation is restricted in the framework of compact
intervals. The exposition includes several applications as well as several references for
further possible deepening and developments.

INTRODUCTION

This survey paper intends to provide a detailed and rigorous introduction into
a field of researches which is concerned with the study of some degenerate second
order elliptic-parabolic differential problems by means of semigroup theory and the
problem of the constructive approximation of the relevant solutions in terms of
iterates of positive linear operators.

Among the major motivations which justify an analysis of these problems we
mention that they are deeply involved while describing models of diffusion in dif-
ferent branches of applied sciences like, for instance, in population genetics and
mathematical finance.

The results discussed in the paper fall within an investigation area which involves
methods from Real Analysis, Operator Theory and Approximation Theory and
which has been developed during the last fifteen years by several mathematicians,
mainly from Italy, Rumania and Germany, after the appearance of the pioneering
paper [7] where these problems were stated for the first time.

For the sake of simplicity we restrict our exposition in the framework of compact
intervals.
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We shall mainly focus upon the study of a class of degenerate elliptic differential

operators of the form

Lu = ou” + Bu’ + yu
defined on a suitable domain D(L) of the Banach lattice C([a, b]), the space of all
real-valued continuous functions on a real interval [a,b]. The coefficients «, 8 and
~ are continuous functions on [a, b] satisfying suitable assumptions.

It is well-known that, if the operator (L, D(L)) generates a strongly continu-
ous semigroup (7'(t)):>0, then the Cauchy problems associated with the evolution
equation generated by L, i.e.

ou 0%u ou

S @t) = ale) T () + B@) G

(0 < & < 1, ¢t > 0), have a unique solution which depends continuously on the
initial data and can be expressed by means of the semigroup itself.

The main target is to construct suitable sequences of positive linear operators in
order to approximate the semigroup (7'(t))¢>o by means of their iterates.

After that, an additional problem comes into play which consists in performing,
by means of these approximating operators, a quantitative as well as a qualita-
tive analysis of both the semigroup and, hence, of the solutions of the associated
evolution equations.

Among other things it is possible to investigate the asymptotic behaviour of the
semigroup and the propagation of regularity properties of the initial data to similar
spatial regularity properties of the relevant solutions.

These targets appear tightly connected both to the study of sequences of positive
linear operators and to different classical themes of the approximation theory.

To facilitate access to the main results, in Section 2 we collect several preliminar-
ies. In particular we review some definitions and results concerning Cp-semigroups
of bounded linear operators on Banach spaces and we discuss the main properties
of Bernstein-Schnabl operators which play a fundamental role in the approximation
of the semigroups and in the study of their qualitative properties.

In Section 3 we enter in the hearth of the matter and we discuss some generation
results for the operator L by imposing either maximal boundary conditions or
Ventcel boundary conditions.

We also determine a core for these domains by opening the door to obtain the
desired approximation in terms of iterates of Bernstein-Schnabl operators in the
case # =y = 0 and of a suitable modification of them in the general case.

As a consequence we discuss several applications of the approximation formula
by showing, for instance, that the semigroups preserve continuous increasing func-
tions, Holder continuous functions, continuous convex functions, continuously dif-
ferentiable functions having Lipschitz continuous first derivatives and continuous
functions having bounded continuous second derivatives.

In the final part of the paper we list several references for further possible deep-
ening and developments.

(@,1) +~(z)u(z)

1. STATEMENT OF THE PROBLEM

Below we state the main problem we shall deal with in this paper. This problem
was first stated in [7] in a more general setting but, for the sake of simplicity, we
restate it in the framework of compact intervals.
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In the sequel we shall denote by C([0,1]) (resp. C2([0,1])) the space of all
continuous (resp. twice continuously differentiable) functions on [0, 1].
The space C([0,1]), endowed with the sup-norm || - [|o, i.e.

£l = swp |f@]  (F € C(0.1]).

and the natural (pointwise) ordering, i.e.
f<g ifandonlyif f(z) <g(x) forevery 0<az<1,

(f,g € C([0,1])), is a Banach lattice.
Consider a degenerate second order differential operator L : D(L) — C([0,1])
such that

(L.1) Lu(z) = a(z)u” (z) + B(a)u (z) + (x)u(@)
for every u € D(L) and x €]0, 1].

Here a, 8,y € C([0,1]), a(0) = a(1) =0 and «a(z) > 0 for 0 < z < 1, and D(L)
is a suitable linear subspace of {u € C([0,1]) : uyo,1; € C2(J0,1[)}.

If the operator (L, D(L)) is the generator of a strongly continuous semigroup
(T'(t))e>0 in C([0, 1]) then, for every ug € D(L), the initial boundary value problem

ou 0%u ou
-~ — - - >
ot (z,t) oz(x)ax2 (z,t) + ﬂ(m)ax (x,t) + vy(z)u(zx) O<z<l1, t>0,
(1.2) u(z,0) = up(x) 0<z<1,
u(+,t) € D(L) t>0,
has a unique solution given by
(1.3) u(z,t) = T(t)(uo)(x) 0<z<1,t>0)

and the solution continuously depends on the initial datum wug (for more details on
semigroups of operators see, e.g., [42], [55]).

Usually D(L) incorporates some boundary conditions imposed to 0 and 1.

By using Feller’s theory we already know several conditions under which the
operator (L, D(L)) generates a strongly continuous (positive) semigroup on C(][0, 1])
(see, e.g., [42, Section VI.4]).

Our general aim is to investigate the possibility of constructing a suitable approx-
imation process (1},)n>1 of linear operators on C([0,1]) (i.e., limy, 00 T5 (f) = f uni-
formly on [0, 1] for every f € C(]0,1])) such that, for every t > 0 and f € C(]0,1]),

(1.4) T(t)f = lim T*™f uniformly on [0,1]
n—oo

for a suitable sequence (k(n)),>1 of positive integers (independent of f), where

each T denotes the power of T}, of order k(n).

Having formula (1.4) at our disposal and taking (1.3) into account, it is clear
that we can try to derive both numerical and qualitative information about the
solutions of the Cauchy problems (1.2) from the study of the operators T,.

For instance, if each T, is positive, then T'(t) is positive (¢ > 0) and so to a
positive initial datum wug there corresponds a positive solution. In particular, in
this case, the rich theory of positive semigroups is also available (see, e.g., [52]).

Moreover, it ug € D(L) and ug < T),(ug) for every n > 1, then by iteration we
obtain ug < T'(¢)(uo), i-e., up(z) < u(z,t) for every z € [0,1] and ¢ > 0.
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If each T, leaves invariant special closed subspaces of C([0, 1]) (for instance, Lip-
schitz continuous functions, Holder continuous functions and so on), the same holds
true for the semigroup (7'(t)):>0 and hence the solutions belong to this subspace
provided the initial data belong to it (regularity results).

Of course the saturation properties and the Favard class of the semigroup could
be investigated by studying the corresponding properties of the sequence (T}, )n>1.

Another aspect which justifies a further possible interest in formula (1.4) lies
on the fact that, when (7'(¢)):>0 is a Markov semigroup (i.e., T'(t) is positive and
T(t)1 = 1 for each t > 0), then there exists a right-continuous normal Markov
process with state space [0, 1] whose transition function is expressed in terms of it
(see, e.g., [64, Chapter 9], for more details about these probabilistic aspects). Hence,
by means of the operators T;,, we may also investigate some qualitative properties
of these transition functions which are one of the main objects of interest in the
theory of Markov processes (see, e.g., [14, pp. 461-466]).

Clearly the first (difficult) problem to deal with is to find a suitable sequence
of operators (T,)n>1 (which is not unique in general) which may be expected to
satisfy the representation formula (1.4).

Anyhow, if one has at his disposal an approximation process (1,),>1 of linear
operators on C([0,1]), in order to obtain (1.4) it is sufficient that the following
properties are satisfied:

There exist a dense (in C([0,1])) subspace Dy of D(L), a decreasing se-
quence (ppn)n>1 of positive real numbers tending to 0 as n — oo and real
numbers M > 0 and w € R such that
(1.a) (Stability condition) | T¥|| < M exp(wp, k) for every k,n > 1;
(1.b) (Asymptotic formula)
. Tnu —Uu
lim ——
n—oo pTL
(1.c) (Range condition) the image (A —L)(Dy) is dense in C([0, 1]) for some
A > w (here I denotes the identity operator).
This is the content of a theorem of Trotter [65] (see also [55, Chapter 3, Theorem
6.7]) (cf. Theorem 2.23 of this paper).
Moreover, according to a result of Schnabl [63], if ||T5,|| < 1 for every n > 1, then
condition (1.c) can be replaced by

= Lu for every u € Dy ;

(1.d) (Local invariance property) there exists a family (F;);e; of finite dimen-
sional subspaces of Dy which are invariant under each T, (i.e., T,,(F;) C F;
for every n > 1 and i € I) and whose union is dense in C(]0, 1]).

In both cases, as a sequence (k(n))p,>1 in (1.4) one can choose an arbitrary
sequence (k(n)),>1 satisfying lim,,_,o k(n)p, = t (in particular k(n) = [t/p,],
where [z] denotes the integer part of a real number z).

Moreover, the following estimate holds true:

1T < Mexp(wt) — (£=0).

In concrete applications condition (1.c) represents the main problem to verify.
However this problem can be overcome by showing that Dy is a core for (L, D(L))
(see Section 2.4).

Having this scheme as a guide in Sections 3 and 4 we shall illustrate some of the
main results which have been obtained in this direction (see also [10], [19]).
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For additional results concerning, in particular, unbounded intervals or multidi-
mensional settings we refer, e.g., to [14, Chapter 6], [16], [17], [15] and the references
therein.

2. PRELIMINARIES

In this section we recall some notation which will be useful throughout this paper.

As usual the space of all real valued functions on [0, 1] will be denoted by F'([0, 1])
and C([0,1]) (resp. C?([0,1])) will stand for the space of all continuous (resp. twice
continuously differentiable) functions on [0, 1].

Moreover we shall denote by Cj,(]0, 1[) the space of all continuous bounded func-
tions defined on 0, 1[ and by Cy(]0, 1]) the space of all continuous functions on 0, 1]
which vanish at 0 and 1. Observe that Cy(]0, 1) is a closed subspace of Cy(]0, 1]).

We recall that, given a f € F([0,1]), its support is defined as

Supp(f) := {z € [0,1] : f(x) # 0} .

The symbol 1 will stand for the constant function 1; for every n > 1, e, will
denote the function e, (t) :=t", t € [0, 1], and, for every 0 < x < 1, v, will be the
function

(2.1) Yet)i=t—z  (0<t<1).

Moreover, 15 will denote the characteristic function of a subset B of [0, 1], i.e.,

15() 1 if teB,
£ =
v 0 ift¢B.

Now we proceed to introduce some further definitions and results useful for the
understanding of the next sections. For the reader convenience, we share out them
into the following four subsections.

2.1. Borel measures on [0,1]. Let B([0,1]) be the o-algebra of all Borel subsets
of [0,1]. A finite measure p : B([0,1]) — Ry is also called a Borel measure on
[0,1]. In particular, if x([0,1]) = 1 we say that p is a probability Borel measure on
[0,1]. We denote by M™*([0,1]) (resp. M, ([0,1])) the cone of all (regular) (resp.
probability) Borel measures on [0, 1].

Observe that, if y € MT([0,1]), then every f € C([0,1]) is u-integrable. There-
fore we may consider the following linear positive form v : C([0,1]) — R defined by
setting, for every f € C([0,1]),

(2:2) o) = [ fan.

Clearly v is a Radon measure on [0, 1], that is, v is continuous with respect to the
sup-norm, since |v(f)] < || flleo #([0,1]), and it is positive (i.e., v(f) > 0 for every
f€C(0,1]), f > 0). In such a way every Borel measure leads to a positive Radon
measure. Actually the converse is also true thanks to the Riesz representation
theorem. However throughout this paper we shall prefer to handle Borel measures
instead of Radon measures.

We shall say that a measure p is concentrated on a Borel subset B of [0,1] if
w([0, 1]\ B) = 0. Moreover, for every x € [0, 1], we shall denote by &, the point-mass
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measure concentrated at x, i.e., for every B € B([0,1]),

1 zeB,
81(3)::{ 0 2¢B.

We observe that, for every € [0,1] the corresponding Radon measure of ¢,
denoted by ., is the Dirac measure at x defined by

0:(f) = flx)  (feC([0,1]));
hence, taking (2.2) into account, for every f € C([0,1]) and z € [0, 1],

(2.3) / F(t) dea(t) = f(2)

For a given € M ([0, 1]) the support of i is the subset Supp(u) of [0, 1] which
is defined as the complement of the largest open subset of [0,1] of measure zero
with respect to .

Observe that a given element xg € [0, 1] belongs to the Supp(y) if and only if
u(V) # 0 for any open neighborhood V' of .

Moreover, the following properties of Supp(u) hold true.

Proposition 2.1.

(a) Let B be a closed subset of [0,1]. Then the following propositions are equiv-
alent:
(i) Supp(u) C B;
(43) fol fdu =0 for every f € C([0,1]) with Supp(f)N B =0;
(#4) p is concentrated on B.
(b) If feC([0,1]), f>0 and [y fdu =0 then Supp(p) C {z€[0,1] : f(z) = 0}.
(¢) If p:= 3" Niew, with X; > 0 and z; € [0,1] for every i =1,...,n, then
Supp(p) = {@1,-++ ,2,}. Conversely, if p € M*([0,1]) and Supp(u) =
{@1,-++ 2, }, then there exist Ay,--- , A, € RT such that p =" | N, .

(For the details see, for instance, [40, Section 11]).

We end his subsection by recalling two important definitions for the sequel.

Fix two Borel measures g and v on [0,1]. Then there exists a unique Borel
measure A on [0,1] x [0,1] such that, for every A,B € B([0,1]), A(A x B) =
u(A)v(B). Such a measure is called the tensor product measure of i and v and
it will be denoted by the symbol y ® v.

By Fubini theorem, for every f € C([0,1] x [0,1]),

/ fdp®v =/ ( fx,y) dV(y)> dp(r) =
[0,1]x[0,1] [0,1] [0,1]

— / ( f(z,y) du(w)) dv(y) .
[0,1] [0,1]

Analogously one can define the tensor product of a finite family of measures
Wiy evy i, m >3, 00 [0, 1].

If w € M*([0,1]) and ¢ : [0,1] — [0,1] is continuous, we define the image
measure of p under the mapping ¢ as the measure v defined by setting

v(B) := () (B) := u(p~ " (B))
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for every B € B([0,1]). If f € C([0,1]), then

/fdso /fosodu

For more details and deepening we refer, e.g., to [28].

2.2. Positive linear operators and approximation processes on C([0,1]).
Consider a linear mapping T : C([0,1]) — Y (Y = C([0,1]) or Y = R). The
mapping T is said to be positive if T(f) > 0 for every f € C([0,1]), f > 0.

For such positive mappings we have the following important properties and con-
sequences (see, e.g. [4]).

Proposition 2.2. Let T : C([0,1]) — Y be a positive linear mapping. Then the
following statements hold true.

(1) For every f,g € C(10,1)), if f < g, then T(f) < T(g).
(2) For every f € C([0,1]), |T(f)] < T(|f])-
(8) If Y =R then, for every f,g € C([0,1]),

T(lfg) < VT(f*)T(g?) -

Proposition 2.3. Let T : C([0,1]) — Y be a positive linear mapping. Then T is

continuous and
iy Tl 7Y =0(0.1),
| (1) ifY=R.

We proceed now to recall the concept of approximation process on the space

c([0,1]).
A sequence (L, ),>1 of linear operators from C([0,1]) into C([0, 1]) is said to be
an (uniform) approximation process if

lim L,(f)=f uniformly on [0,1]
n—oo
for every f € C([0,1]).
A simple and useful tool which allows to decide whether a given sequence of

positive linear operators on C(]0, 1]) is an approximation process is due to Korovkin
[47] (see also [14, Theorem 4.2.7]).

Theorem 2.4. Given a sequence (Ly)n>1 of positive linear operators from C([0, 1])
into itself, if

(2.4) nh—»nolo L,(h) =h uniformly on [0,1]
for every h € H := {1, e1,ea}, then

nh_)rr;o L,(f)=f wuniformly on [0,1]
for every f € C(]0,1]).

Given an approximation process (Ly)n,>1 on C([0,1]), from a theoretical as well
numerical point of view it is important to estimate the order of convergence of
|Lnf — f|| toward 0 as n — co. Often it happens that it is also possible to evaluate

nh—{gon(L"(f) — ) =A(f)

for suitable “smooth” functions f € C([0,1]).
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Such a formula is referred to as an “asymptotic formula”. The first formula
of this type, due to Voronovskaja [66], states that, for the sequence of classical
Bernstein operators on [0, 1] (for their definition see (2.10)), if f € C2([0, 1]), then

lim nlB,(f)(x) — f()] = ") g

n—oo 2

uniformly with respect to z € [0,1]. Such a result shows that the convergence of
B,.(f) to f cannot be too much fast, even if the approximating functions are very
smooth.

In order to obtain asymptotic formulae for general sequences of operators we
shall refer us to the following generalization of the Voronovskaja’s result due to
Mamedov [48].

Theorem 2.5. Let (Ly)n>1 be a sequence of positive linear operators from C([0, 1])

into itself and consider a, 3,y € F([0,1]). For every z € [0,1] consider the function

¥y defined by (2.1) and assume that

(4) limy— 0o n[Ly (1) — 1] = v uniformly on [0,1],

(44) limy,— 00 nLy () (x) = B(x) uniformly with respect to x € [0, 1],

(#41) limy, oo nL, (¥2)(z) = 2a(z) uniformly with respect to x € [0,1],

(iv) there exists an even integer q¢ > 4 such that lim, oo nLy,(¥2)(z) = 0 uni-
formly with respect to x € [0, 1].

Then, for every f € C2%([0,1]),
nhj{)lo n[Ly(f) = fl=af" +Bf +~f uniformly on [0,1].

For a proof see [9, Theorem 1] where the previous result is proved for any arbi-
trary (not necessarily compact) real interval.

2.3. Bernstein-Schnabl operators on C([0, 1]). In this section we shall consider
a noteworthy sequence (B,),>1 of positive linear operators acting on the space
C([0,1]) and we shall investigate their approximation properties as well as their
shape preserving properties.

By means of them we shall represent the semigroup quoted in Section 1 as in
(1.4), and hence the solutions of the problems (1.2).

All the results presented below are taken from [19].

In order to define the operators B, (n > 1) we fix a continuous selection of
probability Borel measures on [0, 1], that is a family (i, )o<z<1 in M; ([0, 1]) such
that, for every f € C([0,1]), the function T'(f), defined as

1
(2.5) )@= [ fdn  0<a<1),

is continuous on [0, 1]. Moreover we assume that (j5)o<z<1 satisfies the additional
condition

(26) T(el) = €1,

ie. fol e1 dp, = z for every x € [0, 1]. Observe that, thanks to Proposition 2.3, the

operator T : C([0,1]) — C([0,1]) is continuous and ||T'|| = 1, since T(1) = 1.
Moreover we point out that, by virtue of the Riesz representation theorem, every

positive linear operator T : C([0,1]) — C([0,1]) such that T'(1) = 1 generates a
continuous selection of probability Borel measures on [0, 1] satisfying (2.5).
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By Jensen’s inequality (see [27, Theorem 3.9]) and by the monotonicity of pos-
itive operators (see Proposition 2.2, (1)), 22 < T(ez)(x) < T(e1)(x) = x for every
0 <z <1, then

(2.7) 0<T(ex)(z) -2 <z —a?=x(l—x) forevery 0<z<1.

For every n > 1, the n-th Bernstein-Schnabl operator associated with the above
family (14)o<z<1 is the linear operator B,, : C([0,1]) — C([0, 1]) defined by setting,
for every f € C([0,1]) and = € [0, 1],

1
Bo(f)(@): = /0 f bt =
(2.8) _ /[0 o f (M) dpl(z, - @) =

1 1

where p? and p, , denote, respectively, the product measure on [0,1]" of y, with
itself n-times and the image measure of ! under the mapping =, : [0,1]" — [0, 1]
defined by m, (21, ,2,) = (X1 + -+ 25)/n (0< 21, , 2, < 1).

Because of the continuity of the function T'(f), each positive linear operator B,,
maps C([0,1]) into itself. Moreover, for any n > 1, B,, is positive and

(2.9) B,(1)=1,

then it is continuous with respect to the sup-norm and ||B,| = 1.

Bernstein-Schnabl operators were first introduced by Schnabl (see [61, 62]) in the
context of sets of probability Radon measures on compact Hausdorff spaces. Sub-
sequently Grossman in [46] proposed a general method of constructing Bernstein-
Schnabl operators on an arbitrary convex compact subset of a locally convex space
and he showed that they are an approximation process for continuous functions.
A particular class of these operators has been also studied by the first author [5]
(see also [6]) and, subsequently, by several other authors (see [14, Chapter 6] and
the relevant Notes and References). Their construction essentially involves positive
projections [14, Section 6.1] and they satisfy many additional properties useful for
the study of evolution problems [14, Section 6.2].

Below we discuss some examples.

Example 2.6.

1. For every = € [0,1] consider the measure u, = xze; + (1 — x)eg. Then the
sequence (i;)o<z<1 i a continuous selection of probability Borel measures on [0, 1]
satisfying (2.6). Moreover, taking (2.5) and (2.3) into account, we have

T(f)(x) = / ) dpat) = 2£(1) + (1= 2) £(0)

for every f € C([0,1]) and = € [0,1]. By induction it is easy to show that the
Bernstein-Schnabl operators associated with (f5)o<z<1 and defined by (2.8) turn
into the classical Bernstein operators defined by

(2.10) Bu(f)(x) := Zn: (Z) (1 -2t (%)

k=0
for every n > 1, f € C([0,1]) and z € [0, 1].
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2. In this second example we consider a linear combination of three point-mass
measures, that is, for every € [0, 1], we define 1, := a(z)eo + B(z)e1/2 +v(v)er
where «, 5,7 € C([0,1]), 0 < a, 8,y <1,a+ f+~v=1and 8+ 2y = 21. Then
(k2)o<z<1 is a continuous selection of probability Borel measures on [0, 1] satisfying
(2.6) and the Bernstein-Schnabl operators associated with (p,)o<z<1 can be written

as
n n—h

=35 (1) (" ") atwr oty (M2

h=0 k=0
for every n > 1, f € C([0,1]) and z € [0, 1].
3. Let A € C(]0, 1]) a function satisfying 0 < A < 1 and, for every x € [0, 1], let
AMz)[zer + (1 —z)eo] + (1 — A(z))er if O<a <1,
Mg = .
€ if £=0,1.

Then (14)o<s<1 is a continuous selection satisfying (2.6). Moreover, the operators
B,, turn into the so-called Lototsky-Schnabl operators defined, for every n > 1,
/€ C([0,1]) and z € [0,1], as follows

(2.11) Lo a(f)(2) =

h=0
= kE h
><f<—+fx) fo<ar<l,
n n
fl=) if =0,1,

(see [14, Subsection 6.1, p. 399]).

In order to study the convergence of the B,,’s we shall apply Theorem 2.4, so we
need to evaluate the operators B,, on the test functions 1, e; and es.

Fix n > 1. We have already got (2.9), hence we go on to compute B, (e1). For
every x € [0, 1], taking (2.6) into account, we have

/ / <x1+ —! )dﬂr(ﬂfl) g () =

1 Ly R %)
// I (@) - - dpg () =
0 0 n

:%Z/ J)zd,u“l:‘rl - Z/ €1 xl d/J/Txl)_

_1 ZT(el)(:r) = T(e1)(x) = e1(2) ,

n'f

hence

(212) Bn(el) =e€1 .
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Finally, for every z € [0, 1],

/ / (xl T ) dpig(z1) -+ - dpg (z) =
- /o1 ' ../01 (W)Q dpz (1) -+ dpg(2,) =

no ol
n2 Z/o x; dugg(aﬁZ //a:leduz x;)dpg(z5) |=

= L nre)w + Z (T(en)@))? =
= e+ 5 0D .
So
(213) Bn(eg) = % T(eg) + n-l € .

Theorem 2.7. For every f € C([0,1]),
lim B,(f)=f uniformly on [0,1].

Proof. Taking (2.9), (2.12) and (2.13) into account, clearly conditions (2.4) are
fulfilled and hence the claim follows from Theorem 2.4.
O
We recall here some further formulae, which will be useful in the sequel (for the
details see [19, p. 357]; see also [14, Section 6.1]). For every n > 1,

(2.14) B(es) = % T(es) + w e1 T(e2) + (n_i# es
and
Bp(es) = ig T(eq) + 41(717;1) e1 T(es) + 3(”7;1) T(eg)2+
(2.15) " n n
+W eaT(e2) + (n— 1)(n7; 2)(n —3) eq .

Now we shall show several estimates, both pointwise and uniform, of the con-
vergence described in Theorem 2.7 by means of the usual first and second moduli
of continuity of f € C([0,1]) with respect to ¢ defined, resp. by

w(f,6) = sup{|f(z) = f(y)l : [z =yl <6, w,y € [0, 1]}

and
ar(f) = suw {160 £ (552) + 50

We shall also use the so-called second order Ditzian-Totik modulus ws (f,d) (6 > 0)

defined by means of the weight function p(z) := /(1 —z) (0 <z <1) as

WE(f,8) = sup{ f) —f(‘”‘;y) )] -l < 26 (%) e, 11}

(see, for instance, [41] for more details about moduli of smoothness).

e—yl <2, x,ye[o,u}.
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Taking formulae (2.12), (2.13) and definition (2.1) into account, for every n > 1
and x € [0, 1], the moments of the first and second order of the operator B,, are

(2’16) Bn('l/):c)(x) =0,
(217) Ba)(&) =+ (T(e2)() — o)
Moreover, because of (2.7) we get

Bud)w) < o< o

where
M = max{T(es)(z) —2* : 0 <z <1}.

Theorem 2.8. Fizn > 1, f € C([0,1]) and 0 <z <1 and consider M as before.
Then

(2.18) IBa(f)(x) — F@) < (14 Ten)(x) — 1) (f %)
and hence,
(2.19) 1Balf) = Flloe < (1 4+ M)w (f %) ‘
Moreover,
e2) 1@ - 1@< (14 H D) (1)
and thus hence
M 1

(221 15,0 = = (145 ) e (r72) -
Finally,

3 T(e2)(z) — 22 " 1
e 1B - fe) <) (14 7D e (1)
so that
(2.23) 1Bu(l) — o < 3 5 (f %) |

Proof. From [14, Proposition 5.1.5] and (2.13) it follows that, given § > 0,

B~ £ < (14 FBalea)(o) — ea(o) ) wl7.0) <

< <1 + L Tlea)lw) — a7 xQ) W(f,9) .

02 n

Setting 6 = 1/y/n we get the pointwise estimate (2.18) and hence (2.19).
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By [54] we get

Balh)(@) ~ 1) < 1Ba(0)(@) I+ 5 1Bae) @llr,0)+
+(Ba@) + g5 B D) ) al.6) <

1+ —= )

+ 252 = ) w2(f7 ) )

the last inequality being true thanks to (2.9), (2.16) and (2.17). Setting 6 =1/y/n
we get (2.20) and hence (2.21). Finally, by using a general estimate for positive
linear operators reproducing linear functions contained in [44, Theorem 15], we

obtain
B - ) < 5 (14 55 28 ) wr):

on account of (2.17), setting § = 1/y/n, we get (2.22) and hence (2.23).

< ( 1 T(e)(z) — 22

d

Now we proceed to illustrate some shape preserving properties of Bernstein-
Schnabl operators.

In particular we shall see that, under suitable hypotheses, the B,,’s preserve the
class of increasing continuous functions as well as the one of Hélder continuous
functions. We shall also study their behavior on convex functions.

All these shape preserving properties will reflect similar “spatial regularity” prop-
erties of the solutions of problems (1.2).

Suppose n > 2 and consider f € C([0,1]) and = € [0,1]. We consider the
following auxiliary functions introduced in [14, Theorem 6.1.21].

For every @1, -+ ,x,—1 € [0,1] let f7 .. . :[0,1] — R be the function defined

by
T+t T +1
(2.24) oy g ()= ( " ) (0<t<1).

Moreover, for every k = 2,--- ,n — 1, consider the functions on [0, 1] defined by
the following recursive formula, which involves the operator T' defined in (2.5),
(2.25) =T @) (0<E<).

Finally, set
(2:26) fr@) =T(ff)x)  (0<t<1).

Theorem 2.9. Assume that the operator T, defined by (2.5), maps increasing
functions into increasing functions. Then, for every n > 1, B, maps increasing
functions into increasing functions too.

Proof. If n = 1 the statement is true since By = T. Assuming n > 2, let f be an
increasing continuous function on [0, 1], = € [0,1] and consider the auxiliary func-
tions defined in (2.24)-(2.26). By finite induction it is easy to prove that fi .. .
is increasing for any h = 1,--- ,n — 1. Moreover, observe that f* is increasing as
well. Now let y € [0,1], z < y and note that

(227) T( fl,u-,xh)(m) S T( ;fl,-u,xh)(y) ) for every h= ]-7 N — 1 )
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(2.28) T(f*) () <T(f*)(y) -
Since f¥ .. .., = i w._1s by (2.5) and (2.8) we get

1
- / / FE o () dpa () My, ) =
0,1~ Jo
/ T( ;:17'“,9%71)( )dun l(xlv"' 7xn—1) =
[0’1]n71

= [Tk D@ ) <
[01]”_1

< / T o @) di (e 2a)
[O,l]n—l

the last inequality being true thanks to (2.27).
Now, since T(f2, . wn_)(Y) = ¥, 2 _»(Tn_1), we obtain

/ / FL o @ne1) dpg (1) dply ™ (w1, Tp2) =
0,1

S T @ 20

Bn(f)(x)

IN

< / T, o @) du (@1, 2ns)
[0’1}71—2

and so on. Finally

Bu(f)(2) < / T(f2,)(x) dpa(1) < / T(f2,)(y) dyia (1) =

= [ P dite) =107 @ < T W),
because of (2.28). On the other hand B, (f)(y) = T(fY)(y) because

Bu(f)(y) = /[01 / JY o @n) dpy () dpy ™ (1, 2pg) =
/ T( gl - 1)(y)dun 1('7:13"' ,-Tn—l):
[0,1]"=1

/ ) fi’h... Tn_o (.77”71) duy(l'n,l) duZil(xh - 7.1-”71) =
(0,1]7—

‘/[0 1] 2T( 91011,-“,967172)( )dun Q(xlf" 71'71—2) =

1
= o= [ T Ay =T W)
0
and hence the proof is complete.
O

Remark 2.10. In the particular case of Examples 2.6, 2, with A constant, the
above result has been proved in [1, Theorem 1].

As usual for given M > 0 and 0 < o < 1 we shall denote by Lip (o, M) the set
of all f € C([0,1]) such that

[f(@) = fyl <Mz —y|*  (0<z,y<1).



An invitation to the study of evolution equations by means of positive linear operators 15

We have the following result.
Theorem 2.11. Assume that there exists ¢ > 1 such that
(2.29) T(f) € Lip(1,c) for every f € Lip(1,1),
where T is given in (2.5). Then, for every n > 1, B,(f) € Lip(1,c¢M) provided
that f € Lip (1, M).

Proof. If n = 1 the result is obvious because By = T and, by (2.29), T(f) €
Lip (1,e¢M) for every f € Lip (1, M). Suppose n > 2 and consider f € Lip (1, M)
and z € [0,1]. Consider again the auxiliary functions (2.24)-(2.26); then by finite

induction we obtain that, for every h = 1,--- ,n —1, f2 . € Lip(1,M/n);
moreover, f* € Lip (1, M/n) too.
Now let y € [0,1] and observe that, for every h=1,--- ,n —1,

Ty ) @) S T ) )+ o o= 3]

T(f)(a) < T + S e =yl

Arguing as in the proof of Theorem 2.9 we obtain the claim.
O
Since || B, || = 1, according to the above theorem together with Corollary 6.1.20
in [14], we immediately have the further result.

Corollary 2.12. If T(Lip(1,1)) C Lip(1,c) for some ¢ > 1 then, for every n > 1,
f€C(0,1]),d>0, M >0and 0 < a <1,
w(Bn(f),0) <1+ cw(f,d) and B,(Lip(a, M)) C Lip(c,c*M) .
In particular, if T(Lip(1,1)) C Lip(1,1), then
w(Bn(f),9) <2w(f,0) and By,(Lip(a,M)) C Lip(ae, M) .

As regards the behaviour of the B,’s on convex functions it is already known
from general results for convex compact sets that, if f € C([0,1]) is convex, then

(2.30) F < Busi(f) < Bulf) < T(f) .

Moreover the following statements are equivalent (see [14, 56, 57]):
(1) Bn+1(f) = Bu(f) for any n > 1;
(if) Bn(f) = f for every n > 1;

(i) T(f) = f.

Now we investigate under which conditions our operators preserve the convexity.
This is certainly true for the classical Bernstein operators and the Lototsky-Schnabl
operators with A constant (see [1, Theorem 1]; see also [14, Theorem 6.1.21]) .

For the general case we shall require the following additional hypotheses about
T:

(c1) The operator T, given in (2.5), maps continuous convex functions into

(continuous) convex functions;
(ce) For every convex function f € C([0,1]) and for every z,y € [0, 1],

(2.31) 2/[ ] sofd(umuy)s/[ ] e d(pe @ pa + 1y @ py)
0,1]2 0,1]2

where (s, t) == f((s+1)/2),0<s,t <1.
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Given n > 1 and f € C([0,1]), define

Fulfion, - o / / () o) (0.

where x; € [0,1] for any ¢ = 1,--- ,n. In particular

E.(f;x, -+ ,x) = Bo(f)(x) 0<z<1).

First of all we observe that F,(f;---) is invariant with respect to any permu-
tation of the indices 1,--- ,n and that it is convex with respect to each x; (for
i=1,---,n). Moreover, from (2.31) it follows that

2F7l(f;x17"' 7xi7xi+17"' 7‘TYL) S
< Fo(fsw, - xa,x,  xn) + Fo(fi@1, - s Tig1, Tig1s -+ 5 Tn) -

Consider the following quantity defined by setting, for every p,q >0, p+qg=n
and for every z,y € [0, 1],

(2.32)

(233) Sn,p,q(f;x,y) = Fn(f7$7 s Ly Yy 7y)+Fn(f7x7 STy Yy 7y) .
—_—— —— —_—— ——
P q q p
We get that
(234) Sn,p,q(f; X, y) = S'rLA,qu(f; x, y)

and that the following lemma holds true.

Lemma 2.13. Under hypotheses (c1) and (c2), for every convex function f €
C(10,1]), k> 1 and z,y € [0,1], we obtain
Skr-11(fs2,9) < Skkolf;7,y) -

Proof. The claim can be proved by induction on k > 1 taking (2.32)-(2.34) into
account (for the details see [19, Lemma 2.5]).
g

Theorem 2.14. Assume that conditions (c1) and (c3) are satisfied. Then, for
every n > 1 and for every convex function f € C([0,1]), Byn(f) is convez on [0,1].

Proof. Fix a convex function f € C([0,1]). Since B; = T the result is true if
n = 1. Suppose that n > 1; because of the continuity of B, (f), in order to prove
the claim it is sufficient to show that, for any z,y € [0,1],

(2.35) B (52) < 5 BulN@) + 5 BN

Consider the function define by (2.24). Observe that condition (¢;) implies that the

function T(fZ .. . ) is convex on [0,1], since is convex. Moreover,

(236) T )(x;y) Lo, IH><>+§T< )0

for every z,y € [0,1], since f§ .., | = f¥, ... x._,. By reasoning by induction on
n, suppose that (2.35) is true for n — 1 and consider the function 6, (f, x,) defined
by setting, for every t € [0, 1],

(2.37) on(f,xn) == f (n ! t+ % mn) .

yTn—1

n
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Then, on the light of (2.8),
xr+y x1+ -+ Tp-1 n
B’"(f) ( 2 > /[.0 i 67L(f7x7l) (f) d/‘L(ery)/Q(‘Tla"' axn) =

n

1 p
[ Basatsm) ( . y) Qs o)
Since (2.35) holds for n — 1, we get

T 1
B (T32) £ 3 [ BacslGalheon) @hneryaton)+

Jr

N~ N~

/O Bu1(0n (s 20)) @) diia )2 (20)

and, by definition of B, _; and (2.37), we obtain

r+y (z+y)/2 T4y n—1
B = T\ for, e )y dn
n(f)( 2 > /[0’1]nl ( 157, &n 1) d:u’z (xl T )+
(z+y)/2 rTy n—1
T\ fo, 00 y'yxn)
* /[0,1]"—1 ( e 1) ( 2 > ity (o o)

Inequality (2.36) then implies

B (T32) £ 1 BalD@) + § SuncsalFiz) +  BuD)

+ o

N = N =

4
and, by Lemma 2.13,

Sn,n—l,l(f;xvy) S Sn,n,()(f; Ivy) .
Accordingly we get the result since

> Snn-1a(f52,9) < 7 Ball)@) + 5 BalPW) .

O

Example 2.15. Examples of measures satisfying the hypotheses (¢1) and (¢3) of
the previous theorem are illustrated below:
1. For every z € [0,1] set py := (1 — x)eg + xe1.
2. For a given X € [0,1], set pip := (1 — Nez + A(1 —x)eg + Azey (0 < <1).
3. Consider a concave function 5 € C([0,1]) such that 0 < 8(z) < min{z,1—z}
and set pip == (1 — 2 — B(x))eo + 26(x)e1/2 + (x — B(x))er.

2.4. Cy-semigroups on Banach spaces. In this section we shall recall some of
the main definitions and results concerning the theory of (strongly continuous)
semigroups of operators on Banach spaces. For the sake of simplicity we have
compiled only some basic facts and we refer the reader, e.g., to [42], [55] for more
details.

Actually this theory was developed mainly to study abstract Cauchy problems
defined as follows. Fix a Banach space X on K (K = R or K = C), a linear subspace
D(A) C X, a linear operator A : D(A) — X and consider the following abstract
Cauchy problem

(2.38) dt
u(0) = uo ug € D(A) .
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A solution of (2.38) is a continuously differentiable function w : [0, +c0o[— X such
that u(0) = ug, u(t) € D(A) and (d/dt)u(t) = Au(t) for every ¢ > 0.

Of course, when the space X is a concrete function space, the problem (2.38)
may come from a concrete Cauchy problem associated with a parabolic partial
differential equation.

Several examples of concrete problems associated with abstract problems of type
(2.38) can be found, e.g., in [42, Chapter 6, Sections V and VI].

In order to show the close connection between the solvability of (2.38) and the
semigroup theory we have to introduce some definitions.

A family (T'(t))+>0 of bounded linear operators on X is said to be a semigroup
of operators or, briefly, a semigroup, if

(s1) T(0) = Ix, where Ix is the identity operator on X (i.e., Ix(f) = f for any

[ eX);

(s2) T(s+1t) =T(s)T(¢) for every s,t > 0.

A semigroup (T'(t))s>0 on X is named a strongly continuous semigroup or Co-
semigroup if, for every to > 0 and f € X,

(s3) limyy, T(t) f =T(to)f.
Strongly continuous semigroups may be characterized in the following way.

Theorem 2.16. Let (T(t))i>0 be a semigroup on X. Then the following proposi-
tions are equivalent.
(a) (T'(t))e>0 is strongly continuous.
(b) limy_oT(t)f = f for every f € X.
(¢) There exist a dense subspace D of X, a constant M > 1 and to > 0 such
that
(4) limy—s, T(t)u = u for every f € D,
() supg<i<s, 1T < M.
Moreover, if one of the above statements is true, then
(1) For every to > 0, supg<;<q, | T(1)] < +00;
(2) There exist M > 1 and w € R such that ||T(t)|| < Me*t (t > 0).

Examples of Cy-semigroups can be found, e.g., in [42, Chapters I and II].

A contraction Cy-semigroup (T'(t))i>o is a Cy-semigroup of linear contractions
(i.e., |T()] <1 for any t > 0).

If X is a space of real valued functions (or, more in general, if X is a Banach
lattice), then a Cy-semigroup (T'(t)):>o is called a positive Cy-semigroup if, for every
t > 0, the operator T'(t) is positive.

A semigroup (T'(t))+>0 is said to be a Feller semigroup on X if it is a positive
contraction Cy-semigroup. In particular, if X = C'(K), K compact, and if T'(1) = 1
for every t > 0, then it will be called Markov semigroups on X.

We recall that, given an arbitrary linear operator A : D(A) — X acting on a
linear subspace D(A) of (X,] - ||), a linear subspace D of D(A) is called a core for
(A, D(A)) if it is dense in D(A) for the graph norm || - |4 defined by

ulla == lJull + Al (uwe D(A)),
i.e., for every u € D(A) there exists a sequence (uy),>1 in D such that u, — u
and Au,, — Au in X.

In general the space D(A), endowed with the graph-norm, is not a Banach space,
but if it is so then the operator (A, D(A)) is said to be closed. This also means
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that, for every sequence (fy)n>1 of elements in D(A) such that f, — f € X and
Af, — g€ X, then f € D(A) and Af = g.

For instance, given a real interval [a,b], the operator Au := u” defined on
C?([a, b)) is closed.

We point out that every bounded operator on X is closed and that, if (A, D(A))
is closed and B is bounded on X, then (A+ B, D(A)) is closed too, the sum operator
A + B being naturally defined as (A + B)f := Af + Bf for any f € D(A).

Given a linear operator A : D(A) — X we say that a linear operator B : D(B) C
X — X is an extension of A if D(A) C D(B) and Af = Bf for every f € D(A),
in symbols B\D(A) = A.

An operator A will be said closable if it admits a closed extension. It is easy
to verify that an operator (A, D(A)) is closable if and only if, for every sequence
(un)n>1 in D(A) such that u,, — 0 in X and Au, — v € X, then v = 0.

If (A, D(A)) is closable, the smallest closed extension A : D(A) — X of A is
called the closure of A and it is defined as follows

D(A) :={f € X : there exists (fn)n>1 in D(A) such that f, — f
and (Afn)n>1 is convergent}

and
Af = lim Af, forevery f¢c D(A),

(fn)n>1 being an arbitrary sequence in D(A) such that f,, — f and (Afn)n>1 is
convergent.

If (A, D(A)) is closed, then a linear subspace D of D(A) is a core for (A, D(A))
if and only if the restriction Ap of A to D is closable and its closure A|p coincides
with A.

Cores are strictly connected with the range condition (1.c) discussed in Section
1. By using the closed graph theorem it is easy to show that if (A, D(A)) is closed

and if, in addition, the resolvent set of A
p(A) := {X € K : the resolvent operator Alp4y — A: D(A) — X is invertible}

is non empty, then D is a core for (A, D(A)) if and only if (AIpay — A)D is dense
in E for one/all A € p(A) (Ip(a) stands for the identity operator on D(A)).

Given a Cy-semigroup (7'(t)):>0 we may consider the following linear subspace
of X

t—0

T(t)u —
D(A) := {u € X : there exsists lim % € X}
and the linear operator A : D(A) — X defined by setting, for every u € D(A),
T _
Au = lim M .
t—0 t
The operator A : D(A) — X is called the generator of the semigroup (7'(t)):>0 and
it verifies interesting properties.
Proposition 2.17. Let A : D(A) — X be the generator of a Co- semigroup
(T'(t))e=0 on X. Then the following properties hold true.

(1) D(A) is dense in X, (A, D(A)) is closed and the semigroup is uniquely
determined by (A, D(A)).
(2) T(t)(D(A)) C D(A) for any t > 0.
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(3) Given f € X, the mapping T(-)f on [0,+o0] is differentiable if and only if
f € D(A). In this case (T(t)f) =T(t)Af = AT(t)f for everyt > 0.
(4) For everyt>0 and f € X,

/OtT(s)fds €D(A) and A (/OtT(s)fds> —TWf—f.

(5) For eacht >0 and f € D(A),

/0 T(s)Afds=T@)f—f .

(6) If X = C(K), K compact, then T(t)1 = 1 for any t > 0 if and only if
1€ D(A) and A1 =0.

For the details see [42, Chapter II, Section 1].
The connection between semigroups and abstract Cauchy problems of type (2.38)
is indicated below.

Theorem 2.18. Let A: D(A) — X be a linear operator. The following statements
are equivalent.
(a) The operator (A, D(A)) is closable, p(A) is not empty and the relevant
abstract Cauchy problem (2.38) admits a unique solution.
(b) The operator (A, D(A)) is the generator of a Co-semigroup on X.

Moreover, if (a) or (b) is true and if (T(t))t>0 is the semigroup generated by
(A, D(A)) then, for every ug € D(A), the unique solution of (2.38) is given by

u(t) :==T(t)ug for every t>0.
In particular, there exist M > 1 and w € R such that
lu(®)]| < Me“*||ug|| for every t>0.

For a proof see [42, Chapter II, Theorem 6.7].

Therefore, in order to solve problem (2.38), one may investigate the generation
properties of the operator (A, D(A)).

Several generation results can be found in [42, Chapters II and III]. Here we
limit ourselves to collect some of them which will be useful in the next sections.

Theorem 2.19 ([43]). Let K be a compact space and let (A, D(A)) be a linear
operator on C(K). Then the following statements are equivalent:
(a) (A, D(A)) generates a Markov semigroup on C(K);
(b) (i) D(A) is dense in C(K);
(i) (A, D(A)) verifies the mazimum principle, i.e., if u € D(A) and zo €
K wverify u(zo) = supyex u(x) > 0, then Au(zg) < 0;
(#9) There exists A > 0 such that (A — A)(D(A)) = C(K);
(i) 1 € D(A) and A(1) = 0.

Corollary 2.20 ([22], Corollary 2.2). Let (A, D(A)) be the generator of a Feller
semigroup on C(K), K compact. Given~y € C(K), then the operator (A+~I, D(A))
is the generator of a positive Cy-semigroup (T (t))i>0 on C(K) satisfying

1T <er=t (t=0),

where Yoo 1= sUp,c V().
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Theorem 2.21. Let (A, D(A)) be the generator of a Co-semigroup (T(t))i>0 on
X such that |T(t)]] < Me“t for some M > 1 and w € R and let B a bounded
linear operator on X. Then the operator (A + B, D(A)) generates a Co-semigroup
(S(t))i=0 on X such that ||S(t)|| < M exp((w + M||BJ|)t) for every t > 0.

For a proof see [42, Chapter III] where the reader can find other perturbation
results like the previous one (see also [12]).
From Corollary 2.7 of [12] we obtain the next useful result.

Corollary 2.22. Let (A, D(A)) be the generator of a positive Cy-semigroup on
Co(]0,1]) satisfying |T(t)|| < et for some w € R and for every t > 0. Let m €
Cy(]0,1]) and assume that m(x) > 0 for every x €]0,1[. Then (mA, D(A)) is
closable and its closure generates a positive Co-semigroup (S(t))i>0 on C([0,1])
satisfying ||S(t)|| < e“rt for every t > 0, where wy := wt max{||m| oo, 1}.

Now we state a generation result due to Trotter [65] which involves Cp-semigroups
and sequences of bounded linear operators.

To this end we introduce the following notation. Given a linear operator L on a
Banach space X and m > 1, the symbol L™ denotes the m-th iterate of L or the
power of L of order m, i.e.,

m L if m=1,
| Lo it m>2.

Theorem 2.23 (Trotter’s theorem). Let (Ly)n>1 be a sequence of bounded linear
operators on X and let (pn)n>1 be a decreasing null sequence of positive real num-
bers. Assume that there exvist M > 1 and w € R such that |[LE|| < Me“rrk for
every k,n > 1. Set
Lyu —
D(A) := {u € X : there exists lim oY ¢ X}

n—oo pn
and

Lo —
Au = lim ot U
n—oo pn

If D(A) is dense in X and if there exists X > w such that the range (M pa)y —

A)(D(A)) is dense in X, then (A, D(A)) is closable and its closure (A, D(A)) gen-
erates a Co-semigroup (T (t))i>0 such that

(1) ||IT@)|| < Me“t for every t >0

and

for any we D(A).

(2) for every t > 0 and for every sequence (k(n))n>1 of positive integers satis-
fying k(n)p, — t as n — oo, then

(2.39) T(t)f = lim_ LEmyf  (feX).

For the details see [65, Theorem 5.2](see also [55, Chapter 3, Theorem 6.7]).

We point out that formula (2.39) has a certain theoretical interest since it allows
to investigate the qualitative properties of the semigroup, and hence of the solution
to the abstract Cauchy problem associated to its generator, by similar ones satisfied
by the L,’s.

There are further results which go in the same direction of Trotter’s theorem
([63]; see also [53]).
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The next result concerns a kind of converse problem, that is, given a generator
of a suitable semigroup (7'(¢))¢>0, how recognizing when a sequence (L,)p>1 of
operators leads to a representation formula of type (2.39)7

An answer to such a problem is due by Theorem 2.24 which, among other things,
also shows the usefulness of cores for the approximation of semigroups. It will be
our main tool in the sequel.

Although it is a simple consequence of Trotter’s theorem, we present here a proof
for the reader convenience.

Theorem 2.24. Let (A, D(A)) be the generator of a Cy-semigroup (T (t))i>0 on X
and suppose that there exist M > 1 and w € R such that ||T(t)|| < Me*t (t > 0).
Moreover, let D be a core for (A, D(A)) and (Ln)n>1 a sequence of bounded linear
operators on X such that

(1) ||ILE|| < Me*Pnk for every n,k > 1
and

(49) limp—oo(Lpu —w)/pn = Au for every u € D,
where (pp)n>1 15 a null sequence of positive real numbers. Then, for every f € X
andt > 0 and for every sequence (k(n)),>1 of positive integers such that k(n)p, —
t}

T(t)f = lim LFm 1

Proof. Let B: D(B) C X — X be the linear operator defined by
Bu := lim M ,
n—oo pn
for every uw € D(B) := {u € X : there exists lim, o (Lyou—u)/p, € X}.

By (ii), D C D(B) and D is dense in X, because D(A) is dense in X. Therefore
D(B) is dense in X too. Moreover, since (A, D(A)) is a generator, there exists
A > w such that AJ — A is invertible, so that (Al — B)(D) = (M — A)(D) is
dense in X. Then, from Theorem 2.23 it follows that the operator (B, D(B)) is
closable and its closure (B, D(B)) generates a Co-semigroup (S(t))¢>0 on X such
that ||S(t)|| < Me“t for every t > 0 and S(t)f = lim,_.oc LX™ f, for every f € X,
t > 0 and for every sequence (k(n)),>1 of positive integers such that k(n)p, — t
as n — oo.

The result will be proved once we show that S(t) = T'(¢) (¢t > 0). To this end it
suffices to prove that (B, D(B)) = (A, D(A)).

First observe that, for A\ > w, the operator A\ — B is invertible as well and
(M — B)(D) = (M — B)(D) = (M — A)(D) is dense in X; hence D is a core for
(B,D(B)). Therefore A= Ajp = Bp =B.

g

Corollary 2.25. Let (A, D(A)) be the generator of a Cy-semigroup (T (t))i>0 on X
and suppose that | T'(t)|| < Me*t for some M > 1 and w € R and for all t > 0. Let
D be a core for (A,D(A)) and consider a Cy-semigroup (S(t))i>0 on X satisfying

(3) [1S(pn)ll < Me“Pn (n > 1)
and

() limp—oo(S(pn)(u) — u)/pn = Au  for every u € D,
where (pn)n>1 is a null sequence of positive real numbers. Then S(t) = T(t) for
every t > 0.
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Proof. It suffices to apply Theorem 2.24 to the sequence (S(py))n>1-

3. DEGENERATE EVOLUTION PROBLEMS

This second part of the paper is concerned with the study of initial boundary
problems (1.2).

Our approach is based on the theory of semigroup of operators which will guar-
antee existence, uniqueness and continuous dependence on initial conditions of the
relevant solutions.

We shall be mainly interested in the approximation of the solutions in terms of
iterates of suitable (constructively defined) positive linear operators as in Theorem
2.24.

From such approximation formula we shall infer some information about the
long-time behaviour of the solutions as well as some spatial regularity properties of
them.

According to (1.2) we are interested in studying the differential operator defined
as

. alz)u”(z) + B(x)uv/ (z) + y(x)u(z) H 0<z<1,
@1 Lu@) = lim e (1) + Bt (8) + A (B)u(t) i x=0,1,

on the following two domains

Dy (L) := {u e C(j0,1])nc?(0,1]) | lim a(z)u”(z) + B(x)u/(z) € R

(3.2) e
and xlg{lﬁ a(x)u"(z) + p(z)u'(z) € R}
and
53 Dy (L) := {u e c(o.1)nc*(o,1]) | lim a@)u’(z) + flz)u'(z) =
= ‘Llir?_ a(z)u’(z) + flz)u/(z) = O} ,
where
(3.4) a, B, € C([0,1])
(3.5) a(0)=a(l)=0 , O0<ax)< w forevery 0<az<1.

Note that Lu € C([0, 1]) for every u € Dps(L) and hence for every v € Dy (L) C
Dy (L). Moreover the boundary (or lateral) conditions incorporated in the domains
Dy (L) and Dy (L) are usually referred to as maximal as well as Ventecel boundary
conditions, respectively.

Finally we point out that the operator L has been widely studied often coupled
with other boundary conditions (see, e.g., [42, Section VI.4]). However, for the sake
of simplicity, we shall restrict to consider only the domains (3.2) and (3.3).

We shall develop our analysis by considering separately the case 8 =y =0 and
then the general case.
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3.1. The differential operator Au = au”. Consider a € C([0,1]) such that
a(0)=a(l)=0and 0 < a < (z(1 —x))/2 for every 0 < z < 1. If we set

(3.6) Az) := xﬁlai(jl)

the function A is continuous in |0, 1] and, for any 0 <z <1, 0 < A(z) <1 and

O<z<l),

_a(l—x)
alz) = T)\(sc) .

We shall focus our analysis on the following two differential operators defined by

alz)u’(z) if 0<xz<l,
(3.7) Au(x) :=
0 if z=0,1,
for every u € Dy (A) and z € [0, 1], and
Mu"(x) fo<ae<l,
(3.8) Bu(z) := 2

0 if =01,
for every w € Dy (B) and z € [0, 1], where
Dy (A) := {u € C([0,1]) N C*(]0,1]) | linol+ a(z)u”(z) = 1111117 a(z)u”(z) =0}
and

z—0+

Dy(B) = {u cC(o,1)nc?(]o,1) | lim z(1 —z)u”(z) =

= lim x(l—x)u"(m):O}.

rx—1—
Clearly Dy (B) C Dy (A).
We point out that for the above defined differential operator A it is superfluous
to consider the maximal domain

Dy (A) == {u cC(jo,1)) nc?(o,1]) | lim a(z)u’(z) €R,

20+
liril a(z)u’(z) € R} .
T— 17

Indeed, according to the Feller theory ([43], [42, Chapter VI, Theorem 4.15]),
(A, Dp(A)) is the generator of a Feller semigroup if and only if 0 and 1 are both
either entrance points or natural points. From (3.5) it follows that 2/(z(1 — z)) <
1/a(x) (0 < z < 1) and hence 1/a(x) ¢ L'(0,1/2) and 1/a(x) ¢ L'(1/2,1).
Therefore 0 and 1 cannot be entrance points and hence, if (A, Djs(A)) generates a
Feller semigroup, then 0 and 1 must be natural points but, if this is the case, then
Dy(A) = Dy (A) ([43, Corollary after Theorem 13.1], [42, Exercises 4.19, (4), p.
400]).

Theorem 3.1 ([39], see also [43]). Both operators (B, Dy (B)) and (A, Dy (A)) are
generators of Markov semigroups on C([0,1]).

Proof. For the sake of simplicity we shall prove the result only for (B, Dy (B)).
For the result concerning (A, Dy (A)) we refer to the original article [39] or to [42,
Chapter VI, Theorem 4.18].

To show the result we shall apply Theorem 2.19. Since C?([0,1]) is contained
in Dy (B), Dy(B) is dense in C([0,1]). As regards the maximum principle (ii),
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consider u € Dy (B) and zp € [0,1] such that u(zg) = supy<,y<; u(z) > 0. If
zo = 0,1, then Bu(zg) = 0. If 29 €]0,1[, then u”(2¢) < 0 and hence Bu(z¢) < 0
as well.

Property (iv) of part (b) of Theorem 2.19 being obvious, it remains to show
property (iii).

Consider the operator By := B|p(g,) : D(Bo) — Co(]0,1[) defined on D(By) :=
Dy (B) N Co(]0, 1))

We preliminarily show that By is closed. Given, indeed, a sequence (upn)n>1
in D(By) converging to some u € Cp(]0,1[) and such that (Bouy)n>1 converges
to some v € Cy(]0,1[), for every compact subintervals [a,b] of ]0,1[, u”(x) —
v(z)/(xz(1 — z)) uniformly with respect to = € [a,b]. Therefore, u is two times
continuously differentiable on [a, b] and v (z) = v(z)/(x(1 —z)) for every x € [a, b].
Since the interval [a,b] was arbitrarily chosen, we obtain that u € C?(]0,1[) and
z(l—2z)u”(x) = v(x) for every = €]0, 1[. Therefore, since v € Cy(]0, 1[), we conclude
that u € D(By) and Bou = v.

As a second step we proceed to show that Bj is invertible. Consider, indeed,
u € D(Byp) such that Bou = 0, i.e., v’(2) = 0 for x €]0,1[. Therefore there exist
a,b € R such that u(z) = ax + b for every x €]0,1[ and hence, by continuity, for
every x € [0, 1]. Accordingly, since u € C(]0,1[), = b =0 and so u = 0.

The previous reasoning shows that By is injective. In order to prove the surjec-
tivity of By, given f € Cy(]0, 1]) define

L—-y
Then u € D(By) and Bou = f.

Having proved that By : D(By) — Co(]0, 1[) is closed and invertible, by the open
mapping theorem the inverse By ' : Cy(]0,1]) — D(By) C Cy(]0,1]) is continuous
with respect to the graph norm || - || 5, and hence with respect to the ordinary norm
on Cy(]0,1[) (because || - [|oo < || - lB, o1 D(Bo)).

Therefore, fixing 0 < A < 1/||By ||, I — ABy* is invertible on Cp(]0,1[) and
hence

u(x) ::/Ozz‘lﬂy)dy—/ Ly (0<e<1).

M — By = —Bo(I — \B; ")

is invertible on Cy(]0, 1]).

After these preliminaries we can now proceed to show property (iii) of Theorem
2.19.

Fix 0 < A < 1/||By!|| as above and consider f € C([0,1]). Set g(x) := xf(0) +
(I-z)f(1) (0 <z <1),weget f—g € Cy(]0,1[) and then we may choose v € D(By)
such that A\v — Bov = f — g. Therefore the function v := v + (¢9/\) € Dy (B) and
A —Bu=Av+g— Byv=f.

g

Our next aim is to determine a core for the operators (B, Dy (B)) and (A, Dy (A)).

We begin by considering (B, Dy (B)).

Theorem 3.2. The subspace C%([0,1]) is a core for (B, Dy (B)).
Proof. Given u € Dy (B), we first observe that

1 li "(2)=0 , i "(x) =0
(1) Jim zu'(z) Jim zu(z)
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and

(2) lim (1-2)d(z)=0 , lim (1-2)u"(z)=0.

r—1— r—1—

Actually, setting M := supg. . (1 —z)|u”(x)], for every 0 < z < 1/2 we get

1/2 vz 1/2 4 1
‘/ o’ (t) dt g/‘ ———7ﬁ§2M / Zdt=2M(log| =) —logx
. . t1—1) s 1 2

Le., y <%) —d(z)| < 2M (log (%) —log ac) :

1 1
i (z)| < = ( u (§> +2M log <§)> —2Mzlog x

and hence the first formula of (1) follows. The second one is obvious on account of
the Ventcel condition imposed on 0.

In a similar manner formula (2) can be proved.

For every n > 1 and 0 < x < 1 consider

Therefore

1 (1 n 1 ,/1 12 1
ul—|+u |l —)|lz—=)+-u"|— - = 0<z<—,
n n n 2 n n n
u(z) lgxgl—l,
n n
up(x) :=
1 1 1
e
n n n
1 1 1\° 1
—|—7u”<1—f><a:—1—l—f> 1——<z<1.
2 n n n

Then u,, € C%([0,1]). We claim that u,, — u and Bu,, — Bu uniformly on [0, 1].
Indeed, given € > 0, since both u and Bu are uniformly continuous, there exists
0 > 0 such that for every z,y € [0,1], |z — y| <9,
€ €
[u(z) ~u(y) < 5 and [Bu(z) - Buy)| < .
Moreover, formulae (1) and (2) imply that there exists v € N, v
for every n > v,

> 1/6, such that,

AL Ly 1| e
Bl N € il P _Z £
n n)| =3 " n n)| =3’
1], /1 e 1], 1 e
) N | PR L G |
nu<n)’_3 © ol n)| =3

Accordingly, it is not difficult to show that
|un(x) —u(x)] <e and |Bup(z) — Bu(z)| <e

for every n > v and x € [0, 1] and hence the result follows.
]
In order to show that C?([0,1)) is a core also for (A4, Dy/(A)) we need some more
results.
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We recall that a Feller semigroup on Cy(]0,1[) is a Cp-semigroup of positive
linear contractions on Cy(]0, 1[).

Proposition 3.3. The operators
(3.9)  D(Ao) :=Dv(A)NCo(]0,1])) , Ag:= Ap(a,) : D(Ag) — Co(]0,1])
and

D(By) := Dv(B) N Co(]0,1]) , Bo = Bp(s,) : D(Bo) — Co(]0, 1])

are the generators of some Feller semigroups on Cy(]0,1[). Moreover C(]0,1]) N
C2(]0,1]) is a core for (By, D(By)).

Proof. The first part of the statement is a direct consequence of Proposition 2.2
n [11], hence we proceed to show the last part. Fix an element u € D(By); then
there exists a sequence (uy),>1 in C2([0,1]) such that u, — u and Bu, — Bu
uniformly on [0, 1] because D(By) C Dy (B) and C?([0,1]) is a core for(B, Dy (B))
(the functions Bu,, and Bu are extended to 0 at the boundary points 0 and 1). In
particular u,(0) — 0 and u, (1) — 0. For any n > 1 set v, (x) := u,(z) — 2u,(1) —
(1 —2)u,(0); then v, € C?([0,1])NCy(]0, 1]), v,, — u uniformly on [0, 1] and finally,
taking (3.8) into account, Bv, = Bu, — Bu uniformly on [0, 1].
g

Theorem 3.4. Consider the following subset of D(Ag)
D, (Ap) :={u € D(Ag) : there exists (un)n>1 in D(By) such that
Up, — 4 and Aou, — Aou uniformly on [0,1]}

which contains D(By). Then (Ag, D«(Ap)) generates a Feller semigroup on
Co(]0,1]) and C(]0,1]) N C2%(]0,1]) is a core for (Ag, Di(Ap)).

Proof. Among other things, from Proposition 3.3 it follows that (Bg, D(By))
generates a Feller semigroup on Cy(]0,1[). Thanks to Theorem 2.22, the opera-
tor (ABo, D(By)) is closable and its closure (C, D(C)) is the generator of a Feller
semigroup on Cy(]0, 1]).

Moreover, since D(Bg) C D(Ap) and Ag|p(s,) = ABo, then the operator (Ao,
D(Ayp)) is an extension of (ABy, D(By)) and D(C) = D,(Ap); on the other hand
(Ao, D(Ap)) is closed, therefore C' = A for any u € D, (Ag), so the first part of the
statement is proved.

In order to prove that C([0,1]) N C2(]0,1[) is a core for (Ag, D«(4p)), let u €
D, (Ap). For a fixed e > 0 there exists v € D(Bp) such that ||u — w| < &/2
and [|Aou — Aov|| < €/2. On the other hand, by Proposition 3.3, there exists
w € C([0,1]) N C?(]0,1]) such that |[v — w| < &/2 and ||Bov — Bow|| < £/2. Then
lu—w] < lu—v||+|lv—w|| < e and ||Agu—Aow]|| < |[Aou—Agv||+|ABov—ABow|| <
€.

|

At this point we may show the desired result on the existence of a core for

(A, Dy (A)). To this end, set
D} (A) :={u € Dy(A) : there exists (un)n>1 in Dy (B) such that

(3.10)
u, — u and Au, — Au uniformly on [0,1]} .

It is clear that Dy (B) C D5 (A). Moreover,
(3.11) Dy, (A) N Co(]0, 1]) = D (Ao) -
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Indeed, being the inclusion D, (Aq) C D} (A) N Cy(]0, 1[) obvious, we proceed to
show its converse. Fix u € D}, (A)NCy(]0, 1[); then v € Dy (A)NCy(]0, 1) = D(Ao)
and there exists a sequence (uy,),>1 in Dy (B) such that w, — u and Au,, — Au
uniformly on [0, 1], in particular u,(0) — 0 and u,(1) — 0. For every n > 1
and 0 < x < 1 set v,(x) := up(z) — zun(l) — (1 — 2)up(0). Then v, € D(By),
vy, — w uniformly on [0,1] and A,v,, = Av,, — Au = Agu uniformly on [0, 1]; hence
u € D, (A).

Theorem 3.5. C2([0,1]) is a core for (A, Dy (A)).

Proof. First we shall prove that the operator (A4, D}, (A)) is the generator of a
Markov semigroup (7'(¢))¢>0 on C([0,1]) by applying a general result due to Bony,
Courrége and Priouret [30]. Indeed, Dj,(A) is dense in C([0,1]), since Dy (B) is
dense in C([0,1]). Moreover the operator (A, Dj,(A)) satisfies the positive maxi-
mum principle (see [30]), since (A, Dy (A)) satisfies it. Finally, we have to show
that the range R(Al — A) = C([0,1]) for A > 0 fixed. Let f € C([0,1]) and define
the function g € Cy(]0,1[) by setting g(x) := f(x) — a2 f(1) — (1 — x) f(0) for every
z €]0,1[. From Theorem 3.4, (A — Ap)(D.(A)) = Cv(]0,1[) and so there exists
u € Dy(Ap) such that A\u—Agu = g. Now set v(z) := u(z)+1/A(zf(1)+(1—=x)f(0))
(0 <z < 1) (we continuously extend u at 0 and 1). Since u € D(Ay) C Dy (4),
v € Dy (A) and Av = Agu on [0, 1]. Moreover A\v — Av = f.

Now we proceed to show that C2([0,1]) is a core for (A, D (A)). Let u €
D}, (A) and € > 0 and consider the function A € Cy(]0,1[) defined by (3.6), so
that a(z) = (x(1 — 2)/2) AM(z) (0 < & < 1). Let v and element in Dy (B) such
that ||u — v|| < /2 and ||Au — Av|| < /2 and take w € C?(]0,1]) such that
lv —w| <e/2 and ||Bv — Bw| < ¢/2. Then |Ju —w|| < e. Moreover if z = 0,1,
then |Au(z) — Aw(z)]=0<eand, if 0 <z <1,

|Au(z) — Aw(z)| < |Au(z) — Av(z)] + |Av(z) — Aw(w)| <
< S+ A@)Bu(@) - ABu(@)| < 5 +|Bu(a) - Bu(a)| << .

Accordingly, ||Au — Aw|| < e.

At this point we can able to show the claim. Choosing A > 0, (A — A)(C?([0,1])
is dense in C([0,1]) because C?([0,1]) is a core for (A4, D}, (A)). Since (A, Dy (A))
generates a Feller semigroup too, the above density relation implies in turn that
C?([0,1]) is a core for (A, Dy (A)).

d

We continue our program of investigations by trying to represent the Markov
semigroups involved in Theorem 3.1 in terms of iterates of positive linear operators
as in (1.4).

We begin by considering the seeming particular case when the coefficient « is
associated with a continuous selection of Borel measures (see (3.14) below). In fact
we shall see that all functions « satisfying (3.5) satisfy this assumption.

Consider, therefore, a continuous selection (u;)o<z<1 of probability Borel mea-
sures on [0, 1] satisfying (2.6). We have already observed in (2.7) that

(3.12) 0 < T(ex)(x) —2® <a(l—x) 0<z<1).
Proposition 3.6. The following propositions are true.

1. Ho = €o-
2. H1 =¢€1.
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3. If © €]0,1[, then p, = €, if and only if T(e2)(x) = 2.

Proof. From (3.12) it follows that T'(e2)(0) = 0 and so Supp(mug) = {0}. Then
po = €o. Again from (3.12), T'(e2)(1) =1, so

1
/ (61 762)d,u1 =0
0

and Supp(p1) C {0,1}. Hence, on the one hand we can write u; = agg + (&1 with
a, €[0,1], « + B =1, and on the other hand we have

1
1:/ erdpy =a-0+06-1=0,
0

hence a =0 and py = ;.
Finally, first suppose that T'(e2)(z) = 22 and consider the function v, given by

(2.1). We have fol Y2 du, = 0, so Supp(p,) = {r} and u, = €,. The converse is
obvious.

a

From now on we shall assume that the selection (¢, )o<z<1 satisfies the following
requirement

(3.13) Wy 7# €, for every x €]0,1].
For every 0 < z <1 set
1 o L[ 2
(3.14) a(z) = i(T(GQ)(.T) —z%) = 3 eadp, — ) .
0

Then o € C(]0,1]), a(0) = a(1) = 0 and 0 < a(z) < z(1 — z)/2 for every
O<z<l1.

Let (By,)n>1 be the sequence of Bernstein-Schnabl associated with the continuous
selection (ftz)o<z<1. From definition (2.8) and Proposition 3.6 we have

(3.15) B,(f)(z) = f(z) for z=0,1;
in particular the B,’s map the space Cy(]0, 1[) into itself.
Theorem 3.7. For every u € C?([0,1]),
(3.16) Jim n[Bn(u) —u] = au”  uniformly on [0,1],
where « is given in (3.14).
Proof. From (2.9), (2.16) and (2.17) it follows that

lim n[B,(1) —1] =0 = lim nB,(¢,)(z) uniformly with respect to z € [0,1]
n—o0 n—o0
and

lim nB, (¥2)(x) = T(e2)(x) —2* uniformly with respect to = € [0,1] .

n—oo

On the other hand, since 12 = ¢4 — 4xez + 6x%ey — dade; + 241 (0 < z < 1), by
using (2.14) and (2.15), we obtain

By (¢z)(w) = % [T(ea)(w) — 42T (e3)(x) + 3(n — 1)T(e2)* ()~

—6(n — 2)2*T(e2)(z) + 3(n — 2)z"] |
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therefore lim,, oo By (¥1)(2) = 0 uniformly with respect to x € [0, 1]. Accordingly,
the result follows from Theorem 2.5.
g

Remark 3.8. In [8, Theorem 13] it is shown that for a given u € C([0,1]) there
exists limy,— 00 7(Bp (1) — u) uniformly on [0,1] if and only if u € C2(]0, 1[) and u”
is bounded on ]0, 1[ (see Theorem 3.15 of this section).

We have now prepared all the necessary tools to easily get the approximation
result for our semigroups.

Theorem 3.9. Let a be the function defined by (3.14) and consider the operators
(Ao, D+ (Ap)), given in (3.9), and (A, Dy (A)), defined by (3.7) and (3.10). Denote
by (S(t))i>0 and (T'(t))e>0 the relevant Feller semigroups on Cy(]0, 1[) and C([0, 1)
respectively. Then, for any t > 0, S(t) = T(t)|c,qo.1p and, for every sequence
(k(n))n>1 of positive integers such that k(n)/n — t and for every f € C([0,1]),

(3.17) T(t)f = lim BE™ f uniformly on [0,1] .
n—oo

Proof. By Theorem 3.7, for every u € C2([0,1]) C Dy (A),

lim n(B,(u) —u) = Au  uniformly on [0, 1]
n—oo

and C2([0,1]) is a core for (A4, Dy (A)). Finally, for every n > 1 and p > 1,
|BE|| = 1, since BE(1) = 1. Therefore, formula (3.17) easily follows from Theorem
2.24.

Finally, take up € D.(Ap) C Dy (A) and consider the function u(t) := T'(t)uo
(t > 0). Then, taking Theorem 2.18 into account, u(t) € Dy (A) for any ¢t > 0, u
is strongly differentiable in [0, +oc[ and (d/dt)u(t) = Au(t) for every ¢ > 0. From
(3.17), (3.16) and (3.11), it follows that T(t)ug € Dy (A) N Cu(]0,1[) = D.(A)
and so, by the uniqueness of the solution of the Cauchy problem associated with
(Ao, D (Ap)), we get u(t) = S(t)ug for every t > 0. Therefore T(t) = S(t) on
D..(Ap) and hence on Cy(]0, 1[), because D, (Ap) is dense in Cy(]0, 1[).

g

Next we shall see that formula (3.17) holds true for the Markov semigroup gener-
ated by the operator (A, Dy (A)) associated with an arbitrary function o € C([0, 1])
satisfying (3.5), because under these assumptions it is always possible to construct
a continuous selection of Borel measures in terms of which « can be expressed as
in (3.14).

Theorem 3.10. Consider o € C([0,1]) satisfying (3.5) and, according to The-
orem 8.1, denote by (T(t))i>0 the Markov semigroup generated by the operator
(A, Dy (4)). Set Ax) :=2a(z)/(z(1 —z)) (0 < z < 1) and, for every z € [0,1],
consider the measure

(3.18) g = {

Az)(zer + (1 —2)eo) + (1 — A(z))es 0<z<1,

€z r=0,1.

Let (Bp)n>1 be the sequence of Bernstein-Schnabl operators associated with the
selection (Uy)o<z<1 and defined by (2.11). Then, for everyt > 0, for each sequence
(k(n))n>1 of natural integers such that k(n)/n — tas n — oo and for every f €

c([0,1]),
(3.19) Tt)f = lim BE™(f)  uniformly on [0,1] .

n—oo
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Proof. First we note that A € C3(]0,1[), 0 < A < 1, that a(z) = (z(1—x)/2) A(x)
for any « € [0,1] and that the family (u;)o<z<1 is a continuous selection satisfied
(2.6) and (3.13). Moreover fol eaduy = 12 +2(1 —2)\(z) = 22 + 2a(x). According
to Theorem 3.9 the semigroup (T'(t)):>0 can be represented as the limit of powers
of the B,’s corresponding to the selection of measures (3.18) and this finishes the

proof.
O

Remark 3.11. When «o(z) := z(1 — z)/2, then the approximating Bernstein-
Schnabl operators are, indeed, the classical Bernstein operators (2.10).

The main significance of Theorem 3.10 lies in the possibility to numerically
approximate and to infer qualitative properties of the semigroup (7'(¢)):>0 and
hence of the solutions of the initial boundary problems (1.2) because of formula
(1.3).

In this case problem (1.2) turns into

Ou 0u
g = - >
8t(m7t) a(w)a$2(m,t) 0<z<l, t>0,
(3.20) u(z,0) = uo(z) 0<z<1, ugeDy(A),
. 0*u
,}H&: ax) ﬁ(;r,t) =0 t>0.

Such a problem is strictly related to a stochastic model from genetics which is
involved in the study of the fluctuations of gene frequency under the influence of
mutation and selection (see [14, pp. 465-466] for more details).

We also point out that the semigroups involved in Theorem 3.1 are the transition
semigroups of some normal Markov processes, having [0, 1] as state space, with
absorbing barriers at 0 and 1 and with mean instantaneous velocity 0 and variance
instantaneous velocity a(z) at position = € [0,1] (see [64, Section 1.4]).

From formula (3.19) it is then possible to infer several useful information on such
Markov processes (see [14, pp. 461-465]).

For the sake of brevity we also omit to discuss some results concerning numerical
estimates of

T f = BYWFI (0 —o0)
(f € €(0,1]), t > 0, k(n)/n — t) and we refer the interested reader to [45], [2],
[51], [37], [38] for more deepening.

Below we restrict ourselves to discuss some qualitative properties of the semi-
group, which have their counterparts in terms of the solutions of problem (3.20)
because of formula (1.3).

Corollary 3.12. Under the same hypotheses of Theorem 3.9 the following state-
ments hold true.

(1) T(t)f(z) = f(x) for every f € C([0,1]) and x =0, 1.

(2) If the operator T given in (2.5) maps continuous increasing functions into
(continuous) increasing functions, then each T(t) maps continuous increas-
ing functions into increasing functions.

(8) If T(Lip(1,1)) C Lip(1,1) then, for every M > 0,0 < o <1 and t > 0,
T(t)(Lip(a, M)) C Lip(er, M).



32 Francesco Altomare and Vita Leonessa

(4) If f € C([0,1]) the following propositions are equivalent:
(4) f is conve;
(i) f<T@®)f for anyt > 0.
(5) Under assumptions (c1) and (cz2) stated at p. 15, if f € C([0,1]) is convez,
then each T(t)f is conver (t > 0) and (T(t)f)i>0 is increasing.
(6) For every f € C([0,1])
tﬂgloo T f=T(f) wuniformly on [0,1].
Therefore limy_, 1o, T(t)f = 0 uniformly on [0,1] if and only if f(0) =
f(1) = 0. Moreover, if T(Lip(1,1)) C Lip(1,1) and conditions (c¢1) and
(c2) are satisfied, then for every f € C([0,1]), x € [0,1] and t > 0

IT(@)f(z) = T(f)(@)] < Mws(f, v/ Ae())

where A\i(z) := |T(t)ea(x) — x| and M is an absolute constant.

Proof. Statement (1) follows from (3.15). Statements (2) and (3) follows from
Theorem 2.9 and Corollary 2.12. The implication (i) = (i) follows from (2.30).
Conversely, assume that f < T(t)f for every t > 0 and set u(r) := 1/r [ T(s)f ds €
Dy (A) for every r > 0. Then Au(r) = 1/r(T(r)f — f) > 0, so that u(r) is convex
for every r > 0. Accordingly, f = lim,_,o+ u(r) is convex too.

The first part of (4) is a consequence of Theorem 2.14. As regard to the second
part, first take u € Dy (A), u convex. Then for every ¢t > 0, T(t)u € Dy (A) and
T(t)u is convex too. Therefore AT (t)u > 0 and hence (d/dt)T(t)u = AT(t)u > 0
(t > 0), so that (T(t)u)¢>o is increasing. Define u(r) :=1/r [; T(s)fds € Dy (A)
for every r > 0. Then lim, ¢+ u(r) = f uniformly on [0, 1] and each u(r) is convex.
So, for 0 < s < t, we get T'(s)u(r) < T(t)u(r) and hence T(s)f < T'(t)f because of
the continuity of the operators T'(s) and T'(¢) and this completes the proof of (4).

For the proof of (5) we refer to [19, Theorem 3.9] or [60, Section 3].

g

The approximation formula (3.19) can be fruitfully used to determine the satu-
ration class of Bernstein-Schnabl operators and the Favard class of the semigroup
(T'(t))¢>0 which are, respectively, the linear subspaces of all functions f € C([0,1])
such that sup,~, ||Bnf — fllec < +00, resp. sup,sq [|T(¢)f — flloo/t < +00 (see,
e.g., [29, Section 2.1]). Among other things, the characterization of the Favard class
reveals some further “spatial regularity” properties preserved under the evolution
governed by the semigroup (T'(t))¢>0-

For the complete proof we refer to [8, Theorem 7].

Theorem 3.13. Given f € C([0,1]), the following statements are equivalent:

(i) There exists My > 0 such that for every x € [0,1] and n > 1
Mia(z
Balf)(a)  fa)] < 0

n
(i7) There exists My > 0 such that for everyn > 1

M.
1Buf = flloe < =2

(i11) There exists M3 > 0 such that for every n > 1
IT@)f = flloe < Mst .
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(iv) f € CYH[0,1]) and f' is Lipschitz continuous with some Lipschitz constant
M > 0.

If, in addition, « is concave, then statements (1)-(iv) are also equivalent to
(v) there exists My > 0 such that for everyt > 0 and z € [0, 1]

IT(t) f(z) — f(z)| < Mata(z) .
Moreover My = M3 = My||a||oo = 4]|al|coM = M1 ||a| oo -

As a consequence of the previous result we have some further “spatial regularity”
properties which are preserved by the semigroup (T(¢))¢>o0-

Corollary 3.14. Let f € C([0,1]) with f' Lipschitz continuous. Then, for ev-
ery s > 0, T(s)f is continuously differentiable on [0,1] and its first derivative is
Lipschitz continuous.

Proof. For every t > 0 we get
ITOT(s)f =T (s)flloe < NTSINTE)S = Flloo < NT@S = flloo

and hence the result follows from Theorem 3.13 both to f and T'(s)f.
O
We end this section by pointing out the following result obtained in [8, Theorem
13]. Below we denote by CZ(]0, 1[) the subspace of all u € C([0,1])NC?(]0, 1]) such
that «” is bounded in 0, 1[.

Theorem 3.15. Given u € C([0,1]), the following statements are equivalent:
(4) There ezists lim, oo n(Bru — u) uniformly on [0,1];
(i) u € C}(]0,1]);
(#9) There exists w € C([0,1]) such that supy.,.; w(z)/a(z) < +oo and
lim; o+ (T(t)u — u)/t = w uniformly on [0, 1].

By using the above theorem we then obtain another regularity result.

Corollary 3.16. Assume that o is concave. Then T(s)(C£(]0,1[))  C2(]0,1[) for
every s > 0.

Proof. Since « is concave, by Corollary 3.12, (3), T(s)a < a. If u € C#(]0,1]),
by Theorem 3.15 there exists w € C([0,1]) such that lim; g+ (T'(t)u —u)/t = w
and w < Ma on ]0, 1] for some M > 0. By continuity w < Ma on [0, 1] and hence
T(s)w < MT(s)a < M«a. Moreover

t—0t t

Therefore, by Theorem 3.15, T'(s)u € C£(]0, 1]).
g

3.2. The complete operator Lu = au” + fu’ + yu. In the same spirit of the
previous section we shall now study the complete operator L defined by (1.1) on
the domains (3.2) and (3.3). The coefficients «, 3, v are assumed to verify (3.4) and
(3.5).

As regards the generation property of (L, Dys(L)) and (L, Dy (L)), according to
Corollary 2.20 we may restrict the analysis to the differential operator A* := L —~I
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defined on Dy (A*) := Dp(L) and Dy (A*) := Dy (L). Thus

" . a(z)u”(z) + B(x)u/ (z) if 0<z<1,
u(z) = lim a)u’ () + B)d (t) if x=0,1

for every w € Dp(A*) or u € Dy(A*) and 0 < 2 < 1.

The generation property of both (A*, Dy;(A*)) and (A*, Dy (A*)) can be ob-
tained by using the results of Feller ([43]; see also [39, Theorem 2], [42, Chapter
VI, Section 4]).

Fix o €]0, 1] and consider the Wronskian

Wuy—mm<—éj§3d9 0<z<1)

and the auxiliary functions

1 xr
Q@y:JEWGSAJWUﬁ 0<z<1)

and
“ 1
Rx::Wx/idt 0<z<l).
SN OO

Theorem 3.17. Assume that R ¢ L'(0,2¢) and R ¢ L'(29,1). Then (A% Dy(A*)
is the generator of a Markov semigroup on C([0,1]) and hence (L, Dps(L)) is the
generator of a positive Cy-semigroup (S(t))i>0 on C([0,1]) satisfying ||S(t)|| < e¥=!
(t > 0) where Yoo 1= SUPg<,<1 V(7).
Theorem 3.18. Assume that

(i) Q ¢ L*(z0,1) or R € L*(x0,1) or both,

(it) Q ¢ L(0,x0) or € L*(0,29) or both.
Then (A*, Dy (A*)) is the generator of a Markov semigroup on C([0,1]) and hence
(L,Dy (L)) is the generator of a positive Cy-semigroup (S(t))i>0 on C([0,1]) sat-
isfying ||S(t)|| < e¥=t (¢t > 0) where v is defined as above.

In order to achieve the representation of the semigroup in terms of iterates of
suitable positive linear operators we have to impose some further assumptions on
«a and (.

From now on we shall further assume that

a is differentiable at 0 and 1 and o'(z) #0# a'(1) .
Therefore we can express a as

z(1l—x)

alz) =

where
2a/(0) x=0,

Az) = % 0<z<1,
—-2a'(1) z=1

and A € C([0,1]), 0 < A <1 for every 0 < z < 1.
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Theorem 3.19. Assume that 8/X is Holder continuous at 0 and 1. The following
statements hold true:
(1) If B(0) > &/(0) and B(1) < &'(1), then (L,Dp(L)) is the generator of a
positive Co-semigroup as in Theorem 8.17 and C*([0,1]) is a core for both
(A", Dpr(A”)) and (L, Dp(L)).
(2) If 3(0) = B(1) = 0, B(x) = O(z) asz — 0" and B(x) = O(1—z) asx — 17,
then (L, Dy (L)) is the generator of a positive Cy-semigroup as in Theorem
3.18 and C%([0,1]) is a core for both (A*, Dy (A*)) and (L, Dy (L)).

For a proof we refer to [34, Proposition 4.3] and to [11, Theorem 3.1 and Lemma
3.2] (see also [26, pp. 120-121 and Theorem 2.3]).

We also point out that in [11, Theorem 3.1] it was also proved that (L, Dy (L))
generates a positive Cop-semigroup provided that 0 < £(0) < o/(0) and /(1) <
/(1) <0.

As a final step we now proceed to construct a sequence of approximating positive
operators for both the semigroups considered in Theorem 3.19. Actually these
new operators will be constructed by modifying the Bernstein-Schnabl operators
considered in the previous section, according to an idea first developed in [10] and
[11].

From now on we shall assume that there exists ng > 1 such that, for every n > ng
and z € [0, 1],

(3.21) ng—&—@gl and 1—|—%>0.

For instance conditions (3.21) are satisfied by choosing a natural number ny >

max{ 5o, 51, ||7]lc } provided that
—fo := inf M > —00 and (1 := sup @ < 4o00.
0<z<l 0<z<1 T

Consider a continuous selection (41, )o<z<1 of Borel measures on [0, 1] in terms of
which « can be expressed as in (3.14) (for instance, the selection defined by (3.18))
and denote by By, (n > 1) the relevant Bernstein-Schnabl operators.

For every n > ng, define M,, : C([0,1]) — C([0,1]) by setting

(3.22) M, (f) == B <(1 + %) fo (61 n g)) (f € C([0,1])) .

In the particular case where a(x) = (1 — z)/2, the B,,’s are the classical Bern-
stein operators (defined in (2.10)) and the operators M,, turn into

AGCEDS (1) e (0 200 g (B 20670

n n n
k=0

(fec(o,1],0<z<1).

Proposition 3.20. The sequence (My)n>1 is equibounded and, for every f €

c([o,1)),
lim M,(f)=f wuniformly on [0,1].

n—oo

Proof. For every n > ng and f € C([0,1]) we have

(oo

[ M (f)lloo < I Bnll

< (1+22) 1)

oo
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where oo 1= sUpg<,<; Y(2); therefore || M| <1+ (7o /n). Moreover
I6u1) = 1l = B (10 (14 2) ) - Batn)| +
o AT CTE )| IRN AT RN

<[ro (e Z)=a| + Tl + 1B - Flc

At this point we can observe that, for every f € C([0,1]),

n—oo

(3.23) lim fo (61 + g) = f uniformly on [0,1].

Indeed, given a function f € C1([0,1]), from Lagrange theorem we get

1 (o4 22) - o] < 1 P2

n )
for every x € [0,1]. So

1
Ifo ( n g) ~ Pl < 17 olBloe - =0

and (3.23) follows easily because C([0, 1]) is dense in C([0, 1]). Moreover || By (f)—
flloo — 0 thanks to Theorem 2.7. Then ||M,(f) — f|lcc — 0 as well.

O
The construction of the M,,’s by means of the B,,’s allows to obtain estimates of
the rate of the above convergence from the corresponding ones which we know for
the operators B,, as stated in Theorem 2.8.
Analogously, we can obtain some shape-preserving properties for the M,’s by
the similar ones studied for the B,’s (see Theorems 2.9-2.14). We collect them in
the following proposition.

Proposition 3.21. The following statements hold true.

(1) Under the same hypotheses of Theorem 2.9, if in addition ex + /n is in-
creasing and if, for every f € C([0,1]), (14 v/n)f is increasing too, then
each M,, (n > ng) maps increasing functions into increasing functions.

(2) Assume that T'(Lip(1,1)) C Lip(1,1), where T given in (2.5), and suppose
that 8 € Lip(1, B) and v € Lip(1,C) (resp. ~y is constant) for some B,C >

0. Then, for every f € Lip(a, M), M > 0,0 <a<1andn > nyg,

M,(f) € Lip <a,z\7 <1 + %) (1 + g) Flflle 9)

M,(f) € Lip (a,M (1 + %) <1 + f)a> .

(8) If T'(Lip(1,1)) C Lip(1,¢) (T asin (2.5)) for somec > 1 and 3 € Lip(1, B)
for some B > 0. Then, for every f € C([0,1]), § > 0 and n > ny,

WM, (f),6) < (1+c) <1+ %% (f, <1+§) 5) + ol o gy

n

(resp.
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If v is constant then, for every f € C(]0,1]), § > 0 and n > ng,

(Mo (£),6) < (1+¢) (1+%>w (f, <1+§) 5) .

(4) Assume that (B is affine (resp. convex) on [0,1] and that, for every convex
function f € C([0,1]), (1 +~/n) f is convex too. Then each M, (n >
ng) maps convex (resp. increasing convez) functions into convex functions
provided that conditions (c1) and (c2) stated at p. 15 are satisfied.

Proof. Statement (1) is a direct consequence of the assumptions and Theorem
2.9. As regard (2), taking Theorem 2.12 into account with

~ 00 B\*“ C
e (1 1) (1) g1 €
n n n

it is sufficient to show that, if f € Lip(«, M), then

(1+l)fo<el+g) GLip(a,M(l+%> (1+§) + 1 fllso Q) .
n n n n n

Indeed, for every z,y € [0,1],

() (e 50) - (e ) (o5
<l (e 52) s (o 50|
P20 (o Y| B (B () B0

<t (14 b=,y ) =B 4 &y g e <

<[+ ””'W)( B) sl ] o
)<

Therefore
() se (o) ) <
B ) e

which gives statement (3). Finally, statement (4) follows from the hypotheses and
Theorem 2.14.

O
From Theorem 3.7 and the remarks in the relevant proof, we get the following
asymptotic formula for the sequence (M,,),>1.

Theorem 3.22. For every f € C*([0,1])
lim n[M,(f)— f]=af" +Bf +~f wuniformly on [0,1].
n—oo
Proof. The proof can be achieved by means of Theorem 2.5 and formula (3.16).

We left the details to the reader.
O



38 Francesco Altomare and Vita Leonessa

Collecting together Theorems 3.19 and 3.22 we may use Theorem 2.24 to obtain
our final result. First observe that, as it was shown in the proof of Proposition 3.20,
1M <1422 (02 no)

and hence »
Izl < (14 2= <ot ez g pz1).
n

Theorem 3.23 ([11], Theorem 3.3). Under assumptions (3.4), (3.5) and (3.1) and
under the ones of Theorem 8.19, denoted by (S(t))i>0 the positive Cy-semigroup
generated by (L, Dp(L)) or by (L, Dy (L)), then for every f € C([0,1]) andt >0

S(t)f = lim MF™ f  uniformly on [0,1]

where the operators M, are defined by (3.22) and (k(n))n>1 is an arbitrary sequence
of positive integers such that k(n)/n — t as n — oo.

By means of Theorem 3.23 and Proposition 3.21 we obtain the following quali-
tative properties of the semigroup (S(¢)):>0 or, equivalently, of the solutions to the
initial boundary value problems (1.2) where D(L) = Dy (L) or D(L) = Dy (L).

Proposition 3.24. The following statements hold true.

(1) Under the same hypotheses of Theorem 2.9, if in addition e; + B/n is in-
creasing and if, for every f € C([0,1]), (1 4+ ~/n) f is increasing too, then
each S(t) (t > 0) maps increasing functions into increasing functions.

(2) Assume that T(Lip(1,1)) C Lip(1,1), where T given in (2.5), and suppose
that 8 € Lip(1, B), for some B > 0, and v is constant. Then, for every
fGLip(a,M), M>0,0<a§1 and n > ng,

S(t)f € Lip (a, M exp((aB + \’y|t))) .

(3) Assume that (B is affine (resp. convex) on [0,1] and that, for every convex
function f € C([0,1]), (1 +~/n) f is conver too. Then each S(t) (t >
0) maps convex (resp. increasing conver) functions into convex functions
provided that conditions (¢1) and (c2) states at p. 15 are satisfied.

Proof. Because of Theorem 2.9 and 2.14, we have only to prove part (2). Fix
t > 0 and choose a sequence (k(n)),>1 such that k(n)/n — t. Without loss of

generality, we can assume that M = 1. From Proposition 3.21, (2), it follows that,
if f € Lip(a, 1), then for any n > ny,

M*™) f e Lip <a, <1 + M) (1 + —) ) .
n n

Since (14-|y|/n)*™ (14B/n)** ™) — exp(aB+|y|t) the result follows from Theorem
3.23.
(|

Remark 3.25. We finally refer to [18], [23], [25], [32, 33], [34], [58, 59] where other
particular cases of the differential operators (3.1) have been studied in the same
spirit of this paper and where other approximating sequences of positive linear
operators have been introduced.

In particular, in [23], [58] and [59] the limit behaviour of the semigroup (S(t))¢>0
as t — +o00 has been determined in some very special cases.
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It would to be interesting and important to get some further results to this
respect in the general contest of Theorems 3.19 and 3.23.

3.3. Final remarks. The problem of the constructive approximation of semi-
groups by means of iterates of positive linear operators and the relevant qualitative
analysis have been developed in the last fifteen years also in the framework of con-
tinuous function spaces on general real intervals and on convex compact subsets.

Without no claim of completeness we mention, e.g., for one-dimensional intervals
[11], [16], [17], [20], [21], [24], [34], [36], [49], [50] and the references therein, and
for the convex compact sets [3], [14, Chapter 6], [15], [31], [35] and the references
therein.

Despite such a high number of papers, the results are far from being conclusive
and there seem to be still not devoid of interest a further deepening and a more
comprehensive development of these topics together with some significant applica-
tions.
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