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A Lagrangian method for the periodic orbit problem
of Reeb vector-fields
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Dedicated to Ermanno Lanconelli on his sizty fifth birthday

Abstract!. We establish in this paper that the techniques of [1] hold in full gener-
ality and build a Lagrangian method for the study of periodic orbits for general three-
dimensional Reeb vector-fields.

1. INTRODUCTION

Let M3 be a three dimensional compact manifold without boundary and let «
be a contact form on M with Reeb vector field £. Let v be a vector field in ker v
and let 8 = da(v, ). Let Cj be the space of closed curves with regularity H! whose
tangent vector reads & = af + bv, a being a positive constant (varying with the
curve) and b being an L? function.

When § is a contact form with the same orientation than a, Cjg is a sub-manifold
of the free loop space of M and the action functional defined at a curve = of Cj as
J(x) = fol o (2) is the natural functional for the study of periodic orbits.

When £ is not a contact form, Cz can be subdivided into two regions % and
¥~. In ©F, 3 has the orientation of «, in ¥, it has the opposite orientation.

We have then replaced the functional J in [4] by the new functional

. 1

Iy = [ anti)+ o e
and we have proved in [4] that this functional allowed to generalize the results of
[1], [2], [3]. In particular, we could extend to this general framework our homology.

In [4], we stopped short from proving that the critical points and critical points
at infinity of the generalized J on C3 were natural extensions of the critical points
and critical points at infinity found in [1], [5] under the assumption that 3 is a
contact form. Indeed, we had pointed out that some curves of Cz having sub-
pieces on the dividing ¥ = {x , B A dSB = 0} were “critical” for .J. Although we
strongly suspected in [4] that we could get rid of them as stationary points in our
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deformations, we could not really prove such a result and we simply showed that
we could consider them also as critical points at infinity, although they were not a
natural extension of this concept, and that the compactness results of [2] extended
to them.

We improve on this result here and we prove (Theorem 1, section 4) that the
functional J,, which extends J on the stratified space | I'ay, the stratified space of
&-pieces of orbits alternating with +v-pieces of orbits, does not have critical points
near such curves. Therefore, its only critical points are the “classical” ones, critical
points and critical points at infinity and the homology defined in [1], [2], see also
the more recent [6], extends readily since the unstable manifolds of the periodic
orbits can be achieved in (J'g. This result suffices for our purposes.

Short of allowing for zeros of v-we have not tried yet to get rid of this assumption-
our method is now general and offers a Lagrangian/Legendrian version of the
“Hamiltonian” periodic orbit problem in the framework of general three dimen-
sional contact vector-fields.

For the sake of the completeness of the paper and of the techniques involved in
our method, we have included in this present paper the first three sections of [4],
slightly modified (for section 3), so that the nature of the difficulty, the techniques
used to overcome it, the definition of the Sturm-Liouville linearized operator at a
periodic orbit etc are included here. The present paper departs completely from [4]
in the fourth section where the claim described above about the behavior of J,, on
(T2 is established.

2. THE VECTOR-FIELD v AND THE HYPERSURFACE X

Let v be a nowhere zero vector-field in ker « .

Considering the form § = da(v, -), we compute the quantity p = 5 A df. Gener-
ically the set ¥ = {z , p(z) = 0} is a submanifold of codimension 1 in M.

Let us consider a point gy of ¥ where the Reeb vector-field £ of « is transverse
to X. We pick up a set of coordinates near xy where X reads as {z = 0} and ¢ is
(0,0,0).

After rescaling v or § appropriately, we may assume that & near (0,0,0) reads
as 0/0z.

Let us consider the restriction v of a to TX. Since « is a contact form, dy is
non zero near (0,0,0) and using an appropriate chart near z( in X, we may assume
that dy = dz A dy, so that v = xdy + df. f is a function of z,y only.

Accordingly, « reads as xdy+df +dz. v reads as(9/0x)+m (0/dy)+C (8/0z).
The value of C depends on df, but this is irrelevant as far as 3 and p are concerned.
Indeed,

B =dav,") = —mdx +1ldy

__ BAdp
CdzAdyAdz

C does not appear in the formulae above, once [ and m are given, C' can be
computed easily using the formula for a.

This simple fact gives us a lot of freedom which we will use in order to modify
v and make ker @ tangent at (0,0,0) to 3. After a suitable modification of «, we
can then reduce it to Darboux form in coordinates where ¥ = {z = 0}. This
freedom can also be used in order to create tangencies as we please of v (after

=Im, —ml, .
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modification) to ¥ (also after modification). These results are established in the
following sequence of Lemmata/Propositions:

Lemma 2.1 ([1]). Let w be another vector field in the kernel of a, defined near
zo = (0,0,0), such that da(v,w) = 1. We may then modify v into v + 6w, 0
being C° small and C* bounded so that ¥ is perturbed into 3. % is a graph in z
(€ =0/0z) over ¥ which is C°-close to ¥ and ker oy = Ty, X (0 € X).

Proof. Let © = v+ 6w. Then p = —da(?,[£,9]) = p — O — O(da(w, [€,v]) +
da(v, [§, w) + Ode(w, [§, w)).

Choose (z,y)- Coordmates on ¥ and set

0 = (a12 + bry)zw(z )w( 'Y)

w and ¢ have small compact supports, w(0) = 1, 1(0,0) = 1. Choose also the
support of ¢ in (x,y) so small that:

0, 6., 0..=o(l).
Calculating p,,
ﬁz =Pz 7922 *ezAfeAz =Dz +0(1) 5

we recognize that p, is far from zero near xy. Thus, Yis a graph over X in the
z-direction and is a C%-perturbation of ¥ as claimed. Furthermore,

Ty % = {21/dp0,0,0)(21) = 0} .
We compute dpo,0,0)(21):

dp(0,0,0)(21) = (dp(0,0,0) — d(arz + b1y))(21) .

This shows that after a suitable choice of ay, by, Tzoi and ker ar,;, can be made to
coincide.

d

Coming back to the reduction of a described above near xo (before Lemma
2.1), we derive that after the modification of Lemma 2.1, df is zero at (0,0). The
coordinates x and y near x( in ¥ can be chosen as we please for this reduction of
« as long as dy = dx A dy. We thus can choose 0/0x = v,,. We assume in the
following Lemma that we have completed this choice. We then have:

Lemma 2.2. a can be modified so that it reduces to xdy + dz in coordinates where
Y is {z = 0} near xg, da, B, ¥ are left unchanged through this modification.

Proof. As we start the proof, we may assume by the arguments above that ker « is
tangent to ¥ at xo, that the equation of ¥ near o = (0,0, 0) is {z = 0}, that a reads
locally as xdy + df + dz and that vreads locally as [ (0/0x) +m (9/0y) + C (9/0z),
with 1(0,0,0) =1, m(0,0,0) = 0, C(0,0,0) = 0. f is a function of (x,y) only, C*,
equal to O(z% + y?) in the CZ%-sense.

Let g(x,y) be a C*®-function equal to 1 near zy and equal to 0 outside of a
small neighborhood of xy. We can choose g so that d(gf) is O(|]z| + |y|). Then,
& = a—d(gf) is a new contact form (d(gf)is small) such d& = da and & = xdy+dz
near zo. Keeping [ and m unchanged, but adjusting C' into C, we derive a new o
in ker &. Clearly, since 9/0z is characteristic for da, § = da(v,.) = da(v,-) = 8.
Thus, ¥ is unchanged and Lemma 2.2 follows.

d
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¥ divides M into two pieces, denoted X T (p(z) > 0) and I~ (p(z) < 0).

The two lemmas established above will be used later to prove that a “composite”
functional defined on a submanifold Cg, see below, of the Legendrian curves of (3,
and made of the action functional for the part of the curve in £+ and of (more or
less, the construction is more involved, see below) - the same action functional for
the part of the curve in ¥~ is a C?-functional at the periodic orbits of ¢ with a
second order Sturm-Liouville linearized operator of finite index.

We now consider a piece of orbit ¢ of the trace of # on 3 near a point g where
neither v nor £ are tangent to . Let S be a piece of curve drawn on ¥ and
transverse to this piece of orbit at xg. kercy, is not tangent to ¥ at zy. « reads
in local coordinates —z¢ = (0,0,0)-as xdy + df + dz where f is a function of (x,y).
Y reads as z = 0. v reads as [ (9/9x) + m (9/0y) + C (9/0z). Assume that the
equations of S are in these coordinates:

5({1),y):0, Z:O7 |‘T|+|y|§l/7
v above is a small positive real, ¢ is a smooth function which vanishes at (0,0). We
may assume, without loss of generality, that its gradient is bounded away from zero
on the domain of S. ker 3 is spanned by £ = 9/9z and v so that its trace on ¥ is
spanned by [ (0/0z) + m (0/0y). Transversality to S reads:

I(z,y,0) 0, +m(z,y,0)0, = a1 #0

if
Let ¢ = ¢(z,y) be a C* -function valued into [0,1], equal to 1 on S and to zero
outside of a small neighborhood of S in 3. Picking up a value € > 0, we may ask
that ¢(z,y) vanishes if |§(x,y)| > €% and also that

V(gd) =0(1) .
Let w = w(z) be also a C*°-function valued into [0, 1], with w(0) = 1 such that
V(zw(z)) = O(1). If € is small enough,
dpzw, (dpzw),, (0pzw),.,
are o(1). Thus
V(pdzw) = o(1) .

We will actually use only the fact that the above expression is O(1). Let now:

w:—mz—i—lg—i-clﬁ
- Ox Oy 0z’
w € ker o
12 4 m?

is normalized to be 1.
We then have the following Lemma and Corollary:

Lemma 2.3 ([1]). There exists a C*®-bounded function c(x,y), with geometric
bounds dependent only on ai, such that if v is replaced by ¥ = v + Ow, with
0(z,y,2) = c(x,y)0(z,y)d(x,y)zw(z), then ¥ is replaced by %, p is replaced by
p, 8 by B with the following properties which hold as € and the size of the supports
of w, ¢ tends to zero :
() Y is CO-close to 3, p is equal to p outside of a small neighborhood of S and
dp(&) is also bounded away from zero in this small neighborhood.
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(i) S is contained in ¥ and dp(v + fw) = 0 on S.

(i) B and dB are C°-close to 3, df3 respectively.

(vi) The trajectories of kerﬂ~ NY and the trajectories of ker S N'Y have C'-
close differential equations in the (x,y)-coordinates and are therefore, after
reparametrization, C°-close in the z-variable and C*-close in the (x,y)-
variables (depending on the initial conditions).

Corollary 2.1 ([1]). Given v > 0, there exists a Ct-small perturbation of v, in

=

the vicinity of X, such that, for the new v, every trajectory of ker BNTX of length
larger than v crosses the set {x € ¥, p,(x) = 0} of points where v is tangent to .
The lines where £ is tangent to 3 are not perturbed through this modification. The
transport equations along & and v are only slightly perturbed in the C°-sense.

Proof of Lemma 2.3 and Corollary 2.1. Computing da(?, [€,?]), we find
0 0 0 0 0 0 0 0

= (Im, —ml)(1+6%) +6, .

Since # = 0, = 0 on S, S is contained in 3. Computing dp(v + fw) wherever
0 =0, we find:

U(Imy—ml) (146%) 40, ) p+m((Im,—ml, ) (1462) 40, ), +C((Im, —ml, ) (14+6%)+6,) .
0,0.,0., are zero on S, this expression rereads wherever these quantities are zero:

10.c +mb., — h(z,y)

where h(z,y) is a known C*®°-function of (z,y). é(x,y) is zero on S. Wherever ¢ ,
0,0,, 0., are zero, this rereads:

C(xv y)(l($,y,0)6r + m(x, Y, 0)51/) - h(zv y) .

Setting this expression to be equal to zero, we derive a value for the function
c(z,y) wherever I(z,y,0)0; + m(z,y,0)d, is non zero. Our assumption is that this
expression is bounded away from zero in a neighborhood of S so that we find a
smooth function ¢(z,y) with bounds depending only on a; see above.

Coming back to p, now that ¢(z,y) has been defined with the related bounds,
we find:

ap (§> — (mi. — m2). +o(1)

Since dp(0/90z) is bounded away from zero near (0,0,0), the statement about
2,3 follows.

8 is equal to dz A dy(v,-) = ldy — mdz. The new 3, denoted 3 is equal to
(I — 0m)dy — (m + 0l)dz. 6,d6 are both o(1), so that § is C''-close to £3.

A vector X in ker (8 reads

0 0 0
X=A(l-0m)—+ A 0l)— +B — .
( m) ox +Alm + )8y + 0z
We normalize A and B so that A% 4+ B* = 1. We claim that B/A = O(1) if X is
in addition tangent to ¥ near xg. Indeed, for such an X, would A/B = o(1), then

1 . -
g (X)) = —((Im. —mi.)(1 + 0°) + 0:) 2 1o(1) 2 +o1) 2 = D7 + (1)
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since V(0z) = O(1) ( 0., = o(1),V(zw(z)) = O(1),V(¢d) = O(1)). Since p, is
bounded away from zero on 3, this would yield a contradiction.

We then consider the orbits on ¥ of ¥ = X/A. The z-component does not
matter because we know that z remains small on . The (z, y)-differential equations
corresponding to these orbits are clearly C'-perturbations of the same equations
on ¥ (for the trace of 3) since the function 6 is small at least in the C'-sense.
Furthermore, computing d§(X), we find

d3(X) = A((I — 0m)d, + (m + 01)dy) = A(I6, +md,) + Ao(1) .

Since 10, + md, is bounded away from zero near S, |d6(X)| > c|A|, where c is a
fixed positive constant. The proof of Lemma 2.3 is now complete.

The proof of Corollary 2.1 is now straightforward, it suffices to choose a family of
S’s scattered on ¥ and repeat the above construction for each of them. The uniform
estimate from below provided above on |dd(X)| as well as the fact that the trajec-
tories of the new trace of 3 on X are only CO-perturbations of the trajectories of the
trace of B on X yield the first claim of the corollary. For the transport equations,
we observe that « is unchanged, so that (d/dt)a(z) — da(z, z) is unchanged.
~v1 = —da(w, -), where w satisfies da(v, w) = 1 is unchanged, so that (d/dt)vy1(z) —
dvy1 (&, 2) is unchanged. Finally, 3 is changed, but the perturbation is C!' small so
that the differential equation (d/dt)3(z) — dB(&, z) is only slightly perturbed.

Using coordinates, the representation z = A + uv 4+ nw changes in that v is
changed into ¥ = v+ 60w, £ and w are unchanged, so that the value of the coordinate
1 changes. However, the differential equations on the various components change
little formally: the two first ones, which involve «, da and 1, dy; do not change
formally, only the value of 7 changes in them. The last one, involving (3, df reads
in coordinates:

1= dB(&, w)n + (pa — Ab)p .

The value of 1 is changed, p is changed into $ which is C°-close to the least, 3,
df are replaced by B, d@ which are C'-close. Up to these changes, the equation is
formally unchanged.

O

3. £&-CROSSINGS OF X

Following [1], we define on the space of curves Cg the functional J(z) equal to:

. 1

This functional is obviously discontinuous and even not well-defined. Indeed, if
a curve z of Cg has a piece on X the above formula does not allow us to compute
the value of the functional on it, it is multivalued. We have discussed this problem
in [1], but here, below, we will make the approach much more precise and show
that it indeed provides full generality.

For the moment being, we will ignore this issue and we will discuss the differen-
tiability of J at a curve x containing pieces of £-orbits crossing ¥ at various points
2o, ,Tm. We assume that x does not cross ¥ at any other point and that all
these crossings are transversal. Following Lemma 2.1 and Lemma 2.2, we may as-
sume that ker « is tangent to X at each of the crossing points and that a can be
locally reduced to zdy + dz in coordinates where X reads locally as z = 0 and v at
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each x; is 0/0x. Accordingly, we may assume that w and w at each z; are equal
to 0/0y. We then claim that:

Lemma 3.1. J is C? at such a curve x. Furthermore, the second derivative can
be represented along the &-pieces by a second order Sturm-Liouville operator of
finite index. In case x is a periodic orbit, this second order operator L can be
viewed as acting on a Hilbert space of periodic functions 1 equipped with the norm
(J(Ln,n) dt + M [n?) 12 with M large enough.

Proof. We know how to compute the differential of [ (i) along a tangent vector

v. It is equal, see [1], [2], to [(d/dt)a(z) — da(E, z). Usually, because of periodicity,
the term (d/dt)a(z ) disappears Our functional is more complicated since it involves
only parts of [ a, (%), two of them: the contribution of the integrand on X+ and

the contribution on Z . Accordingly, as we compute these first variations, we find
a contribution of the trace of the variation z of the curve z onto T or ¥. This
trace 2’ is obtained after combining z and c&, after an appropriate choice of ¢ at
each z; so that we obtain a vector out of z in T,,¥. By assumption, & is equal to
¢ at each x;.

Observe that «(z') = 0 since T,, % = ker a,,. The boundary term vanishes and
the first variation of J at = becomes an appropriate combination of — fz L da(z, z)
and [y, da(i,z). Curves z of Cg have a tangent vector & equal to a& + bv because
& is in the kernel of § (in addition, a is constant since () is constant on Cg).
Setting z = A + pv + nw, we find that [y, da(s,z) = [;. by, At the periodic
orbits of x;, b is zero. These periodic orbits are thus critical points for J.

Let us find out what is the value of the linearized operator at such curves Z, at
periodic orbits in particular. For this purpose, we have to come back to the formula
for the first variation of J. For simplicity, let us assume that there are only two
crossings of ¥, 1g being a crossing from X7 to ¥~ and y,, = y; being a crossing
from ¥ to X1, we find that:

9J.z = (a(z) — a(z1)) <1+ (ny ) / / 1+f27 1+ fy a)

Near zg, 21, « is xdy + dz, v(z;) = 0/0z, w(x;) = 0/0y, ¥ = {z = 0}. Set
2(yi) = A& + piv + nyw. The y;’s are in the vicinity of the x;’s. Then a(z]) =
z(n; + o(1)) since 2z is in T%,,. o(1) near each z; is a differentiable function of
y;. Taking the second variation of a(z]) and locating the points y;’s at the z;’s,
x; = (0,0,0), we find that it is equal to p;n;.

On the other hand, b = 7, (%) so that its first variation is (d/dt)y1(2) — dy1(, 2).
This is equal to fi — (ua — Ab)dyi (&, v) — ndy1(Z,w) = D. The linearization of
bn, wherever b is zero yields Dn. Since we are assuming that b is identically zero
at each crossing at our base curve where we are trying to compute the linearized
operator, fzi bn linearizes, near 3 to the least if & is not an orbit of £ and b is
zero throughout, as fzi Dn + R. R stands for the contribution of the part of &
where b is not zero. Completing an integration by parts, we find that fz +Dn =
poto — pians — [y (ui + n((pa — Ab) dyi (€, v) + ndy(z, w))).

A similar formula holds for X .

Summing up, we find:

% J.zz = /Z i+ (1 = ) 1 (€,0) + b 5 w) -
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1 . B
e Gl = A d(€,0) + ndn (G w) + @
1+ [g-a) N
@ is an additional term due to the contribution of the parts where b is not zero. At
a periodic orbit, @ is zero.

Recalling now that the tangent space to Cg at Z reads:

1= dB(x,z)n + (pa — Ab)p

1
/'\:bn—/ bn
0

we study our second derivative near a transverse crossing which we assume, without
loss of generality, to happen at t = 0 and along a &-piece. Let us assume, again
without loss of generality, that the curve is in ¥ for ¢ small negative. Our focus
is on the expression:

/Otum—Am da

where A is an appropriate function. There is a similar expression, with sign changes,
for the contribution of ¥~. Using the equation of the tangent space to Cg, we derive
that, for x close to zero, since b = 0,

i~ adB(&, w)y
p
p can be expanded in . At first order, it reads —cx, with ¢ < 0. For the sake of

simplicity, we will actually assume that it reads in this way in the vicinity of the
crossing point. Our expression thus reads:

JLEIL R
0

—Cx

where B is an appropriate function. Setting

CC2:S

this rereads
2

91 /Ot olo (A+B) (% (e_- oﬁBn)) (% (e_ foﬁAn)> ds .

Introducing then:

S
Vz
o= [ 0
0
so that:

dy = eJo"(A+B) g
and the inverse function is

s =s(y)

our expression rereads:

y(t?) Wee e
et [0 (G (7)) (G (7))

Let us prove that A = B. We identify A as —ady,(§,v) and B as adf(£,w).
Since 1 = da(-, w),

A = am([§,v]) = ada([§, v], w) = —aa([[§, v], w]) .
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Since 3 = da(v, ),

B = _aﬁ([fvw}) = —ada(v, [€7w]) = ao‘([va [v7wH) :

Observe that a([v, w]) = —da(v,w) = —1. Thus, a([¢, [v,w]]) = —da(§, [v,w]) =
0. On the other hand, the Jacobi identity tells us that:

[w, [§,v]] + [v, [w, &]] + [, [v,w]] = 0.
Thus,
O‘([[‘fav}aw]) = _a([U: [évw”)

and A = B as claimed.
The expression that we were studying thus reads:

y(t?) Neren Neren
2 [0 () (G (7))

The remainder of the second derivative near 0 reads as (with C' an appropriate

smooth function):
¢ 17 ds
Cn? = = / on* — .
/0 2 Jo Vs

4. CRITICAL CURVES WITH PIECES ON X

Given a curve in Cg, we can use a local decreasing pseudogradient for the portion
of curve in the interior of ¥ and also a local decreasing pseudogradient for the
portion of curve in the interior of ¥~. In ¥T, the pseudogradient follows the
construction of [1], [2], when 8 was assumed to be a contact form with the same
orientation than «, a hypothesis which is gone here. However, these techniques
apply in the interior of ¥T since this assumption holds in this open set. The
same techniques apply in the interior of 7, but for the functional 1/ (1 + fE, a)
since now ( has the wrong orientation. This can be checked directly, when 3 is a
contact form with the wrong orientation, normalized so that A dS = —a Ada, the
“natural” regularizing pseudogradient, which has = b when the orientation is right
see [1], [2], has now nn = —b with the same geometric properties. Only that this
is not anymore a decreasing pseudogradient for [ a(#), but rather an increasing
pseudogradient for this functional. As in [1], [2], this “natural” pseudogradient
generates a semi-flow for short times. It has to be modified in order to turn it
into a global flow. Except for this change in functionals, the construction of [1],
[2], extends verbatim to this new framework. The issue of the verification of the
Palais-Smale condition for this modified functional has been discussed, with positive
answers under reasonable assumptions in [1], Chapter V.1, where a large part of
the results of the present work are outlined (up to a few irrelevant misprints).

After these pseudogradients are defined and used, the extremal curves which
we find might have pieces on X. Then, the functional J is not defined. We have
followed in [4] the direction of [1], Chapter V.1, and we have established that the
“functional”, which is now multivalued still admits a decreasing pseudogradient in
some generalized sense and that such curves can be disregarded. Full generality for
the techniques of [1], [2], [3] follows.
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We recall here, for the sake of the completeness of this paper and for further
reference, the main steps in the understanding of the “critical curves” of Cg which
have sub-pieces lying on .

We start this analysis by observing that, even though the functional J is multi-
valued whenever a piece of curve lies on X, there is a top and a bottom value for it,
derived after considering that this piece of curve is in 7 for the top value, we will
call it JT, and considering that this piece of curve is in ¥~ for the bottom value
which we call J~. There are also intermediate values obtained if we consider only
part of the piece of curve to be in ©*. It is important to observe that the larger
the part of the piece we consider to be in X7, the lesser the value obtained.

There could be several such pieces of curve on X, we will have to consider this
fact in our arguments. For the sake of simplicity, we assume that there is only one
such piece for the moment being.

J7T is strictly larger than J~. There is a gap between these two values and we
are going to exploit this fact: built in this decrease, there is a pseudogradient Z,
obtained by “pushing the piece of curve “downwards””, from X% into ¥~. Fur-
thermore, “on each side”, there is a decreasing pseudogradient, for J* and J~
respectively and both these pseudogradients are compatible, convex-combine with
Z to yield a decreasing pseudogradient on both sides.

We need to make this constructions explicit. This requires that the equations of
the tangent space to Cz be made explicit:

Lemma 4.1. Let = be a curve of Cg with © = a§ + bv. Let z be a tangent vector
to Cg at x, z = A + pv +nw. Then, A, 1, n are periodic functions which verify:

n=dp (&, z)n + (pa — \b)p ,

1
/'\:bn—/ bn .
0

There is a “sloppy” way to use the two equations displayed above and construct
tangent vectors z: given a function ¢, which we should think of as the quantity:
pa — Ab, n can be computed using the first equation about 7. Periodicity might
require an integral condition on ¢ if fol dpB(z,z) = 0. Once n is computed, A\ can
be derived from the second equation, up to a constant of integration. Observe then
that a is constant, so that u = (¢ + Ab)/a. This does not respect regularity issues,
but can be made to work.

Proof. These equations follow in a straightforward way from the requirements
on z that the first variation of (&) along z be zero and that the first variation of
a(z) be time independent. This yields:

d .
8() — (i) = 0

d 1
—a(z) —da(i, 2) = / do(i, z) .
dt 0
The above equations yield Lemma 4.1 after z is replaced by z = A + pv + nw.
a

Consider the first equation of the tangent space, suppose that some piece of the
curve z is on X, so that p is identically zero for some time interval [a1, b1]. Then, the
first equation does not yield any constraint on (), x). Once 7 is found, the second



A Lagrangian method for the periodic orbit problem of Reeb vector-fields 11

equation allows to compute A up to a constant of integration. p = (¢ + Ab)/a is
free on [a1,b1], as free as ¢ is on this interval. There is no issue of regularity here
because a& + bv represents on this time interval the trace of 8 on ¥ | it is smooth.
The only issue is the extension of this “deformation”, represented for the moment
being by a single tangent vector on a single (piece of) curve to an appropriate
neighborhood of an appropriate set.

What appropriate set should we consider?:

Given € > 0, we can extremize the contribution to J(z), whether this functional is
well-defined or not, of the parts of the curve = which are in ©* = {y € M, |p(y)| >
e}. Indeed, in this set, the H}-flow of [1] and [2] is available. This is obvious in
Yt since in this set 8 and « have the same orientation. In X7, (3 defines the
reverse orientation when compared to «, but the functional is also modified from
Jato1/(1+ [a). The conclusion stays the same. Small {-pieces are minima for
the respective definitions of the functional in both cases, this is in fact the basic
phenomenon.

Extremization yields, for each connected component of x in £, a sequence of
consecutive £ and £v-pieces. If one of these v-pieces is small-that is if it is smaller
than a given fixed positive constant 6. 8y in the sequel will be taken small - then it
must connect, on one side or on the other side, with Ef. Otherwise, we can use the
flow of [1], [2] and decrease the functional. Since, with the flow of [1], [2], fol |b] is
bounded depending on the initial condition, the number of the +v-pieces of size g
to the least is bounded above, this yields a bound also on the number of £-pieces,
so that the pieces of curve outside of E;t follow a precise pattern which we can
modelize. There is, in addition, only a finite number of them which contain a £ or
a Fwv-piece of size 0y to the least. For all the other ones, the +wv-pieces are “small”,
thus are at most two in number, with at most two “small” &-pieces as well. As €
tends to zero, the model remains unchanged, the set of “extrema” for our H} -flows
defines a stratified set combining pieces of curves on ¥ with small pieces of curves
made of at most two &-pieces and at most two Fwv-pieces and with larger pieces
made of a finite number of £ and Fwv-pieces, all the tv-pieces being “sizable”.

We will establish later, at the expense of a much more refined analysis, that
these critical curves are subject to further conditions and that they can be assumed
for this reason to be isolated, at least generically. Since this involves a deeper
understanding of the extremal curves, we sidestep the related analysis at this point
and proceed with the remainder of the proof.

We focus our attention on a simpler situation where an extremal curve x contains
a small &-piece in X1, preceded by a v-piece and abuting at ¥. The curve continues
then as a trajectory of ker SNT'Y for a while. As usual & = af+bv. We will assume
that b does not have zeros on this portion of the critical curve and that £ is never
tangent to ¥ over the trajectory on X. Since pe = 9p/I¢ is negative at the beginning
of the trajectory on X, we conclude also that bp, is positive along this trajectory.
For the sake of simplicity, we will assume that the first {-piece is parametrized by
the time interval [0, sg] and the trajectory on ¥ by the time interval [sq, s1]. We
then have the following key result:

Lemma 4.2. FEither v rotates more than w/2 in the &-transport over the small
starting &-piece or a negative direction can be built, using this portion of curve
(€-piece, followed by the trajectory on ¥ for the second derivative 8*J~ (x).
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Proof. We have made explicit above the equations of the tangent space to Cg.
The first of these equations takes a special form at x along the time interval [sg, s1]
since p = 0 on this portion of the curve. This equation then reads:

A has to satisfy the second equation. (A,7n) = (0,0) satisfy both equations and p,
which is taken to be zero outside of [so, s1], is left arbitrary on this time interval.
We choose for i a non zero function ¢, with compact support in (sg, s1). Assume
for simplicity that b is positive on this portion of curve, so that p, is positive. We
then take ¢ to be negative, ¢(sg) = ¢(s1) = 0. (A, i, 1) = (0, ¢, 0) defines a tangent
vector Zy at x. Because ¢ is negative, ¢p, is negative and Z; pushes the portion of
2 which lies on ¥ into ¥7. We extend Zy along “z 4 €Zy” so that we can compute
the second derivative of J~ at x along Z,. Observe that, since n and A for Z, are
zero, 0J (x). Zy is zero. We come back to the first equation of the tangent space
to Cg, we differentiate it along Zy and we write the result at (z, Z,). We find:

(Zo-n) = Zo-(dB(,w))n + dB(,w) Zo.n + ((Zo-(ape — bA))p + (ap — Ab)(Zo.p) -
Since n = A = 0 at (z,Zp) and since 4 = ¢ has support where p = 0, this
becomes:

(Z(;.n) =dp(&,w)Zo.n + ap(Zy.p) = dB(z,w)Zy.n + ad’py .
The equation holds on the interval [sq, s1]. Setting Zy.n(s1) to be zero, we find:

Zo.n(sg) = —a/

s0

S1

efss()l dﬂ(:i‘,ﬂl)¢2pv )

Thus Zo.1(se) is negative. Zy.n is now defined on [so, s1], we need to extend it
outside of this interval. The main issue now is to define Zy.x in an appropriate way
so that the extension of Zyn becomes possible.

We consider for this the -piece of x abutting on 3. It starts at time zero,exactly
where the previous v-piece ends. This is for us the time s = 0. We consider the
tangent vector —C', at this point, C' positive and transport it, via £-transport, along
this £-piece. We derive at sg a tangent vector (to M) which is in ker o, thus reads
fv+muw, m nonzero. If v rotates less than /2 along this {-piece in this {-transport,
then m is negative and so is . Indeed, the transported vector is in ker v, has thus
no A-component and consequently its (v, w)-components (c,d) satisfy:

d=dB& w)d+cp .

We assume in the sequel that the v-rotation along this {-piece is less than 7/2. p
is positive on this £-piece by assumption, ¢ does not change sign then. It is therefore
negative on [0, sg]. Since d is zero at s = 0, d = m is negative at sy, just as Zy.n(so)
is. Thus, £ and m are negative.

We now choose C' appropriately so that m = Zy.n(sg). We also choose Zy.u on
[s0, s1] so that Zo.u(so) = €. Zo.u is taken to be zero identically near s;. Then,
Zo.uv+Zgy.m at so matches lv+mw and Zy.p as well as Zy.n find a natural extension
in ¢ and d respectively. Because we may assume that A, u,  are zero on [0, sg], this
extension may indeed be viewed as an extension of a vector Z “tangent” to Cg' .

This construction, which will be in the sequel made even more precise, depends
very little on the choice of w as long as w is in ker a and satisfies that da(v, w) = 1.

In the above construction, we now impose a particular choice of w. Namely,
we ask that w at sp should be along ker ciz(50) N Ty(s0)5. This is possible since v
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cannot be tangent to ¥ at this point (the trajectory which is on x and which starts
at x(sg) and runs on ¥ has & = a + bv).

Which this particular choice of w, we seek A so that A¢(z(so)) + v(z(so)) +
muw(z(sp)) is tangent to X. Since p,, is zero at this point, this reads:

(Ape + lpy)(zsy) = 0.

This yields:

A=—02(a(s0)) .
Pe

We know that p, is positive, pe is negative, —¢ is positive at x(sp). Thus A is
negative.

We need to define Z.\ and to check that the “germ” of vector-field thus defined
“pushes” then the curve inside ¥~. We set Z.A\(s1) = 0 so that the vector Z as
well as Z.Z are zero at s1. The vector Z pushes inside X~ all along (s, 1), so we
do not have to worry about the effect of Z.Z along this open interval (as well as at
s1). On the other hand we have (bZ.n is zero outside of (sg, s1)):

. 1 S1
ZAN=bZn— / bZn=0bZn— / bZ.n
0 S0

Setting Z.A\(s1) = 0, we derive that Z.\(sg) = (s1 — so — 1) f:ﬂl bZ.n. Since bZ.n
is negative on this interval, Z.\(sq) is positive. Then, we have:

Z(So) =0
(ZX+ .pv + Znw)(sg) = Z.M\(s0)€ + v+ muw .

We know that pe is negative, p, is positive while ¢ is negative and p,, is zero at so,
so that the vector (Z.Z)(sg) points inside ¥~ and or argument can proceed.
g

The above result extends readily to the symmetric case, when a piece of {-orbit
instead of abutting at ¥ starts at ¥ to continue in X7,

In the remaining cases, there must be a v-piece (assuming b is positive) starting
or abutting to ¥ in X7, after or before (respectively) the piece of curve on X.
Because the cases are symmetric and parallel arguments can be used which lead to
the same conclusion, we can assume that the v-piece of orbit in X~ starts from X.
We can follow this v-piece of orbit as it travels in 7. It might then either stop in
¥~ and be replaced by a piece of -orbit (case 1); or it might hit ¥ and continue
into another trajectory of ker 3N TY (case 2); or it might cross into X7; the piece
of v-orbit can stop in ¥ T and be followed by a &-piece of orbit in ¥T. This &-piece
of orbit then gets farther from ¥ because p¢ is positive. Would it continue as a
&-piece, this piece of curve would then be large while we are assuming here -we will
justify this later- that all these pieces of curve are small (much smaller than the
initial trajectory on ker 3 N TX). Thus, it must transform into a v-piece of orbit
which has again to be small. The curve cannot become a &-piece again in XF, it
would not be critical, see below. It must then hit ¥ again. This configuration
builds case 3.

The last case is when the v-piece of orbit out of ¥ 7, once it has entered in X+
can also continue as a piece of v-orbit without transforming into a &-piece of orbit.
Because it has to be small as we will see, it has to hit ¥ again. A second piece of
trajectory of ker 3NTY can then follow, or the curve enters into X~ and is followed
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by a piece of &-orbit in ¥~ (case 4). No other case can occur because it would
involve a higher vanishing of p, which we can impede.

5. THE FUNCTIONAL Jo ON (JT9

We consider now the variational problem at infinity, that is the variational prob-
lem defined by the extension of the functional J from Cg to | JT'2x. We have denoted
this functional in our previous works J.

While the arguments developed previously have brought us close to the conclu-
sion that there were no critical point/critical point at infinity for J on Cg other
than the “classical” ones and their immediate natural extension-excluding there-
fore the curves having pieces of them on ¥ - we have not completely reached this
conclusion. But this conclusion does hold for J,, on the stratified space | J 2.

Observe that as long as v and £ have no pieces of their orbits entirely contained
into 3, Jo is well-defined and continuous in |JT'ax. We now claim that:

Theorem 5.1. J has no critical point near the curves studied above.

Proof of Theorem 5.1. The curves that the statement of Theorem 5.1 below is
referring to are the curves studied above that have portions of them lying on X.

The claim of Theorem 5.1 stems from the various constructions of decreasing
vector-fields at these curves which we have completed above.

Let us consider a curve of | s, C%-close to one of these “critical” curves having
a piece on Y. Such a curve has a sequence of £ and +v-jumps close to a piece of
curve on Y. We can consider a sub-piece along which b does not change sign, hence
the orientation of the +v-jumps of the curve in | J'gj essentially does not change,
since the curves have to be C°-close.

If this sequence of £ and d-v-jumps stays in £F, or in ¥~ for that matter, then
the curve cannot be critical because the &-pieces are typically small, hence not
characteristic, and the v-jumps are small, staying in ¥ or =, hence cannot be
jumps between conjugate points [1]. We can refine the argument and claim the
&-pieces of this sequence cannot stay on one side of X, because then the +v-jumps
would have to take place between coincidence points [1], [6] and they are too small
for that.

We thus consider sequences having £-pieces crossing Y. We may assume, without
loss of generality, that b is positive, that is “most” of the +v-jumps are oriented
along v, with p, positive and p; negative. We develop our arguments under these
assumptions, but the generalizations to the other cases is straightforward.

Let us thus consider a small &-piece crossing X, from 7 into ¥~ It is preceded
and followed by +wv-jumps. At the point x; of intersection with %, —v is directed
inwards ¥7. We thus consider —v at the ending edge of the preceding +v-jump-
which is the starting edge of our {-piece- and we &-transport along our &-piece,
which is small. The transported vector remains close to —v, up to o(1). At xy, it
reads pv+mniw, with 91 = o(1), p1+1 = o(1). This vector projects, parallel to £ on
Ty, 3, into A€ + piv+mw and since 1 +1 = o(1), m = o(1), A = (py/pe) +0(1).
It follows that A; is negative, far from zero, while the w-component, n of this
transported vector is o(1) throughout.

We continue our journey with our transported vector, having adjusted, by ad-
justing the length of the {-piece, its {-component at the end of this first £-piece to
be zero, and its v-component to be zero also using the next +v-jump (at the end
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of this next +v-jump). Now, our vector is o(1) and we continue transporting it (we
will enter, before each crossing of 3, adjustments as above, but they will keep the
vector to be o(1)) until we reach larger portions of the curve, larger £ and +v-jumps
corresponding to portions of the curve that get “far” from ¥ (we are assuming that
the limiting curve is not entirely drawn on 3. Such curves that are entirely drawn
on ¥, being in Cy, do not necessarily exist. Furthermore, would they exist, they
can be considered to be entirely in ¥~ and therefore J at these curves is bounded
by 1).

Now, we claim that we can use our transported vector and “compensate” it by
another transported vector outside of the support where our vector has been built
up to now, a vector that is o(1), so that the resulting total vector will be a tangent
vector to our initial curve in | Ta.

Indeed, if any of these longer &-pieces is not “characteristic” (now characteristic
pieces need not be long or short if they cross ), we can use it to transport v from
one of its edges to the other one, the transported vector will have a non-zero w
-component at the other end. We can use such a vector now to “compensate” the
external data in our former construction which was o(1). Similarly, if along one of
these longer +v- jumps, £ is not transported parallel to itself, we can create such
an “external” data and “compensate” our former construction.

It follows that, if “compensation” cannot be completed, starting from a given
point of 3, the “external curve” is completely determined. It has then along its
last leg, &-piece or ftv-jump, to hit again 3 and this last leg has to behave as a
&-characteristic piece or a +v-jump across which v is transported parallel to itself.
This imposes a condition on the initial point on 3, which is therefore constrained
to live on a one dimensional stratified subset of ¥. Setting the fixed point problem
from this subset to itself, through the history of the curve, we find that these curves,
these curves of Cpg, are isolated, in finite number if the number of their £, £v and
portions on ¥ is a priori bounded. We can define a Poincare-return map for this
curve and construct tangent vectors, which are tangent to this curve as a curve
of Cg. This Poincare-return map can be assumed to have both of its eigenvalues
distinct from 1. Along the portions of the curve on X, the A, p -values, that is the
values of the &, v-components of the vector which is transported along this Poincare-
return map are irrelevant. Furthermore, £, v are transported parallel to themselves
outside of these portions; we can therefore adjust outside of the portions lying on
3} the values of these components freely. The invertibility of the dl — Id, where [
is the Poincare-return map will extend to curves of | J'ox which are C%-close. We
will use this fact below and we will show below that, if the construction of z as
above cannot be completed , then some other tangent vector can be built using this
Poincare-return map and J will decrease along this tangent direction.

In order to complete the proof of our claim, we thus need now, in a first step, to
establish that, if the process of “compensation” can be completed, then J decreases
along the resulting tangent vector z.

The basic fact is the following: at the first crossing point 1, the trace of the
transported vector on T,, % has a negative {-component, far from zero. In the
variation of J/J, the contribution of this component to 9.J.z is then negative,
bounded away from zero, as all our previous computations show. Let us write the
transport equations along our piece of curve in |JT'25. We can express them by
saying that the components of a vector which is transported along our curve do not
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change in the £, v, w-frame along z. Using «, 5 and v = da(-,w), we find that the
components of z1 = A\ + v + mw satisty the differential equations (& = a& + bv,
on our curve, the product a.b = 0):

m =dp(z,w)m + (p1a — A\b)p, Ay = by, 11 = dy(2, M€ + v + mw) .

After the second edge of our first £-piece, our vector z = A€ + p1v + nw is
derived by transport of now = o(1)w (the v-component is set to be zero at the
end of the next +v-jump), taken at this edge and integrating the above transport
equations along the curve, with initial condition A\g = 0,0 = 0,0 = o(1). It is
not difficult to see that these differential equations yield components A, 1, which
are all O(ng) = o(1). n on the first &-piece is also o(1). In fact, z is not really
transported along our curve, we will be introducing a v-component p = O(1) at
some edges and a A = O(1)-component at some other edges. Because p, A will
remain O(1), the first transport equation will imply that 7 is o(1).

Besides the contribution of the first crossing, we have two other contributions
of z in 8J.z: one is O([ |bn|), the summation being taken over the support of z.
Thus, this contribution is o(1) because as we will see, despite our adjustments, 7
will remain o(1). The other one is like the contribution of x; in 9J.z, it is due to
the various crossings and it could therefore be made of numerous contributions.

Each of these contributions is due to the {-component of the projection of z onto
the tangent space to X at a crossing point. If the curve is crossing through a v-jump,
the projection is along v. Otherwise, it is along £. Since 1, A, u of the transported
vector are o(1) at the starting point (after the first crossing point, after adjustment
at the starting edge of the next v-jump of the {-component and adjustment at the
ending edge of the same Fv-jump of the v-component), this &-component is also
o(1), but there could be many of them. We gather them by consecutive pairs of
crossings, the first crossing at x; being left alone, and maybe, if needed for this
grouping by pairs, one more where all data are o(1). We will assume that all the
+v-jumps are oriented along v. Since we can assume throughout our work an a
priori bound on the number of zeros of b, we can limit ourselves to a portion of
curve over which b does not change sign, e.g. positive. Crossings of 3, when there
are grouped in consecutive pairs, are then a v-crossing from X~ into ©F followed
by a &-crossing from T into ¥ . We could imagine that, after a crossing along &,
the next v-piece of orbit does not cross into ¥ +. Then the next &-piece of orbit, if
it is small, also stays in ¥~ and the curve is not critical.

We could disregard this fact and construct another argument which would be
indifferent to the configuration where we would be assuming that a v-crossing on
the curve is immediately followed by a £-crossing, occurring on the next &-piece of
orbit. But this assumption makes the argument easier and therefore we will proceed
with it.

Let us consider the i*" — v-crossing then and the consecutive &-crossing on the
next &-piece. z at the v-crossing reads as A™& + p~ + n~w. Its projection on the
tangent space to ¥ is derived by addition of a v-component. Thus A~ is also the
component of this projection on . z is transported along v until the edge of the
v-piece. At this edge, we are going to modify the v-component of z so that, at the
next crossing, which is a &-crossing, the £-component of the projection of z on the
tangent space of ¥ is again A™. Similarly, we will modify, after the consecutive
&-crossing, at the end of this ¢-piece, the £&-component so that the £-component of
the projection of z on the tangent space of ¥ at the next (v)-crossing is again A~.
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In this way, the X’s will compensate by pairs, but maybe for one, which is o(1)
(because A~ does not change throughout and was at the beginning equal to o(1)),
and except also for the first one, the contribution of which to 0J.z will imply that
this quantity is negative.

Let us enter in more details into our modifications and our argument: Wouldn’t
we modify, after the i**v-crossing, the u component of the transported vector, at the
ending edge of this v-piece, in order to define z, we would end up with a transported
vector at the &-crossing equal to AT€ + pTv +ntw. After £-adjustment, this vector
projects on the tangent space to X at the crossing point into — ((u+py + 7 pw)/pe) €
+ptv 4+ ntw. v, taken from the final edge of the previous v-jump and transported
to the &-crossing, yields a vector equal to §'v + n'w, & =1+ o(1), o’ = o(1). This
vector projects onto (projection along &) — ((6'py +1'pw)/pe) & + 0'v + 'w. We
thus scale v at this edge into — [pe/(6'py + 1'Pw)] AT + (W Dy + 7 Dw) /D] v = 0.
The projection of the adjusted z at the -crossing of ¥ will then read:

A EF (W +90 )+ (it +n)w .

The v-component does not matter, as long as it remains O(1): it is going to be
adjusted at the next edge. The w-component is o(1) because n*, i’ are small, the
&-component is small if A~ is small.

Next, we consider this é-crossing and the next v-crossing, which is the (i + 1)t"-
crossing. We adjust the &-component of our vector at the end of the preceding &-
piece so that the £-component of its projection at this v-crossing does not change,
is equal to A~. This involves an adjustment in A = O(1).

We claim that the w-components will be o(1) throughout this construction. A~ is
also o(1) by construction. By looking at the transport equations displayed above,
we remove the two last ones, related to the v, {-component A, u, since we are
constantly violating them by the addition of yv, 8¢ at these edges. But n obeys the
first differential equation. The estimates are driven by the initial conditions, which
are o(1) and by the addition of the functions A, u. These functions, in our setting,
are perturbed O(1) at various edges. However, considering the projection of z onto
the tangent space to ¥ at each crossing point, we observe that its £&-component is
A7 = o(1), its w-component is n = o(1) if A, u = O(1) throughout. Then the fact
that this vector is tangent to ¥ implies that its v-component is o(1). Working with
this vector at each step, we can see that, indeed, A, x remain O(1). The differential
transport equation driving n shows that 7 remains small throughout as long as p
is small and the functions p, A are O(1). Our claim follows for the tangent vector
built by “compensating” z, z was initially built using the £-crossing of 3.

If this compensation cannot take place, then as pointed out above, our limiting
curve outside its portions on X is completely determined, its -pieces are charac-
teristic, its v-jumps (for the limiting curve) transport £ parallel to itself. We know
furthermore that it has a Poincare-return map with no eigenvalue equal to 1.

¢ is transported onto A¢ along a v-jump. We can assume using genericity that
X # 1 if the v-jump does not cross . If we express criticality for J, we derive
that A should be equal to some other value derived from the precise form J. Using
genericity again, we can assume that this does not happen, that is this limiting curve
is not critical. We claim that the approaching curves from |JTI'a) are not critical as
well. This is clear if their broken portions that correspond to the portions of the
limiting curve on X do not cross in the pattern discussed above, one v-crossing and
the next £-crossing through the next £-piece.
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If we are in this pattern, we have shown above how we can adjust the &- com-
ponents of the consecutive projections of a “transported” vector z to be equal so
that they compensate pairwise in the computation of d.J.z, except for one or two
ones where we will have to have A~ = o(1).

Let us consider our non-critical variation and try to extend to the approaching
curves. On the limiting curve, the entire variation is taken at a single v-jump,
picking ¢ from e.g. its bottom and transporting to its top, getting A¢, the entire
variation is located near this v-jump. Consider the same variation on an approach-
ing curve in | JI'yx. Picking up £ from the same bottom of the corresponding v-jump,
transporting it along it, we find not A&, but Aé +o0(1). We have to compensate this
0(1) and this can be done using the Poincare-return map of the approaching curve
and its differential which are close to the corresponding ones on the limiting curve.
The eigenvalues of the differential P of this Poincare-return map are in particular
far from 1, P — Id is invertible. Compensating this o(1) using this Poincare-return
map involves transporting a small vector throughout our curve, through the very
broken portions, near ¥ in particular. Because the vector is small, its -component
is not relevant in the computation of d.J.z, and a finite, a priori bounded number of
3} -crossings does not matter as well. But a larger number could have a significant
contribution.

We have observed above that, for the limiting curve, the transport equations
corresponding to the Poincare-return map along the portions of curve on X can be
limited to the differential equation on 7, the other ones being irrelevant.

Let us consider our curve now, more precisely its broken sub-piece close to 3,
start at the beginning of this sub-piece with a vector nyw and complete the “trans-
port” process described above, through the broken sub-piece. We can take A\~ to
be zero, so that, at each crossing, the projected vector reads nw + pv, implying
that 4 = O(n). Along a &-trajectory, the n, u -transport equations hold. Along a
v-trajectory, the 7, A-transport equations hold. p is only perturbed at the start
of the &-piece, A is only perturbed at the start of the v-piece. Thus, at each edge,
there where a v-piece is to be followed by a &-piece, we can use the &-piece to es-
timate the 1 and the p-components of our “transported” vector, starting from our
projected vector, including at the edge and we can use the v-piece to estimate the
n and A-components of our “transported” vector, starting from the other projected
vector. The “transported” vector is thereby controlled throughout. On the **v-
piece followed by a ¢-piece, the vector is O(|n; | + |n;|), where 7, n; are the two
w-components of the “transported” vector.

On the other hand, because p is small, the differential equation 7 = df (&, w)n +
(pa — Ab)p, coupled with our estimate on the vector, O(|n; | + |n;"|), implies that

(o) i
ni=et <1+0</'Ipl>)m—,
t

where tli are the times of the two related consecutive crossings, the curve is
parametrized along the normalized &, v. A similar estimate holds for n; | Miy1-
Combining, we find that, throughout the broken piece of curve, we have:

) =i (140 (['191)) o).
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This means, since p = o(1) on this piece of curve, that n(t) is very close to
the corresponding solution on the limiting curve. This is what is needed for the
compensation of the w-component of the tangent vector which we are building on
this approaching curve, starting from this larger v-jump along which £ is mapped
onto X¢ + o(1). Furthermore, because the A~ s are all zero, this piece of curve will
only contribute O(n(0)) to d.J.z.

Since on the limiting curve, 9J.z is negative and 7 is identically zero, the use of
the Poincare-return (+ implicit function theorem in order to find the value needed
for n(0)) will give us a value for n(0) = 0(dJ.z). The & and v-components are
adjusted at the exit of the piece(s) of curve lying on X: at each exit, if the curve
continues with a &-piece, the v-component is adjusted and the £-component is ad-
justed later, either at a section, or at the next corner, if the curve continues with
a v-piece of curve, the £-component is adjusted and the v-component is adjusted
at the next corner. The transport then continues along the curve, until we reach
again 3 and another piece of curve (otherwise, the transport ends into a section,
along a &-piece, tangent to ker o at the base point). At this next piece of curve,
we repeat our construction. We get rid of the &, v-components using the two first
corners; they are o(1) and their contribution to dJ.z is o(1). We travel along this
piece of curve as above, changing \, 1 at corners as we go and as we exit, we re-
cover using corners the values that they had through pure transport. In this way,
our estimate on the n-component holds throughout the transport and A, p follow.
This construction follows closely the transport equations on the limit curve, except
possibly along the pieces of curves on ¥ where the 1 -components are close and also
possibly along one &-piece or one v-piece at each exit where (respectively) the A or
1 -components do not match. This does not effect in an essential way the value of
the final vector in a section, neither does it a effect 0J.z more than by o(1). The
construction of a non-critical deformation and our claim follows.
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