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Differential forms, Maxwell equations and compensated
compactness in Carnot groups

Annalisa BALDI, Bruno FRANCHI and Maria Carla TESI

A Ermanno con amicizia e stima

Abstract!. In this paper we introduce a class of Maxwell equations in Heisenberg
groups H", and we show they are equivalent — as in the Euclidean case — to a system
of equations for (intrinsic) differential forms, that can be written, in fact, in any Carnot
group. A crucial feature of the problem relies on the fact that — unlike the Euclidean case —
the natural differential on intrinsic forms in Heisenberg groups may be an operator of order
2. Then we prove an homogenization theorem for Maxwell equations via compensated
compactness in Heisenberg groups. In this case we cannot apply our previous results for
differential forms in Carnot groups obtained in collaboration with N. Tchou ([1]), sketched
here, due to the lack of a geometric property of the classes of intrinsic 2-forms in H' x R.
Nevertheless, the Hodge decomposition proved in [1] can be adapted to fit the new setting.

1. INTRINSIC FORMS IN CARNOT GROUPS

Let (G,-) be a Carnot group of step  identified to R™ through exponential
coordinates (see [4] for details). By definition, the Lie algebra g of G admits a step
K stratification, i.e. there exist linear subspaces Vi, ..., Vi such that

1) eg=Vie.oV., V,V]=Vi, Va#{0}, Vi={0} ifi>ns,

where [V4, V;] is the subspace of g generated by the commutators [X, Y] with X € V4
and Y € V;. Choose a basis eq,...,e, of g adapted to the stratification, i.e. such
that

€1,...,€m, is a basis of V}
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and, accordingly,
€m;_1+15--->€m; 15 abasisof V;foreachj=2,... k.

Let X = {X;,...,X,} be the family of left invariant vector fields such that
X;(0) = ¢;. The Lie algebra g can be endowed with a scalar product (-, ), making
{X1,...,X,} an orthonormal basis.

Two important families of automorphism of G are given by left translations
D+ Tgp = ¢ - p and group dilations §, for A > 0.

As customary, we fix a smooth homogeneous norm | - | in G such that the gauge
distance d(z,y) := |y~ 12| is a left-invariant true distance, equivalent to the Carnot-
Carathéodory distance in G (see [14], p.638). We set B(p,7) = {q € G; d(p,q) < r}.

The Haar measure of G = (R™,-) is the Lebesgue measure L” in R". If A C G
is L-measurable, we write also |A| := L(A).

We denote by @ the homogeneous dimension of G, i.e. we set

K
Q= Z idim(V;)
i=1
Since for any x € G |B(z,7)| = |B(e,r)| = r?|B(e, 1)|, Q is the Hausdorff dimension
of the metric space (G, d).

By (1), the subset X1,...,X,,, generates by commutations all the other vector
fields. Therefore, the subbundle of the tangent bundle T'G that is spanned by
X1,...,Xmn, plays a particularly important role in the theory, and it is called the
horizontal bundle HG; the fibers of HG are

HG, = span{X;(x),..., Xm,(x)}, reG.

From now on, for sake of simplicity, sometimes we set m := m;.

A subriemannian structure is defined on G, endowing each fiber of HG with a
scalar product (-, -), making the basis X; (), ..., X,,(z) an orthonormal basis. The
sections of HG are called horizontal sections, and a vector of HG, is an horizontal
vector.

The dual space of g is denoted by /\1 g. The basis of /\1 g, dual of the basis
X1, , X, is the family of covectors {91, -+ ,0,}. We indicate by (-,-) also the
inner product in /\1 g that makes 61, --- , 6, an orthonormal basis.

Following Federer (see [7] 1.3), the exterior algebras of g and of /\ g are the

graded algebras indicated as /\ g= @ /\ g and /\ g= GB /\ g where \jg =

/\ g=Rand, for 1 <k <n,
Apg =span{X; A - AKX, 11 <ip < - <ip <n},

/\kg i=span{f;, A+ AN 1 <ip <. <ip<n}.

The elements of A, g and /\k g are called k-vectors and k-covectors.
We denote by ©F the basis {0, A= A0, 1 <iy <--<ip <n} of/\kg.
The dual space /\1(/\,C g) of A\, g can be naturally identified with A"g. The
action of a k-covector ¢ on a k-vector v is denoted as (p, |v).

The inner product (-,-) extends canonically to A, g and to A" g making the
bases X;, A---AX;, and 0;; A--- A6, orthonormal.
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Definition 1.1. We define linear isomorphisms (Hodge duality: see [7] 1.7.8)

GAs— A e N A

for 1 <k < n, putting, for v=">",v;X; and o = >, vy,

XU = Z[ ’U[(*X[) and * Q1= ZI @I(*el)

where
«Xr = (-1)°DXp. and  *0r:=(-1)°Dg;.
with 7 = {i1, - ,in}, 1 <ip < <idp <ny, Xp= X A AXGy, 0 = 0 ANy,
If={j<---<i_,}={1,--- ,n}\ I and o([) is the number of couples (ip,})
with i) > 5.
If v € \, g we define v* € /\k g by the identity (vf|w) := (v, w), and analogously
we define ¥ € A\, g for ¢ € /\k g.

Definition 1.2. If o € /\1 g, a # 0, we say that a has pure weight k, and we write

w(a) =k, if af € Vi.. More generally, if o € /\h g, we say that « has pure weight &
if v is a linear combination of covectors 6;, A---A6;, with w(6;,)+---+w(6;,) = k.

We have
pmax

@) Na= @ As.

_ Agmin
p=My

where /\h’p g is the linear span of the h—covectors of weight p and M, ,Ilnin, M are
respectively the smallest and the largest weight of left-invariant h-covectors.

Since the elements of the basis ©” have pure weights, a basis of /\h’p g is given
by @"P .= "N /\h’pg. In other words, the basis ©" = U,0"? is a basis adapted
to the filtration of A" g associated with (2).

Starting from A, g and /\h g, we can define by left translation fiber bundles over
G that we can still denote by A, g and /\h g, respectively. To do this, for instance
we identify /\h g with the fiber /\Z g over the origin, and we define the fiber over
x € G pulling back /\Z g by the left translation 7,-1. Sections of A, g are called
h-vector fields, and sections of /\h g are called h-forms. We denote by €, (Q") the
vector space of all smooth sections of A, g (of /\h g, respectively).

The identification of /\h g and /\f g yields a corresponding identification of the
basis ©" of /\h g and ©" of /\Z g. Notice that the Lie algebra g can be identified with
the Lie algebra of the left invariant vector fields on G = R™. Hence, the elements of
©F can be identified with the elements of ©" evaluated at the point 2. Through all
this Note, we make systematic use of these identifications, interchanging the roles
of left invariant vector fields and elements of A, g.

Keeping in mind the decomposition (2), we can define in the same way several
fiber bundles over G, that we still denote with the same symbol /\h’p g). We notice

also that the fiber /\Z ¢ (and hence the fiber /\Z’p g) can be endowed with a natural
scalar product (-, -),.
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We denote by Q™P the vector space of all smooth h—forms in G of pure weight
p, i.e. the space of all smooth sections of /\h‘p g. We have

M
(3) o= P atr.
p=Mmin
The following crucial property of the weight follows from Cartan identintity: see
[13], Section 2.1:

Lemma 1.3. We have d(\"? ghp) = N"*'"7 g, i.e., if o € NP g is a left invariant
h-form of weight p with da # 0, then w(da) = w(a).

Let now o = > gncgnp @i 0 € Q"P be a (say) smooth form of pure weight p.
Then we can write éa = doa + dyo + - - - + dg_po, where doax = Zgheeh,p aidﬂf
does not increase the weight, dia = Zeihe@hm Z;n:ll (Xji)0; A OF increases the
weight of 1, and so on. In particular, dy is an algebraic operator. Analogously, do,
the L%-adjoint of dy in Q* is also an algebraic operator preserving the weight.

The following definition of intrinsic covectors (and therefore of intrinsic forms)
is due to M. Rumin ([13], [12]).

Definition 1.4. If 0 < h < n we set
Bl :=kerdy Nker dy = kerdy N (Im dy)*+ € Q"

In the sequel, we refer to the elements of E'g as to ntrinsic h-forms on G. Since
the construction of Eg is left invariant, this space of forms can be viewed as the
space of sections of a fiber subbundle of /\h g, generated by left translation and
still denoted by E!. In particular E inherits from A" g the scalar product on the
fibers.

Moreover, there exists a left invariant orthonormal basis Zf = {¢;} of E} that
is adapted to the filtration (2). Without loss of generality, we can take &; = 6; for
j=1...,m.

Once the basis ©" is chosen, the spaces of sections £(Q, E}), D(Q, El) (for
instance) can be identified with £(£2)%™ Eg D()dim Eg | respectively.

Proposition 1.5 ([13]). If 0 < h <n, then
*Bl = B3

Theorem 1.6 ([13]). There exists a differential operator d. : El — EM™' such
that
i) d2=0;
ii) the complex Ey := (E§,d.) is exact;
iii) the differential d. acting on h-forms can be identified, with respect to the
bases Eg and Eg“, with a matriz-valued differential operator L := (Lffj)”_.
If & and & have respectively weight p and q, then Lﬁj 18 a homogeneous left
invariant differential operator of order q — p in the horizontal derivatives if
q—p>1, and L;L,j = 0 otherwise.

In particular, if h = 0 and f € EJ = £(G), then d.f = > i~ (X, f)0} is the
horizontal differential of f.
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As usual, §, denotes the L? adjoint of d., and again in E! we have
6o = (=) DFL g s

Definition 1.7. If Q C G is an open set, we say that T is a h-current on 2 if T is
a continuous linear functional on D(§, E4) endowed with the usual topology. We
write T € D'(Q, EL).

The definition of £'(2, EY) is given analogously.

Proposition 1.8. IfQ C G is an open set, and T € D/((}) is a (usual) distribution,
then T can be identified canonically with a n-current T € D' (Q, Ef) through the
formula

(4) (T,]a) :=(T,| * )

for any o € D(, EY). Reciprocally, by (4), any n-current T can be identified with
an usual distribution T € D'(Q).

Proof. See [6], Section 17.5, and [2], Proposition 4.

Following [7], 4.1.7, we give the following definition.

Definition 1.9. If T € D'(Q, EY), and ¢ € E(Q, EY), with 0 < k < n, we define
TL e D'(Q, E;™") by the identity

(TLp,|a) = (T, |aN @)
for any o € D(Q, Ey~F).

The following result is taken from [2], Propositions 5 and 6, and Definition 10,
but we refer also to [6], Sections 17.3 17.4 and 17.5.

Proposition 1.10. Let Q C G be an open set. If 1 < h <n, =k = {7, ..fgim )
0
is a left invariant basis of Bl and T € D'(Q, El), then
i) there exist (uniquely determined) Ty, ..., Ty gp € D'(Q) such that we can

write ~
T=3 T;L(+);
J

it) if « € B(Q, EL), then o can be identified canonically with a h-current T,
through the formula

(Ta. 18) ::/Q*omﬁ
for any B € D(Q, El). Moreover, if a = P a]-{;-l then
To = 8;L(+);
J

iii) we say that T is smooth in U when Ty, ..., Ty, pn are (identified with)

smooth functions. This is clearly equivalent to say that there exists 3 €
E(Q, E}) such that

(T, o) = /M (8,0} dV

for any a € D(Q, E) (in fact, we choose 3 = > ijf)
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2. FUNCTION SPACES

Let {X1,..., X} be the fixed basis of the horizontal layer g; of g. We denote
by Ag the nonnegative horizontal sublaplacian

m
AG = *ZX? .
j=1

If1 <s<ooandaée C, we define A% in L*(G) following [8]. If in addition m > 0,

again as in (8], we denote by Wi:"*(G) the domain of the realization of Agﬂ in
L*(G) endowed with the graph norm. In fact, since s € (1, 00) is fixed through all
the paper, to avoid cumbersome notations, we do not stress the explicit dependence
on s of the fractional powers Ag/ % and of its domain.

Definition 2.1. Let m > 0, 1 < s < oo be fixed indices. Let Q C G be a given
open set wL™(9Q) = 0. We denote by I/Io/g”(ﬂ) the completion in W{"*(G) of
D(Q).

Definition 2.2. Let @ C G be an open set. If m > 0 and 1 < s < oo, W ™*(Q) is

the dual space of I/f/{é’sl(Q), where 1/s+1/s' = 1. It is well known that, if m € N
and €2 is bounded, then
W™ Q) ={ Y X'fr, fr € L*(Q) for any I such that d(I) =k},
d(I)=Fk

and

Lo d) =k, > X'fr=u}.

d(I)=k

HUHWG””'S(Q) ~ inf{z Il f1]
1

Proposition 2.3. If1 < s < oo and m,m’ >0, m’ < m, then
WIS (G) = WE(G) and Wg™*(G) — Wg ™" (G)

algebraically and topologically.
In addition, if Q is a bounded open set, 1 < s < oo and m,m’ > 0, m' < m,
then
I/f/g’s(ﬂ) is compactly embedded in Wé"/’s(Q)
and
WG_m/’S(Q) is compactly embedded in Wz ™*(Q) .

We need now to introduce a class of Sobolev spaces of intrinsic differential forms
in G that is adapted to the lack of homogeneity of Rumin’s complex. We set

(5) Iy =A{p; I\, #0} and |I}}| = cardZ{ .
Let
m = (Mymin, ..., Mypax)

be a |Z#*|-dimensional vector where the components are indexed by the elements of
Ig (i.e. by the possible weights) taken in increasing order. We stress that, since
weights p such that I&p = () can exist, then some consecutive indices in m can
be missed. In the sequel we shall say that m is a h—vector weight. We say that
mEOifm,,EOforpeIg’, andthathQifmpanforallpGZ(]}. ‘We
say also that m > n if m, > n, for all p € Zg. Finally, if mg is a real number,
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we identify mg with the h—vector weight mg = (mo, ..., mp). In particular, we set
m—mg = (mN;Lnin — Q. N max — mo).

Definition 2.4. A special h—vector weight that we shall use in the sequel is the
h-vector weight Ny, = (mymin, ..., mymex) with
my,=p foralpeIl.

If all h-forms have pure weight Ny, i.e. if Ni® = N2 := Ny, then a h-vector
weight has only one component, i.e. m = (my;, ).

Definition 2.5. If m > 0 is a h-vector weight, 0 < h < n, and s > 1, we say that a
measurable section a of B, a := > Zjd{;,p ajéf belongs to Wg** (G, E}) if, for

all p € I, i.e. for all p, Nt < p < NP such that I&p £ 0,
a; € Wg*(G)
for all j € I&p, endowed with the natural norm.

The spaces WGm’S(Q, E(’)‘), where € is an open set in G, as well as the local spaces
Wgio. (92, Ef) are defined in the obvious way.
Since .
W& (Q, El) s isometric to H (WSLP’S(G))CardIO"’ ,
peELl
then
o WZ"*(, E}) is a reflexive Banach space (remember s > 1);
o C®(Q E}) NWE"*(Q, EL) is dense in WE** (2, EL).
The spaces V?/'%’S(Q, El) are defined in the obvious way.

Coherently with our notations, instead of Wém’m""‘m)’s(ﬁ, E}), we write

Wi (Q, ER).
G » 4o
We can define and characterize the dual spaces of Sobolev spaces of forms.

Proposition 2.6. If 1 < s < oo, 1/s+1/s’ =1, 0 < h < n, m is a h-vector
weight, and Q@ C G is a bounded open set, then the dual space (V?/g's/(Q,E(}{))
coincides with the set of all currents T € D'(Q, E}) of the form
(6) T=) > TjL(x¢)
P jery,
with Tj € Wg """ (Q) for all j € Ig,p and for p € I. The action of T on the form
a=%, Zjelgﬁp o€l e Wg (4, El) is given by the identity
(7 T(a)=> > (Tylay) .
P jell,

In particular, it is natural to set

W™ (@, By) = (WE (@, B))
Moreover, if T is as in (6)

HTHWG—ﬂvS(QESL) ~ Z Z HTJ'HWG—"IN(Q) .

Pogels,

*
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3. HODGE DECOMPOSITION AND COMPENSATED COMPACTNESS

The following Hodge decomposition theorem for intrinsic forms in Carnot groups
is the core of [1] (see Theorem 4.1).

Theorem 3.1. Let s > 1 and h=1,...,n be fizred, and suppose h-forms have pure
weight Ny,. Let Q CC G a given open set, and let of € L*(G, E}) N E'(Q, EL) be
compactly supported differential h-forms such that

o —~a ase—0 weakly in L; (G, El)

and
-(v

—Nn),
{dca®} s pre-compact in W, R

h41

loc (G7 E(})l) .
Then there exist h—forms w® € B} and (h — 1)~forms 1° € E}™" such that
i) w® — w strongly in L;, (G, El) ;

loc
i) o° — ¢ strongly in L{, (G, EX7Y) ;
iil) of = w® + dy".
In addition, we can choose w® and V¢ supported in a fized suitable neigborhood of
Q, which are smooth forms if the a° are also smooth.

From Theorem 3.1, a compensated compactness theorem follows ([1], Theorem
4.13).

Theorem 3.2. If1 <s; <00,0<h; <n fori=1,2, and 0 < e < 1, assume that
aof € LfgC(G,E(})“) fori=1,2, where (1/s1)+ (1/s2) = 1 and hy + ha = n. Suppose

hi-forms have pure weight Ny, (by Hodge duality, this implies that also ho-forms
have pure weight Ny, ). Assume that, for any open set Qy CC G,

(8) of — a; weakly in L¥ (Qo, E}Y)
and that
—(N,, 1 —Nn,),ss ,

9) {dca} is pre-compact in WG}(;'”“ ni)s (G, El)
fori=12.

Then
(10) /gpaonéH/npal/\ag

(¢ G

for any ¢ € D(G).

A crucial feature of Theorem 3.1, and hence of Theorem 3.2 is the assumption
that all forms in E! have the same weight. This geometric condition is satisfied
in several situations (see Section 7 of [1]) and, first of all, is always satisfied when
h = 1, so that it was possible to prove in [1], Section 5, a curl-div theorem for
horizontal vector fields in any Carnot group G, and then eventually a compactness
result for the H-convergence of elliptic operators on groups. But, as we shall see in
Section 4, this condition may fail to hold when we try to attack the homogenization
of Maxwell equations in groups. In particular, it fails to hold in the “simplest” case
of the first Heisenberg group H'. In order to introduce the content of Section 4, let
us remind the basic steps of the proof of Theorem 3.1.

Here we must rely on (a somehow simplified version of) the pseudodifferential
calculus in homogeneous groups of [5] (see also [1], Section 6 for a short review).
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Ifa € Rand o ¢ ZT := NU{0}, then we denote by K* the set of the distributions
in G that are smooth away from the origin and homogeneous of degree «, whereas,
if « € ZT, we say that K € D'(G) belongs to K if has the form

K = K +p(e)na]

where K is smooth away from the origin and homogeneous of degree a, and p is a
homogeneous polynomial of degree a.

Definition 3.3. If a € R, we say that K is a pseudodifferential operator of order
a on G with core K if
1) KeD' (G xG).
2) Let §:= —Q — . There exist K™ = K" € KA+ depending smoothly on
z € G such that for each N € N there exists M € Z* such that, if we set

M
K, — Z K;n = EM(ma) )
m=0

then Epr € CN(G x G).
3) For some finite R > 0, supp K, C B(e, R) for all z € G.
4) If u € D(G) and z € G, then

Ku(z) = (ux K;)(z) .
We write K ~ Y K™, K = O(K), and r(K) = r(K) = inf{R > 0 such that 3)
holds}.
We let

OC*(G) := {pseudodifferential operators of order o on G} .

Clearly, if K € OC*(G), then K : D(G) — &£(G). Moreover, K can be extended
to an operator K : &'(G) — D'(G). Notice also that, if supp u C B(e,r), the
supp Ku C B(e,r + r(K)).

Theorem 3.4 (see [5], p.63 (3)). If 1 < s < 0o and K € OC°(G), then O(K) :

LY (G) — LY. .(G) is continuous.

Theorem 3.5 ([5], Theorem 2.5). We have:

(a) If K := O(K) € OC*(G), then there exists a core K* such that O(K*) €

OCc*(G) and
<1)7 ’CU>L2(G) = <O(K*)U, u>L2(G)

for all u,v € D(G).

(b) If K € OCY(G), V C G is an open set, and u € E'(G) is smooth on V', then
Ku is smooth on V.

(c) If K; € OC{(G), K; ~ >, K™, i = 1,2, then K := Kq 0 Ky belongs to
oc*t(G).

In other words, the operators in OC%(G) behave very much like usual properly
supported pseudifferential operators in R”, except for the fact the commutator
of K; € OC*(G), i = 1,2 may fail to belong to OC**™*271(G) because of the
non-commutativity of the group convolution of the two cores, that appears in the
leading part of the core of the composition. However, it is possible to show that
these pseudodifferential operators well behave with respect to our scale of Sobolev
spaces (see [1], Proposition 6.19).
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We say that a convolution operator u — u x E(x,-) from £ to D’ belongs to
OC~*°(G) if E is smooth on G x G. We notice that, properly speaking, OC~*°(G)
is not contained in OC®(G) for a € R, since E(x, ) is not assumed to be compactly
supported.

If 7,8 € OCY(G), we say that S = T mod OC~* if S — T € OC~>(G).

In the sequel, if m € R and 1 < s < 0o, we use repeatedly a family of pseudo-
differential operators Am/2u € OC™(G) with r(Agg) = R for R >> 1 that differ
from Ag /2 by a regularizing operator.

Lemma 3.6. We have

AR o AGH? = 1d mod OC™
and

Ao AR = 1d mod OCT .
Definition 3.7. Let T € &'(G, E}') be a compactly supported h-current on G of
the form

T=Y Y TjL(«) withTj€&'(G)forj=1,... dimEf .
P jely,

Let m be a h—vector weight, and let R > 0 be fixed. We set

m/2T Z Z mp/2 ) (*5])

p ]EI

In particular, if T can be identified With a compactly supported h-form a =
> ng&p ajfg?, then our previous definition becomes

AR =33 (a;# (P, )R)ED .

P jely,

Definition 3.8. Let R > 0 be fixed. If 0 < h < n, following Rumin we define
the “O-order differential” acting on compactly supported h-currents belonging to
&'(B(e, R), EBf) by
—A h+1/2d AN}L/Q ,
where N, is defined in Deﬁn1t1on 2.4. The deﬁmtlon is well posed, and
d.: £'(B(e,R), E}) — £'(B(e,3R), El) .

Analogously, we define the following “0-order codifferential” acting on compactly
supported (h + 1)-currents belonging to &'(B(e, R), E4™):

b= AR 6. Agh
Again the definition is well posed, and

b €'(Ble, R), Eg ') — €'(B(e,3R), Ey) .

By Theorem 3.5 (a),
be = (d,)*
Notice also that ~ ~
=0, 0>=0 (modOC™ ™).

c c
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We set
ALY = bede + b, .
It follows from Rumin’s results and from [5] that the operator Ag), )R has a parametrix

(both right and left), that commutes (up to a smoothing operator) with d, and Se.

Theorem 3.9. For any R > 0 there exists a (matriz-valued) pseudodifferential
operator in the sense of [5] (Aé;?,)ﬁ,/)*1 such that

(11) (A IAYy =1 on E'(G,E}) (mod OCT™),
and

(12) APLAY) Y =1 on E(G,EL) (mod OC™®).
Proposition 3.10. For any R > 0

(13) (AR e =de(ATR) T on E(G,EY)  (mod OCT),
and

(14) (AYR) 10 = 0. (AL on E(G,E})  (mod OC™) .

Now we can sketch the proof of Theorem 3.1. This will make our subsequent
arguments easier to follow.

Without loss of generality, suppose af € D(£, E}); keeping in mind Theorem
3.9 and the explicit form of Ag )R, we obtain

(15) af =

= AR AN s AT A P d AP T A e+
AN de MGG 5 AP (AL T A0t + Spat =
= ANPAI 6. AR P AT de AP AL T AR 0t + Spat+
+do AL AL 6 AP (AL T A Pa =

=W+ dyt
where Sy is a properly supported smoothing operator.

We want to show that (¢°)e~¢ and (w®).>0 converge strongly in L (G, Eéﬁl)
and L (G, El), respectively. As for (¢°).~o0, (AGJ}\;"/ ©)e>0 converges weakly

in W@"' (G,El). On the other hand, also ((Ag) )~ A "/2 >s>0 converges

loc

weakly in Wgh’s(G, El). Thus, also (Aé%h/z(Ag)’) )™ A ’L/2 ) converges
weakly in =0

W2Nh s 9(
that all the components of a form in E? belonging to W,
same Sobolev space Wa""*(G, E}).

G EO) We remind that all intrinsic h-forms have the same weight Ny, so

2N"’S(G E!) belong to the
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For sake of simplicity, denote now by 35, j € I N, » & generic component of
=N, /2, A(0) \—1 A —N,/2
Ag R (Agr) Agg' a

that converges weakly in WZN*“ (GBI, Ifi ]&;1 (¢ < Np), then the i-th
component of 6.5 is given by 'Ly, i35 Keeping in mind that L;; is a homogeneous

differential operator in the horizontal vector fields of order Ny, —¢, then (tL] i35 )E> 0

converges weakly in WN’LH’ (G), so that, eventually, the i-th component of (¢)°).0

converges weakly in WN" ?%(G). Then the assertion follows by Rellich theorem
(Proposition 2.3), since supp ¢ is contained is a fixed neighborhood of 2, and
q < Np.

Let us consider now (w®)cso. Obviously, we can forget the smoothing operator
So. By Proposition 3.10, we can write

AGRAGH 0 A A d AT (AT T AR e =
(1) = AGHATH 6 A (AR T A de a7 + Shat =

= ASP (AR al s, A«E%’"“/ZAQ 124, af 4 Spat

Moreover
N 2 —N. 2 . . Ny 1+Nh,s
Ag Rh“/ Ag R"“/ dc o is pre-compact in W’ {ggl "(G,E}) .
Arguing as above, denote now by B5, 7 € I(;L;)rl, a generic component of

“Npi1/2 =N, . 1/2
e .__ ELSET N h1 5
B°:=Ag R Agr de o .

We know that 5; is pre-compact in Wgﬂl”“ (G, ESLH). Moreover notice that §.03. is
a h-form, and therefore, by assumption, has pure weight Nj. If i € I} N, (Nn <p),
then the ¢-th component of §.5; is given by tLMﬁ;. Keeping in mind that L;; is a
homogeneous differential operator in the horizontal vector fields of order j—i = p—
. . —N, /2 —N,../2
Np, then (0.35); is pre-compact in Wéﬁglc’s((f}) Thus, 6 AGE’I“/ AGEh“/ d. of
“Npi1/2 =Ny 11/2
is pre-compact in Wé%h’s((@, E}). Again, A 6 Ag "“/ AG}’L“/ d. af is pre-
compact in WG T °(G, El). As above, we can rely now on the fact that all compo-

nents of A@’kmé AG R"“”A;};"“” d. af have the same weight and hence belong
to the same Sobolev space, to conclude that

A0 AT s A A P d, of

is pre-compact in WGE{(‘): (G, El). Then, the proof of the assertion follows.

4. MAXWELL EQUATIONS IN CARNOT GROUPS

Consider now in particular the first Heisenberg group G = H', with variables
z,y,t. Set X = 0y + 2y0, Y = 0y — 220;, T := 0;. The stratification of the
algebra g is given by g = V] @ Va, where V; = span {X,Y} and Vo = span {T'}. We
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have X% = dx, Y% = dy, T% = 6 (the contact form of H'). In this case

E! = span {dr,dy};
E2 = span {dz A0,dy A0} ;
E3 = span {dz Ady A0} .

The action of d. on F} is given by ([11], [9], [3])
de(ardx + asdy) =

1 1
= _Z(X%é2 —2XYay +YXay)dz A O — Z(zlf)m2 —Y?a; — XYag)dy A0 =

= Pl(Oél, Oég)dl‘ NGO+ PQ(Oél, Oég)dy NG .
Coherently, if V = (V4, V3) is a horizontal vector field, following [9], [3], [1], we set
curlg V = (xdo (V)"

or, in explicit form
curly V = (P2(V1,Va), —P1(Vi, V2)) .
As usual, we put also
divg V=XV +YV;.

We want to attack Maxwell systems in H' mimicking the standard approach in the
Euclidean setting, consisting of transforming the system for time-depending vector
fields in R? into a suitable system for differential 2-forms in R* (Faraday differential
forms). To this end, consider now G := H' x R, and denote by (z,y,t) the variables
in H' and by s the “time” variable in R. Set X,Y,T as above, and S := 0,. We
have X = dz, V! = dy, S% = ds, T" = 0. The stratification of the algebra g is
given by g = V4 @ Va, where V; = span {X,Y, S} and Vo = span {T'}. In this case

E} = span {dz,dy,ds} ;
(17) E2 = span {dx Ads,dy Ads,dz A0,dy A0} ;
E3 = span{dx AdyA0,dxAdsAO,dyAdsA0O}.

Lemma 4.1 (see [1]). If
a = ai3dx N\ ds + aozdy A ds + apadx N0+ aoady N6 € Eg ,

then

deao = (Xagy —Yays)de ANdy AoO—
(18) — (Pl(alg,agg) +Sa14) dx ANds N\ O—

—  (Py(ous,a23) + Sag)dy Ads NG,
where
1

Py(V1, Vo) = = (X*V5 = 2XY Vi + Y X V1)

and

1
Py(V1,V2) = 7 (YV3 = 2Y XV + XYV .



34 Annalisa Baldi, Bruno Franchi and Maria Carla Tesi

Since (E§, d¢) is a complex, we can associate with it a formal system of “Maxwell
equations”. Let us start by the counterpart in H' of their classical formulation, in
terms of vector fields (that in Carnot groups have to be horizontal vector fields)
and curl operator.

Given the horizontal vector fields in H! B = (By,B,), E = (Ey,E,), D =
(Dl,Dg)7 H = (Hl,HQ), J = (Jl,J2)7 we write

0B . .

(19) g + curlHE =0 , divH B = ();7
aD - - .

(20) g — CurIHH = —J7 diVHD =y,

For sake of simplicity, we assume all physical constants to be 1.

If, in particular, p = 0 and J = 0, i.e. in absence of charges and currents, if
we choose the constitutive relations D = E and B = H, equations (19) and (20)
become

—

(21) %—f—i—curlﬂﬁz(), divg B=0,
E - .
(22) ?)—s—curlHB:O, divg E=0.
Replacing (22) in (21) and then (21) in (22), we get
-
B _
(23) %? = —curlg(curly B)
-
K -,
(24) 88? = —curlg(curly E).

In order to write explicitly curlg(curly B) and curlg(curly E), it is easier to work
now with the forms (E)?, (B)" € E}. We use this “traditional” notation B (and
therefore necessarily also E) to distinguish between the vector field B in (19) and
the 2-form B that appears below in the “geometric” formulation and which is
related to B by the identity B := «(B)".

Keeping in mind that 0 = —divyg B= 6c§“, we have

(curlH(curIH é))“ = wdo(+do(B)Y) = 0odo(B) = (0ede + (de0.)?) (B)F =

= Aua(B)*,
where Ay is the (4th order) Rumin’s Laplacian on intrinsic 1-forms (see, e.g.,
[11], [3]). Accordingly, we can define A acting on horizontal vector fields as

N S \0
A 1B = (AHJ(B)“) . We stress that this is a positive operator and that, unlike
the usual Laplacian on forms, it is not diagonal. Thus, equations (21) in (22) yield
O*B

#) a5

= —Am,B

0’E

(26) Ex)

= —Ay,E .
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As in the Euclidean setting (see for instance [15]), we can reformulate now the
system (19) and (20) in terms of differential forms. We set

F = FEidrANds+ EydyNds+ BidyANO — Badx NG :=
27 = EAds+ B (€ E?)

M = HydxANds+ HydyNds—DydyNO+ Dydx NG :=
2 := HAds—D (€ E})
(29) J = JadzANdsANO—JidyAds AN —pde Ady NG (€ ES) .

In other words, we put E := Ef H:=H! D := —(*ﬁb).

Proposition 4.2. Mazwell system (19) and (20) for horizontal vector fields in H*
is equivalent to the following system for intrinsic 2-forms in H' x R:

deFF =0 and d.M=J7T.

Proof. We have
d.F=(XB1+YBsy)dx Ndy N\ 0—
—(Pi(E1, BEo) — SBo)dx Ads N0 — (Pa(Eq, E2) + SBy)dy Ads A6 .
Therefore d.F' = 0 if and only if
divyg B=0

and 0B 0B
71 = 72 — =
s + Py(E1,Ey) =0 95 Py (Ey,E;) =0,

B .
8f—|—cu1rlHE:O.
Js

In other words, (19) holds if and only if d.F' = 0. Analogously (20) is equivalent to
deM = —(XDy +YDy)dx ANdy N O—
—(Pi(H1, H2) + SDo)dx Nds N0 + (—Py(Hy, Hy) + SD1)dy Ads AN 6 =
=—pde ANdyNO+ Jodz Nds NO — JidyNds N0 =T .
a

Remark 4.3. In fact, Proposition 4.2 is not correctly formulated (and proved)
when the vector fields B, E, 5, H just belong to L (H') and distributional deriva-
tives are involved. Unfortunately, this is precisely the case we are dealing with in
our homogenization theorem below. However, everything can be correctly stated
and proved in the setting of the intrinsic currents on H' x R, that provides a good

notion of “differential form with distribution coefficients”.

We can state now our homogenization result for a Maxwell system in H! (see
[10] Lemma 2.2 in the Euclidean setting). We stress that it cannot be derived from
the general statement of Theorem 3.2 since the intrinsic 2-forms F' and M have no
pure weight. This follows from (17), but, on the other hand, it is not unexpected,
since, in G := H! x R, n = 4 so that E2 = *E2. This means that, if o € FE32, then
xa € EZ. Therefore, if all forms in EZ had the same weight, o and *a should have
the same weight, that is impossible, since w(*a) = Q — w(a), and Q =5 is odd.
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Theorem 4.4. Let Q C H! be a bounded open set, and let EE, EE, ﬁg, He and
J¢ be horizontal vector fields in L*(H', HHY)NE'(Q, HA) weakly converging to B,
E, D, H and J, respectively. Suppose also that

(J])e>0, (J5)es0, (p%)es0 are precompact in WG_’lltﬁ((G)

If
(30) d.Ff=0 and d.M°®=J°,
then

(Be,He) — (D¢, E¢) — (B,H)—(D,E)
(31) (B, E°) — (B,E)

()~ (DA
in the sense of distribution, as € — 0.

Proof. In the sequel, S will always denote a smoothing operator belonging to
OC™° that may change from formula to formula, and, with the same convention,
we shall denote by Sy an operator of the form ¢S, with § € OC™* and ¢ € D(G).
Moreover, without loss of generality, we may assume F°, M¢ € D(€Q, E?). Finally,
take R > 0 such that Q C B(e, R).

We start by showing that a decomposition as in Theorem 3.1 holds both for F*©
and ME€.

The statement for F© follows easily arguing as in the proof of Theorem 3.1,
Indeed, keeping in mind (30) and (14), we have

Fe = ARPAYR 5 AR (A ) AP d. ey
+do AGY AT S A@%”(A&)ﬂ%%“w +SoFe =
(32) = de ALY AT 6 AR (A T AT e 4 SyFe =
=d. AGY (A" 1Ag5{25 AR PN e 4 SyFe =
= d, b+ Wt
Clearly, (w®).>o converges strongly in L2(€2, F32), since Sy is a properly supported

smoothing operator. On the other hand, the components of weights 2 and 3 of

A(E,]]\;Q/QAG R/ F* converge weakly respectively in WG 1OC(G) and in WG loc((G)
so that the components of 6. Ag = /QAGN 2/2 e are sums of terms weakly con-
vergent in W(G 1oc(G) and in Wéfoc(G), and therefore they converge weakly in
WG loc(G). Thus eventually 1° converge weakly in Wéfoc((@, E}) and hence strongly

in LG,loc(G7 Ep).
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As for M¢, arguing as above we can write
Me = APATR 5 AR A (AY) T AT do M+ SoME+

N,/2 \N,/2 —N,/2 0) \— —N,/2
+de AG,lFx{ AG,IB{ Oc AG,Rz/ (Aé},)R) 1AG,R2/ M* =

(33) = ATHPALE 6. AR (A T AR (T0) + SoME+

+de A AT 8 MG (A T AT e =

= W€ + d° .
We can show that ¢)° converge strongly in Lg ,,.(G, Ej) by repeating verbatim the
arguments used for F. As for w®, we can reduce again ourselves to prove the
L2-convergence of A%%ZA%Z’R/%CA(;%*/Q(Ag%)*lA(g%*/Q(jg). Thus, A(g%B/Z(JE)
is precompact in Wéfoc(G, ED), yielding the (pre)compactness in W&IQOC(G, E3) of
(AQ)R)_lA&%SM(Js) and eventually that of Ag%%cAé%"’/Q(Aé}g)R)_lAé%"’/Q(jg)
in the space Wéfoc(G, E2), since Ag%z Oc A(_;%S/z is an operator of order 0. Thus,

we achieve the proof of the L2-convergence of w® by noticing that Ag%2 is an
diagonal operator with components of orders 2 and 3.
Finally, we argue as in the proof of Theorem 3.2 to show that

MEANME, MEANF®, FCANF®
converge in the sense of distributions, that is nothing but (31).
g

Remark 4.5. Hypotheses of Theorem4.4 are not as sharp as one could wish, since
formula (18) would suggest a weaker set of assumptions, i.e.

i) (p%)eso is precompact in WGT,LQ(G);

loc
ii) (J£)eso is precompact in W&iﬁ(@) fori=1,2.

Unfortunately, we have not been able to prove a better statement, essentially be-
cause of the presence of 2-forms of different weights. However, we point out that
equations of the form (30) in H"™ with n > 1 do not present the same difficulties,
since all intrinsic 2-forms in H"™ x R have weight 2 when n > 1 (see [1], Example
7.6), and therefore Theorem 4.13 of [1] applies. More precisely, the following result
holds.

Theorem 4.6. Suppose n > 1 and let Q C H"™ be a bounded open set. If ¢ > 0, let
now E¢,xD® and B®,*xHE be respectively couples of families of intrinsic 1-forms and
2-forms of H" supported in Q0. Let us define the two following families of intrinsic
forms in H® x R:

F¢:=E°ANds+ B € E; and M®:=H°Nds— D° € E3".

Analogously, let J¢ = J¢ Nds — p° be a family of closed intrinsic (2n + 1)-form
in H™ x R, where J¢ and p°® € are respectively families of intrinsic 2n-forms and
(2n 4+ 1)-forms of H"™ (so that p® is a volume form on the surfaces s = const.).
Suppose F* — F, H® — H, BE — B, DF — D, J¢ — J, p° — p as € — 0 weakly
in L2(Q, E3). Suppose also that

(J%)es0 and (p°)es0  are precompact in W([;l’Q((Gr7 Ej) .

loc
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If
d.F*=0 and d.M°f=J°,
then
FEAM®S —-FAM

in the sense of distribution, as € — 0.

We want to stress that we can define a general set of “geometric Maxwell equa-
tions” in any Carnot group G (G is always identified with R™ through exponential
coordinates). For sake of simplicity, we restrict ourselves to the case E¢ = D and
B® = xH¢. Let us show preliminarily the following structure lemma for intrinsic
forms in G x R. From now on, we denote by x a “space” point in G and by s € R
the “time”, and we choose in G x R as canonical volume form dV A ds, where dV
is the canonical volume form in G. Moreover, we keep the notation Ej for the
intrinsic forms on G x R; no specific notation will be used for intrinsic forms on G.

Lemma 4.7. If 1 < h < n then a h-form o in G x R is an intrinsic form in E} if
and only if we can write

(34) a=pBANds+,

where 5 and v are respectively intrinsic (h — 1)-forms and h-forms in G with coef-
ficients depending on x and s.

Proof. Without loss of generality, we can restrict ourselves to prove an analogous
decomposition for left invariant covectors a,y € /\h gand g € /\h71 g, where g is
as above the Lie algebra of the left invariant covectors of G.

First of all, notice that, if o € /\h g is an arbitrary left invariant h-covector of G,
then do(c Ads) = d(oc ANds) = do ANds = dyo A ds (notice the two dy in the previous
identity must be meant acting on forms of two different degrees). Thus, if dp5 =0
and dpy = 0, then dpar = 0.

On the other hand, let o/ = 3 A ds +«' be arbitrarily given in /\h_1 g. Then,
keeping in mind that covectors in /\é g are orthogonal to covectors of the form o Ads
with o € /\[71 g, by the very definition of the scalar product, we have

(aydoay = (B Ads+,dofS’ Nds+ doy') =
= (BAds,dof8' Nds) + (B Ads,doy') + (v,doB’ AN ds) + (v,do") =

= (B,dof') + (v,do?') =0,
since both § and 7 belong to Ej and hence are orthogonal to the range of dy. Thus
also « is orthogonal to the range of dy and eventually « € Eg.

Suppose now « belongs to E(’)‘. We can always write it as o = B A ds + v,
with 8 € /\hilg and v € /\h g, and 0 = dpa = dpf A ds + dyy. But dofS A ds
and dgy are orthogonal, and hence dy3 = 0 and dyy = 0. Let now v € /\hg
be given. Since dpy’ is orthogonal to any h-covector of the form 3 A ds with
CANS /\h71 g, we have 0 = (a,doy') = (B Ads + 7v,doy') = (y,do’), ie. v is
orthogonal to the range of dy and then v € EJ. Analogously, if 3’ € /\h_1 g, then
0 = {a,do(B'Nds)) = (o, dof' Nds) = (BAds, doS Nds)+ (7, doS' Nds) = (B, dof'ds).
Thus S is orthogonal to the range of dy and then 8 € Eg_l.

0
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Let now J be a fixed closed intrinsic n-form in G xR (a source form). By Lemma
4.7, J = J Nds — p, where p(-, s) is a volume form on G for any fixed s € R.

If 1 < ¢ < n, by Lemma 4.7, keeping in mind again that forms in Ef are
orthogonal to forms of the form o A ds with o € E'é*l, we can define a new (non
definite) scalar product (-,-)r, in Bl as

(BAds+, 8 Nds+ )= (7,7) = (8,5 .

Denote by = the associated Hodge operator such that a A xp8 = (o, B)p. If
a=QFANds+v€E} 1<h<n, we have

spa=xyANds+ (—=1)"""« 3.

Indeed, if 0 = 01 A ds + 02, keeping into account that o is a h-form in G and that
x0 is a (n — h + 1)-form in G, so that o2 A x3 = 0, then

oAy Ads+ (=1)"" % B) = (=1)" "oy Ads AxB + o Axy Ads =
= (o207 + (<1205 (01, 8) ) dV A ds = (0, 0)1
If A € E} (the electromagnetic potential) is given, we write
F:=d.A:=FEANds+ B

and
s F =%BAds+ (-1)""2xE:=HAds+ (-1)"2D.

We call Mazwell equations in G the system in Ej

(35) dF =0 and do(+,F)=J .

Notice that — as usual — the first equation derives trivially from the fact that
F =d. A, and that the second one is consistent with d..7 = 0. We notice also that
the second equation can be viewed as the Euler-Lagrange equation for the critical
points of the functional

1
fMy:—iAQAAm¢A+AAAJ.
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