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Some properties of the semigroup generated by a subelliptic
Hamilton-Jacobi equation

Marco BIROLI

Abstract®. We prove the existence of a (Lipschitz) solution for a Cauchy problem for
a subelliptic Hamilton-Jacobi equation with bounded uniformly continuous (Lipschitz)
initial data.

1. INTRODUCTION

Consider the Cauchy problem for a Hamilton- Jacobi equation

(CP) ug + H(z,t,Vu) =0

u(z,0) = ug(x)

where the Hamiltonian H(z,t,p) : RN x [0,7] x R¥V*N — R is not coercive in
p. The lack of coerciveness of the Hamiltonian can be overcome by chancing the
underlying geometry with a suitable family of vector fields. More precisely we
consider the case H(z,t,q) = H(z,t,0(x)p) where o(z) is a m x N matrix, m < N,
where H is coercive in ¢ = o(z)p. Here the rows of the matrix o(x) are considered
as coefficients of vector fields satisfying the Hormander condition , which generate
a Carnot group, therefore o(x)Vu is the horizontal gradient in the Carnot group
denoted by Dju, see section 2.

Here we are interested in existence and uniqueness of viscosity solutions of
the problem (CP) and in their Lipschitz continuity in space variables (in the
group),when ug is Lipschitz continuous (in the group). We recall that the Lipschitz
continuity in the group is the Lipschitz continuity for the right translations with
respect to the Carnot-Carathéodory distance on the group and that the Lipschitz
continuity is equivalent to the boundness of the horizontal gradient.

We recall that the notion of viscosity solution has been introduced by M.G.
Crandall, P.L. Lions, [11]; existence, uniqueness and comparison result for (CP)
in the coercive Euclidean case have been summarized in the paper [17] and in the
books [4], [5]. We recall also the paper [13], where the existence of viscosity solutions
is proved using a Perron method.
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Concerning the case of Carnot groups an existence and comparison result of
(Lipschitz continuous in the group) viscosity solutions of a non evolution problem
has been proved by B. Stroffolini, [18]. In the evolution case, at our knowledge,
there are only results concerning the extension of the Hopf-Lax-Oleinik formula
to the subelliptic framework, see [15] in the Heisenberg group case and [8] for the
general case. In the Heisenberg case under the assumption that the initial data
ug is compactly supported in a Carnot-Carathéodory ball, Lipschitz for the left
translations on the group and Euclidean Lipschitz in the right translations in the
direction of the commutator then the solution w is Lipschitz (in the group) [2].
No regularity results are given under the only assumption that wug is Lipschitz
(in the group). Here we prove an existence and continuous dependence on initial
data result for viscosity solutions when the initial data is bounded. Moreover we
prove that if the initial data is bounded Lipschitz continuous, then the viscosity
solution of the Cauchy problem wu(z,t) is Lipschitz continuous in ¢ and bounded
Lipschitz continuous in the group ( for a.e. ¢t € [0,7]). The method of proof used
is founded on the results in [18] and on a discretization in time method that takes
into account the results on nonlinear semigroups on general Banach spaces, [10],
[7]. For a nonlinear semigroup approach to Euclidean Hamilton-Jacobi equations
see [1], [19].

2. CARNOT GROUPS

We consider RV as a Carnot group with a group operation . and a family of
dilations, compatible with the Lie structure.

A Carnot group G of step r > 1 is a simply connected nilpotent Lie group, whose
Lie algebra g is stratified. This means that g admits a decompositions as a vector

space sum
s=nPaeP - Po
such that
91, 9;] = 8j+1
for j =1,---,r where g, = 0 when k > r. Let m; = dim g; and denote by X; ; a

basis of g; formed by left invariant vector fields. We observe that G' considered as a
manifold has dimension N = mj+- - -+m,.. The horizontal tangent space at a point
& € G is the m; dimensional subspace linearly spanned by Xi1(), -+, Xm, 1(§)-
In the following we will denote by Xi,---,X,, a frame of vector fields spanning
the firs layer g;. The exponential coordinates are given by the diffeomorphism
F :RYN — G defined by

T Mmy
F(CL‘) = exp Z Z xi,in,j

Jj=1j=1

If we denote by - the group operation. The mapping (§,7) — & - n has polynomial
entries, when we use the exponential coordinates.
There is a family of dilations compatible with the group operation:

(@1, an) = A1, AT s A2 1, ATy, A Tm,)

With the above notations the horizontal subspace can be identified by the left
translation by & of Gy.
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A horizontal curve y(t), t € [0, 1], is a piecewise smooth curve whose tangent vector
~'(t) is in the horizontal tangent space y(t) - G;. Given two points & and 1 we
consider the set

I'(¢,n) = {7 horizontal curve : y(0) = &,v(1) =n}.

By Chow’s accessibility theorem, [6], the above set is never empty.
For convenience we fix an Riemannian metric in g so that X = {X ;} is an orthonor-
mal frame and the Riemannian volume element coincides with the Haar measure
on G and then with the Lebesgue measure on RV,

The Carnot-Carathéodory distance is defined as the infimum of the lenght of
horizontal curves of the set I':

1
d ,m) = inf / "(t)] dt .
cc(é,n) me 1Y (1)
The Carnot-Carathéodory ball of radius R centered at £ is given by
B R)={neG : dcc(§n) < R}.
The Carnot-Carathéodory gauge is defined by
l€lcc = dcc(0,€) .

The important property that |¢|cc is a a.e. solution of the horizontal eikonal
equation has been proved by Monti and Serra-Cassano, [16].
A smooth gauge in G is defined by

r m; rl/j
l€lc = Z (Z |$zg|2>

j=1 \i=1

1/2r!

The following result holds, [6]:
Theorem 2.1. We have

r

M
Eloc = [Ele = YD lwisl"
j=1i=1
meas (B(0, R)) ~ R®

where Q) = Z;:1 jmy; is called the homogeneous dimension of G.

As a consequence of Theorem 2.1 we have that the Lipschitz continuity (for
the right translations) with respect to the Carnot-Carathéodory distance or with
respect to the smooth gauge are equivalent.

Examples of Carnot groups are the Heisenberg group and the Engel group.

2.1. The Heisenberg group. The Heisenberg group can be identified with R2V+1
endowed with the non commutative group law

1
(l‘, Y, t) ! (‘rlvy/a tl) = (l‘ + l'/, Y+ y/a t+ t' + 5(('7:7 y/> - <.I'/, y)))
where z,y € RV and ¢t € R. The Heisenberg algebra is splitted in Vi @ Va where
Vi = R2V x {0} and V5 = {0} x R and it is generated by the vector fields
0 1 0

x. = 2 2,2
I ar;, T2V bt
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0 1 0
Yi=——-z; —.
1oy, 2%
The only non trivial commutator is
0
(X5, Y5l =5

and the homogeneous dimension is 2N + 2.

2.2. The Engel group. The Engel group can be identified with R? endowed with
the non commutative group law

(xayatvs) : (xlaylvt/7sl) = ('T +xl7y+y,7t+ t/ + QQ»S + S/ + QB)
where
1
Q2= 5(351/ — zy)

1 1
Qs = (at' —t'y) + 5 (&% — a2 (y +3/) +y(@')*) .

The Engel algebra is splitted in V3 @ Vo @ V3 where V; = R? x {0} x {0}, Vo =
{0} x {0} x R x {0}, V53 = {0} x {0} x {0} x R and it is generated by the vector
fields

X —g+xg+ﬁg
2T oy T 0s 2 ot

The nontrivial commutators are
(X1, Xo]=Xs= - +z

X1, X = (X0, (X, al) =

and the homogeneous dimension is 7.
3. VISCOSITY SOLUTIONS
In order to give a first definition of viscosity solution in G x (0, T") for the equation
(3.1) ug + H (&, t,Dpu) =0

(where £ € G, t € (0,T) and D, is the horizontal gradient in G) we must identify
the first order jets adapted to our framework.

Definition 3.1. A function u : G — R is of class C! (on G) if the horizontal
derivatives Xju,--- , X;,u are continuous (on G). A function w: G x (0,7) — R is
of class C* (on G x (0,T)) if the horizontal derivatives Xju,- -+, Xpu and u, are
continuous (on G x (0,7)).

We recall that if u is in O the following Taylor expansion holds

u(€,t) = u(&o,to) + (Dnu(o,to), &' - €) + +ue(€o,. to) (t — to) + o(I&5 " - €lc)

where Dju is the horizontal gradient and € is the horizontal projection (of &).
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If a function w is not necessarily smooth but merely upper semicontinuous (on
G x (0,T)) we denote by J1*(&,t0), (€0,t0) € G x (0,T) the collection of vectors
(p(&o,to), (€0, t0)) € R™ x R such that

u(€,t) < u(éo,to) + (p(&0,t0). & ' &) + +r (6o, to)(t — to) + o(l&5 " - Ela) -
Definition 3.2. An upper semicontinuous function u is a viscosity subsolution of
equation (3.1) if for every (£o,t0) € G x (0,T) and for every (pg,70) € JE T (&0, t0)
we have
To + H(€07t07p0) S O .

If a function u is not necessarily smooth but merely lower semicontinuous (on
G x (0,T)) we denote by JX~(£o,t0), (£0,t0) € G x (0, T) the collection of vectors
(p(go, to), 7’(50, to)) € R™ x R such that

u(,t) > u(€o,to) + (p(€o,t0), & - €) + +r (o, to)(t — to) + o(I&5" - Ela) -

Definition 3.3. A lower semicontinuous function u is a viscosity supersolution of
equation (3.1) if for every (&,t0) € G x (0,T) and for every (po,70) € JX~ (€0, t0)
we have

To + H(€07t07p0) 2 0.

Definition 3.4. A continuous function u is a viscosity solution of equation (3.1)
if it is both a viscosity subsolution and a viscosity supersolution of equation (3.1).

There is other two equivalent definition for viscosity subsolutions, supersolutions
and solutions of equation (3.1)

Definition 3.5. An upper (lower) semicontinuous function w is a viscosity subso-
lution (supersolution) of equation (3.1) if for every function ¢ € C1(G x (0,T)) and
every local maximum point (&g, %) of (v — 1) on G x (0,T") we have

P (o, to) + H( o, to, Dnp(€o,t0)) < (>)0.

A continuous function w is a viscosity solution of equation (3.1) if it is both a
viscosity subsolution and a viscosity supersolution of equation (3.1).

Let ¢ be upper semicontinuous on G x (0,T') by E (¢) we denote the set {(y,t) €
G x (0,T) ; max ¢ > 0}. Let ¢ be lower semicontinuous on G x (0,T) by E_(¢
we denote the set {(y,t) € G x (0,T) ; min ¢ < 0}.

Definition 3.6. An upper (lower) semicontinuous function u is a viscosity subso-
lution (supersolution) of equation (3.1) if for every for every function ¢ € C*(G x
(0,7)) and k € R there exists (§o, ) in E4(¢¥(u—k)) (E_(¢(u — k))) such that

u(bo, to) — u(o,to) — k
iy V@0 (o to NS Duvtao ) < 20

A continuous function w is a viscosity solution of equation (3.1) if it is both a
viscosity subsolution and a viscosity supersolution of equation (3.1).

In the definitions 3.5, 3.6 the condition ¢ € C*(G x (0,T)) can be replaced by the
condition ¢ € C*°(G x (0,T)). The definitions 3.1-3.6 has been given in Euclidean
setting in [11] and by [9]; the generalization of Definitions 3.1-3.5 to the Carnot
group setting has been given in [18]. The equivalence of the three has been proved
in Euclidean setting by [11] and by [9]; in the Carnot groups setting the equivalence
is founded on the observation that the three definitions in Euclidean setting and
Carnot group setting are equivalent. The following result is proved in [18].
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Proposition 3.1. Any bounded viscosity solution of |Dpu| < C then u is Lipschitz
for the smooth gauge on G, i.e.

[u(§-n) —u(§)] < Clnle -

4. EXISTENCE OF THE VISCOSITY SOLUTION

In the present section we consider the Cauchy problem
(4.1) us + H(§,Dpu) =0
u(fv 0) = uO(g) .

A viscosity solution of (4.1) is a function, which is continuous on G x [0,T] with
value ug(€) at ¢ = 0 and is a viscosity solution on G x (0, T') of the partial differential
equation in (4.1).

Assume that the following hold:

(4.2) |H(E,p) = H(Ep)| <mu(€ - €a(1+p))
(4.3) |H(,0)| <C
(4.4) ‘ ‘lirﬂ H(&,p) =400  uniformly in €

where my is an increasing bounded function such that mg(t) — 0 when ¢t — 0.
The following results are proved in [18]:

Proposition 4.1. Consider the following Hamilton-Jacobi equations
(4.5) Yyu+ H(E Dpu) =0 onG

where gamma > 0. There exists a unique bounded viscosity solution u of (4.5).
Moreover w is Lipschitz for the smooth gauge on G (and then also for the Carnot-
Carathéodory distance).

Proposition 4.2. Let u be a bounded viscosity subsolution and v a bounded vis-
cosity supersolution of the equation (4.2). Then we have u < v.

We denote by BUC(G) the space of bounded uniformly continuous functions on
G, we observe that BUC/(G) is a Banach space for the norm ||u||puc = supg u(§).
From Proposition 4.1 and 4.2 we easily have:

Proposition 4.3. Consider the following Hamilton-Jacobi equation
yu+ H(E Dpu)=f onG

yo+ H( Dpv) =g onG
where f,g € BUC(G). Let u,v be viscosity solutions of the above equations; then

lu—="vlr=@) < If = 9gllL=(c) -

Define the operator A on BUC(G) by u € BUC(G) is in D(A) if there is a
g € BUC(Q) for which H(&¢, Dpu) = g in viscosity sense and then set Au = g.
The domain of A is dense in BUC(RY). From Proposition 4.1, 4.3 the operator A
satisfies the following properties
(i) R(I + M A) = BUC(G) for every A > 0
(i) Jy = (I +AA)~!is a contaction on BUC(G).
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The properties (i), (ii) imply that A is m-accretive in BUC(G).
By the Crandall-Ligget theorem, [3] [7] [10] [12], the functions w,, defined by the
problems

(4.6) un(t) = uy for t € {—%,o}

un(t) = un(t — (T/n))
T/n
converge uniformly on [0,7] in BUC(G) to a function v € C(0,T; BUC(G)) with
u(t) = ug moreover there exists a constant C' such that if ug € D(A) we have
(4.7) [un(t) = un(7)| Buc < Clt = 7|

t,7 € [0,7] and C depends on ||Aug|puc (see (1.9) in [10] with n = m, p = t/n
and A = 7/n). Then u(¢) is also Lipschitz continuous in BUC(G).
From (4.7) we have also that

un(t) — un(t = (T/n))
T/n

+ Au,(t) =0 fort >0

<C
BUC(G)

t € [0, 7] where C depends on ||Aul| src.
From [18] Theorem 3 we obtain that the sequence uy,(§,t) is bounded in L*(0, T}
Lc(G)) where Lg(G) denotes the space of bounded Lipschitz function (for the
smooth gauge) on Gj; then u(&,t)) is also in L>°(0,T; Le(G)). We recall, [3] [7] [10]
[12], that w, u, depends continuously in BUC(G) from ug then an approximation
method gives that, if ug is in Le(G) then w € L*(0,T; Lg(G)). In conclusion if
upis in Lg we have that u; € L (G x [0,T]), Dpu € (L*(G x [0,7]))™.

We now prove that u is a viscosity solution of the Hamilton-Jacobi equation in
(4.1).
Let k € R, ¢ € CYG x (0,T)) and Ey(v(u — k) = {(&,t0)}. Set u,(&,t) =
un(t)(§). Since u, converges to u locally uniformly there will be an (&,,t,) in
E; (¢(un — k)) for n large enough such that tg # rT/n, r = 1,---,n. Clearly

(énatn) - (50, tO)-
We have

(48) w(§n7tn)(uﬂ(€n7tn) - k) > w(gvt)(un(&t) - k)

Since &, € Ey(¢¥(un(-,tn) — k)) by Definition 3.6 in the case independent of ¢ we
have

(4.9) un(gnatn) - un(gnatn - (T/TL)) +H (_un(gmtn) —k

T/n S Dientn) <0

By (4.4) we have
(4.10) U (Ens tn) <Un(€m’f") —u (5 fn = %» B

=M&%M%@wamf¢em%*%>Gm@@mf%>70—

N [ R
(oo D) o)1)



60 Marco Biroli

Then
71&(5:, ™ Y(Enstn) — UJT(%; tn — (T'/n)) <un <£mtn B %) B k) +
VH G% Dh¢(§n,tn)> <0.

When n — 400 we find

~u(bosto) — k ~ug(o,to) — k

¥(&o,to) ¥ (&0, t0)

0 u is a viscosity subsolution of the partial differential equation in (4.1). Similarly
we prove that u is a supersolution of the partial differential equation in (4.1). We
recall also that u € C(0,7; BUC(G)) and u(t) = ug; then u is a viscosity solution
of the Cauchy problem (4.1).
We have so proved the following result:

Yy(wo,to) + H < Dh¢(507t0)> <0

Theorem 4.1. Let ug € BUC(G). There exists a viscosity solution of the Cauchy
problem (4.1) in C(0,7; BUC(G)). Moreover if Dyug € L*®°(G) There ezists a
viscosity solution of the Cauchy problem (4.1) in C(0,T; BUC(G)) such that u; €
L>(G x [0,T]), Dpu € (L*®(G x [0, T])™

Remark 4.1. It can be proved that a viscosity solution u of the partial differential

equation in (4.1) such that u; € L>®(G x [0,T]), Dpu € (L*(G x [0,T1)™) verifies
the partial differential equation a.e. in G x (0, 7.

5. UNIQUENESS AND CONTINUOUS DEPENDENCE ON THE INITIAL DATA OF THE
VISCOSITY SOLUTION

In the present section we will prove the following result:

Theorem 5.1. Assume that the condition (4.2) hold. Let u' (u?) be a viscosity
subsolution (supersolution) in BUC(G x [0,T]) of the Hamilton- Jacobi equation in
(4.1), then
sup (u' —u?) < sup (u'(,0) — u?(-,0)) .
G

Gx[0,T]
Proof. Let
A= Sup (ul('a O) - u2(’7 0)) .
a
Since u!,u? € BUC(G x [0,T]) we have
(5.1) [u'(€,1) = u'(n, s)] < Cm(I€  nl + [t — s])

where m(r) is a positive increasing bounded continuous function with m(0) = 0
that goes to 0 as r — 0 The proof is by contradiction; assume that

sup (u' —u?) > A+ oy
Q
where @ = G x [0,T] and o9 > 0. Consider for o and € > 0

(&, t,m,8) = ul (&) — u’(n, 5)
‘We observe that

lEle [t sl
€ a

[Dre(1€7" nlg) < Crrle™ -l
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[Dhy(In™"-€l5) < Carlp™' - €lG

Dye(I€" - nle) = —Di(In~" - €lG) -

From (5.1) ® is bounded on Q2. Then for every 0 < § < 0(/2 there exisits
(&0, t0, Mo, S0) such that

(o, 10,70, 50) + 6 >sup @ .
QZ

Let ¢ : R? — R such that ((0,0) = 1,0 < ¢ < 1, ¢((x,y) = 0 for |(x,y)| > %,
|D¢(z,y)|] <1, consider now the function
0(&m) = CE™ - &lg I~ - mol) -
We have
9(607770):17 Ogegla |Dh,§0‘ §K7 ‘Dh,n9|§K

(we have used the relations | Dy ¢ (|€ - &o|7) < Cirlé? ~&)|TG_17 |Dp(In~ 1 molt) <

Cirln™" ol )
We denote
\I/(gv t: , S) = q)(gv tv , S) + 69(57 77) —ot
where 0 < o < 0¢/2T.
There exists (£,7,7,3) such that

The inequalities

and (5.1) yield

Then
(5.2) €'l < Coe, i3] < Caar
$0
€l < Caeme) + b .
Taking into account Definition 3.5 and assuming (¢,1), (77,3) € (0, 7] we obtain

+1 (€2 D7) + 0010 m) <0

t—3s
o+

t—
[e7

0<

5 - 1 —1_, - _
1 (€= 100y 1€ 75) ) + 300606 7) < 0.
Taking into account the assumption (4.2) we obtain
1
(5.3) o <mpg((em(e) +0)Y/" - (em(e) + )= D/m)

Choosing 6 < em(e) and e small enough to make the right hand side of strictly
less than o we obtain the desired contradiction. In order to conclude the proof we
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have to investigate the case where ¢ = 0 or 5 = 0. We show that this case can not
occur if « is small enough. Assume that there is a sequence a,, — 0 such that the
corresponding ¥ attains the maximum at (&,, t,, 7n, Sn) with ¢, =0 or s, = 0. If
t, = 0 we obtain as in the first part of the proof

ut (€0, 0) — u2(7]m sn) <A+ U2(77n»0) - u2(77n: sp) < A+m(Cay) .
Similarly if s, =0
U (Enytn) — % (10,0) < A+ m(Cay,) .

Then
sup U (&, t,6,t) <sup U < A+ 2m(Cay) + 6.
Q Q?

We have also

sup W(&,t,&,t) > sup (u! —u?) — 0T > A+ o9 —oT .
Q Q

Choosing n large enough and o, § small enough we obtain the desired contradiction
and the result is proved.

Remark 5.1. If we consider viscosity subsolution and supersolution ui,us €
BUC(G x[0,T]) with uy,us locally Lipschitz on (0,T] x G for the smooth gauge
on G and for the usual distance on R we can replace the assumption (4.2) by

(5-4) [H(&r,p) = H(E )| < mu(lE7 - €'la(1+p)Q(E &, p)

where m(t) — 0 when ¢ — 0 and Q(§,¢’,p) = max {®(H(&,p)), ®(H(,,p))} and @
is a continuous function from R in R .

From remark 5.1 the following results:

Theorem 5.2. Assume that the conditions (4.2) (4.3) (4.4) hold. Let ut (u?) be a
viscosity solutions in BUC(G x [0,T]) of the Cauchy problem (4.1), then
sup (ul - U2) < sup (ul('vo) - U2(,0)) :
Gx[0,T] G
Assume that the conditions (5.4))(4.3)(4.4) hold. Letu' (u?) be a viscosity solutions
in BUC(G x [0,T]) of the Cauchy problem (4.1) with u1,us locally Lipschitz on
(0, T] x G for the smooth gauge on G and for the usual distance on R, then
sup (u' —u?) < sup (u'(,0) — u?(-,0)) .
Gx[0,T] G
Remark 5.2. The existence and uniqueness of viscosity solution of the Cauchy
problem (4.1) and its identification as the limit of solution of problems (4.6) prove
that in our framework the notion of viscosity solution coincides with the notion of
“bonne solution” (good solution) introduced in the theory of nonlinear semigroups
in Banach spaces, see [7].
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