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Abstract®. T'll present a regularity result of viscosity solutions of minimal surface equa-
tion in the Heisenberg group. The problem, arose in a model of visual perception, joint
work with A. Sarti [10], has been studied with analytic instruments together with L. Ca-
pogna and M. Manfredini [5]. We assume that the solutions are locally represented as
intrinsic graphs, so that the minimal surface equation is represented in term of non linear
vector fields. We prove that viscosity solutions are smooth, in an intrinsic sense, which
implies that the solutions are foliated in smooth curves.

1. INTRODUCTION

In this seminar we present a regularity result for intrinsic minimal graphs, ob-
tained in collaboration with Capogna and Manfredini ([5]). The Heisenberg group
is R3 whose tangent space is endowed with a stratification Vi @V, where Vi has di-
mension 2, and Vo = [V4, V4] has dimension 1. In this setting the notion of intrinsic
regular surface has been studied in [17] [18] as a zero level set of an intrinsic regular
function. On the other side, in [12] and [1] it is proved that such a surface can be
represented (near non-characteristic points) as the graph of a function u : R? — R,
of class C! with respect to the vector field X , = 01 + udsa.

The notion of mean curvature has been recently introduced as the first variation
of the area functional, and its expression has been independently established by
different authors: [15], [9], [8], [4], [31], [22], [26], [33], [34]. In the particular case
of intrinsic graphs it can be expressed in terms of the vector field X, , just defined
and the prescribed mean curvature equation becomes

Xl,uu

V14X ul?

Properties of regular minimal surfaces have been investigated in [19], [29], [8],
[9], [20], [16], [2] and [28]. Existence of BV minimizers of the perimeter is proved in

(1.1) Lu:leu< ):f7 forz € Q CR? .
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[19], [29] using direct methods of the calculus of variations. More recently, existence
of Lipschitz continuous vanishing viscosity solutions has been studied in [9]. The
definition relies on the fact that the operator in (1.1) is a second order operator,
represented in term of only one vector field in R2. Hence it is not elliptic at any
point, however it can be approximated via a Riemannian mean curvature equation
obtained completing the vector X1 , to a basis with a vector field X5 , = €02 which
tend to 0, as € goes to 0. The operator then reads: '

(1.2) L ixs Xt f, forzeQcCR?
. u = iw| 77— | =), ftorz )
e\ T Ve

where
(1.3) Xi,=X1u, X5,=¢dr and Vi = (Xiu,XZE,u) .

Definition 1.1. If C} denotes the standard Euclidean C' norm, we will say that
an Euclidean Lipschitz continuous function w is a wanishing viscosity solution of
(1.1) in an open set €2, if there exists a sequence u. of smooth solutions of (1.2) in
Q such that for every compact set K C Q

® |luclleyxy < C for every €

e u. — u as € — 0 pointwise a.e. in ).

Existence of viscosity solutions has been proved in [9], while the problem of
regularity of minimal surfaces is still largely open. In order to state our main result
we will need to define intrinsic regularity for an intrinsic graph. We will say that
a graph u is of class C} if X 1, is continuous. We will say that w is intrinsically
smooth if X fuu exists and it is continuous for every k. In this paper we address
the issue of regularity away from characteristic points. Our goal is to prove the
following intrinsic regularity result

Theorem 1.2. The Lipschitz continuous vanishing viscosity solutions of (1.1) are
intrinsically smooth functions.

This theorem highlight a very general idea: any positive semidefinite operator
of second order regularizes in the direction of its positive eigenvalues. However, in
general, this does not imply smoothness of solutions, since regularity can be ex-
pected only in the directions of the non vanishing eigenvalues. Indeed the following
foliation result holds for minimal graphs:

Corollary 1.3. Let {z5 = u(x1,z2), (x1,22) € Q} be a Lipschitz continuous van-
ishing viscosity minimal graph. The flow of the vector X1 yu yields a foliation of the
domain Q by polynomial curves v of degree two. For every fized xo € §) denote by v
the unique leaf passing through that fixed point. The function u is differentiable at
xg in the Lie sense along v and the equation (1.1) reduces to (d?/dt?)(u(v(t)) = 0.

To better understand the notion of intrinsic regularity we consider to the non-
smooth minimal graph u(zy,2z2) = x2/(x1 — sgn (x2)). Although this function is
not C' in the Euclidean sense, observe that X;u = 0 for every x,zs € €. Hence,
this is an example of a minimal surface which is not smooth but which can be
differentiated indefinitely in the direction of the Legendrian foliation.

The regularity theory for intrinsic minimal surfaces in H"™ with n > 1 is quite
different. In the recent paper [6] we show that any Lipschitz continuous vanishing
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FIGURE 1. in the left a grey level image is represented. In the
middle the lifting process of a level line, and in the right the lifting
of the whole domain

viscosity minimal intrinsic graph in H", n > 1 (defined through the Riemannian
approximation scheme) is smooth in euclidean sense. The main reason is that in
higher dimension the horizontal tangent bundle generates as a Lie algebra the full
tangent bundle, while this does not happen in the n =1 case.

2. APPLICATION TO VISUAL PERCEPTION

We will apply the previous theory to visual perception. Instruments of differen-
tial geometry for the description of the visual cortex have been introduced for the
first time by Hoffmann [23]. After that the cortex has been described as a Lie group
with a subriemannian metric by [25] [10], and more recently new models have been
proposed by [35] [30].

A image can represented as a C! function I : D € R? — R. We can as well
assume that in a neighborhood of a given point any level line of the image I can
be represented as a function x4 = f(z1).

There is a strong neurophisiological evidence that the cells which start the elab-
oration of the visual signal are the simple cells of the visual cortex. Experiments
nowadays classical (see[24]) ensure that the simple cells are able to detect at every
point (z1,x2) the direction tangent to the level lines of the image I. If we set
w(zy1,x2) = f'(x1), then the tangent vector will be represented as

X1 = 0z +u(x1,22)04,

Each point (x1,z2) is lifted to the 3D point (u(x1,22),21,22). Any level line is
lifted to a curve in the 3D space, and the whole domain D to a graph {(z¢, z1,22) :
zo = u(xy,x2)} C R®. Let us call Z; = 0, + x90,, the vector obtained from X;
with the substitution v = z¢ and let us call Zy = 0,,. By definition the tangent
vector to each lifted curve lie on the plane generated buy the vector Z; and Zy. The
integral curve of the vector Zo = 0., = [Zp, Z1] are not present in the lifted surface.
Hence the lifted curves define a subbundle of the tangent bundle Vi = span(Zy, Z1),
of dimension 2. Since [V1, V1] = span(Zs3), the Lie algebra generated by Zy and Z;
is an Heisenberg algebra and the graph of the function wu is a regular intrinsic graph
in the Heisenberg setting.

If a small part of the lifted image is missed, the brain is able to reconstruct
the missing surface, with a filling in neural mechanism, which can be explained
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in [10] via the minimization of the Area functional, which is the natural energy
functional associated to the lifted surface. In other words the surface is completed
to a minimal graphs in the Heisenberg group.

Besides we lifted separately any level line: each level line has to be completed
separately. Indeed by Corollary 1.3 the minimal surface is foliated in geodesics,
each of which perform the completion of a single level line.

3. FRoM Lip To C1®

In this section we will always assume that u and f are fixed smooth functions
defined on an open set 2 of R%,and that v is a solution of the PDE L.u = f in Q.
In particular we remark that

(3.1) [ull oo () + IVeull e @) + 102ul| L= @) < o0,
and we set
(3.2) M = ||ul|L= (o) + [Veull L @) + |02ul|L=(q) -

We will use the notation W21P(Q), p > 1 to denote the Sobolev space corre-
sponding to the norm ||y 10 q) = [¢llLr (@) + IVe@lLr (). For simplicity, unless
we want to stress the dependence on wu, we will simply write X;, X5 instead of
X1.4, X2, We will denote by WgP(€) the space of LP(€2) functions ¢ such that
Xlpe LP(Q) forall 1 <1 <k.

Using in full strength the nonlinearity of the operator L., we prove here some
Caccioppoli-type inequalities for the intrinsic gradient of u, and for the derivative
Osu. The main novelty of the proof is that putting together two intrinsic subelliptic
Caccioppoli inequalities we will end up with an Euclidean Caccioppoli inequality.
In this way we can obtain the Hdolder-regularity of the gradient via a standard
Moser procedure.

We first prove that if u is a smooth solution of equation (1.2) then its derivatives
Oou and Xpu are solution of new second order equation, defined in terms of vector
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fields:

L+[pP
Indeed a direct computation shows that

Lemma 3.1. the function z = Xxu with k < 2 is a solution of the equation

(3.4) M.z = fi(Veu)v® + foi(Veu) Xv® + X (fs4(Veu)v)
for suitable smooth functions fi and f;,;. The function v = Ou is a solution of
(3.5) M.z = fi(Vou)v® + fo;(Veu)oXiv® + X; (f3:(Veu)v?) .

Since the operator M. in (3.3) is in divergence form, it is quite standard to prove
the following intrinsic Caccioppoli type inequalities:

Proposition 3.2 (Intrinsic Caccioppoli type inequality). If u is a smooth solution
of (1.1), z denotes Xpu and v = dqu, then for every p there exists a constant C,
only dependent on p and the constant M in (3.2) such that for every ¢ € C§°

/ VE22P24% < © / P 4 [V
/ Ve < O / PS4+ [VEP) .

Next, we note that, from the previous Propositions one can derive a standard
Euclidean Caccioppoli type inequality

Proposition 3.3 (Euclidean Caccioppoli inequality). If u is a smooth solution of
(1.1) and z = X§ qu, with k < 2, then for every p # 1 there exists a constant C,
only dependent on p such that for every ¢ € C§°

(36) [1veper2e <c [ 41900P)
Proof. Tt is a consequence of Proposition 3.2 and the fact that the Euclidean
gradient can be estimated as
(3.7) |VE2? < |X1 02 — w0y (X1 0u)|? + [0p, (X1 0u) > < O(|Vuz? + Va2 +1) .
Using the Euclidean classical Euclidean Moser procedure we can now deduce:

Proposition 3.4. Let u be a solution of equation (1.2) satisfying (3.1). For every
compact set K CC ) then there exist a real number « and a constant C, only
dependent on the constant M in (3.2) such that

||u||W52,2(K) + ||32U||W;~2(K) + ||uHc,iva(K) <C.

In order to boostrap the previous argument, in all the intrinsic Sobolev spaces,
we will need a Caccioppoli type inequality for any solution of the equation M.z = f
(see also [5]):

Lemma 3.5. Let p > 3 be fized, let f € C*(Q), let u be a function satisfying the
bound (3.1) and let z be a smooth solution of equation M.z = f. There exist a
constant C which depend on p and the constant M in (3.2) but are independent of
e and z such for every ¢ € C§°(2), ¢ > 0,

(3.8) /IVE(\VEZI(”_”/Q)I%% SC</(\Vs¢l2+¢2)p+/|VaZ|p“/2¢2p+
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+ / X (Bu) P6?P + / PP (Vo0 + 6%) 622 + / V20| Vo2P g
+ [1vtpivarte s [ \VEu||vgz|p*1¢2p*\v5¢|> |

4. WP A PRIORI ESTIMATES

loc
The equation L.u defined in (1.2) can be represented in non-divergence form
2
(41) Ngu = Z aij(Vgu)X,-Xju 5
i=1
where a;; are defined in (3.3). Following the approach in the papers [11, 14] we
linearize the operator N. in the following way: While the coefficients of the vector
fields X; depend on a fixed function u, they will be applied to an arbitrary function
z, sufficiently regular. The associated linear non divergence form operator is
2
(4.2) Newz = Z aij(Veu) X u Xjuz -
i=1
The main result of this section is the following

Theorem 4.1. Let us assume that z is a classical solution of N, ,z = 0.

(7) Let us assume that a €]0,1[, p > 10/3 and for every K CC Q there exists a
constant C' such that

lullcra iy + 1022 Lo iy + 102Xzl L2(x0) + IV22| L2(k0) < C'

Then for any compact set K1 CC K, there exists a constant Cy only dependent on
K, C, and on the constant in 3.2 such that

HZHWEQ’IO/S(KQ S Cl .
(i2) If, in addition to the previous conditions, we assume that a > 1/4 and there
exists a constant C' such that

102X 2] 1 k) < c,

then for every p > 1 there exists a constant Cy only dependent on C' and C and p
such that

I2lwz ) < €1

4.1. Lifting and freezing. The linear operator V., can be interpreted as an uni-
formly elliptic operator, with least eigenvalue depending on €. It is well known that
this approximating operator has a fundamental solution, but its estimates strongly
depend on . In order to obtain estimates uniform in £ we further approximate
it with an Hérmander type operator, a sum of squares of vector fields, which has
a similar behavior in the direction X; ,, but for which the direction 05 is the di-
rection of one of the commutators (a step-three commutator). The idea is to use
a new version of the famous Rothschild and Stein lifting theorem, only partially
inspired to the procedure in [32]. We introduce a new variable s and define a new
vector field X3 = 9. Then we lift the initial vector fields X7, X5, X3 to the vectors
X1 + 52Xy, X5, X3 in Q x R. Clearly the new vector fields reduce to the initial
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ones for s = 0, but the couple X + s2X5, X3 satisfy a nonlinear Hérmander type
condition at every point in 2 x R.

In order to deal with the non-smoothness of u, we will also operate a freezing:
we approximate the coefficients of the vector field X; with their first order Taylor
polynomials. If g = ((x0)1, (x0)2) € Q is a fixed point, then for all z € 2, s € R
we define exponential coordinates (e1(z, s), ea(z, s), es(z, s)), based at (x¢,0), via
the formula

(4.3) (T,8) = exp (g, 0y (€1(z, 8) (X1 + 52 Xo) + ea(x,8) Xa + ez, ) X3) .
With these notation the first order Taylor polynomial of w is

1
(4.4) P, u (x) = u(xg) + er(x) X1u(zo,0) + e2(2) Xau(wo,0) .

At this point we introduce an appropriate freezing of the vector fields by defining
(4.5) X100 = O0py + (P u(x) + 5°)00y, Xowy =€0p, and Xz =0; .

Observe that {X1 4., X34, } is a distribution of smooth vector fields satisfying Hor-
mander’s finite rank hypothesis with step three. We denote by dg, (-, -) the corre-
sponding Carnot-Carathéodory distance and remark that the homogeneous dimen-
sion of the space is 5. We also need the Riemannian distance function dy, «(:,-)
defined as the control distance associated to {X1 4, X2,20s X3,4, 1 It is well known
(see for instance the discussion in [7, Section 2.4] that (R®,d, ) converges in the
Gromov-Hausdorff sense to (R, d,,). In particular one has that for each fixed x
and s, then dg, .((z, ), (20,0)) — da,((2, ), (20,0)) as ¢ — 0. Moreover the vol-
ume of the balls B.((z¢,0), R) in the d,, . metric converges to the volume of the
limit Carnot-Caratheodory balls, i.e. |B:((z0,0), R)| — |Bo((20,0), R)| as € — 0.

The freezing process allows to introduce “frozen” sub-Laplacians operators N¢ ,
formally defined as N ., but in terms of the smooth vector fields X7, instead of
the original non-smooth vector fields X;. Precisely

3
Ne,zoz = Z aij(vEu(xO))XiaIOXj@oz .
i,j=1

N¢ z, is an uniformly elliptic operator with C'*° coefficients, which can be con-
sidered the elliptic regularization of an uniformly subelliptic operator. The linear
theory yields that it has a fundamental solution I'. ,, (see [21], [27] and [3]). Precise
estimates of I'c ;, have been established in [27] and [3], while in [13] it is proved
that it locally satisfies natural growth estimates, with constant independent of €.

Proof of Theorem 4.1. Extend both u and z to be functions defined on 2x (—1,1)
by letting them be constant along the s variable. For any ¢ € C§°(Q x (—1,1)),
&€ Nand s € (—1,1), the product z(§)¢(&, s) can be represented as

AQUEN = [ TUE () (> Nerstt

2
+ Z ij(20) (Xi 202 Xj 209 + Xj,zoZXi,zo¢’)) d¢+

ij=1

+ / Tesy (£, 9), (C, 0)) 9(C) 6(C, o) dCdo+
Qx(—1,1)
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2

t2 /M-m) Pezo((6:5), (¢ 0)) (@5 (o) = 815()) XiuX;2(C) 6(C) dldor~

S agle0) [ Tennl(€9),(60) (1(0) ~ PLu(@) %) »
x 02X ,2(€) ¢(¢,0) dCdo+
£ an) [ X9 (60)) (4(6) — Phu(€) =)
x002() 6¢,0) dcdo+

2
#3anle) [ Ten (69 (60)) (u(0) — Phu(0) - 0?) x

i=1 Qx(—-1,1)
XaQZ(C) Xi,zo¢(€7 O') dCdU .

In order to simplify notations we have set @;;(¢) = a;;(Veu((¢)). Differentiating this
representation formula, and using the estimates independent of e of the fundamental
solution, we obtain the proof of the main result of the section Theorem 4.1.

5. A PRIORI ESTIMATES FOR THE NON-LINEAR APPROXIMATING PDE

We now return to the equation
L.u=0.

Let u be a smooth solution satisfying (3.1). In view of Proposition 3.4 and Theorem
4.1 (i) we have the following statement: for every open set 3 CC Q there exists
a positive constant constant C' which depends on € and on M in (3.2), but is
independent of € such that

(5.1) ||uHWf’1°/3(S21) + HaguHW;,z(Ql) + ||u||C;5,a(Ql) <C.
Let us first establish an interpolation property:

Proposition 5.1. For every p > 3, for every function z € C®(Q) there exists
a constant C,, dependent on p, the constant M in (3.2) such that and for every
¢ € C§°(Q), and every § > 0

/‘XZ_Z|P+1¢2P < C/ (Zp+1¢2p + 22‘Xiz‘p—l¢2p—2‘Xi¢|2) +
+C [ X2 X SYaf g

where 1 can be either 1 or 2.

Proof. We have
/\Xiz\”l(bz” = /Xiz|Xiz|”sign(Xiz)¢2” =
(integrating by parts and using the fact that X7 = —X; — Oou and X5 = —X5)

(5.2) = */82’LLZ|X1'Z|pSigH(X¢Z)¢2p*p/ZXi22|X7;Z|p71¢2p7

2 / 2| X2 Pign(X,2) 6% Xy <
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(by Holder inequality)

g% /(zp+1¢2p+22|Xz|p_1¢)2p_2|Xi¢|2) +6/|Xiz\p+1¢>2p+

C
+5 [IPREsP Xl -og
choosing ¢ sufficiently small we obtain the desired inequality.

Next step is the higher integrability of the Hessian of u. The proof rests on
the estimates obtained from Theorem 4.1 and an euclidean Caccioppoli inequality
(obtained putting together two intrinsic Caccioppoli type inequalities).

Lemma 5.2. Let u be a smooth solution of equation (1.1) satifying (3.1) and
denote v = Oou. For every open set 3 CC Q, for every p > 1 there exists a
positive constant C which depends on Q1, p, and on M in (3.2), but is independent
of € such that

[[ul + I Vevlfa,) < C-

P
W2P(Q)

Proof. We can apply Lemma 3.5 with p = 3 to the function v = dyu and deduce
that

(5.3) /|v§v\2¢6 <O+ 0 (/ IV o[ +1/265 1
+ [ 9]+ V275625V + )71+
+ [192va 4 [P+ 19V
It follows that
C C
(5.4) [ivzper < [t o [1vapie+
Analogously, if we set z = Xju, or z = Xou, we have
(55) Jivpe <2 [+ Sac [1vaps.
Using Lemma 5.1, (5.4) and (5.1), we obtain immediately
C
/\V€v|4¢6 <Ci+ 02/|v§v\2¢6 <G+ 72 /\V§u|4¢6 + 5/ |V.ool*¢f .
Hence

(5.6) /|V€v|4¢>6 < Ci+Cy / V2065

Consequently, from the latter and (5.5) we deduce that

(5.7) [ vl < i [ 9t
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Next, from the intrinsic Caccioppoli inequalities (5.6) and (5.7) we deduce an
Euclidean Caccioppoli inequality: note that

IVEX 2| < | X7z + Col0aX 12| < | X72| + Calvdaz| + Co| X1092| <
(since Orz = 9o X1u = v% + X1v)
< V22| 4 Co| V20| + Co|Veov| + Cs .
From the latter and (5.6) and (5.7) we infer

(5.:8) /WVEVwP¢6§C&(/ﬂvﬁ¥¢6+/Wv§ﬁ¢6+1>s

SQ/WM%MCL

Now we can apply the standard Euclidean Sobolev inequality in R? and obtain

1/3
(/(Ivszlfbg)ﬁ) < Cz/IVE(VEw?’)F < CQ/|VEZ|4¢6+C'1 <

(using Holder inequality )
2/3

1/3
316 3
< Cy (/(|ng|¢ ) ) (/Suww |Vez| ) +C .

By (5.1) and the fact that |V.z| < |V2u|, we already know that |V.z| € L} .. In

loc*
fact
3/5

2/3
/ veeP) < / V.2['93)  Jsupp(é)] V" .
supp(¢) supp(¢)

Recall that Cy does not depend on |V.¢|. If we choose the support of ¢ sufficiently
small, we can assume that the integral [ upp(6) |V.z|? is arbitrarily small. Tt follows

that
1/3
(/ﬂvﬂw%ﬁ <o

ﬂwwwga.

But this implies that |Vg(V.u)| < |[VZu| 4+ |V +0v? € L{ . This implies, buy

loc*

the standard Euclidean Sobolev Morrey inequality in R? that
Veu € 0115/ 2,

and consequently, by (5.6)

By Theorem 4.1 (ii) it then follows that for every r > 1 there exists a constant
C > 0 independent of & such that

IV2ullw=r < Ci -
g

Using a quite delicate bootstrap argument, we can now deduce the main result
of this section which is the following a priory regularity estimates for solutions of
the approximating non linear equation:
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Theorem 5.3. Let u be a smooth solution of equation (1.1), satisfying (3.1). For
every open set 3 CC Q, for every p > 3, and every integer m > 2 there exists a
constant C which depends on p,m Q1 and on M in (3.2), but is independent of €
such that the following estimates holds

(5.9) lullwme @,y + O2ullwmr @,y < C .

6. ESTIMATES FOR THE VISCOSITY SOLUTION

In this section we turn our attention to the proof of regularity for vanishing
viscosity solutions u of equation (1.1). The regularity is expressed in terms of the
intrinsic Sobolev spaces Wé€ "P(Q) and rests on the a priori estimates proved in the
previous section in the limit € — 0.

Let u be a vanishing viscosity solution, and (u;) denote its approximating se-
quence, as defined in Definition 1.1. For each ¢; and function u; we set X; ; =
01 +1;0y,, Xa; = €0y, the corresponding vector fields, and let V., and WEkj*p(Q)
denote the natural gradient and Sobolev spaces. We also let u , X7 = 01 + u0s,
and Vo = (X7,0) denote the coefficients and vector fields associated to the limit
equation and the limit solution u, while Wéc () will be the associated Sobolev
space. Note that Vg and ng (©) are the usual gradient and Sobolev space.

Theorem 6.1. Let u € Lip(Q) be a vanishing viscosity solution of (1.1), and set
vj = Oquj. For every ball B(R) CC Q and p > 1 there exists a constant C' > 0
such that

(6.1) ||v5juj“Wé’p(B(R)) +lvjll Lo (B(r) + ||”j||ngz2(B(R)) <C
and
(62) Xl,juj — Xu , ngjUj — 0

as j — +oo weakly in WE’EOC(Q). Moreover equation (1.1) can be represented as

X2%u =0 and is satisfied weakly in the Sobolev sense, and hence, pointwise a.e. in
Q, i.e.

/XuX*qu:O for allp € C5°(R) .
Q

Proof. The uniform bound on ||v;|| e (p(r)) follows from the definition of van-
ishing viscosity solution. The bound on [[vjlly1.2 Ry is @ consequence of (5.9).

To prove the remaining estimate observe that for any function w: 0,X; jw =
X1,j0ow + Opu;0w. Substituting w = u; and in view of (5.9) we see that there ex-
ist positive constants C, C depending only on the uniform bound on ||v;|| s (B(r))
such that for any p > 1,

(6.3) 101Ve,ujllr(Br)) + 102Ve,ujllLr(B(r) <
<X Ve uilleBry) + 11+ ui|)02Ve,ujlLe(sry) <

< HujHWS-P(B(R)) + Cl”’”]'HWEl’P(B(R)) +C <0,

for a new constant C' > 0 independent of j. The weak regularity of v and the weak
Sobolev convergence follow in a standard fashion.
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Next we address the PDE: since for every j the approximating solution u; is of
class C'™ then we can use the non divergence form of the equation

2
Z ahyk(VjUj)Xh’ij’jUj =0.
h,k=1

Here
anx(Vjiu;) = api(Vou) = 0p10k1  in LP ,  and Xy ju; — Xu, Xoju; — 0

as j — +oo weakly in VVlif(Q) Hence letting j go to oo in the non divergence

form equation we conclude that X2u = 0 in the Sobolev sense.
O

An analogous result holds higher order derivatives:

Proposition 6.2. For every k € N for every p > 1 and for every multiindex I of
length k, the sequence (ng u;) is bounded in Wé’ffoc(Q)‘ Moreover

X{“,juj — Xku,  and Xf,juj — 0
weakly in Wé’p(Q) as j — oo. We will express this convergence in the notation
nguj — Dlu as j— 400, weakly in WP(Q) .
We can now prove the main regularity properties of the limit function u:

Proposition 6.3. For every k, and for every p > 1 the function z = X*u belongs

to Wé’l'oc(Q) and it is an a.e. solution of X%z =0 in O. In particular

(6.4) Xkuecp () foreverya,0<a<1.

Proof. Since u is a vanishing viscosity solution of X2u = 0 in (2, then Proposition
6.2 implies X2u € Wé’foc(Q) for all p > 1. As X?u = 0 a.e. in (2, then a simple
iteration shows that all the derivatives X2X%u vanish a.e. in Q. The Hélder

regularity (6.4) follows from the classical Morrey-Sobolev embedding theorem.
O

We can now give a new pointwise definition of derivative in the direction of vector
fields X7 and X5.

Definition 6.4. Let X be a Lipschitz vector field on Q2 and let & € Q and v be a
solution to problem ' = X (y). We say that a function f € C{.(), with o €]0, 1],
has Lie-derivative in the direction of the vector field X in &, if there exists

d
%(f © ) |h=0 »
and we will denote its value by X f(&o).

If the weak derivative of a function f is sufficiently regular, then the two notions
of derivatives coincide. For the proof of the following result see [11, Remark 5.6].

Proposition 6.5. If f € C2_(Q) for some a €]0, 1] and its weak derivatives X f €
CE.(2),0,f € LY () with p > 1/, then for all £ € Q the Lie-derivatives X f(&)

loc
exist and coincide with the weak ones.
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We are now ready to prove the result concerning the foliation.

Proof of Corollary 1.3. The equation v/ = X () has an unique solution, of the form

V(@) = (z,y(z))

where y/(x) = u(z,y(z)). In view of the regularity of v and of the previous propo-
sition then y”(z) = Xu(z,y(x)), and ¥ (x) = X?u(x,y(z)) = 0. This shows that
v is a polynomial of order 2 and concludes the proof.
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