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Some recent results and open questions in two-phase
free boundary problems

Sandro Salsa

To Ermanno Lanconelli for his 65th birthday

Abstract1. We give a brief survey of recent results obtained in joint papers with Fausto

Ferrari, concerning the regularity of the free boundary in general free boundary problems

for elliptic operators. Moreover we discuss some of the relevant questions that remains

open. In particular, very little is known about evolution problems of Stefan type.

1. Introduction

In this survey we present some recent results concerning free boundary problems,
for both elliptic and parabolic operators. These kind of problems arise in several
context and range from constraint energy minimization to phase transitions, from
Finance to flow in porous media. We will be mainly concerned with problems in
which the state variable can assume two phases and our emphasis will be on the
optimal regularity of viscosity solutions and their free boundaries.

At the same time, we shall single out some questions that are still open, especially
regarding evolution problems, and that in our opinion are quite important, also in
view to the application to non linear operators.

2. Elliptic free boundary problems

Starting from the elliptic case, we are interested in the following free boundary
problem (f.b.p. in the sequel) and in its weak solutions in the sense of viscosity.

In the unit ball B1 ⇢ Rn we are given a continuous function u satisfying
i)

(1) L1u = 0 in ⌦+(u) = {x 2 B1 : u(x) > 0}

(2) L2u = 0 in ⌦�(u) = {x 2 B1 : u(x)  0}� .
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Here, L1 and L2 are uniformly elliptic operators with ellipticity constant ⇤, of one
of the following type (j = 1, 2):

Lju = Tr
�

Aj(x)D2u
�

+ bj(x) ·ru

or

(3) Lju = �j(x,ru,D2u)

or
Lju = div (Aj(x)ru) + bj(x) ·ru ,

where
Aj(x) = (aj

ik(x)), bj(x) = (bj
1(x), · · · , bj

n(x))
and D2u is the Hessian matrix of u.

ii) Along
F (u) ⌘ @⌦+(u) \ C1

(the free boundary), the following condition holds:
a) if at x0 2 F (u) there is a ball B such that

B ⇢ ⌦+(u) , B \ ⌦+(u) = {x0}
then, near x0,

(4) u+(x) � ↵ hx� x0, ⌫i+ + o(|x� x0|) in B , (↵ > 0) ,

(5) u�(x) � � hx� x0, ⌫i� + o(|x� x0|) in CB , (� � 0) ,

with equality along every nontangential domain in both cases, and

(6) ↵  G(�) ;

b) if at x0 2 F (u) there is a ball B such that

B ⇢ ⌦�(u) , B \ ⌦�(u) = {x0}
then, near x0

(7) u�(x) � � hx� x0, ⌫i� + o(|x� x0|) in B , (� > 0)

(8) u+(x)  ↵ hx� x0, ⌫i+ + o(|x� x0|) in CB , (↵ � 0)

with equality along every nontangential domain in both cases and

(9) ↵ � G(�) .

The conditions (4)-(9) where ⌫ is the interior unit normal to @B at x0, express
the free boundary relation u+

⌫ = G(u�⌫ ) in a viscosity sense; in case a) (resp.b)) we
say that x0 2 F (u) is a right (resp. left) regular point. In particular, conditions
(6) and (9) correspond to a supersolution and subsolution condition, respectively.
Accordingly, we call u a viscosity solution of our f.b.p. (see [13], Ch. 4).

The main hypotheses on G are:

i) The function
z 7�! G = G(z, x, ⌫)

is continuous, strictly increasing in z

ii) for some N > 0, the function

z 7�! z�NG(z, x, ⌫)
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Figure 1.

is decreasing in (0,+1).

Typical examples comes from constraint minimization problems as

min
Z

B
1

aij(x)uxi
uxj

+ q(x)�{u>0}

over u 2 g + H1
0 (B1), with q � c > 0 a.e. Here the free boundary condition takes

the form
�

u+
⌫⇤

�2 �
�

u+
⌫⇤

�2 = q(x)
where ⌫⇤ denotes the conormal derivative in the direction of the positive phase.

Other examples arise from singular perturbation theory, e.g. as a limiting prob-
lem when " ! 0 for

�u" + b(x) ·ru" = �"(u)
where

supp (�) ⇢ [0, 1] ,

Z

R
� = 1 �"(s) = "�1�

⇣s

"

⌘

.

Here the free boundary condition of the limiting problem takes the form
�

u+
⌫

�2 = 2 .

3. Existence

The main issues arising in a f.b.p. are existence and optimal regularity. Due to
the highly non linear nature of the problems, hardly uniqueness has to be expected
(see [1]). Clearly, given the jump of the gradients across the free boundary, the
optimal regularity of the solution is expected to be Lipschitz continuity.

Quite important is the analysis of the free boundary, also in order to establish
how classical are viscosity solution. By a classical solution u we mean a C1-function
up to the free boundary F (u) from both sides, satisfying the free boundary condition
in a classical pointwise sense. We may split the analysis of F (u) according the
following diagram., where by weak results we mean the basic geometric measure
properties, such as F (u) to be a set of finite perimeter.

By weak results we mean the basic geometric measure properties, such as F (u)
to be a set of finite perimeter. A flatness condition may be given in several ways.
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Figure 2.

Typically, a surface is "�flat in a neighborhood of one of its point if after a blow-up
can pe trapped within two hyperplane at distance ". For instance, this happens
near a di↵erentiability point. Another way to state a flatness condition appears in
Theorem 3 below.

Let us consider now the existence theory and weak regularity. In [11] Ca↵arelli
consider the case

L1 = L2 = div (A(x)r)

with A Hölder continuous and the non-degeneracy condition G(0, ⌫, x) � c > 0.
His main result is the following

Theorem 1. Given a Lipschitz domain ⌦ and g 2 C(@⌦), there exists a viscosity
solution u 2 C(⌦) with u = g on @⌦. Moreover, u is Lipschitz in ⌦, ⌦+(u) is a set
of finite perimeter and

(10) 0 < ↵1 
u+(x)

dist (x, F (u))
 ↵2 .

Notice the linear growth of the positive part of th solution expressed by the left
inequality in (10). Ca↵arelli uses a Perron method. Indeed a solution is given by

u(x) = inf
v2S

v(x)

where S is a class of continuous supersolutions v in ⌦ such that v � g on @⌦ and
that F (v) is regular from the left.

This result has been extended by P.Y. Wang in [23] to the case L1 = L2 =
F

�

D2u
�

with F concave.

Open problem 1. Existence for L1 = L2 = F
�

D2u,Du
�

with F non concave in
the Hessian matrix and even for the linear case L1 = L2 = Tr

�

A(x)D2u
�

+b(x)·ru.

Let us see what constitutes the main obstruction in extending Ca↵arelli’s method.
The key tool is the following monotonicity formula of Alt, Ca↵arelli and Friedman
(see [2]).
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Theorem 2. Let u = u+ � u� be such that div (A(x)ru±) � 0 in B1, with
u+(0) = u�(0) = 0. Assume that A is Hölder continuous with exponent ↵. Then
for, say, 0 < r  1/2, and some constant c > 0, the function

�(r) = r�4e�cr↵

Z

Br

|ru+|
|x|n�2

dx

Z

Br

|ru�|
|x|n�2

dx  c(n)kuk4L1(B
1

)

is increasing and
�(r)  c(n)kuk4L1(B

1

) .

Observe that if the supports of u+ and u� where separated by a smooth surface
with normal ⌫ at x = 0 then, by taking the limit as r ! 0, we could deduce that

�

u+
⌫ (0)

�2 �

u�⌫ (0)
�2  �

✓

1
2

◆

so that, “morally” �(r) gives a control in average of the product of the normal
derivatives of u at the origin.

It seems to be hard to extend the above theorem to non-divergence form op-
erators. It can be proved in some spacial cases under additional hypotheses; for
instance if the two supports are separated by a Lipschitz surface then Theorem 1
holds. Thus:

Open problem 2. To prove a monotonicity formula for nondivergence form
operators with Hölder coe�cients.

4. Regularity: strong results

The regularity theory for the Laplace operator has been developed by L. Ca↵arelli
in the well known and by now classical papers [9], [10].

In particular the Lipschitz implies C1,↵ part is contained in [9] while the flat
implies Lipschitz part is shown in [10]. In these papers Ca↵arelli sets up a general
strategy to attak the regularity of the free boundary.

Briefly, for instance, the strategy of the proof in [9] consists of the following main
steps. Starting from a Lipschitz graph, one shows that in a neighborhood of F (u)
the level sets of u are still Lipschitz graph, locally in the same direction. Then one
improves the Lipschitz constant of the level sets of u away from the free boundary.
Here Harnack inequality applied to directional derivatives of u plays a major role.
Then the task is to carry this interior gain up to the free boundary. Here Ca↵arelli
introduces a powerful method of continuity based on the construction of a family of
continuous subsolutions, on which we will came back later on. Finally, by rescaling
and iterating the last two steps, one obtains a geometric decay of the Lipschitz
constant, which amounts to the C1,↵ regularity of F (u).

After 10 years M. Feldman (see [15]) considers anisotropic operators with con-
stant coe�cients and extends to this case the results in [9].

P. Y. Wang manages to extend the results both in [9] and [10] to a class of
concave fully non linear operators of the type F (D2u) (see [24]). One year later
Feldman (see [17]) considers a class of non concave fully non linear operators of the
type F (D2u,Du). He shows that Lipschitz free boundaries are C1,↵ thus extending
the results in [9].

The first papers dealing with variable coe�cient operators are by Cerutti, Fer-
rari, Salsa (see [12]) and by Ferrari ([15]). They consider respectively, linear elliptic
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operators in non-divergence form and a rather general class of fully nonlinear op-
erators F (D2u,Du, x), including Bellman operator for instance. Basic tool is the
potential theory developed in [14]. One of the main di�culty in extending the the-
ory to variable coe�cients operator is the fact that no directional derivative satisfy
a nice elliptic equation. A fact on which all the above papers heavily rely.

A refinement of the techniques in [12] leads to the following results (see [18]),
where the drift coe�cient is merely bounded measurable.

Theorem 3. Let u be a weak solution of our free boundary problem in B1, where
Lju = Tr

�

Aj(x)D2u
�

+ bj(x) ·ru, j = 1, 2. Suppose 0 2 F (u) and that
i) Aj 2 C0,a(C1), 0 < a  1, bj 2 L1 (B1).

ii) 0 < ↵1 
u+(x)

dist (x, F (u))
 ↵2.

iii) G(0, ⌫, x) � c > 0.
There exist 0 < ✓ < ⇡/2 and " > 0 such that, if for 0 < " < ", F (u) is contained in
an "-neighborhood of a graph of a Lipschitz function xn = g(x0) with

Lip(g)  tan
⇣⇡

2
� ✓

⌘

then F (u) is a C1,↵-graph in B1/2.

Condition ii) expresses a nondegeneracy of u+ at the free boundary while being
trapped in a neighborhood of two Lipschitz graph with samall Lipschitz constant
is another way to express a flatness condition. Thus flatness and nondegeneracy
imply smoothness.

Under the same hypotheses on the operators, we can also prove that Lipschitz
free boundary are smooth. Namely:

Theorem 4. Let u be a weak solution of our free boundary problem in B1, where
Lju = Tr

�

Aj(x)D2u
�

+ bj(x) ·ru, j = 1, 2. Suppose 0 2 F (u) and that
i) Aj 2 C0,a(C1), 0 < a  1, bj 2 L1 (B1).

ii) ⌦+(u) = {(x0, xn) : xn > f(x0)} where f is a Lipschitz continuous func-
tion with Lip(f)  L.

iii) G = G(z) is continuous, strictly increasing and for some N > 0, z�NG(z)
is decreasing in (0,+1).

Then, on B0
1/2 ⇢ Rn�1, f is a C1,� function with � = �(n, N, L,⇤, a).

Theorem has been recently extended to the same class of fully nonlinear operators
considered in [15] by Argiolas and Ferrari (see [3]).

We draw two consequences from the above theorems.

Corollary 5. The conclusion of Theorem 4 holds if L1 = L2 = div (A(x, u)ru)
with A Lipschitz with respect to all its arguments.

The other application is to the minimal solution constructed in [11]:

Theorem 6. Let u be the minimal viscosity solution constructed in Theorem 1.
Assume A = A(x) is Lipschitz. Then, if x0 2 @red⌦+(u) \ B1/2, F (u) is a C1,↵-
graph in a neighborhood of x0.
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Thus the theory of viscosity solution of general free boundary problems for di-
vergence form operators can be considered quite satisfactory, at least in the case of
Lipschitz coe�cients.

Open problem 3. Regularity of the free boundary in the case of divergence
form operators with Hölder coe�cients.

Let us see what is the main di�culty in dealing with divergence form operators
with Hölder coe�cients.

Let us go back to the continuation method used by Ca↵arelli in [9] to carry up to
the free boundary the interior decay on the Lipschitz constant. The key point is the
construction of a family of subharmonic functions, constructed as the supremum of
an harmonic function over balls of variable radius. Here is the main question: given
a non negative function u, harmonic on its support. Let g be a smooth function,
1  g  2, and define

vg(x) = sup
Bg(x)

(x)
u :

Under which condition on g is vg subharmonic on its support?
The answer is the following di↵erential inequality:

(11) g�g � C(n)|rg|2 .

The situation in the variable coe�cient case is much more involved. For instance, if
we have a non negative function u such that Lu = Tr

�

A(x)D2u
�

+ b(x) ·ru = 0 on
its support, the condition that g has to satisfy in order to make vg an L�subsolution
on its support takes the following form:

(12) Lg � C(n, ⇤)
⇢

|rg|2 + !2

g
+ kbkL1

�

where ! is the modulus of continuity of A computed at max g/⇤.
There are two main draw-backs in condition (12) with respect to its constant

coe�cient counterpart.
The first one is fact that it is not homogeneous with respsct to g; this causes the

need of a delicate balance between rescaling and decay of the Lipschitz constant of
the level sets of u in the iteration procedure to carry the interior gain to the free
boundary.

The second one is that the proof is intrinsecally non-divergence and so far any
attempt to find a proof for divergence form operator with Hölder continuous coef-
ficients has failed (see [19] for a more divergence form oriented proof).

5. Evolution free boundary problems

We consider now evolution free boundary problems. Formally one seeks for a
function in a space-time cylinder CR = BR ⇥ (�R2, R2) such that

L1u = 0 in ⌦+(u) and L2u = 0 in ⌦�(u)

and

V⌫ = � u+
t

�

�u+
⌫

�

�

= �G
�

u+
⌫ , u�⌫ , ⌫, x, t

�

on F (u) = @⌦+(u) \ CR, the free boundary.
Here

Lj = Lj �Dt
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where
Lju = Tr

�

Aj(x, t)D2u
�

+ bj(x, t) ·ru

or
Lju = �j(x, t,ru, D2u)

or
Lju = div (Aj(x, t)ru) + bj(x, t) ·ru

are uniformly elliptic operators. In the free boundary condition ⌫ = ru+/|ru+|,
so that V⌫ represents the speed of the free bondary in the positive phase direc-
tion. Typical example come from the classical two-phase Stefan problem where
G (u+

⌫ , u�⌫ , ⌫, x, t) = u+
⌫ � u�⌫ .

We require that G is Lipschitz continuous with respect to all its arguments,
strictly increasing with respect to u+

⌫ and strictly decreasing with respect to u�⌫ .
By classical supersolution resp. (subsolution) of the above problem we mean a

smooth function v in both ⌦+(u) and ⌦�(u), Lj-supercaloric (resp. subcaloric)
whose free boundary is a smooth surface, satisfying the free boundary condition
V⌫ � �G (u+

⌫ , u�⌫ , ⌫, x, t) (resp. �) in a pointwise sense. The inequality in the free
boundary condition reflect the fact that for a supersolution (subsolution) the speed
V⌫ has to be smaller (greater) than the one of a solution sharing the same data on
the parabolic boundary @pCR of CR.

We shall deal with viscosity solutions that we introduce below.

Definition. A continuous function u in CR is a viscosity subsolution (respectively
supersolution) if for every subcylinder Q ⇢ CR and every classical supersolution
(respectively subsolution) in Q, u  v on @pCR (respectively u � v) implies u  v
in Q (respectively u � v). The function u is a viscosity solution if it is both a
viscosity sub and a super solution.

For an evolution problem we can pose the same questions on existence and
regularity issues, both for the solution and the free boundary. Here other important
questions are related to the asymptotic behavior for t ! +1, for instance.

The theory so far can be considered rather satisfactory only in the case of the
Heat equation. In particular, existence (and also uniqueness) is known only for the
classical Stefan problem. So:

Open problem 4. To prove the existence of a viscosity solution with given data
on @pCR.

Now we come to the regularity questions. Also here the understanding of the
problem is well developed for the heat operator. In a series of papers Athanasopou-
los, Ca↵arelli and Salsa obtain the following results.

Optimal regularity of the solution (see [6]). If F (u) is locally a Lipschitz
graph both in space and time then u is Lipschitz across F (u). Note that there are
counterexamples showing that in general the solution in the two phase Stefan prob-
lem is not Lipschitz (see [21]). We point out that, although the heat equation scales
parabolically, the free boundary condition is invariant under Hyperbolic rescaling,
so that Lipschitz continuity in space and time (rather than Lipschitz in space, 1/2
Hölder in time) appears as an appropriate hypothesis for F (u). We will come back
on this question.
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Figure 3.

Lipschitz free boundaries are smooth? This is not true in general as two
counterexamples show: one is a one-phase case in dimension n = 2, in which u� ⌘ 0
(see [22]), the other one is a true two-phase Stefan problem in dimension n = 3 (see
[7]). Thus the situation is quite di↵erent with respect to the stationary case.

Let us describe the one-phase counterexample. Consider the function

w(⇢, ✓, t) = ⇢g(t){cos [g(t)✓]}+

where ⇢, ✓ are polar cohordinates in the plane and g is a decreasing function greater
than 2.

If R is chosen su�ciently small, depending on g, then w is a supersolution of
the one-phase Stefan problem in CR. At the origin, F (w) shows a persistent corner
with an angle less than ⇡/2 , since g > 2, and the heat flux there is zero (from both
sides of F (w)).

Let now u be the solution of the one-phase Stefan problem in CR with u = w on
@pCR. Then u  w in CR forcing F (u) to have a persistent corner at the origin as
long as the angle stays less than ⇡/2.

The counterexample points out the main source of di�culties in studying this
kind of problems: the double homogeneity due to the parabolicity of the heat
di↵usion and the hyperbolicity of the free boundary condition. Indeed, the relation

V⌫ = �G
�

u+
⌫ , u�⌫ , ⌫, x, t

�

is invariant under hyperbolic dilations of the graph of u, that is under the transfor-
mation u ! u(�x, �t)/�, while a parabolic equation is invariant under the dilation
u ! u(�x, �2t)/�.

Also, a closer look to the conterexamples reveals that the obstruction to instan-
taneous regularization comes from two facts. The first is the simultaneous vanishing
of the two fluxes from both sides of the free boundary and the second is the largeness
of the Lipschitz constant in space of the free boundary.

Thus positive results can be given along two directions. First (see [7]), if F (u)
is locally Lipschitz and a non-degeneracy condition of the form u+

⌫ + u�⌫ � m > 0,
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in a suitable weak sense, then F (u) is a C1-surface, the time sections F⌧ (u) =
F (u) \ (t = ⌧) are Liapunov-Dini domains and the solution is classical. The main
strategy follows the lines of the elliptic case: improvement of the Lipschitz constant
of the level sets of u away from F (u), propagation of this interior gain to F (u),
rescaling and iteration.

Flat free boundaries are smooth. The same result can be achieved if we
ask that the Lipschitz constant in space is small. As a consequence it is possible to
prove an instantaneous regularization from flat initial free boundary and a waiting
time regularization phenomenon when the solution evolves in time towards a steady
state non degenerate solution.

The extension of the above results to variable coe�cients runs into complications,
much more serious with respect the elliptic counterpart. Other than the underlying
double homogeneity of the problem, the absence of any kind of invariance with
respect to the time variables constitutes a major source of di�culties.

In a paper still in preparation, Ferrari and Salsa prove the optimal regularity
of the solution under non-degeneracy and flatness conditions. The key point in a
control of ut by the spatial gradient, which is already a quite delicate estimate in
the case of the heat equation. On the other hand, in the case of time independent
operator this estimates carries out as in [6] and no flatness nor any non-degeneracy
condition is needed.

The analysis of the free boundary requires a potential analysis apparatus, de-
veloped in two very fine papers by A. Grimaldi and R.Argiolas (see [4] and [5]).
Among other results, they prove that the L�caloric measure in a Lipschitz (non
cylindrical) domain ⌦ in Rn+1 is an A1 weigth with respect to surface measure on
@⌦, a crucial fact assuring a common interior gain in the Lipschitz constant of the
level set of the solution from both side. In any case, the case of time dependent
coe�cients remains open.

Summarizing:
Open problem 5. Analysis of the free boundary, for linear operators with

Hölder continuous time-dependent coe�cients. To prove that under the stated
nondegeneracy conditions, the free boundary enjoys instantaneous regularization.
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