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Rectifiable sets in Carnot groups

Raul SERAPIONI

A Ermanno Lanconelli, amico e maestro

Abstract®. A general definition of intrinsic C'' submanifolds and of Lipschitz subman-
ifolds in Carnot groups is proposed. Intrinsic rectifiable sets, of general dimension and
codimension, are consequently defined.

1. INTRODUCTION

The notion of rectifiable set is a key one in calculus of variations and in geometric
measure theory. To develop a satisfactory theory of rectifiable sets inside Carnot
groups has been the object of much research in the last ten years (see e.g. [1], [2],
6], 7], [10], [11], [12], [16], [17], [19], [22]).

In this note a general approach to rectifiable sets in homogeneous stratified
groups (Carnot groups) is suggested. This approach generalizes the one introduced
by Franchi, Serra Cassano and the author in [12].

Rectifiable sets, in Euclidean spaces, are natural generalizations of C'! subman-
ifolds; in one of the possible equivalent definitions (see e.g. [8, 18]), k-dimensional
rectifiable sets in R™, 1 < k < n, are sets contained, but for a negligible subset, in
the countable union of k-dimensional C'! submanifolds of R™. In such a definition,
key roles are played both by the notion of C' submanifold and by the choice of the
measure with which the exceptional negligible set is evaluated. The measure used
is the k-dimensional Hausdorff measure. This is natural because relative open and
bounded subsets of C'! submanifolds of R™ have finite and positive k-dimensional
Hausdorff measure.

Hence, understanding C! submanifolds in Carnot groups is a preliminary task
in developing a satisfactory theory of rectifiable sets.

In this note (see Definition 5.1) intrinsic C! submanifolds of a Carnot group G
are defined as subsets of G that are, locally about any point, uniformly intrinsic
differentiable graphs of functions acting between complementary subgroups of G.
Let us then explain more precisely this idea.

1 Author’s address: R. Serapioni, Universita degli Studi di Trento, Dipartimento di Matematica,
Via Sommarive 14, 38050 Povo (Trento), Italy; e-mail: serapion@science.unitn.it .

The author is supported by GALA project of the 6!" framework programme of the E.U. and
by University of Trento and MIUR, Italy.

Keywords. Carnot groups, Heisenberg groups, intrinsic rectifiable sets, intrinsic graphs, intrin-
sic Lipschitz functions.

AMS Subject Classification. 28A75, 28C10.



250 Raul Serapioni

Intrinsic graphs appeared naturally in [10], while studying level sets of P-dif-
ferentiable functions from H" to R (see Definition 2.2). These level sets, indeed,
locally are intrinsic graphs. The definition is the following one: let M and H be
complementary subgroups of G, that is homogeneous subgroups, such that MNH = e
and G = M- H (here - indicates the group operation in G and e = (0,--- ,0) is the
unit element), then the intrinsic (left) graph of f : M — H is the set

graph (f) = {m- f(m) : m e M} .
In this case we say that graph (f) is a graph over M in direction H.

Intrinsic Lipschitz continuity and intrinsic differentiability are given respecting
the geometric structure of the ambient space G.

f M — H is intrinsic Lipschitz if, at each p € graph (f), there is an intrinsic
cone with vertex p, axis H and fixed opening, intersecting graph (f) only at p (see
Definitions 4.1 and 4.2).

f M — H is intrinsic differentiable at m € M if there is a homogeneous
subgroup N of G such that, at p = m - f(m) € graph (f), the left coset p - N is the
limit of group dilations of graph (f) centered in p, or, in other words, if p- N is the
tangent plane to graph (f) in p (see Definition 4.11). A uniform version of intrinsic
differentiability is introduced in Definition 4.14.

To motivate this definition of intrinsic C'* submanifolds, recall that, in Heisenberg
groups H" (see definition in Section 2), a class of surfaces that proved to be a good
generalization to the group setting of euclidean C' submanifolds are the so called
H-regular submanifolds, (see Definition 6.5 and the references [12, 1, 6, 17, 24]).
H-regular submanifolds can be considered as C! submanifolds because (i) they have
a tangent plane at each point, the tangent plane being the coset of a homogeneous
subgroup of the ambient space H"™, (ii) the tangent planes depend continuously
on the tangency point, (iii) provided we define the Hausdorff measures Sff using
the Carnot-Carathéodory metric of H"™, H-regular submanifolds have integer Haus-
dorff dimension and locally finite Hausdorff measure, that can also be obtained by
integration with appropriate area type formulas (see [12]).

H-regular submanifolds in H” are defined in two different ways according to
their topological dimension k. If 1 < k < n, a k-dimensional or low dimensional
H-regular submanifold is, locally, the image in H" of an open set of R, through
an injective, P-differentiable function; a k-codimensional or low codimensional H-
regular submanifold is, locally, the non critical level set of a P-differentiable function
from H" to R*.

Differently from R”, where C! embedded submanifolds are equivalently defined
as non-critical level sets of differentiable functions or as images of injective differ-
entiable maps (or as graphs of C' functions), in H", low dimensional H-regular
surfaces cannot be seen as non critical level sets and low codimensional ones cannot
be seen as (bilipschitz) images of open sets. Nevertheless, a common characteri-
zation of H-regular surfaces exists. Both low dimensional and low codimensional
H-regular surfaces are, locally, uniformly, intrinsic differentiable graphs of func-
tions acting between complementary homogeneous subgroups of H"™ (see [3]). This
characterization extends naturally to general Carnot groups and it is used here as
a definition of C! submanifold.

About the dimension of intrinsic differentiable submanifolds, notice that in H",
the topological dimension of a H-regular surface determines also its metric di-
mension. Indeed, low dimensional ones have topological and metric dimension k,
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1 < k < n, while low codimensional ones have topological dimension 2n+1—k and
metric dimension 2n + 2 — k (see [12]).

This is not anymore the case in general Carnot groups. In a given Carnot group
G, intrinsic differentiable graphs with equal topological dimension but different
metric dimension may exist. Indeed, bounded and relatively open subsets of an
intrinsic Lipschitz or uniformly intrinsic differentiable graph over a subgroup M
have the same topological and metric dimensions of the group M and there are
homogeneous subgroups with the same topological dimension but different metric
dimension (see Example 3.6 and Proposition 4.8).

Hence it is natural to distinguish graphs and submanifolds according with their
topological and metric dimensions. We consider here (h, k)-graphs or (h, k)-subma-
nifolds, meaning intrinsic graphs or submanifolds of topological dimension h and of
metric dimension k; here h, k will be integers with h < k.

Correspondingly E C G is said to be (h, k)-rectifiable if

) shE\Us) =0
ieN
and S; are uniformly intrinsic differentiable (h, k)-submanifolds (see Definition 5.2).

Recall also that, in the definition of euclidean rectifiable sets, C'' submanifolds
can be equivalently substituted by Lipschitz graphs of the same dimension. The
equivalence of the two definitions relies mainly on almost everywhere differentia-
bility of Lipschitz functions (Rademacher’s theorem) and on Whitney’s extension
theorem.

It is then natural to consider also the class of (h, k) -rectifiable sets: E C G is
(h, k) -rectifiable if (1) holds with S; intrinsic Lipschitz (h, k)-graphs (see Definition
5.2).

The equivalence of these two definitions of intrinsic rectifiable sets is still an
open problem, even in Heisenberg groups. In fact, generalizations of Rademacher’s
theorem, of Lipschitz extension theorem and of Whitney’s extension theorem, to
the setting of intrinsic Lipschitz or intrinsic differentiable functions, are largely
unknown. Only some partial results have been proved, for 1-codimensional intrinsic
graphs in Heisenberg groups (see [13]) and, in turn, it is known that, in H”, (2n, 2n+
1)-rectifiable sets are the same as (2n,2n + 1)-rectifiable sets.

The general definition of rectifiable sets, proposed in this paper, follows from
work of the author together with Bruno Franchi, Pertti Mattila and Francesco
Serra Cassano. Nevertheless, the author takes full responsibility of any inaccuracy
or mistake introduced in this note.

2. NOTATIONS AND DEFINITIONS

Carnot groups. Here we only fix a few notations. For a general account, see
e.g. [4,9, 14]. A graded group of step k is a connected, simply connected Lie
group G whose Lie algebra g, of dimension n, is the direct sum of k£ subspaces g;,
g=01D - D gk, such that

[9:: 9] C gi+j
for 1 <i,57 <kandg;, =0fori>k A Carnot group G of step k is a graded
group of step k, where gy generates all of g. That is [g1,9:;] = git1, for i =
1,--- ,k. The exponential map is a one to one diffeomorphism from g to G. Let
X1,---, X, be abase for g such that X;,---, X,,,, isabase for g; and, for 1 < j <k,
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Xonj_ 14157 » Xm; is a base for g;.

Any p € G can be written, in a unique way, as p = exp(p1 X1 + -+ - + ppX,,) and we
will always identify p with the n-tuple (p1,- - ,p,) € R™ and G with (R",-). The
explicit expression of the group operation -, determined by the Campbell-Hausdorff
formula, has the form

(2) ry=z+y+ 9y, VzyecR"
where Q(z,y) = (Q1(z,y), -+, Qn(z,y)) : R™ x R™ — R™ are polynomials. More-
over, Q;(z,y) =0, fori=1,--- ,m; and

Ql(‘r7y) = Qi(xlv e 7$m]'—17y17' o »yqu) )

for 1 <j <kandmj_1+1<¢<mj. It is useful to think G = G'eG?*®---oGF,
where G' = exp(g;) = R™™i-1 is the i*" layer of G and to write p € G as
(p',---,p"), with p* € G*. According to this, we write also, for all p,q € G,

(3) pg=@ +d, 0"+ +Q*p,q),- 0" + "+ 9% (p,q)) .

The inverse of p € G is p~! = (—p1,---, —pn) and e = (0, --- ,0) is the identity of
G. If G is a graded group, for all A > 0, the (non isotropic) dilations §x : G — G
are automorphisms of G defined as 0y (1, ..., z,) = (A* 21, A*224, ..., A%z, ), where

a; = j,if mj_1 < i <m;. Given any homogeneous norm ||-||, the distance in G is
defined as
(4) d(z,y) =d(y™'-z,0) = Hyfl xH , forallz,yeG.

For an explicit family of homogeneous norms in a Carnot group see [11, Theorem
5.1]).The distance d in (4) is comparable with the Carnot Caratheodory distance
of G and

() d(z - @,z -y) =d(z,y), dbx(x),0x(y)) = Ad(z,y)

for all z,y,z € G and all A > 0. For r > 0 and p € G, B(p,r) is the open ball
associated with d. With the distance d, (spherical) Hausdorff measures are obtained
following Carathéodory’s construction (see [8, Section 2.10.2.]). Precisely, if m > 0
and A C G, the (intrinsic spherical) Hausdorff measure SJ* is,

S7(A) 1= lim Sis(A)

where S'5(A) = inf {3 ;" + ACU; B(pi,ri), 7 <6}
Translation invariance and dilation homogeneity of Hausdorff measures follow from
(5) and, for A C G, p € G and r € [0, 00),

SPp-A) = SP(A) and SF(5,4) = ST (A) .

A homogeneous subgroup of a Carnot group G (see [23, 5.2.4]) is a subgroup H
such that dyg € H, for all ¢ € H and for all A > 0. Homogeneous subgroups are
linear subspaces of G, when it is identified with R™. The topological dimension
of a (sub)group is the dimension of its Lie algebra. The metric dimension of a
subset is its Hausdorff dimension, with respect to the Hausdorff measures S%. The
metric dimension of a homogeneous subgroup is an integer usually larger than its
topological dimension (see [20]).

Definition 2.1. M is a (h, k)-subgroup of G if Ml is a homogeneous subgroup of G
with linear or topological dimension h and metric dimension k > h.
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The notion of P-differentiability for functions acting between graded groups, was
introduced by Pansu in [21].

Definition 2.2. Let G1, G, be graded groups, with homogeneous norms |||, ||-||5
and dilations 6% 6§.

L : Gy — Gy is H-linear if L is a homogeneous homomorphism, that is if L is a
group homomorphism from G; to Gy such that

L(63g) = 03L(g), forallge Gy and A >0.

f: A cC Gy — Gy is P-differentiable in gy € A if there is a H-linear function
dfg, : G1 — Gy such that

|(@antoa™ - 9) " Fla0) ™ £@)||, =0 (llg™ - ll,) -

2

as ||ga1 . ng — 0, where o(t)/t — 0 ast — 0. The H-linear function dfy, is called
the P-differential of f in gq.

Heisenberg groups. Once more we only fix a few notations. For a general account,
see e.g. [4, 5, 23].
The n-dimensional Heisenberg group H" is identified with R?"*! through expo-
nential coordinates and p € H" is denoted p = (p1,- - , Pan, P2ns1) € R2TL. For
p,q € H", the group operation is

. p-a=(p1+ai,  .pon+Gn,
Pont1 + Gnt1 + 2orey (PiGlign — Pitni) /2) -
For X\ > 0, the dilations 6y : H” — H" are
Sap = (Ap1, -, A\Dan, A2 pony1), forallp € H™ .
The standard base of the Lie algebra h of H” is given by the left invariant vector
fields Xy,---, X, Y1,---,Y,, T, where, fori=1,--- |n,

1 1
Xi(p) :==0; — 3 PitnO2nt1, Yi(p) := Oign + 3 PiOany1, T(p):= Oony1 -

The horizontal subspace by is the subspace of b spanned by Xq,---, X,, Y1,---, Y.
Denoting by by the linear span of T', then h = by @ ho and [h1, h1] = ba.

The centre of H" is the subgroup T := exp(h2) = {(0, - ,0, pan+1)}.

The horizontal bundle HH™ is the sub-bundle of the tangent bundle TH"™ whose
fibers HHI}; are spanned by the horizontal vectors X1(p),---, Y, (p). In particular

HH? = {(ph' o 7p2n70)} .

We will use the homogeneous norm

(7) ||pH = maX{H(plv e van)“lR%, |p2n+1|1/2} )

for p € H™, while the distance d is defined as in (4).



254 Raul Serapioni

3. COMPLEMENTARY SUBGROUPS AND GRAPHS

From now on G will always be a homogeneous stratified group.

Definition 3.1. Two homogeneous subgroups M, H of G are complementary sub-
groups in G, if MNH = {e} and if G = M - H, that is for all ¢ € G, there are
m € M, h € H such that g = m - h. If M, H are complementary subgroups in G
and one of them is a normal subgroup then G is said the semi-direct product of M
and H.

Proposition 3.2. If M, H are complementary subgroups in G as in Definition 3.1,
each g € G has unique components gy € M, gy € H, such that g = gm - gu. The
projection maps

(8) My : G — MandIly : G —» H

defined as Hy(g) = gm and u(g) = gu are continuous. Moreover, there is ¢o =
co(M, H) > 0 such that

9) co (lguall + llgall) < llgll < llgnall + ligmll -

Proof. See [3, 17].
g

Recall the following elementary fact in group theory (see e.g. [15, Lemma 2.8])
Proposition 3.3. If G = M - H then it is also true that
G=H-M,

that is, each g € G can be written as g = h-m, with m € M, h € H. Once more
g =h-m in a unique way because HNM = e,

The notation IIy; and Iy, for the projections defined in Lemma 3.1, is somehow
non correct. Indeed each projection function ITy; and IIy depends on both the
complementary subgroups M and H. One should write, more correctly, something
like HM,H and H]HI,M-

Remark 3.4. Notice that, differently from Euclidean spaces, a map like Iy, in
general, is not a Lipschitz map from G to M. Here we endow M with the distance
given by the restriction of the distance d of G.

Example 3.5. Let G be the Heisenberg group H” = (R?"+!,.) with the group law
as in (6). For any integer h, 1 < h <mn, let

v :{('rla"'amha07"’70):xla"'axheR}v

W ={(0,---,0,Zp41, s Ton41) © Thyl, " s Tang1 € R}

Then V, W are homogeneous subgroups and are complementary subgroups in H".
V is a (h, h)-subgroup while W is a (2n 4+ 1 — h,2n + 2 — h)-subgroup.

Notice that V is a commutative subgroup, isomorphic with R”, while W is a
normal subgroup; hence H" is the semi-direct product of V and W. See also Propo-
sition 6.1.
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Example 3.6. Let G be the Engel group E. That is E = (R%,-) with the group
law defined as

1+
T Y1

T2 + Y2
T2 Y2

. = 3+ Y3 + (T1y2 + 22y1)/2
T3 Ys
Ty 4 ya + [(21y3 — z3y1) + (22y3 — T3Y2)]/2+

Ty Ya

(@1 — y1 + 72 — y2) (w192 — 2291) /12
and the family of dilation

Sx(p1,p2, 3, p1) = (Ap1, Ap2, Nps, APpy)

Then
Gy = {(1‘17070,0) LT € R}

GQ :{(O,ZBQ,IZ?3,I4) D X2,X3,T4 GR} )
are homogeneous complementary subgroups in E. G is a (1, 1)-subgroup while Go
is a (3, 6)-subgroup.
Another couple of complementary subgroups is given by
E, ={(z1,—21,23,0) : 1,23 € R}

]E2 :{($1,0707$4) : $1,$4€R}.

E; is a (2, 3)-subgroup and E; is a (2,4)-subgroup.

Notice that, in the first couple, Gs is a normal subgroup, hence E is the semi-
direct product of Gy and Gy. On the contrary, neither E; nor Ey is a normal
subgroup, as can be checked with a direct computation. In this case the product is
not semi-direct.

Definition 3.7. Assume that H is a homogeneous subgroup of G. A set S C G is
a (left) H-graph (or a left graph in direction H) if S intersects each left coset of H
in at most one point.

Remark 3.8. If A C G parametrizes the left cosets of H, that is if A is a H-graph
that intersects each left coset of H, and if S is another H-graph, then there is a
unique function ¢ : € C A — H such that S is the graph of ¢, that is

S =graph () :={-p(§) : €E}.
Conversely, for any ¢ : D C A — H the set graph (¢) is an H-graph.
One has an important special case when H admits a complementary subgroup
M. Indeed, in this case, Ml parametrizes the left cosets of H and we have that

S is a H-graph if and only if S = graph (¢)

for p : £ C M — H. By uniqueness of the components along M and H, if S =
graph (¢) then ¢ is uniquely determined.

From now only graphs of functions acting between complementary subgroups
will be considered here. Nevertheless it is relevant to mention that well known ex-
amples of H-graphs that are not graphs of functions acting between complementary
subgroups are given by sets as

S = {(‘Tb'" »yna<P(5U1;"' ;yn))} cCH".
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In our notation S is a T-graph. The left cosets of T are parametrized over the set
A = HH?. We recall that T has no complementary subgroup in H" (see Proposition
6.1), hence in general there isn’t a couple of complementary subgroups M, H of H"
and a function ¢ : M — H such that S = graph (¢).

The importance of intrinsic graphs inside groups relies on the following invariance
property.

Proposition 3.9. Assume that H is a homogeneous subgroup of G. If S is a H-
graph then, for all X > 0 and q € G, 6,\S and q - S are H-graphs. In particular, if
M, H are complementary subgroups in G, if S = graph () with ¢ : € C M — H,
then for all A > 0,

0xS = graph ((p)\) , withd & CM — H
and @) = dx 0w o dyz; for any q € G,
q-S=graph(p,), withy,: & CM—H.

This last statement can be made explicit when G is a semi-direct product of M, H.
Precisely, if M is normal in G then £, :=¢q- & - (gu)~' C M and

(10) eoy)=aqu-ola y-am), forye&y;
if H is normal in G then & = qu - € C M and

(11) ea) =y q-aqi y-elay y) . fory€é&y.

Proof. If x,2’ € S and = # 2’ then, by definition of H-graph, z,z’ belong to
different left cosets of H. Then it is easy to see that dyz, dyz’ belong to different
cosets of H, because H is a homogeneous subgroup, and that ¢ - x, ¢ - ' belong
to different cosets of H, by elementary properties of cosets (see e.g. [15, chapter
2, section 4]). This, by definition, proves that both §,S and ¢ - S are H-graphs
and, consequently, that there are ¢y and ¢, such that 6,5 = graph (¢,) and
q- S = graph ().

Then observe that, by uniqueness of the components, d(m - p(m)) = m’ - p(m’)
implies that dym = m' and that @y = ) o p 0 dy,,.

The proof of (10) and (11) is in [3, Proposition 3.6].

4. INTRINSIC LIPSCHITZ AND INTRINSIC DIFFERENTIABLE GRAPHS

Intrinsic Lipschitz functions. The definition of intrinsic Lipschitz graph in G
respects strictly the geometry of the ambient group G. Precisely a H-graph § is
said to be an intrinsic Lipschitz H-graph if S intersects intrinsic cones with axis
H, fixed opening and vertex on S only in the vertex. Intrinsic Lipschitz functions
appeared for the first time in [10] and were studied, more diffusely, in [12, 13].

We begin with two definitions of intrinsic (closed) cones.

Definition 4.1. Let H be a homogeneous subgroup of G, ¢ € G, a > 0.
The cone X (g, H, ) with axis H, vertex q, opening « is

X(qg,H,a) =¢q-X(e,H,a), where

X(e,H,a) ={p : dist(p,H) <« |lpl} .
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Let M, H be complementary subgroups in G. The cone Cvu(g, o) with base M,
axis H, vertex q, opening « is

Cuu(g,a) =q-Cumu(e,a), where

Cum(e,a) ={peG : |pul < allpull} -

It is not difficult to prove that, given v > 0 there are a7, @, depending on M
and H, such that 0 < a; < a < as and

(12) Cuu(q,01) C X(q,H, o) C Cr (g, 2) -

Definition 4.2. Let H be a homogeneous subgroup of G.
A H-graph S is an intrinsic Lipschitz H-graph if there is L > 0 such that, for all
peSs,
SNX(p,H,L)={p}.
Let M, H be complementary subgroups in G and f : £ C M — H. Then f is
intrinsic Lipschitz in &, if there is M > 0 such that, for all ¢ € graph (f),

(13) Cmu(g, 1/M) Ngraph (f) = {q} .

The Lipschitz constant of f in & is the infimum of the numbers M such that
(13) holds. An intrinsic Lipschitz function, with Lipschitz constant not exceeding
L > 0, is an intrinsic L-Lipschitz function.

If M, H are complementary subgroups in G then S is a Lipschitz H-graph if and
only if there is an intrinsic Lipschitz function f : £ C M — H such that

S = graph (f) .
Being an intrinsic Lipschitz function is conserved after left translations of the

graph. This is stated in the following Proposition whose proof is immediate.

Proposition 4.3. Let H be a homogeneous subgroup of G. If S C G is an intrinsic
Lipschitz H-graph then, for all ¢ € G, q- S is an intrinsic Lipschitz H-graph. If
M, H are complementary subgroups, then, for all ¢ € G, f : M — H is intrinsic
L-Lipschitz, if and only if fq : M — H is intrinsic L-Lipschitz.

There are also algebraic characterizations of intrinsic Lipschitz functions. One
of them is given in the following Proposition whose proof can be found in [3].

Proposition 4.4. Let M, H be complementary subgroups in G. Then f : £ C
M — H is intrinsic Lipschitz in £, if and only if there is L > 0 such that, for all
q € graph (f) and for allm € £;-1,

(14) [ fo-r(m)|| < L|ml| .

Proposition 4.5. If f : £ C M — H is intrinsic Lipschitz in &€, then it is contin-

uous in &.

Proof. By Definition 4.2 and (12), if f is intrinsic Lipschitz in m € £ C M, then
there is @ > 0 such that

X(m- f(m),H, ) Ngraph (f) = {m - f(m)}.

Hence, for all m’ € £,

(15) d(m - f(m),m"- f(m)) < = dist (m- f(m/),m - f(m) - H) .

Q|+
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Observe that, because f(m), f(m') € H,
dist (m’ - f(m’), m- f(m)-H)=dist (m’- f(m'),m -H) <
<d(m - f(m'),m- f(m')) — 0

if d(m, m’) — 0. Hence, by (15), if d(m, m’) — 0 then also d(m- f(m),m'- f(m')) —
0 and consequently d(f(m), f(m')) — 0 and the continuity is proved.
g

Remark 4.6. If M, H are homogeneous subgroups they are metric spaces as subsets
of G. Hence it makes sense to consider also Lipschitz functions from M to H. As
usual, f : M — H is Lipschitz if there is L > 0 such that, for all m,m € M,

(16) [fm)~" - fm)|| < L|fm™" -l

The classes of intrinsic Lipschitz functions and of Lipschitz functions are different
ones. The following examples show that neither intrinsic Lipschitz implies Lipschitz
nor the opposite. In particular notice that condition (16) is not conserved after left
translations of the graph of f. It is precisely the invariance under graph translations
(Proposition 4.3) that makes intrinsic Lipschitz functions useful to define geometric
objects in G.

Example. In G = H' = R3, consider the complementary subgroups V and W
defined as

V={v=(v1,0,0)} and W = {w = (0,ws,ws3)} .

Because W is a normal subgroup in H!, the algebraic form of the translated func-
tions are as in Proposition 3.9. The norm in (7) becomes ||w|| = max {|ws|, |ws|'/?},
for w € W and ||v|| = |v1], for v € V.

¢ : W — V, defined as p(w) = (1 + |w3|1/2,0,0)7 satisfies (16) with L = 1,
hence ¢ is Lipschitz. On the contrary ¢ is not intrinsic Lipschitz. Indeed, let
p:=(1,0,0) € graph(p), then ¢,-1(w) = (|ws + ws|'/2,0, 0). For ¢,-1, (14) does
not hold. This example shows also that condition (16)) is not invariant under graph
translations.

Y : W — V, defined as ¢(w) := (1+ |ws — wo /2,0, 0)7 is intrinsic Lipschitz;
indeed, with p = (1,0,0) and ¢(w) = (Jws|*/2,0,0) we have 1(w) = ¢,(w), so
that ¢ is intrinsic Lipschitz because ¢ is intrinsic Lipschitz. On the contrary v is
not Lipschitz, in the sense of (16), as can be easily observed.

Proposition 4.8 shows that the metric dimension of the graph of an intrinsic
Lipschitz function is bounded above by the metric dimension of the domain (see
also [13, Theorem 4.12]). We begin with a Lemma whose proof is not as trivial as
in Euclidean spaces because projections are not Lipschitz maps (see Remark 3.4).

Lemma 4.7. Let M, H be complementary subgroups in G. Assume that M is a
(h, k)-group, that is M has linear dimension h and metric dimension k > h. Then
there is ¢ = ¢(M,H) > 0 such that

(17) L£" (MyB(p,r)) = cr”,
forallp € G and r > 0.

Proof. Define
o(M, H) = L" (B(e, 1))
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and observe that ¢(M, H) > 0, because Il is an open mapping. By group dilations
Iy (B(e,r)) = Iy (6, B(e, 1)) = 0,11y (B(e,r)) hence

LM Iy (B(e,r))) = (M, H)r* .

Now to prove (17) it is enough to observe that, for any measurable £ C G and for
any p € G,

(18) LM (My(p-€)) = L" (MyE)) -
In turn, to prove (18) it is enough to show that, for any p € G

Tp : M — M defined as 7,(m) := IIy(p - m) ,
(19) has Jacobian identically equal to 1 .
Indeed this fact yields that, for ¢ € £, the map

Iy (&) — Iy(p - €) defined as m = y(q) — Iy(p - q) ,
20) has Jacobian identically equal to 1 .
To see that (19) implies (20) just observe that, if m = Iy (q),
prq =Tu(p-q)  -Tulp-q)

p-q =p-m-Iu(g) =Tu(p-m) Lu(p-m) - Mu(q)

hence, by uniqueness of the components, Iy (p - m) = Iy (p - q) if m = Iy (q).
Let us then prove (19).
Using the notations in (3) if p = (p*,--- ,p*), m = (m',--- ,m"), then

p-m= (pl+m17p2+m2+92(p17m1)7'” 7pk+mk+ Qk())7

where, for 2 < i < k, Q% depends only on p',---,p'~! and m',--- ,m*~!. Hence
the k components of Iy (p - m) are

(My(p-m)" = (Mu(p"))' +m!

(Mu(p-m))* = (Mu(p® + Q2(p',m")))* + m?

(aa(p - m))* = (Tha(p* + Q*(-++))" +mk .

Hence
L 0 0 o 0
x Iy 0 o 0
J1p =
* e * Ik*l 0
e % I
where I, --- , I} are the identity matrices, respectively, in R™! and in R""~ "1

for 1 <4 < k. Hence J7, has determinant equal to 1.
O
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Proposition 4.8. Let M, H be complementary subgroups in G. Assume that M is
a (h, k)-group, that is M has linear dimension h and metric dimension k > h. Let
A be a relatively open subset of Ml and f : A C M — H be an intrinsic L-Lipschitz
function. Then there is ¢ = ¢(M,H, L) > 0 such that

(21) LM(A) < 8§ (graph (f)) < cL"(A) .

Proof. The lower bound for S¥ (graph(f)) is a consequence of Lemma 4.7. In-
deed, assume S¥(graph(f)) < oo. Fix e > 0, r = r(¢) > 0 and a covering of
graph (f) with closed balls B, = B(p;, r;) such that r; <r and

> k< Ski(graph (f)) + ¢ .

7

Then, by (17),
LMA) < LM(My(By) = ¢ Y rf < cSk(graph (f)) + .

To get the upper bound (21), it is enough to prove that there is ¢ = ¢(M, H, L, R) >
0 such that, for any p € graph(f), R > 0 and ¢ > 0, it is possible to cover
graph (f) N B(p, R) with less than N := ¢(1/¢)* metric balls of radius less than ¢.
Without loss of generality, we assume that p = e. Then we fix ¢, 0 < ¢ < 1.
Using a Vitali covering argument we choose a covering of graph (f) N B(e, R) with
metric balls B(p;, 5¢), p; € graph(f), such that the concentric smaller balls B; :=
B(p;, ) are pairwise disjointed. We estimate the number N of balls B; in this Vitali
covering. Observe that B; C B(e,R+1) fori=1,--- , N. Hence

(22) E; :=y(B;) c Iy(B(e,R+1)) ,fori=1,--- N

and, because the sets E; are pairwise disjointed, to estimate N it is enough to
evaluate from below L£"(E;).
First observe that if f(e) = e and f is intrinsic L Lipschitz then

CoT
2 Iy | B(e, ——
(23) o (Bl

where ¢y is the constant in (9). Indeed, let m € Iy (B(e, cor/(1 + L))), then there
is h € H such that ||m - h|| < cor/(1+ L). Hence

>) C Ty (Ble. ) N graph (£) |

r

1
ml| < +|h| < — -h —
H ” = HmH ” ” = ¢ Hm ” < 1 L’

it follows

[m - fm)[ < lImll + IF(m)[ < (1 + L) [Im]| <,

that is m € Iy (B(e, r) N graph (f)). The proof of (23) is completed.
Now observe that for all A, B C G and for all p € G

(24) My (A4) C IIm(B) = Ilu(p- A) C Ilu(p- B) .

Indeed, observe that m € Ty (p-4) <= m-HNp-A# 0 < (p~t-m)-HNA # 0.
Hence

mely(p-4) < Iy(p~' -m)elly(d) =

- Hm(p_l . m) S HM(B) <~ mec HM(p~ B) .
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Now, from (23), (24) it follows that for all p € graph (f),

(25) e (B9, %)) € (B0 1) 1 groph (1)

Indeed, B(p,r) Ngraph (f) = p- (B(e,r) Ngraph (f,-1) while f,-1(e) = e and f,-1
is intrinsic L Lipschitz.
From (25) and Lemma 4.7 we have

Lh(E;) > ch (HM <B(p, %))) =k,

where ¢ = ¢(M, H, L) > 0 and from (22), we finally have
k
1
N <c¢ (7> .
€

Intrinsic differentiable functions. A function f : M — H, acting between com-
plementary subgroups of G, is intrinsic differentiable in a point m € M if the graph
of f has a tangent homogeneous subgroup in m - f(m) € graph (f). Naturally, such
a notion of intrinsic differentiability is equivalent with the existence of an approx-
imating linear function. Intrinsic linear functions, acting between complementary
subgroups, are functions whose graphs are homogeneous subgroups.

where ¢ depends on M, H, L, R.
O

Definition 4.9. Let M, H be complementary subgroups in G. Then L : M — H is
an intrinsic linear function if L is defined on all of M and if graph (L) = {g- L(g) :
g € M} is an homogeneous subgroup of G.

A complete characterization of intrinsic linear functions seems to be known in
H™ only (see Proposition 6.3).

Remark 4.10. Intrinsic linear functions are not necessarily group homomorphism
between their domains and codomains, as the following example shows.
Example. Let V, W be the complementary subgroups of H' defined as V =
{v=(v1,0,0)} and W = {w = (0, w2, ws3)}.
For any fixed a € R, the function L : V — W defined as

L(v) = (0,avy, —av?i/2)

is intrinsic linear because graph (L) = {(¢,at,0) : t € R} is a 1-dimensional
subgroup of H'. This L is not a group homomorphism from V to W.

Definition 4.11. Let M, H be complementary subgroups in Gand f : A C M — H
with A relatively open in M. For m € A and p := m - f(/n) € graph (f) let fz-1 :
Az-1 C M — H be the translated function, (see Proposition 3.9 and remember that
e € As-1 and fy-1(e) = e). We say that f is intrinsic differentiable in m € A if
there is an intrinsic linear map dfy : M — H such that, for all m € A;-1,

[dfm(m) ™" fp-r(m)]| = o([lmll) , as [m] -0,

where o(t)/t — 0 as t — 07. The intrinsic linear map dfy, is called the intrinsic
differential of f.
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Remark 4.12. P-differentiability and intrinsic differentiability are different.
Indeed, assume G = H", M =W = {w = (0,p2,- - ,pant+1)} and H =V = {v =
(p1,0,---,0))}. Then, by (ii) of Proposition 6.4, we know that f : W — V is
intrinsic differentiable in w € W if, for all w’ € W,

[[dfu(w™ - w)Th - flw) ™ fw)]| = o ([ f(w)™h - w™h - w - fw)])
while f is P-differentiable in w € W if, for all w’ € W,
ldfu(w™ - w70 flw) ™t f@)] = o ([l - w']]) -
On the contrary, if G := M x H, it is easy to convince oneself that
f M — His P-differentiable
if and only if
f M — His intrinsic differentiable .
Hence, intrinsic differentiability is a generalization of P-differentiability.

Remark 4.13. Intrinsic differentiability is invariant by left translations of the
graph. Indeed, let g1 = my - f(m1) and g2 = ma - f(ma) € graph (f); then f is
intrinsic differentiable in m; € M if and only if qul is intrinsic differentiable in e.
Consequently, f is intrinsic differentiable in m, if and only if quAql—l = (qul)q2 is
intrinsic differentiable in ms.

Definition 4.14. Let M, H be complementary subgroups in G. We say that
f: ACM — H is uniformly intrinsic differentiable in A if

(i) f is intrinsic differentiable at each g € A;
(ii) dfz : M — H depends continuously on g, that is, for each compact K C A,
there is n = N : RT™ — RT, with n(t) — 0 as ¢ | 0 such that

sup ||dfg, (9) " dfg (@] < (lor" - 92])
geX

(iii) for each compact K C A, there is € = e 4 : RT — R, with £(¢t) — 0 as
t | 0, and such that, for all g € K5-1 and for all g € K,

[dfs(9)™" - o1 ()| < eCllglD llgll
where p =g f(g).
Uniform intrinsic differentiability implies local intrinsic Lipschitz continuity.

Proposition 4.15. Let M, H be complementary subgroups in G and f : A C M —
H be uniformly intrinsic differentiable in A. Then, for all p € A there is r > 0
such that f is intrinsic Lipschitz in AN B(p,r).

The proof is elementary.

Remark 4.16. The graph of a uniform intrinsic differentiable function, defined on
a relatively open subset of a (h, k)-subgroup M, has topological dimension h and
metric dimension k.
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5. INTRINSIC SUBMANIFOLDS AND INTRINSIC RECTIFIABLE SETS

Intrinsic submanifolds. In Euclidean spaces h-dimensional C' submanifolds are
locally graphs of C! functions defined on open sets of h-dimensional linear sub-
spaces. It is very natural, using uniform intrinsic differentiable functions, to follow
the same approach to define intrinsic submanifolds in Carnot groups.

There is one difference worth to be noticed. A single number is not enough to
specify the dimension of the graph or of the intrinsic submanifold. Not only because
the topological dimension of a graph can be different from its metric dimension,
but also because it is possible to have intrinsic differentiable graphs with the same
topological dimension but with different metric dimension.

Definition 5.1. Let G be a Carnot group.

(i) S c Gis an intrinsic Lipschitz (h, k)-submanifold if for each p € S there are
r > 0, complementary subgroups M, H of G, where M is a (h, k)-subgroup,
and an intrinsic Lipschitz function f: &€ C M — H such that

S0 B(p,r) = graph (f) .
(ii) S C G is a regular (h, k)-submanifold or an intrinsic (h, k)-submanifold if
for each p € S there are r > 0, complementary subgroups M, H of G, where

M is a (h, k)-subgroup, and a uniform intrinsic differentiable f : £ C M — H
such that

SN B(p,r) =graph (f) .

By definition, (h, k)-submanifolds exist in G if and only if in G there is at least a
couple of complementary subgroups M, H and one of the two is a (h, k)-subgroup.
As an example we mention that in Heisenberg groups H"™ there are only (k,k)-
submanifolds, with 1 < k < n and (k, k 4+ 1)-submanifolds, with n + 1 < k < 2n
(see Proposition 6.1).

Intrinsic rectifiable sets. In Euclidean spaces, k-dimensional rectifiable sets are
generalizations of k-dimensional Lipschitz or of C' submanifolds. Following the
original definition of Federer and Fleming, they are sets contained, but for a neg-
ligeable subset, in the countable union of k-dimensional Lipschitz or of C! sub-
manifolds and the measure involved is the k-dimensional Hausdorff measure. Once
more it is possible to follow closely this approach using (h, k)-submanifolds and the
naturally associated measure S, fj, as suggested by Proposition 4.8.

Definition 5.2. Let G be a Carnot group. Then

(i) E C G is (h,k)r-rectifiable or intrinsic Lipschitz rectifiable if there are
intrinsic Lipschitz (h, k)-submanifolds S; such that

Sk(E\NJS:)=0;
ieN
(ii) E C Gis (h,k)-rectifiable or intrinsic rectifiable if there are intrinsic (h, k)-
submanifolds S; such that
Sk(E\|JS:)=0.
ieN
We recall that if G is an Euclidean spaces these two definitions are equivalent.

We do not know, in general, the relations among these different definitions, but for
the obvious fact that if E is (h, k)-rectifiable then it is (h, k)p-rectifiable.
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6. HEISENBERG GROUPS

In Heisenberg groups H”, all the notions, described in the preceding sections for
general Carnot groups, can be made more explicit. One of the key point is the
structure of complementary subgroups of H" (see [3, 17]).

Proposition 6.1. All homogeneous subgroups of H"™ are either horizontal, that is
contained in the horizontal fiber HHI , or vertical, that is containing the subgroup T.
Horizontal subgroups are (k, k)-subgroups, for 1 <k <n, and they are algebraically
isomorphic and isometric to R*. Vertical subgroups are (k,k + 1)-subgroups, with
1 <k < 2n+1, and they are normal subgroups. If VW are complementary
subgroups of H" then, for 1 < k <mn,

V is a horizontal (k, k)-subgroup,

W is a vertical (2n 41—k, 2n + 2 — k)-subgroup.

In particular notice that, for 1 < k < n, any horizontal (k, k)-subgroup has a
complementary vertical subgroup and that any vertical (2n + 1 — k,2n + 2 — k)-
subgroup has a complementary horizontal subgroup (see [12]). On the contrary,
vertical (k,k + 1)-subgroups, of topological dimension & < n, do not have comple-
mentary subgroups.

In Heisenberg groups intrinsic Lipschitz functions, intrinsic linear functions and
intrinsic differentiability can be characterized as follows (see [3]).

Proposition 6.2. If W,V are complementary subgroups in H" as in Proposition
6.1, then f : A CV — W is intrinsic Lipschitz, if and only if &5 : A — H", defined
as ®¢(v) = v - f(v), is Lipschitz in A, that is if and only if there is & > 0 such
that, for all v,v € A,

@7 (@)1 @5 )| < alffo™t o,

f:+ ACW — V is intrinsic Lipschitz, if and only if there is a > 0 such that, for
allw,w’ € A,
[fw)™ f')]| < e fw)™ - w™h - w' - fw)]]

Proposition 6.3. If W,V are complementary subgroups in H" as in Proposition
6.1, then L : V — W is intrinsic linear if and only if & : V — H", defined as
Oy (v) :=wv- L(v), is H-linear; L : W — V is intrinsic linear if and only if L is
H-linear.
Proposition 6.4. If W,V are complementary subgroups in H"™ as in Proposition
6.1, then f : A C V — W is intrinsic differentiable in g € A if and only if
Qs A—H", ®s(9) =g f(g), is P-differentiable in g and

(d®y),(9) =g-dfg(g), forallgeV.

f:ACW — V is intrinsic differentiable in g € A if and only if there is an
intrinsic linear map df : W — V, such that

ldfs(g™" - 9)™ - f@) " flo)|=o(l[f(@"-37" 9 F9)])
Jorge Aand ||f@)" 57 g- (@) 0.
H-regular surfaces, of dimension k or of codimension k, is a class of submani-
folds of H" playing the role of C! submanifolds of Euclidean spaces. They were

introduced in [10], more explicitly in [12], and are now the object of much research
(see [24] and the bibliography therein). We recall here the definition.
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Definition 6.5. Let k be an integer, 1 < k < n. S C H" is a k-dimensional
H-regular submanifold if for each p € S there are an open Y C H"™ with p € U,
an open A C R* and an injective, continuosly P-differentiable f : A — U, with
injective P-differential, such that

SNU = f(A).

S C H"™ is a k-codimensional H-regular submanifold if for each p € S there are an
open U C H”, with p € U, and f : U — R*, f continuously P-differentiable with
surjective P-differential, such that

SnU={zel : f(zx)=0}.

H-regular submanifolds coincide with intrinsic submanifolds of H", as defined in
Definition 5.1. Indeed the following characterization holds (see [3, Theorem 4.2]
and also [12]).

Theorem 6.6. The following statements are equivalent

(i) S CcH" is a H-regular submanifold.

(ii) S is an intrinsic submanifold.
Precisely for 1 < k <mn, S is a k-dimensional H-reqular surface if and only if S
is a (k,k)-submanifold; forn+1 < k < 2n, S is a (2n + 1 — k)-codimensional
H -regular surface if and only if S is a (k,k + 1)-submanifold.

According to Proposition 6.1 and Definition 5.2, in a Heisenberg group H" we
have only (h, h)-rectifiable and (h, h)-rectifiable sets, for 1 < h <n and (h, h+1)p-
rectifiable and (h, h + 1)-rectifiable sets, for n + 1 < h < 2n.

As mentioned before, the equivalence of the definitions of intrinsic Lipschitz
rectifiable sets and of intrinsic rectifiable sets is still an open problem. It is only
known, in H™ and in the end point case, that (2n,2n + 1)-rectifiable is the same
as (2n,2n + 1)-rectifiable (see [13]).

Finally we conclude with a recent characterization of intrinsic rectifiable sets of
H™ in terms of almost every where existence of an approximate tangent group, see
the definition below, or of almost every where existence of weak tangent measures.
These characterizations, being quite similar to the classical ones in Euclidean spaces
(see e.g. [8, 18]), support the above definition of intrinsic rectifiable sets.

The approzimate tangent group of E C H™ at p was introduced in [19, Definition
3.8], following ideas in [18]. We reproduce here the same definition with a little
change of notation.

Definition 6.7. Let k& be an integer with 1 < k < 2n + 1 and let E C H" be
Sk-measurable. We say that the homogeneous (h, k)-subgroup T, of H" is a (h, k)-
approzimate tangent group to E at p if the upper density ©**(E,p) is positive,
ie.

Si(ENB(p,7))

O*F(E,p) := limsup —2 - >0
r—0 r
and if, for all 0 < s < 1,
L(ENB X(p, T
hr% Sd ( N (pvrl\ (p7 va)) =0.
r— r

If there is only one (h, k)-approximate tangent group T, to E at p, we write T, =
(h,k)
apTany ™ (E, p).
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Notice that, not only in Euclidean spaces but also in H", approximate tangent
groups are unique almost everywhere (see [19, Proposition 3.11]).

If 41 is an outer measure in H", the image fiju under a map f : H® — H" is the
measure on H™ defined by

fin(A) = p(fH(A), forall AcCH".
For pe H" and r > 0, T}, , : H" — H" is
Tpr(q) :=01/r(p-q) forallqge H".

The following theorems are proved in [19]. The first one characterizes low di-
mensional (h, h)p-rectifiable sets, 1 < h < n, the second one low codimensional
(h, h + 1)-rectifiable sets, n + 1 < h < 2n.

Theorem 6.8. Let 1 < h < n be an integer and E C H™ be a Borel set such that
SMLE is locally finite. Then are equivalent
(i) E is (h,h)p-rectifiable.
(ii) For Sh-a.e. p € E there is a (h, h)-subgroup T, of H" such that
1

— Tprs(SILE) = SILT,, asr—0,
T

weakly in the sense of measures.
(iii) For S-a.e. p € E there is a (h, h)-subgroup T, of H" such that
T, = apTanI(mh’h)(Em) .
Theorem 6.9. Let n+ 1 < h < 2n be an integer and E C H™ be a Borel set such
that 35-5-1 L E is locally finite. Then are equivalent
(i) E is (h, h+ 1)-rectifiable.
(i) For Sh*t-a.e. p € E there is a (h,h+ 1)-subgroup T, of H" with

1 ht1 h41
TdTTp"Tn(Sd+ LE)AdeL I_Tp, aSTHO,
weakly in the sense of measures.
(ili) For 8§ -a.e. p€ E

ST ENB(p, 1))
@fH(EJ?) = 111;[:1(1)1f d o

and there is a (h, h + 1)-subgroup T, of H" such that

T, = apTan]gﬂh’hH)(E,p) .

>0
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