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Normal forms for Levi degenerate hypersurfaces

by Atsushi HAYASHIMOTO

Abstract!. Let M C C* be real analytic hypersurface. Assume that it is 2-nondegene-
rate at the origin and that, after normalization, the diagonal components of the Levi form
at the origin are —1,1,0. Normal forms and bounds of dimension of CR automorphism
groups for such hypersurfaces are obtained.

1. INTRODUCTION

In this paper?, we study the equivalence problem for CR manifolds. The problem
asks for conditions on two CR manifolds M, M’ at p € M,p’ € M’ which guarantee
that there exists a local biholomorphism defined near p such that it takes M to M’
and p to p’. We shall construct a normal form for CR manifold to give an answer to
the problem. S. S. Chern -J. K. Moser were the first to construct a normal form in
the case of Levi nondegenerate hypersurfaces in [4]. For Levi degenerate hypersurfaces,
several mathematicians have attacked to this problem. P. Wong [9] treated hypersurfaces
whose Levi form vanishes at the reference point and is positive definite elsewhere on a
neighborhood. After his result, N. Stanton [8] treated rigid hypersurfaces not necessarily
pseudoconvex. Recently P. Ebenfelt [5] treated 2-nondegenerate hypersurfaces in C* and
classified the defining functions into eight types. In the case that the Levi form has
precisely one non-zero eigenvalue, he constructed normal forms for such hypersurfaces.
He also generalized his own results to higher dimensional cases [6].

Since this paper depends on P. Ebenfelt’s results [6], let us explain his result precisely.
Assume that the Levi form at the reference point has rank maximal minus 1 and is semi-
definite. Then he classified defining functions into three types of partial normal forms.
By partial normal form, we mean a normal form without any conditions on higher order
terms. These three types of partial normal forms contain parameters and in case of real
five-dimensional hypersurfaces, these parameters are specified and we can classify such
hypersurfaces into five types. In this paper, we treat real seven-dimensional hypersurfaces
whose Levi forms are neither definite nor semi-definite. In fact we assume that eigenvalues
of Levi form are —1,1,0. We regard seven-dimensional hypersurface as five-dimensional
one with one complex parameter. Then the five-dimensional hypersurface has semi-definite
Levi form for a suitable choice of variables and a parameter. For such a choice of variables
and a parameter, we can apply Theorem 1.2.10 n = 2 in [6]. Using his result, we shall
prove the following. In the theorem, we denote (21,22) = 2/, (¢/,23) = z and < 2/, 2/ >=
—|z1]? + |22|* and N7, N7 are defined in §4.
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Theorem 1. Let M C C* be a real analytic hypersurface. Assume that it is 2-nondege-
nerate at the origin and that, after diagonalization if necessary, the components of Levi
form at the origin are —1,1,0. Then the defining function of M 1is transformed into one
of the following normal forms.

(1) Imw =< z/,2 > +2ReZ3(A\121 + z223) + N,

2) Imw =< 2,77 > +2Re Z5( A2} + 2023 + z123) + N° |
(3) Imw =< 2,2 > +2ReZ5(\s27 + pazs + vaziz2) + N°
(4) Imw=<2',2" > +2RQE(Z% + ,LL4Z§ + 23 + viz122) + N*,
(5) Imw =< 2',27 > +2Re Z3(us25 + 235 + vsz120) + N° |

Here A\, i € Ryv, € C and N7 € N7 and at least one of A3 and vs is non-zero. They
are mutually nonequivalent, provided that

(/J‘45V47M57V5) € {/1“471/5 #07 Vf :/J’4}U{V5 :07 Uf #M4}U{V5 = M5 :0}

Ulia = s = 0} U {pa = 0, wa # 2.}

This theorem is proved in the category of formal power series. In view of [1], since our
hypersurfaces are of finitely nondegenerate, formal equivalence implies, in fact, biholomor-
phic equivalence.

This paper is organized as follows. In §2, we introduce a transformation matrix of CR
vector fields, which lead us to get transformation rules of coefficients of Taylor expansion of
defining function and give a first step to get a partial normal form by using the argument
of [5, 6]. In §3, we construct partial normal form. The conclusion of this section is
summarized at the end of this section. For a normalization of higher order terms, we
consider it in §4. We introduce a certain kind of linear operator between formal power
series, and get partial differential equations and solve them. We need 2-nondegeneracy
condition to solve them uniquely. We treat relatively easy cases in this section and we
treat another case in §5. As a corollary, we have a bound on the dimension of stability
group in §6. In the final section, some remarks are listed.

2. TRANSFORMATION MATRICES FOR CR VECTOR FIELDS

In this section, we shall present transformation rules for coefficients of Taylor expansion
of defining function and give a first step of construction of partial normal form . Let
M C C™! be a real analytic hypersurface. Let {L&}a=1,...,n be a basis for the CR vector
fields on M near p € M and 6 a non-zero characteristic form near p. Denote by ga,s the
Levi form of M at p relative to the basis {La }a=1,...,n. Let {L’B}gzl,,,,,n and 6’ be another
CR vector fields and a non-zero characteristic form on M near p. Then there exist matrix
{A5} € GL(n,C) and a € Ryo such that

L3, =A%Lay, 0, =ab,.

P

Here we use the usual summation convention to raise and lower indices. Let hs 5. be
the coefficients of Zo Zz 2 in the Taylor expansion of a defining function. We use g5 5
and A’ = when we work on {L%}gzl,m,n and 0. A change of bases as above yields

@By |
transformation rules

Gap = AATARGr,  Wo gy = aAZ Af Aoy

We call A = {A}} a transformation matrix. Now we go back to our case. Let M C C*
be a real analytic hypersurface. Assume that the matrix of the Levi form at the origin is
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diagonal and its elements are —1,1,0. Then by theorem 4.15 in [6], we may assume that
the defining function for M is transformed to the form

(6) Imw =< z',2” > +2Re 23 Z hs 5.3 Z« Z5 + {higher order terms} .
«,B3=1,2,3

Since the transformation rule preserves the Levi form < z’, 2’ >, we have

(7) g = a(AlAlgr, + AJATgs ) = —1
(8) 9%,2 = a(@AégT,l +A7§A§9§,2) =1
9) 9%,3 = G(A_éA:lagm + A_§A§g§12) =0
(10) 9%,2 = a(Ai%Aégi,l +A7§A§9§,2) =0
(11) 9%,3 = a(A_%Azlzgm +A_%A§g§,2) =0
(12) 9%,3 = a(A_%Aégm +A_§A:259§,2) =0
Since g1,1 = —1,93,2 = 1, we may choose the transformation matrix A as
A A3 AR
A4 A3 A3,
0 0 A3
where
(13) a(lAil* = AT =1,
(14) a(—|Az* + 431" =1,
(15) AfA; - A3A3 =0,
(16) A3(A] A3 - A} A) #0.

Assume that A}, A3 # 0, then we have Al = (A3/A}) A2 from (10). Substitute this
into (13), then we have |A3/A3|* = 1, which implies A? = Ale’ and Al = (AJA3/A})e™
for some «. Therefore A can be written as

FA2 i A1 i A3
124%26 Ale A3

Sl VA A I
0 0 A3

where a(—|A3]? + |43]?) = 1. Denote the matrix of this type by A.
Next assume A3 # 0 and A2 = 0. Then we have

-5 _ € - _ €

=—— , Al=0, A2 =

]
b
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Therefore A can be written as

o < &
A — eza .
— 0 A}
0 0 A3

Denote the matrix of this type by Aa.
In case of A3 = 0, it follows from equations (13),..., (16) that

P_eiﬁ A2_O F_eia
2 — \/a ) 1 — ) 11— \/a )
and therefore A

elll I
0 A3
Va !
_ B
A=l o < @

Va
0 0 A3

Denote the matrix of this type by As.
By the argument in [5] and [6], the defining function becomes one of the following,

Imw =< 2',2" > +2Re z2]23> +2Rezs Y g=1.23 1,537 Za+

(17)
+{higher order terms}
Imw=<2",2"> +2Rez3 ) 45_,,3h153% Z5+
(18)
+{higher order terms}
Imw =< 2,2 > +2Re 2373 +2Rezs3 > p—1.23 0,537 Zo+
(19)
+{higher order terms}
Imw =< 2',2" > +2Rez3]23]> +2Rez3 Y p—1.23M,5371 Zo+
(20)
+{higher order terms}
Imw =< 2,2 > +2ReZz3(25 + 23) +2Rez3 Y 4. ,5h153%1 25+
(21)
+{higher order terms}
3. CONSTRUCTIONS OF PARTIAL NORMAL FORMS
In this section, we shall normalize coefficients of equations (17) ,..., (21) to construct

partial normal forms for M.

(I) The equation (17).

(I-i) |h1 3,3 # 0,1. Use the matrix in A; with 8 = 0. By the transformation rule of
h33,3, we have hj 5 5 = aAj A3A3hs 5 3. Since the equation (17) does not contain |z3|°Z3,
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we have hs 335 = 0, which implies h%B,S = 0. Substituting hs 53 = 1 and components of
Ai into the transformation rule of hg 3 3, we have

: A1t A
h,i,é,?, = a|A§|2 Age {Al hiss+ 1} .
By putting As = —A3 hi 33, we have higs = 0. We can take
y I S
a(l = [h13,3%)

for some 3 by the equation (14).
Next consider h1s 3.

L A3 AT AL B - 1 A2 p- - 1 A3 p- - 2 Al
h1,2,3—aA3<A1 Ajhiis+ Al AShigs + Ay AShiss + A7 Ajhigs+

e’ hldd

(1 - |hi,3,3‘ )

= A3

+AT AT \fa(1 — |h13aP?)
Therefore putting
(1= 1lhizsl? 72 Iy 3,3

/! j—
we have hi ;3 = 0.
The transformation rule of hs 3 ;3 is

yE

{hi,i,ahi,3,3 hizs(1+ |hi3s*)}

h/é,é,s = CLA% (A_% A_%hi,i,?, + 2A_§ A_ghi,é:) + 214—% A_ghi,3,3 + 214—% A—g> =

QaASF
(h133 hi13 —2hi23) + ———2e (1 — |h133]%) .
a(l —|h135]?)

A5h133
17‘}1133

We can solve hl 5, =0 as
3,23

Y hijzs
? 2V/a(l = |h1350%)

Substituting hs 53 = 1 and components of A; into a transformation rule of hs 5 3, we have
32
h33s = |A3]" \/a(l — |higsl?) -

1
|AZ[*(1 = hi35l?) 7
we have h/i?»,S = 1. Since hli,i 5 is calculated as
- (hl 3, 3)2 2i
P () (1= [haaal?)
we may take hy 1 5 € R for a suitable choice of a. Therefore we conclude that the equation
(17) is transformed into

572 (h11s hiss —2h133) -

By putting

a =

h

(hii3—2hi33hi3z3) »

=~

Imw =< 2,7 > +2ReZ5(A2} + 2223) + {higher order terms} , A€ R.
(I-ii) |h13,3] = 1. In this case, we use the matrix in Az with 8 = w. We list the

transformation rules of h; 3 ..

(22) hits=aA? A} AShsgs = —

e
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(23) 1e% 1 1
e — e =
= aAj —~higs— Ta A3 + T ?hi,ﬁs} :
-5 = a
(24) h/i,é,fi = aA} A3 A3 h333 = _\/T_a |A§’,|2 )
523 —aA3(AL Alhiis+2AL Ahiss) =
(25) i
—( e —
= aAj3 A} { W hi1s+2A3 hi,é,s} ;
o eia
(26) hs 55 =aA} A3 AShizs =a = | A3 hi53
(27) M5 = aAj A3 A3hs s .
Since there is no term z3 z3 z3 in the equation (17), we have hfr,)’g’3 = 0. Putting
-3 €“hiis

Ag = )
2h133vV—a

we have hj 5 3 = 0. Substitute A3 into (23) and put

- 1

- - @
P 2(higs)?V—a
to get hy ;4 = 0. By taking

(h11,3 —2h133 hi33)

L

A3
we have hj 3 4 = 1. Substitute a into (24). Then we have hf 5 5 = 1. Substitution a and
A3 into (22) yields

a= , a=n—arg(hizs),

fA—g’(h-- —2hi33 hi33)
2(h134)? 1,1,3 1,2,311,33) -

For a suitable choice of A3, we may take h,i,i,s eR.
Therefore we conclude that the equation (17) is transformed into

!
hiis =

Imw =< 2',2" > +2ReZ5(Azf + 2223 + 2123) + {higher order terms} , A€ R.

(I-iii) h133 = 0. In this case we use the matrix in A3 with = 0 and A_S’ = 0. The
transformation rules are the following.

(28) Riis=aAl Al Ajhits=e""A3h11s,

(29) gia o

= A3 a{\/& hizs+ A3,
(30) hias=aA? A} A3hsss
(31) hs55 =2aA3 A3 A3hy35=0,

(32) 33 =aA3 A3 A3 hs 55 = va|AS,
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(33) hs 5.5 = adf A} Ashsss

Substitute hz 3,3 =0 and A} = 0, we have hj 5 5 = hf 55 = 0. Taking
VE] ia | 432 1
A} = —e" A3 higs , a= W )

we have hg 34 = 1, hig3 = hgg4 = 0. For a suitable a in the transformation rule for
hi 1,3, we can take hli,i,s € R. Therefore we conclude that the equation (17) is transformed
into
Imw =< 2/,2" > +2ReZ3(\z] + 2223) + {higher order terms} , A € R.
(II) The equation (18).
(II-i)  h13,3 # 0 In this case, we use the matrix in Aj.

(34) T13=0aA} A} Ajhassg,

Kyss =aA3(A? Abhiss+ A} ALhigs) =

(35) i8
— aAL A3y S— hyss+ AThiss
_a ’
(36) hiss = aA3 (A2 A3hs 55+ A3 A3 hass)
b33 =aA} (A} Alhy1s+2A) AShyg,) =
(37) [%eY
*aFAB{ S hiis+243his }
- 2 3 \/—_(Z 1,1,3 2 1t1,3,3 b
_ eia
(38) hy 53 =aA} A3 AShigs = e |A51* hi38
(39) hs55=aA} A3 A3hg s .
Substitute h3 335 = ha 335 = hs 33 = 0 into (39), (36) and (34). Taking
— A3 — ePhi ;-
o A0 A s ey
2 hiss

1
|A3[*] h1,3,5]?
we have h/?fs,S = 1 and the others are zero. This implies that the equation (18) can be
transformed into

a= , a=arghizs—m,

Imw =< 2,2 > +2ReZ32223 + {higher order terms} .

(II-ii)  h7 33 = 0. In this case we use the matrix in Az.
By the transformation rule, we have

(40) hiis=aAl A} AShyis=e""AShiis,
(41) hiss =aA]l A3 AShiss =€ TP AThiss,
and the others are zero. Taking

1 1
A3E€ER , a= —parghiis , B=jarghiis —arghigs,
we have hf 15 €R, h,i,é,g € R, which allows us to write the equation (18) as
Imw =< 2,2 > +2Re%()\z% + vz122) + {higher order terms} , A\, v € R.

2-nondegeneracy implies that at least one of A\ and v is non-zero.
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(III) The equation (19).
(III-i)  h133 # 0. In this case, we use the matrix Az. By the transformation rule, we
have hi 34 = hg 34 =0 and

(42) hi1s=aA} A AShszs = —e*P A,

(43)
3 1 615 3
= ad; Ay T=a hizs + Avhigs ¢,
b33 =aA} (A} ALhy1s+2A) AShig,) =

(44) [%eY

—aA3 AL S— higs+ 243 hiss

v—a b 3,

(45) hs55=aA} A3 ASh1g3=—v—ae ™ |A3°hiz; .
By putting

i3
i € h‘] 3 |h‘ 3

3 2i3 ,2,3 111,3,3
A3 = —€ ¢ s A‘;’ = -

(X%
—-3_ € hi,i,s |hI,§,3
= e
2hi33

W

hiss
1
Chrasl?
we have hi1s = hogs = 1, hjgy = hgss = 0. Therefore the equation (19) can be
transformed into

a= a=m—arghiss,

Imw =< 2',2" > +2ReZ3(27 + 2223) + {higher order terms} .

(ITI-ii)  h3 33 = 0. In this case, we use the matrix in A>. By the transformation rule,
we have hy g5 =hy 34 =hsg,=0and

(46) higs=aA} A3 AShszs = —e*P A,
(47) Ryss=aAl A3 AShiss = —e T A hysy,
(48) hs55=0aA} A} AShigs=—e"AShii, .

By putting A3 = —e™??, o — 8 = —arghj 33, we have hi1s =1, his3 € R. Therefore
the equation (19) is transformed into

Imw =< 2,27 > +2ReZ3(27 + h} 3325 + hf 5 52122) + {higher order terms} .
Denote 6 = arg h} 5 5 and change 2> to z2¢*/>. Then we may take hf 5 5 € C, hy 545 € R.
Therefore we conclude that the equation (19) is transformed into

Imw =< 2,2 > + 2ReZ3(2] + pzs +vz122) +

+{higher order terms} , v €C, peR.
(IV) The equation (20). o
In this case, we use the matrix in A with A% = 0. By the transformation rule, we have

(49) hiis=aA} A} Afhgz3=0,
(50) hizs=aA? Ay AShigs =~ Ajhiss,

(51) hiz5=aA} A3 A3hgz3 =0,
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oW
oW

hyss = aA3(AY AL higg+2A5 AShigs + hs3,3) =

(52)

2ia i A3
A J—
—aA3d —C— higs+2 S22 hisgs + (A)°
aA3 o 11,3+ J—a 133+ (43)" ¢,
bss =aA3 (A} A3hiss+ A A3hsss) =
(53) o (€
= a|A3| {\/—_(1 h17373 + Ag} )
(54) h§,§,3 = aA_g A_g Ag h333 -
By putting
— eia 3 1 1 2
A3 = - higs , A3€R, a a=—carg (~hi1s+ (hi3a)) ,

v—a IR 2
1
f=garg (=hiis+ (hi33)°) —arghiss
we have hggs =1, hi13 = higs = h5353 =0, hi353 € R, hiz, € R Therefore the
equation (20) is transformed into
Imw =< 2,7 > +2ReZ3(uz3 + 3 + vz122) + {higher order terms} , v,u€R.

(V) The equation (21). In this case, we use the matrix in As with 3 =0, A3 =0, A3 =

—land a = —-1.

(55) /1,1,3 = GA% A% Ag ha 33 = —Ag =1,
(56) hiss=aAl Ay AShiss=ehiag,
(57) hi55=aA} A3 A3hz 35 =0,
hyzs =aAl (AL ALhy1s+ A3 AShggzs) =
(58)
— 62104 hi,i,B + (Ag)2 ,
hyss =aA3(A3 AZhygs+ A} A3 hyg;) =
(59)
=-A3 e higg,
(60) Wz =aA] AAS hgzs = hass -
Putting .
o et
A3 =———=hi3;3 , a=—arghiss,

V-a
we have hy g, = hij1y = 1, Rz = hjgy = 0, hi54 € R, hy 54 € C. Therefore the
equation (21) is transformed into

Imw =< 2,2 > +2ReZ3(2f +hh;525 +25 +hisg2122) +
+{higher order terms} .

Denote = arghj 5 5 and change 2 to z2¢”/>. Then we have hf ;4 € C, hy5, € R.
Therefore we conclude that the equation (21) is transformed into

Imw =< 2,27 > +2ReZ (27 +pzd +25 +vziz) +

+{higher order terms} , v€C, peR.
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We have proved that equations (17), ..., (21) are partially normalized into one of the
following forms.

) Imw =< 2',2" > +2ReZ5(A\zi + 2223) + {higher order terms}

(I1) Imw =< 2/,27 > +2ReZ5(A\2] + 2223 + z123) + {higher order terms}

(T11) Imw =< 2,7 > +2Re Z5(A\2} + pzs + vz12) + {higher order terms}

(Iv) Imw =< 2',2" > +2ReZ3(2] + pz3 + 23 + vz122) + {higher order terms}

(V) Imw =< 2,2 > +2ReE(uz§ 4224 vz122) + {higher order terms}

Here \,u € R and v € C.

4. NORMALIZATION IN HIGHER ORDER TERMS, THE CASES (I), (II), (IV) anD (V)

In this section, we normalize higher order terms in (I), (II), (IV) and (V). Denote
the third order terms in equation numbered (j) by 2Rez3p;, j = I,...,V. For example,
pr = )\z% + z22z3. Since prrr does not contain the variable z3, we distinguish it from others.
First, we define some notation. Let f' = (f, %) and f = (f’, f?). Let Fxu(2,%,s) be a
homogeneous formal power series of type (k,1), i.e. Fii(t12,t2Z,s) = t¥thFr1(2,%,s). In
what follows, Fy i, G, Hi,i, Ki,i, Nk, denote formal power series of type (k,l). z and z
are assigned the weight one and w and s are assigned two. Define the spaces of formal
power series F and G' by

F={F@25 =3 Fulsz9)|F = 00), Ptz taz,5) = Pz, 7,5)
Kl

and Fk,l(z,z, S) :W } )
6" = {(19)w) |1 =0@), 1 =0(2), 9= O(W),  constant terms of

O ot op L 0 9 _(Wﬁ)

922 7 928 ' 0w’ Oz’ e@zlaw " Oz00w 0z10w

vanish for j,k = 1,2,3, [ = 1,2, |a| = 3, |8 = 2} .

Let N7(z,%, s) be a formal power series which can be expressed by
Nj(z,E, s) = Z ngl(z,E, s) .
min (k,l)>1

Let N9 € F, j = I,...,V be the spaces of formal power series whose elements are
N7(z,z,s) satisfying the following conditions.

For j = I,I1,1IV,V,

(61) N,Z,l = {Z1Hr,o0 =0, 22Gr,0 = 0, E%kal,o =0, k>4}
3

N4{72:{2_1<ZI,?> H30=0, Z_2<Z,,?>G3,0:0,

(62) ,
Zg—z; < Zl,?> Kz,o ZO}
(63) N?{,l = {< Zl,? > ijo,o = 0}
N{Q = {21 < Z’,y >2 Ho,o =0, 22< ZI,? >2 Go,o =0,
(64)

< 2,2 >? pjKoo =0}
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(65) N3, ={zZiH20 =0, G2, = 0}
(66) Ni, ={<2,7 > Hoo =0}
(67) Ny, ={zi<,7>H,o=0,7<z,7>G =0}
(68) Nig={m <2, Z7>H,o=0,:m<2,27>*G10=0}.
For j =111,
(69) N = {prirHro =0, k > 5}
(70) N = {z1Hpo =0, 2Gro =0, k >3}
(71) N5I,{“>I = {prrr < Z/’? > Hyo =0}
(72) N5 =A{prir < 2,27 >* Hop = 0}
(73) N{—;I,QI = {prr < 2,7 >2 Hso =0}
(74) Néf,lal ={pir<2,7 >2 Ho,1 =0}
(75) Nz{,IzI ={z<Z,2 >Hyo=0, <2,z >Gap=0}
(76) N3 ={z1 < 2,27 > Hop=0, 22 < 2,2 > Goo = 0}
N ={|z1? < 2,27 > Hoo=0, |2)> < 2,2 >* Goo =0,
(77)
Zize < 2,2 >* Koo =0}
(78) N =z <227 > Hio=0, 3 < 2,2 > G =0}
(79) N34 = {prir < 2,27 > Hap = 0}
(80) N ={< 2,2 > Hoo =0},

49

For example, Nf’l, j=1I,II,IV,V, do not contain the terms of the form (—|z1|> +|22|?) x
{a function of s}. First, we consider the equations (I), (II), (IV) and (V). We follow an
argument in [5, 6]. We decompose (f,g) € G* and F, F’ € F into weighted homogeneous

parts as

flzw) = ifi(z,w) , 1=1,2,
pn=3

f3(sz) = Zfi(sz) ) g(z,w) = Zgu(z,w) )

p=2
F(Z,Z7S) = ZFH(Z7E,8) ) F/(Z7Z,8) = ZFL(Z,Z7S) .
p=4 =4
The formal power series F, F' € F are related as
Im(w + g(z,s +i¢)) =< 2’ + f'(2,5 +id), 2" + f' (2,58 +ip) > +
+2Re { (75 + F3(z, 5 +10)p; (2 + (25 +i6)) | +
+F' (24 f(2,5+10), 2+ F(z,5 + i), Re(w + g(, 5+ i9)) )

where
¢ = d(2,%,8) =< 2,27 > +2ReZ3p;(2) + F(2,%,5) .
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Identifying terms of weighted degree u > 4, we obtain

Fu+Img, = —2fi —Ef,i71+2’2f3,1 +Zfri+
(8D = s Op; ,
+2Re{p;(2)f_o + Efﬂ—QaT,«;} +F 4.

where F,, = F,(z,%,s) and F,, = F,(2,%,s +1 < 2,2’ >) Define the linear operator
L;:G'— F,

Lj(f,7f37g): _Img_zlﬁ_z_lfl+z2ﬁ+zf2+
(82)

“ra _ 8 ] =
+2Re(p; ()PP +7 52 Y|
zZ3 (z,s+i<z’,2">)

If the equation '

Lj(flvfsag):F ) mOdNJ
has a unique solution (f', f3,g) € G! for any F' € F, then, given any F’ € F, the equation
(81) allows us to inductively determine F,, and (f,,_1, fﬁ,Q,gu). It is sufficient to prove
the following.

Lemma 1. For any F' € F, the equation
Li(f',f*,9)=F , mod N’
has a unique solution (f', 3 g) € G* for j =1,11,IV,V.

Proof. The proof contains three steps. The first step is to pick up terms of type (k,1)
from the equation (82). The second step is to get partial differential equations for ho-
mogeneous parts of f’, f3, g with initial conditions. Initial conditions come from the fact
that f', f3,g € G'. Then, the third step, we solve partial differential equations obtained
in the second step.
In what follows, we use the notation
orf

of
f/(sz) = w f(m)(z7w) = Jw™
Fk,l = Fk,l(z»za 5) 5 fk,l = ka(Z:E»S) s fTJ :fTJ(ZaZ7S) , etc.
For example,
f11,1 =i < z/,? > (fOl,O)/ ) f111 =—i< z/,? > (f(},o)/ )
<z 72 >?
fra= S22 (o) et

Collecting terms of equal types in (82), we obtain the following system of equations for
k> 3.

1

83 o5
(83) % 9k,0 k,0

! It = £2 — Opj 43 y
(84) 9 k1,1 — 21 k11,0 + Z2fiet1,0 T 23 8723fk’0 = Fjy1,1 mod Nk+1,1

1 3

(85) 9 92,0 +pjfo0 = F20
86 L N T SR
(86) 5 981~ FAfs0t Rf50 7 6—%1’2,0 +p;f}, =Fs1 mod N3,

1 _ _ __ Opj —_ ;
(87) —5; 942 = Zifii +Zfin + 7 O_ng)’l +pif32+Pifio=Fi2 mod Ni,
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1 .
(88) 5 91,0 — Zlfolyo + zzf&o =Fipo

1 —_—_— - —  __ Opj
—5; 921~ afly —Fifao tefiit@mfio+pifio+ 5 87; fio=

(89)
= Fy1 mod Nj,
1 — —— —
—g e afiy “Efiatnflyt B e+ Bt
(90)
Op; .
+z5 2 p3 = Fyo mod Ni,
82’3 ’
(91) —Imgo,0 = Fo,0
Tyl T, =2 , —Opj 3 ;
(92) —Imgi1 —2z1flg—Z1fio+22fi0 +22f10 + 23 87f0‘0 = F1,1 mod Ny,
3
T gl T, 2, — 9D 3 T
—Imgao  —21fyy —Zifan + 225, +22f20 + 728 Ozs fin+pifso+
(93)
5 f3 i 5 _ j
+Ppjfa0 + #5 fi1 = F22 mod N3,
z3
! w5 —2  — Opj .3 -
—lmgss— 21f30 —Zfso +22fis t2f30 + 7 B2s J22+pifs.+
(94)

o D —— )
+25 f31 + zsa—?f%g = F33 mod N3,
3
gk,0 is uniquely determined from the equation (83). Since we have
1 1 — —
% Jk+1,1 = (fﬂgk,o)'i <2 2 >= z'F;;o <Z,Z >,
the equation (84) becomes

(95) —Z1f1i+1’0 + Z2f13+1’0 + Zz3 B_Zfs’o = Fk+1,1 + ... mod ng—o—l,l .

We solve this equation mod le+1,1’ which means that we may assume that Fjy1,1 is of

the form

— gyl — 2 __0pj 43
Frr1n0 =Z1Hiqp10 +Z2Hi41,0 + 23 Do Hip .
3

0
Then we can solve (95) uniquely for fé+170, fii10 and f, for all k > 3.
Substitute
<22 >?
2 ) = 72 pj(fg,o)” )
f§,1 =i<z2,2 > (f30),
féll,l =1< 2,7? > (f3,0)l ) l: 172 )
- <2 >
o= S22 (R
into (87) and calculate mod N, 4{72. Since f3 is known from the previous step, the resulting
equation is

<z, 7 >?

S
21.94,2—( 5 g2,0)" (

N

_ I )
96) <27 > {-m(fio) +Tm(f20) + 75 a_]:;, (f30)'} = Fia+... mod N7, .

By the definition of NJ,, homogeneous parts (f30), (f30)', and (f3,)" are uniquely
determined by (96). f§10 is uniquely determined given a choice of féyo(z, 0). Since f31,0(z7 0)



52 Atsushi Hayashimoto

denotes the part of f!(z,0) that is homogeneous of degree 3, the choice of f3.0(2,0) is
equivalent to the choice of the constant term of

83f1
=3.
0z led
Since f!, f2 and f3 are in G!, the constant terms of
83f2 82f3
e lol=8 g 1A1=2

are 0, which implies that fé,o, fgio and f23,0 are uniquely determined.
Substitute f3170, f3270 obtained above and

1 1 . _ . _ —
T2 931 = (_Z 9270)/7’ < Zlfz/ >=—1< z/>zl > pj(fg),o)/ ’

E: —i< 2, 7> (E)/
into (86), then the resulting equation is
(97) <22 >pi(f30) = Fsa+... mod Nj, .

It follows from the definition of Nil that (f30) is uniquely determined by (97). Since
the constant term of f3 is 0, fg’o is uniquely determined. Substitute f('io so obtained into
(85), then go2 0 is uniquely determined.

Next we turn to the equation (89) and (90). We have

1 <z,2 > <2 > =,
- 2 (f0,0) ’

Fin=1<22 > (fo0) s Ba=-i<2 7> (), fa=i<27> (),
1 ) — —_ — — ) -
—5; 021 =1 <22 > (21(fo0) — 22(f50)) s fla=—1 <22 > (f)
for I = 1,2. Substitute these and known functions into (89) and (90), then they become
2 <27 > {a(o) ~=(80)} ~7(fho) +im(f0)+
(98) L
+pi P50+ 52 flo=Faa+... mod N, ,
3

—iz < 2,2 > (fs0) +imm <22 > (f3o) —i<2,2 >p; (E)’ +
(99)
. i ap] 3\ J
+izs < 2,2 > g(fl,o) =F32+... mod N3, .
3
Differentiate (98), multiply it by i < 2’,2’ > and subtract from (99). Then we obtain
(100) < 2,27 >* {z21(fdo)" — 22(f30)"} —i < 2,2 > p;(f}o) = Fs2+... mod Ni,.
By definition of Ng’Q, the functions (fg.0)"”, (fd0)” and (f7,)" are uniquely determined.
The assumption that f1, f2, f2 are in G' implies that the constant terms of
af! afs
-, =12 d =—, k=1,2,3
8w b ) an 6Zk b 7 b

are 0, which also imply that f(},o, f&o, and ffo are uniquely determined. Substitute these
into (88), then g1, is determined.
Since we have known g¢2,1, ff,1 and fio, the equation (98) becomes

— 1 — 2 j
—Zi1f20 +Z2f20 = F21 + ... mod N§,1 ,

which implies that f21,0 and f22,0 are uniquely determined.
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We proceed to solve the equations from (91) to (94). Since we have

<z, 7 >? . —

# Flo , fan=1i<2,7 > (fi0)
E:—Z‘<ZI,7> (F,O), ’ l:1327

the equation (93) becomes

(101) <27 >{Imz(flo) —ImZ(fio)} = Fo2 +... mod NJ, .

711’11 g2’2 = —

The power series fllyo, fﬁo can be written
fllﬂo(z, s) = a1(s)z1 + a2(s)z2 + az(s)zs ,

flz,o(z7 8) = bi(s)z1 + b2(s)z2 + b3(s)z3 ,
and hence
Im(Z7(flo)) = |21/’ Ima} + Im(a%Z722) + Im(a5Z123) -
ImZ3(f2,) has a similar expression. Substitute these into (93), then the resulting equation
is

<z, 2> {|21|21m ay — \22|21m by + Im(a5Z723) — Im(bsZa23)+
+Im{ (a5 + E)Zzg}} =Fy2+... mod Ng’g .
The definition of N2j,2 and the fact that the constant terms of
1 2 1 2 1 372
W@ Laf ot of ot Op
821 822 823 823 822 azl
are 0 imply that

(102) Ima; , Imbs , as , bs , a2+a

are uniquely determined.
Next turn to the equations (92) and (94). Substitute

— <z, 7 >°
Imgi1=—<2,2 >Regoo , —Imgss= ’6 Re g0l »
17 2 ! 7 2
1 <z,z' > 1 T <z,z' >
f3,2 = *# (fl,o)” s féz = *772 (ff,o)u

and known functions into (92) and (94). Differentiate the resulting equation (92) twice,
multiply it by < 2’,2” >2 /6 and subtract from the resulting equation (94), then we obtain

<27 >? {|21|2Re al — |z2*Re by + Re(asZ123) — Re(bsZazs)+

+Re{ (a5 + W)lez}} =F33+... mod Ng,s .

For example, by the definition of Ng,3, Rea? is determined uniquely. Therefore the chices
of the constant terms of
82 fl Re a fl

Re 0z10w ’ 021
determine Rea; uniquely. Analogously, Reba, a2 — b1 are also uniquely determined by
the choices of constant terms of some differentials. Combine with (102), we conclude that
ai, ...bs are uniquely determined. Consequently, fll_rl, and f12,1 are uniquely determined.

Substitute —Imgi;1 = — < z',? > (Rego,o)' and known functions into the equation
(92), then we have
(Rego,o)/ < Z/,? >= F1,1 + ... mod Nf,l .

It follows from the same argument as above that Re go,o is uniquely determined. Since
Im go,0 is determined from (91), go,0 is determined uniquely.
This completes the proof of Lemma 1. d
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5. NORMALIZATION IN HIGHER ORDER TERMS, THE CASE (III)

The difference between the equation (III) and the other equations is, as mentioned
before, that prrr does not contain zs, which implies that, for example, the equation (84)
does not contain f,io. Therefore, we have to add more equations. It follows from 2-
nondegeneracy condition that prry Z 0. In case of prrr = 0, f3 bellow is not determined
uniquely. We use the following system of equations instead of from (84) to (94).

1

(103) 9 IR0 = Fro
1 —rl — pr2 j
(104) T gk+1,1 — 21 fi1,0 + Z2fi+1,0 = Fry1,1 mod Nk+1,1
1 o o )
(105) 7% 9k+2,2 — zlfl%+2,1 + z2fl§+2,1 + pIIIf)::+2,0 = Fk+2,2 mod N]z+2,2
1 w5
(106) —5; 920 T p111foe = Fao
1 — )
(107) — 93,1 — Z_lfsl,o +Z_2f§,o + prrrfi, = F3,1 mod Nj
21 ) ;
1 J— )
(108) —g9; 942~ Zifin +Zfia + prinf3, + Priifio = Faz mod N,
1 J— )
(109) 5 953 Zifsp+ Bfie+prifis +Priifsn = Fss mod N{g
1 IO
(110) —5; 910~ z1fo 0t 22f50 = Fi0
1 — — - -
(111) T 921~ afly = Fifao+ 22ft + Bfso +prirfio = Fan mod Ni,
1 — . _
—g; 982~ wfl, —Ffsn Azafi, @I+ P f3, +Diiifie =
(112)
= F32 mod Nj,
1 _ —_ I
~5; 943~ 21fhs —FEifie +2afis+Z2fie+pirfis +PIIifin =
(113)
= Fy3 mod N4
1 . I o
—g; Ui wfly—Ffss +zfiit+@fls+piuifis +Diifis =
(114)
= F54 mod NI,
(115) —Im go,0 = Fo,o
(116) —Imgi1 — zlm — Efll,o + ZQF’O—Q—Ein = F1,1 mod Nil
(117) —Imgzo — ZIE —Zifa1 + 2’2?,1 +Zfi, +pIIIE +Ppirifao = Fop
(118) —Imgss — Zlgfzfga +22E+5f§,2 +p111§,1+p111f§’,1 =
118

= F3,3 mod Ng,S
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—Imgsa — 2’1?,3 —Zifis +Z2E +7Z2fis+ pIIIE +Prrifi. =
(119)
= F4,4 mod NZA

—Imgss — Z1F74 —Zif34 +22E + Z_2f52,4 + pnlg + p111f53,3 =
(120)
= F575 mod Ng’s

Furthermore we have to replace G by G2,

g ={(1,9)zw)|f' = 0@), f*=0@), g=0(1),

a2fl 84f3 8f3
constant terms of pyr lal =2, 5.7 1Bl =4, o
a\aHBfS ot f! VB £l
700w la| =1,3, 8=0,1, Rem " Danduwh B8=0,1,2, k=1,2,3,
o TEPY
92008 (8z18w3) vanish for [ = 1, 2} .

The proof of this case proceeds along the same line as the proof in the previous section.
By the definition of NT!7 we can find solutions for equations above in the space G2. This
completes the proof of this case. The proof of Theorem 1 also ends by §4 and §5.

6. DIMENSIONS OF THE GROUPS OF BIHOLOMORPHIC TRANSFORMATIONS

We say that the coordinate (z,w) are regular for M at (0, 0) if the defining function for
M at the point is of the form Imw = ¢(z,z, Rew) with ¢(z,0,s) = ¢(0,%,s) = 0. In this
section, we shall find transformations which preserve regular coordinates and the forms

. - . —1
(1),-.., (5). For stating the proposition, we prepare some notation. Denote I = 0 (1))
Recall that p; be a polynomial of order two definined in section 4. For such a polynomial
and power series f1, fo with variables z1, 22, 23, denote p(f1, f2);x by a polynomial whose
variables are z;zx.

Proposition 1. A transformation (f, f2, f3,g) which preserve regular coordinates and
the forms (1), ..., (5) are the following.

1t . 21 B 22 B
(f2 =4 22 tw BQ + ZkZlElzk + 0(3) ’
A zw) = K1z + Kaza + dzs + O(3)

9(z,w) = cw + w(az + Bz2) + O(4) ,
where c € R\ {0}, d € C\ {0}, a1,a2 € C. A, B;, E}, satisfy the following relations.

By ar
A TA=cI , =A! ,
—Bs az
—-Eh —a1 — Kip(f', f)n
— A*—l
E? —Kop(f*, [
—FEs3, —EKaip(f*, f*)22
_ A*71

E§2 a2 _?QP(fl,fQ)ZQ
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—El, — E3 az — Kip(f', f*)e
— A*71
E?y + B3 —a1 — Kap(f', )12

Proof. The proof is almost same as the one for Proposition 1.1.9 in [6].

Using this proposition, we can compute a bound on the dimension of the stability
group Aut(M,po) of a hypersurface M as in Theorem 1. Since our hypersurface M is
2-nondegenerate at po, the stability group of M is a real, finite dimensional Lie group by
the result in [1]. Counting the number of parameters in G*, G* and f*, f2, f, g, we find
the following estimation.

Corollary 1. Let M C C* be a real analytic hypersurface with the same conditions as in
Theorem 1. Then the following holds.

(1)
2)

)

(2)

(1]
2]

3

(4]

[5

6

[7

(8]
(9]

If the defining function of M is one of (1), (2), (4) and (5), then
dimrAut(M,0) < 61.
If the defining function of M is of the form (3)), then dimgrAut(M,0) < 118.

7. SOME REMARKS

For hypersurfaces in C* with degenerate Levi forms at the origin, they can be
classified into five types in terms of Levi forms. Namely, after diagonalization,
the diagonal components are (1, 1,0), (1,—1,0),(1,0,0), (0,0,0). The first case is
studied in [6]. This article treats the second case with 2-nondegeneracy condition.
By the same argument in this article, normal forms of hypersurfaces of the third
case may be constructed with assumption of 2-nondegeneracy.

In case that M is k-nondegenerate, k > 3, as far as I know, we can not determine
(', £, g) uniquely in Lemma 1. The reason is that p;r; may be constantly zero.
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