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Geometry of contact Riemannian manifolds whose Reeb vector field is
harmonic

by Domenico PERRONE

Abstract’. A contact riemannian manifold whose Reeb vector field is a harmonic
vector field is called a H-contact manifold. In this paper, we review some results related
to the geometry of a H-contact manifolds and to the harmonicity of Hopf vector fields.

1. INTRODUCTION

Let (M, g) be a Riemannian manifold and (7'M, g,) its unit tangent sphere bundle
equipped with the Sasaki metric gs. A unit vector field V on (M, g), if it exists, determines
a map between (M, g) and (T'M, g5). When M is compact, the energy of V' is the energy
E(V) of the corresponding map. V is said to be a harmonic vector field if it is a critical
point for the energy functional E defined on the space x'(M) of all unit vector fields on
(M, g). The corresponding critical point condition has been determined in [43] and [44].
A harmonic vector field determines a harmonic map if an additional condition is satisfied
[14], [23]. In [14], similar notions were introduced when M is also non-compact. In these
last years, the study on the harmonicity of unit vector fields is very active. Several results
and many examples of such vector fields have already been discovered (see for example
[8], [9], [17], [19], [32], [33] and the survey paper [16]).

An interesting geometrical situation, in which a distinguished vector field appears in
a natural way, is given by a contact manifold (M,n) where we have the Reeb vector field
(also called the characteristic vector field) £. It is well known that £ plays a fundamental
role in the study of the geometry of a contact manifold from the Riemannian point of view
[4], and moreover the first examples of harmonic vector fields have been the Hopf vector
fields on the unit odd-dimensional spheres, that is, the Reeb vector fields of the standard
Sasakian structure of the unit odd-dimensional spheres. On the other hand, the Hopf unit
vector fields on odd-dimensional spheres are a particular case of a general construction
on any orientable real hypersurface of a Kéhler manifold. So, it is natural to study the
harmonicity of the Reeb vector field of a general contact Riemannian manifold or of a
orientable real hypersurface in a Kahler manifold and to see how its harmonicity is related
to the geometry of the manifold.

A contact metric (or Riemannian) manifold (M,n,g) whose Reeb vector field £ is a
harmonic vector field is called a H -contact manifold [33]. The condition that characterizes
the H-contact manifolds is a very natural condition, it appears in many examples and
problems of contact Riemannian geometry. The aim of this paper, based on the lecture
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given by the author at the University of Potenza in April 2004, is to review some results
related to the geometry of a H-contact manifold and to the harmonicity of Hopf vector
fields. The content is the following:

Sect.2 Harmonicity of unit vector fields.

Sect.3 Harmonicity of the Reeb vector field.

Sect.4 Three-dimensional H-contact manifolds.

Sect.5 The energy (2.1) and the Chern-Hamilton energy.

Sect.6 Harmonicity of Hopf vector fields of real hypersurfaces in Kéhler manifolds.
Sect.7 Real hypersurfaces of contact type.

Sect.8 Some questions.

2. HARMONICITY OF UNIT VECTOR FIELDS

Let (M, g) and (M’, g') be two Riemannian manifolds with M compact. The energy of
a smooth map f: M — M’ is defined by

E(f) = A el

where e(f) = 1 || /- |? is the energy density and || f.|| is the norm of the differential of f with
respect to metrics g and ¢'. Hence, ||f.||> = try f*¢’ and locally, on the domain of a local
orthonormal basis {E;}i=1,..n, n = dim M, it can be expressed as Y., ¢'(f«Ei, [« Ei).
The critical points of this functional on C°°(M, M’) are known as harmonic maps and
have been characterized by Eells and Sampson [12] as maps with vanishing tension field:

n

T(f) =tr (Vdf) =Y (Vi foEi — f-VE,E;) .

=1

<%1Et))t:0 = */M g(V,7(f))dv,

where E(t) = E(f:), fi is a smooth variation of f, V = (9f:/9t)(0) and g is the bundle
metric on f~'TM’ induced from the metric ¢'.

More precisely,

If we consider the tangent bundle 7 : TM — M on the Riemannian manifold (M, g), we
can construct a natural metric on T'M, the Sasaki metric gs, induced from the metric g.
For any point z = (p,u) € TM and any tangent vectors X.,Y, € T.(T'M), consider two
curves in TM, a(t) = (a(t),V(t)) and B(t) = (B(t), W(t)) such that &(0) = B(0) = z,
&(0) = X, and 3(0) = Y.. Then

9.0 = (6000, 5(0) + 9 ( 101 T ) |

where DV/dt is the covariant derivative of the vector field V(¢) along the curve «a(t).
X, = m.a(0) = &(0), and the map K, : T.TM — T,M, X, = &(0) — (DV/dt)(0),
is the connection map. A vector X, € T,TM is called horizontal vector if it is tangent
to a horizontal curve &(t) = («(t), V(t)), that is V (¢) is parallel along «(t), and is called
vertical vector if it is tangent to the fiber 7! (p). Horizontal and vertical vectors generate
two complementary (orthogonal with respect to gs) distribution:

T.TM = V.TM & H.TM ,

where V,TM = ker m. denotes the vertical subspace and H,T M = ker K, the horizontal
subspace. Our interest lies in the unit tangent sphere bundle 7" M which is a hypersurface
of TM consisting of all unit tangent vectors to (M,g).

On T'M we consider the metric induced from the Sasaki metric gs. A unit normal
vector field N to T'M is given by the vertical vector field N, = u’ (vertical lift of u),
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z = (p,u). In general, the vertical lift of a vector (field) is not tangent to 771 M. For this
reason, we define the tangential lift of X € To:M by X{, ) = (X — g(X,u)u)".

Now, we consider the set x' (M) of all smooth unit vector fields on M which is supposed
to be non-empty. This assumption implies the vanishing of the Euler characteristic. Any
U € x*(M) defines a map between (M, g) and (T M, gs). Then U : M — T M is a harmonic
map if it is critical point of the energy functional

EWU) = /M e(U) dv

defined on the set C°°(M, TM). For any orthonormal basis {e; }i=1,... n of T, M, the energy
density e(U), is given by

1 1 "
e(U)p = B) ||U*pH2 = 5“9 (U gs)p :
Since
(U"gs),, (€, €i) = gp(ei, ) + gp(Ve,U, Ve, U)
we get
1 2 1 2
@) =3 (n+ Y IVaUI?) = 5 (v +IVU )
and hence
1 1
(2.1) E(U) = = nvol (M) + = / VU dv .
2 2 Ju

The relevant part of this formula B(U) = (1/2) [}, [VU||? dv is called the total bending
of the vector field U (see [43]). In particular,

B(U) > £ nvol (M),

where the equality holds if and only if U is parallel. The unit vector field U : M — T'M
is a harmonic map if the tension field 7(U) vanishes. The horizontal and the vertical
components of 7(U) can be computed by the formula (see Ishihara [22])

(2.2) T(U) =) + 7)Y = {t+t R(V.U,U)-}" + {-AU}V
where R denotes the curvature tensor of (M, g) defined by
R(X,Y)=Vixy —[Vx,Vy],

and AU is the rough Laplacian, that is

AU = —trV2U = Zn: {VinElU - ininU} ,

i=1

where {E;} is a local orthonormal basis. The covariant derivative V admits a formal
adjoint V*. In particular, if S is a (1, 1)-tensor on M, we have

V'S=-trVS=-> (Vg,S)E; .

i=1
Using the operator V*, we obtain

AU =V*VU and ¢(AU,U) = |VU|?.
Then, from (2.2), we get the following

Theorem 2.1 (Ishihara [22]). Let U be a unit vector field on M.
Then U : (M, g) — (T'M, gs) is a harmonic map if and only if VU = 0.
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Therefore, it is difficult to find a vector field which is a harmonic map between (M, g)
and (T'M, gs). In this case, (M, g) must be locally a Riemannian product, because a unit
parallel vector field determines two orthogonal complementary totally geodesic foliations.
However, the situation is different if we consider U as a map between the Riemannian man-
ifolds (M, g) and (T"' M, gs). In this case, the variation of U is restricted to C'*°(M,T* M)
and U : (M, g) — (T*M, gs) is a harmonic map if its tension field 71 (U) vanishes. Now,
we recall that the tension field of the composition of two maps

(M, g) L (M, g) L (", ")
is (see [12])
T(f o f) = df' o T(f) + tr (Vdf')(df, df) -

In particular, if f is an isometric immersion, 7(f) is the orthogonal projection of 7(f’ o f)
on M’. The map U : (M, g) — (T'M, gs) can be considered as the composition

(M, g) > (T M, g.) < (TM,g.) ,
then the tension 71 (U) is the orthogonal projection of 7(U) on T*M. Moreover,
Ty, TM = Ty, T'M& < Ny, >
and, by (2.2), 71 (U) is given by
{tr R(V.U,U)-}" + {tr VU — g(tr VU, U)U}" .
Then, we get (see also Han-Yim [23] and Gil-Medrano [14])
Theorem 2.2. Let U be a unit vector field on M. Then, U : (M,g) — (T*M,g) is a
harmonic map if and only if
(2.3) a) tr R(V.U,U)- =0 and b) AU = |[VU|*U .
A unit vector field U is called harmonic vector field if it is critical for the functional

energy E| 1.y In this case, the variation of U is restricted to unit vector fields and we
have the following

Theorem 2.3 (Wood [44] and Wiegmink [43]). Let U be a unit vector field on M. Then,
U is a harmonic vector field if and only if

(2.4) AU = |VU|*U .

The critical point conditions (2.3) and (2.4) have a tensorial character and may also be
considered on non-compact manifolds.

Remark 2.4. Examples of harmonic unit vector fields which do not define harmonic
maps can be found in [9] and [17].

3. HARMONICITY OF THE REEB VECTOR FIELD

3.1. Contact metric manifolds. We start this section by recalling some basic facts
about contact metric manifolds. A (2n + 1)-dimensional manifold M is said to be a
contact manifold if it admits a global 1-form 7n such that n A (dn)™ # 0. Given 7, there
exists a unique vector field &, called the characteristic vector field or the Reeb vector field,
such that n(¢) =1 and dn(§,-) = 0. Furthermore, a Riemannian metric g is said to be an
associated metric if there exists a tensor ¢ of type (1,1) such that

n=g&") , dn()=g(,¢) , ¢"=-I+n@E.
(n,9,& ), or (n,g), is called a contact metric structure and (M,n,g,&,¢) is called a
contact metric manifold or contact Riemannian manifold. The scalar torsion |||, 7 =
Leg, introduced in [11], and the tensor h = (1/2)L¢¢ are fundamental in contact metric
geometry. They are related by

7=2g(h¢-,-) , |I7]|* = 4trh® = 8n — 49(QE, €) .



Geometry of contact Riemannian manifolds whose Reeb vector field is harmonic 157

Moreover, we have

(3.1) VéE=—¢—oh.

It is well-known that the unit tangent sphere bundle T' M of a general Riemannian man-
ifold has a natural contact metric structure (7, g,&, ). The metric g is homothetic to
the metric g, induced by the Sasaki metric: § = (1/4)gs. The Reeb vector field & is
proportional to the geodesic flow vector field:

£ = ZFLY(O) = QU’ZL )

where 5(t) = (y(t),%(t)) with v(t) geodesic and 5(0) = z = (p,u) € T*M. The tensor ¢
is given by: ¢X! = X! and ¢X! = — X" + g(X,, u)ul.

Now, we recall the definitions of some classic subclasses of contact metric manifolds. A
contact metric manifold is said to be 7n-FEinstein if the Ricci operator @ is of the form
Q = al + by ® ¢, where a and b are functions. A contact metric manifold is said to be
a K-contact manifold if € is a Killing vector field, or equivalently, h = 0. In dimension
n > 5, it is known that for any n-Einstein K-contact manifold, a and b are constant. A
contact metric structure (£, 7, ¢, g) on M is called a Sasakian ( or normal) structure if the
almost complex structure J on M x R defined by J(X, f(d/dt)) = (¢ X — f&,n(X)(d/dt)),
where f is a smooth function on R, is integrable. Moreover, a contact metric structure is
Sasakian if and only if
R(X,Y)¢ = n(X)Y —n(Y)X .

Any Sasakian manifold is K-contact and the converse also holds when n = 1, that is,
for three-dimensional spaces. On a K-contact manifold £ is an eigenvector of the Ricci
operator (), more precisely we have

QE =2n¢ .
A locally symmetric K-contact (or Sasakian) manifold necessarily has constant curvature
1 (Tanno [36]). For this reason T. Takahashi (see for example [4], p.115) introduced
the locally ¢-symmetric Sasakian spaces. Such spaces are defined as Sasakian manifolds
satisfying:

(3.2) ®* (VvR)(X,Y,Z)=0 VYX,Y,Z,V €kern.

Geometrically, these spaces can be characterized as Sasakian manifolds such that: the local
reflections with respect to the integral curves of the Reeb vector field are local isometries.
Boeckx and Vanhecke [6] proposed this property as definition of local ¢-symmetry for a
general contact metric manifold, moreover in [7] the same authors and Bueken formalized
the following two notions. A contact metric manifold is called strongly locally ¢-symmetric
if the characteristic reflections are local isometries while it is called weakly locally ¢-
symmetric if the curvature condition (3.2) is satisfied. The notion of strongly locally
¢-symmetric space implies an infinite number of curvature conditions ([6]), in particular
implies the curvature condition (3.2). Moreover, the Reeb vector field of a strongly locally
¢-symmetric space is an eigenvector of the Ricci operator. Another interesting subclass
of contact metric manifolds, which extends the subclass of Sasakian manifolds, is that of
so-called (k, p)-spaces introduced by D. E. Blair, T. Koufogiorgos and B. J. Papantoniou
[5]. Such spaces are defined as contact metric manifolds satisfying

(3.3) R(X,Y)E = k{n(Y)X —n(X)Y} + p{n(Y)hX — n(X)hY'}
where k and p are constant. Moreover, we have
Q¢ =2mké |, k<1,

and if Kk = 1 or h = 0, then M is Sasakian (see [5]). In the sequel, a contact metric
manifold whose characteristic vector field £ is a harmonic vector field is called an H-
contact manifold. We refer to [4] for more information about contact metric geometry.
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3.2. Harmonicity of £&. C. M. Wood [44] proved that the Hopf vector field on the unit
(2n + 1)-sphere S?"*!, that is, the Reeb vector field of the standard Sasakian structure
on S?"*1 is a harmonic vector field. G. Wiegmink [43] proved that the Reeb vector field
of any Sasakian manifold is harmonic, moreover it determines a harmonic map (see [23]).
S. D. Han and J. W. Yim [23] proved that the Hopf vector field on the unit 3-sphere S3
is the only unit vector field which defines a harmonic map into its unit tangent bundle.
Harmonicity of the Reeb vector field of K-contact manifolds and (k, p)-spaces was proved
in [20], [8]. Now, let M be a general contact metric three-manifold. In [20], Gonzalez-
Davila and Vanhecke, using a convenient expression of the Levi-Civita connection given in
[10] and a criterium of harmonicity given in [14], proved that the Reeb vector field £ of M
is harmonic if and only if £ is an eigenvector of the Ricci operator. In arbitrary dimension
we have the following results (see [33]).

Theorem 3.1. Let (M,n,§,g,¢) be a (2n+1)-dimensional contact metric manifold. Then

AE = 4ng — Q¢ = || VE[*¢ + ¢ Q¢ ,

where |VE||? = 2n + trh?. In particular: An = 4nn, where A is the Hodge-de Rham
Laplacian, and M is K-contact if and only if An = 2nn.

Then, as a consequence of this theorem, we get

Theorem 3.2. A contact metric manifold is an H-contact manifold, that is & is a har-
monic vector field, if and only if € is an eigenvector of the Ricci operator.

We will see that the condition which characterizes the class of H-contact manifolds, nat-
urally appears in many problems and examples. Einstein contact metric manifolds, and
more in general n-Einstein manifolds, are the first examples of H-contact manifolds.

Remark 3.3. For a general Riemannian manifold (M, g), harmonic vector fields are
substantially different from harmonic vector fields in the conventional sense viz. the dual
1-form is harmonic in Hodge theory. The following Weitzenbdck’s formula for differential
1-forms w is well known:

(3.4) Aw = Aw + g(QXo, ")

where X is the vector field defined by w = g(Xo, -). Then, when a vector field is harmonic,
the associated 1-form, in general is not Hodge Harmonic. If w is a harmonic 1-form in
Hodge theory and QXo = AX,, then X, is a harmonic vector field.

The geometry of TP M has been deeply studied and involves the geometry of the base
manifold in a way that, although very natural, produces complicated formulas if the
curvature has no particular properties. Let us recall that the curvature tensor appears
in the covariant derivative of Sasaki metric. So, one can not expect to get results for a
general manifold, without curvature assumptions. For example we have:

Theorem 3.4 ([39], [5], [6]). Let (M,g) be a general Riemannian manifold. Then

a) T'M is K-contact (or Sasakian) if and only if (M, g) is of constant curvature +1;

b) T M is a (k, u)-space (or a strongly locally $-symmetric space) if and only if (M, g) is
of constant curvature c.

About the harmonicity of the Reeb vector field of T M, we have the following result due
to Boeckx-Vanhecke:

Theorem 3.5 ([8]). Let (M,g) be a general Riemannian manifold. If (M,g) is a two-
point homogeneous space, then the natural contact metric structure of T*M is H-contact
and € : T'M — T'T'M is a harmonic map. If dim M = 2,3, then T'*M is H-contact if
and only if (M, g) is of constant sectional curvature.
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Now, we investigate how the class My of all H-contact manifolds is related to classical
classes of contact metric manifolds with respect to inclusion relations. We put M g:= the
set of all Sasakian manifolds, M i := the set of all K-contact manifolds, My, ,:= the set of
all (k, u)-spaces, and M ys:= the set of all strongly locally ¢-symmetric spaces. The Reeb
vector field of a contact metric manifold M € Mg UMy, , UMk UMy, is an eigenvector
of the Ricci operator. Moreover, Theorems 3.4 and 3.5 imply that the unit tangent sphere
bundle of a two-point homogeneous space of non-constant sectional curvature gives an
example of H-contact manifold which does not belong to Ms UMy, ,,UMgrU Mgys. Then
we have

Proposition 3.6 ([33]). The class My extends the classes Ms, My, Mk and Mg,

We end this section with the problem of conformally flat contact metric spaces. Tanno
[36] proved that a conformally flat (2n + 1)-dimensional K-contact manifold is of constant
curvature +1. In [10], the authors proved that a conformally flat three-dimensional H-
contact manifold is of constant sectional curvature 0 or +1. Recently, this result has been
extend in arbitrary dimension. In fact, we have

Theorem 3.7 (Bang-Blair [1]). A (2n+ 1)-dimensional conformally flat H-contact man-
ifold is of constant sectional curvature c.

We note that the constant c=0or +1ifn=1,and c=1ifn > 1.

4. THREE-DIMENSIONAL H-CONTACT MANIFOLDS

In this section we briefly review some results on the geometry of a contact metric
three-manifold related to the notion of H-contact. For a contact metric three-manifold,
the Webster scalar curvature W is defined by (see Chern-Hamilton [11], Tanno [37])

— 4
woT p(é; O+4
where r denotes the scalar curvature and p the Ricci tensor. Moreover, when the scalar
torsion ||7|| # 0, we put
42 W
kgl
A contact metric manifold is called homogeneous if there is a connected Lie group of isome-
tries acting transitively which leave the contact form invariant. We recall the following
result about three-dimensional homogeneous contact metric manifolds obtained by the
author in [31].

Theorem 4.1. Let (M,n,g) be a simply connected homogeneous contact metric three-
manifold. Then M is a Lie group G and both n and g are left invariant. More precisely,
we have the following classification.

Sasakian case:

(1) If G is unimodular, then it is one of the following Lie groups :
the Heisenberg group H when W = 0;
the 3-sphere group SU(2) when W > 0;
the group SL(2,R) when W < 0;

(2) If G is non-unimodular, its Lie algebra is given by

[e1,e2] = aex +26 , [e1,€] =[e2,¢] =0,

where e1,e2 = ¢per € kern and o # 0; in this case W = fa2/4 < 0.
Non Sasakian case:

(1) If G is unimodular, then it is one of the following Lie groups :
the 3-sphere group SU(2) when p > 1;
the group SL(2,R) when —1 #p < 1;
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the group E'(Q), universal covering of the group of rigid motions of Fuclidean 2-space,
when p = 1;
the group E(1,1) of rigid motions of Minkowski 2-space when p = —1;

(2) If G is non-unimodular, its Lie algebra is given by

ler,e2] = aea +26, [e1,] =7ve2 , [e2,£] =0,
where e1,e2 = pe1 € kern and o,y # 0; in this case p < 1.

A Riemannian manifold such that the volume of all sufficiently small geodesic balls
only depends on the radius is called a ball-homogeneous space (Kowalski-Vanhecke [27]).
Based on the above theorem, in [10] Calvaruso, the author and Vanhecke derived the
classification of ball-homogeneous H-contact metric three-manifolds. More precisely, we
have

Theorem 4.2. A H-contact three-manifold M is ball-homogeneous if and only if it is
locally isometric to a unimodular Lie group equipped with a left-invariant contact metric
structure.

T. Koufogiorgos and C. Tsichlias [25] introduced a new class of contact metric three-

manifolds : the generalized (k, p)-spaces. These spaces are defined by the equation (3.3)
where k£ nd p are functions. They proved that, if dim M > 3, then k and p are necessarily
constant and if dim M = 3, there exist examples of generalized (k, u)-spaces which are not
(k, p)-spaces.
Now, we have a characterization of such spaces in terms of harmonic maps. Let (M, n, g,¢&,
¢) be a contact metric three-manifold and m a point of M. Then there exists a smooth
local orthonormal basis of the form {, e1,e2 = ¢e1} in a neighborhood of m. Let Uy be
the open subset of M where h # 0 and let Us be the open subset of points m € M such
that h = 0 in a neighborhood of m. U; U Uz is an open dense subset of M. On U; we put
he; = Ae; and hence, since h¢p = —¢ph, we have hea = —Aez where A is a non-vanishing
smooth function. Then, we have

Theorem 4.3 ([32]). Let M be a contact metric three-manifold. Then the Reeb vector
field € : (M,g) — (T*M,g) defines a harmonic map if and only if M is a generalized
(k, p)-space on the dense open subset Uy U Us.

In [26], the authors classify the 3-dimensional generalized (k, i1)-spaces which satisfy the
condition ||grad k|| = const. (# 0). This class of manifolds is determined by two arbitrary
functions of one variable. Of course, this gives a classification of H-contact three-manifolds
with ||(grad ||7]|)||=const. (# 0). We note that these manifolds are non-compact (and
parallelizable).

H-contact three-manifolds are also related to the study of strongly (and weakly) locally
¢-symmetric spaces. In fact, we have:

Theorem 4.4 ([10], [35]). Let M be a contact metric three-manifold. Then:

a) M is strongly locally ¢-symmetric if and only if it is H-contact and locally homogeneous;
b) if M is H-contact, then M is weakly locally ¢-symmetric if and only if it has constant
¢-sectional curvature.

Next, we recall that the volume of an immersion f : M — (M’,g’) is the volume of the
Riemannian submanifold (M, f*g'), that is

vol () = [ dvyey
M

where M is a compact manifold. If we choose a metric g on M, then

Vol(f):/M Vdet f*g’ dvg :/M V/det Ly dvy |
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where Ly is the endomorphism defined by g(L;sX,Y) = f*¢'(X,Y).

Now, a unit vector field V' on a Riemannian manifold (M, g) determines a map (M, g) —
(T*M, g5) which is a immersion and hence it also determines a submanifold of (T* M, g5).
When M is compact, the volume of V', that is, the volume of the corresponding subman-
ifold (M,V*g.) of (T*M, gs), is given by

vol (V) = / Vdet Ly dvg .
Jm

In this case, Ly is defined by
9(Lv(X),Y)=g(X,Y)+g(VxV,VyV) ,

ie. Ly = I+ (VV)! o VV. This yields the volume functional on the set x*(M). In [15],
it is proved that V is a critical point for the volume functional defined on x'(M) if and
only if the 1-form

wV(X) =tr (Z = (VZSV)X)
vanishes on V1, where Sy = (v/det Lv L' (VV))). V is called minimal vector field
if it is critical for this volume functional. This is equivalent with the condition that the
submanifold of (T M, gs), determined by V, is minimal. Such a unit vector field is called
minimal unit vector field even when M is possibly non-compact.
In [20] the authors proved the following

Proposition 4.5. The Reeb vector field of a contact metric three-manifold is minimal if
and only if on Ui, we have

AN{(A=1) +1} =4(¢e)(N) and BA{(A+1)> +1} = —4e()) .
Then, using the Proposition 4.5, we get the following result (see [32]).

Theorem 4.6. Let (M,n,9,&,¢) be a contact metric three-manifold. Then & is harmonic
and minimal if and only if M is Sasakian or is locally isometric to a unimodular Lie
group G equipped with a non-Sasakian left-invariant contact metric structure (n,g), more
precisely (using the invariant p):

if p>1, G is the 3-sphere group SU(2);

ifp=1, G is the group E(Z), i.e. the universal covering of the group of rigid motions of
Euclidean 2-space;

if =1 #p <1, G is the group SL(2,R);

if p= —1, G is the group E(1,1) of rigid motions of the Minkowski 2-space; where G
denotes the universal covering of G.

Corollary 4.7 ([32]). The only compact three-manifold which admit a H-contact structure
whose Reeb vector field is minimal are compact left quotient, under a discrete subgroup, of
the Lie groups SU(2), H®, SL(2,R), E(2) or E(1,1).

Moreover, using (3.1), we obtain the following.

Proposition 4.8. Let M be a compact H-contact three-manifold whose Reeb vector field
& is mintmal. Then, the energy and the volume of & satisfy:

E(E) = ( 2H2H>volM)>gvol()

where the equality holds if and only if M is Sasakmn' and

vol (&) (4+— H2H) vol (M) > 2vol (M) ,

where the equality holds if and only if M 1is Sasakian.

In [19], it is proved that on a compact Sasakian three-manifold with ¢-sectional curva-
ture ¢ > 1, £ minimize the energy and the volume and moreover they are the unique
minimizers.
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Remark 4.9. About the minimality of the Reeb vector field € of a contact metric manifold
of arbitrary dimension, we know that £ is minimal when M is K-contact, a (k, u)-space
or a Kenmotsu manifold (see [21]).

5. THE ENERGY (2.1) AND THE CHERN-HAMILTON ENERGY

Let (M, n) be a (2n+ 1)-dimensional compact contact manifold. The energy functional

(5.) Flo) =3 [ Il

defined on the set A(n) of all metrics associated to 7, was studied by Chern and Hamilton
[11] in the three-dimensional case, by Blair (see [4], p.167) when the contact form is
regular, and by Tanno [37] for a general contact manifold. The critical point condition for
the functional (5.1) is

(5.2) Ver =27¢

and was determined by Tanno [37]. More recently, the equation (5.2), called Tanno’s
equation, has been studied by Barletta and Dragomir [2]. In particular, they proved that
Tanno’s equation is the critical point condition of a large class of functionals. We note that
the Chern-Hamilton functional is related to the energy functional considered in Section
2. Note that a contact metric structure (7, g,&, ¢) on M is completely determined by the
tensors g and £. In fact, the contact form is given by n = g(&, -) and the tensor ¢ is defined
by dn = g(-,#-). Now, consider the energy of the map V € x*(M) with respect to the
contact metric g:

1
LVig) = g [ Vil dv, =

The energy L depends on (V, g) € x*(M) x A(n). If we restrict this functional L to the set
x' (M) x {g}, where g is a fixed metric associated to 7, then we get the energy functional
E considered in Section 2 and the characteristic vector field ¢ is critical for L (that is, M
is an H-contact manifold) if and only if £ is an eigenvector of the Ricci operator (Theorem
3.2). If we consider the same functional L defined on the set {{} x A(n), then a metric
g € A(n) is critical for such functional if and only if it is critical for the Chern-Hamilton
energy functional F(g). In fact, all metrics associated to n have the same volume element
(see [4], p.38), moreover from (3.1) we get

2n+1

1
vol (M, g) + 1 / IVVI2 du, -
2 M

2
-
vl = (20 + 170
So, we say that a contact metric structure (§,g) on M is critical if € is critical for the
functional L defined on x*(M) x {g} and g is critical for the same functional defined on
the set {€} x A(n). The critical point condition (5.2) has a tensorial character and may
also considered on non-compact manifolds.

A K-contact structure is critical in the above sense (in fact, 7 = 0 and Q¢ = 2n¢), but
in general the converse does not hold. In fact, the standard contact metric structure on
T'M(—1), the unit tangent sphere bundle of a Riemannian manifold of constant curvature
—1, which is not K-contact, has & critical for the energy F (see [8]) and g critical for the
energy F' (Blair [4], p.168). If M is a compact K-contact manifold (that is, 7 = 0) and
the Ricci tensor satisfies p > —2g, then b1(M) = 0 (Tanno [38]). Generalizing Tanno’s
result, we have the following theorem (which is Theorem 4 of Goldberg-Perrone-Toth [18]
reformulated).

Theorem 5.1. Let (M,g,£&) be a (2n + 1)-dimensional compact contact metric manifold
where the contact metric structure is critical. If the Ricci tensor satisfies p > —cg >
(=2+ (|I7ll/V2n))g, then the first Betti number b1 (M) vanishes.
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In the 3-dimensional case, we have a complete classification of such manifolds.

Theorem 5.2 ([33]). Let (M,&,g) be a contact metric three-manifold. Then the contact
metric structure (€, g) is critical if and only if M is K-contact or locally isometric to the
Lie group S~L(2,R) equipped with a left-invariant contact metric structure which is not
K -contact.

H. Geiges [13] proved that a compact three-manifold admits a normal contact form (i.e. a
K-contact structure) if and only if it is diffeomorphic to a left quotient, under a discrete
subgroup, of one of the following Lie groups: SU(2), H® and SL(2,R). Theorem 5.2 and
the mentioned theorem of Geiges imply the following result.

Corollary 5.3 ([33]). The only compact three-manifolds which admit a critical contact
metric structure are compact left quotient, under a discrete subgroup, of the Lie groups

SU(2), H® and SL(2,R).

6. HARMONICITY OF HOPF VECTOR FIELDS OF REAL HYPERSURFACES IN KAHLER
MANIFOLDS

The Hopf unit vector fields on odd-dimensional spheres are a particular case of a general
construction on any orientable real hypersurface (M, g) of a Kihler manifold (M, g, J).
Let N be an unit vector field normal to the hypersurface M. Then £ = JN, called Hopf (or
Reeb ) vector field, is the characteristic vector field of an almost contact metric structure
(n,9,&,¢) on M. The tensor ¢ is defined by JX = ¢X — g(X,JN)N and n = g(&,-).
The hypersurface M is called a Hopf hypersurface if the Hopf vector field £ determines a
principal direction, that is A{ = «a&, where A denotes the shape operator. In this case
some results on the harmonicity of £ were obtained by Tsukada and Vanhecke ([40], [41])
mainly when M is a complex space form or the complex 2-plane Grassmannian. When M
is a general Kahler manifold we get the following results (see [34]).

Theorem 6.1. Let M be an orientable real hypersurface in a general Kéihler manifold M
of complex dimension n+ 1. Then

A¢ = ¢ptr VA + ¢* A% + || VE|*¢ = =6V H + pryy, , Q€ + * A% + || V€ %€,
where Q is the Ricci operator of M.

Corollary 6.2. Let M be an orientable real hypersurface of o Kihler manifold M. Then
the Hopf vector field & is harmonic if and only if

MrVA+ $* A% =0.

In particular:

a) If divA = 0, then & is harmonic if and only if & is eigenvector of A>.

b) If M is a Hopf hypersurface, then £ is harmonic if and only if tr VA is parallel to the
Hopf vector field €.

Theorem 6.3. Let M be an orientable Hopf hypersurface of a Kihler manifold M with
¢ eigenvector of Q. Then:

(i) The Hopf vector field & is harmonic if and only if VH = £(H)E.

(J) If « is constant along the integral curves of €, then the Hopf vector field & is harmonic
if and only if the mean curvature H is constant.

The principal curvature o of a Hopf hypersurface M, in a complex space form M (c)
of constant holomorphic sectional curvature ¢ # 0, is constant and the other principal
curvatures are constant along the integral curves of £ (see [41] Proposition 2.2), therefore
&(H) = 0. Moreover for such spaces tr R(V.£,£)- = 0, so we get the following (see also
fa1]).
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Corollary 6.4. Let M be an orientable Hopf hypersurface of a complex space form M (c),
c # 0. Then & determines a harmonic map from (M,g) to (T*M,gs) if and only if the
mean curvature H s constant.

Another application of Theorem 6.1 is related to the Hodge-de Rham Laplacian A of
& (A is the vector field dual of the one form An). We consider the Weitzenbéck formula
(3.4) with w = n, that is:
An=An+g(QE,-) ie AL=AE+QE.
On the other hand, from Gauss equation (see for example [34]) we get
Q¢ = Q€ — g(Q&, N)N + R(N, )N — A%¢ + HAE
where R denotes the curvature tensor of M. Therefore, applying Theorem 6.1, we have
A¢ = ¢VH + {HAE — 2A%¢ + R(N, N}, +

+{9(Q8,) + R(N,& N, €) + Hg(A€,€) — | A¢||” + | VE]*} €
Then, this formula and (i) of Theorem 6.3 imply the following

Theorem 6.5. Let M be an orientable Hopf hypersurface in a Kihler manifold M with
& eigenvector of the Jacobi operator Ry := R(-, N)N, then

A€ = ¢VH + {g(Q€,€) — B+ Ha — 2a° + ||A|*} €,

where AE = o and Ry& = BE. If, in addition, M is Kdhler-Einstein, then £ is a harmonic
vector field if and only if n is an eigenform of the Hodge-de Rham Laplacian.

If M is a real hypersurface in a complex space form M, then the Hopf vector field & of M
is an eigenvector of the Jacobi operator Rx. In [3], Berndt and Suh provided examples
of Hopf hypersurfaces in the complex Grassmannian manifold G2(C™"?) and in its non-
compact dual which are K&hler-Einstein manifolds. Such hypersurfaces are also discussed
in [40] and the condition ”¢ is an eigenvector of the Jacobi operator Ry” is satisfied.

The torsion 7 = L¢g plays a fundamental role in the study of the geometry of a general
contact metric manifold (see [4]), and in particular for the harmonicity of the characteristic
vector field £ (see [32], [33]). Now, we consider the same torsion 7 for our study of the
harmonicity of Hopf vector fields. So, let M be a real hypersurface of a Kéhler manifold
M, equipped with the induced almost contact metric structure. Denote by T the tensor
of type (1,1) corresponding to the torsion 7:

7(X,Y)=9g(TX,Y).

Then we get the following theorem.
Theorem 6.6 ([34]). Let M be an orientable real hypersurface of a Kéhler manifold M.
Then
(6.1) AE=Q¢E+V*'T=Q¢ —tr VT,
where V* denotes the formal adjoint of V.
If the almost contact metric structure of M is contact metric, then T' = 2h¢ and hence
(see [33]) we get

tr VI = =2V he¢ = 2Q¢€ — 4n€
and the equation (6.1) becomes

A& = —QE +4ng

which is the equation obtained in Section 3 in the context of the contact metric geometry.
Therefore, Theorem 6.6 is a natural generalization of Theorem 3.1.

If the Ricci tensor p of a real hypersurface M is of the form p = ag 4+ bn ® n for some
a,b € R, then M is called a pseudo-Finstein real hypersurface of the Ké&hler manifold
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M (see Kon [24]). In the same paper, Kon determined all complete pseudo-Einstein real
hypersurfaces in a complex projective space CP" ! and in a complex Euclidean space C™ !
for n > 1. For such hypersurfaces, using Theorem 6.6, we have the following criterium of
harmonicity.

Corollary 6.7. Let M be an orientable pseudo-Einstein real hypersurface in a Kdihler
manifold M. Then, £ is harmonic if and only if pV*T = 0.

Hypersurfaces satisfying the commutative condition 7" = 0, that is, A¢p = ¢A, have been
classified by Okumura [30] when M is the complex projective space CP™ ™! by Montiel-
Romero [28] when M is the complex hyperbolic space CH™ ™" and by Berndt-Shu [3] when
M is the complex Grassmannian manifold G2(C"*?). For a general Kéhler manifold M,
quasi-umbilical hypersurfaces (i.e., the shape operator has the form A = al +bn®§ where
a and b are smooth functions) satisfy the commutative condition T = 0. On the other
hand, to the light of Proposition 4.1 of [34], the condition 7' = 0 can be replaced by the
condition T' = 0 on kern. For such hypersurfaces we find the same harmonicity criterium
for ¢ as found in the context of contact metric geometry.

Corollary 6.8. Let M be an orientable real hypersurface of a Kéhler manifold M satis-
fying the commutative condition T = 0 on kern. Then, £ is harmonic if and only if € is
etgenvector of the Ricci operator.

7. REAL HYPERSURFACES OF CONTACT TYPE

Let M be a real hypersurface of a Kihler manifold (M, g, J) and (1, g, &, ¢) the induced
almost contact metric structure. Following Okumura [29] M is said to be of contact type
if on M there exists a function r which nowhere vanishes and satisfies the condition

(7.1) dn=rg(-,¢) .
In this case, we have

dn =ri"Q,
where  is the Kéhler form of M and i : M < M. Then, since ® = g(-, ¢-) has rank 2n,
we obtain that n A (dn)™ is a volume form, that is, 7 is a contact form on M. The function
r in the condition (7.1) can be positive or negative depending on the orientation. So, we
can suppose that r is positive. When r = 1, the induced almost contact metric structure
is a contact metric structure. A hypersurface M of contact type in a K&hler manifold is
a Hopf hypersurface. Moreover, when dim M > 3, r is a constant and if dim M = 3, then
r is constant along the integral curves of £ (see [34]).

Theorem 7.1 ([34]). Let M be a hypersurface of contact type in a Kdhler manifold M
with & eigenvector of the Ricci operator Q. If dim M > 3, then the following properties
are equivalent:

a) & is harmonic;

b) the mean curvature H is constant;

c) ¢ is an eigenvector of the Ricci operator Q;

d) ¢ is an eigenvector of the Jacobi operator Ry := R(-, N)N.

If dim M = 3, we have that the properties a) and b) are equivalent.

For hypersurfaces of contact type in a complex space forms M (¢), the function r is constant
(see Okumura [29]) for dim M > 3. Such hypersurfaces have been completely classified by
Okumura [29] in a complex Euclidean space, by Kon [24] in a complex projective space
and by Vernon [42] in a complex hyperbolic space. The examples of Hopf hypersurfaces
in a complex two-plane Grassmannian (which is Kéhler-Einstein), studied by Berndt and
Shu [3], are of contact type.

From Theorem 7.1 we get
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Corollary 7.2. The Hopf vector field of an orientable real hypersurface of contact type
M in a complex space form M™'(c), is harmonic and determines a harmonic map.

Corollary 7.3. Let M be a hypersurface of contact type in a Kdhler-Einstein manifold
M™ and (n,g,€, @) the induced almost contact metric structure.

(i) If n > 1, then (n,9,&, @) is a H-contact structure if and only if M has constant mean
curvature.

() If n > 1, then (n,9,&, ) is a H-contact structure if and only if £ is an eigenvector of
the Ricci operator.

8. SOME QUESTIONS

We conclude with some questions related to the exposed results:
1. Classify the 3-dimensional compact H-contact manifolds or the 3-dimensional compact
contact metric manifolds whose Reeb vector field defines a harmonic map.

2. Are the two-point homogeneous space the only Riemannian manifolds whose the cor-
responding unit tangent sphere bundles are H-contact?

3. When is the characteristic vector field of an almost contact metric manifold harmonic?
4. To study the minimality of the Reeb vector field of a contact metric manifold.

5. To study the stability (for the energy) of the Reeb vector field of a H-contact manifold.
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