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Regularity of positive solutions of p-Laplace equations
on manifolds and its applications

by Lúıs Almeida, Lucio Damascelli and Yuxin Ge

Abstract1. We consider the Dirichlet problem for positive solutions of the equation

��p(u) = f(u) in a compact smooth manifold M with boundary, where f is locally Lip-

schitz continuous and p > 2, and prove some regularity results for weak C

1(M) solutions.

In particular, when f(s) > 0 for s > 0, we prove summability properties of 1/|ru|, and
Sobolev and Poincaré type inequalities in weighted Sobolev spaces with weight |ru|p�2

under some assumptions on the manifold (namely, for homogenous manifolds). The point

of view of considering |ru|p�2 as a weight is very useful when studying qualitative prop-

erties of a fixed solution. In particular, using these new regularity results we can prove

a weak comparison principle for solutions. Our results generalize some of those obtained

very recently in [9] for the Euclidean case.

1. Introduction and statement of the results

Let (M, g) be a C1 n-dimensional compact Riemann manifold with boundary.
We study the following equation

(1.1)

8

>

>

>

>

<

>

>

>

>

:

��pu = f(u) in M

u � 0 in M

u = 0 on @M ,

where �p is the p-Laplace Beltrami operator. In local coordinates (⌦, x) it can be
written as

(1.2) ��pu :=
n
X

i,j=1

1
p

det g(x)

@

@xi
(
p

det g(x)gij(x)|ru|p�2 @u

@xj
) ,
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where g(x) = (gij(x)) is the metric matrix, g�1(x) = (gij(x)) is the inverse matrix
of g(x) and

|ru|2 :=
n
X

i,j=1

gij(x)
@u

@xi

@u

@xj
.

Consider a function f : [0,+1) ! R satisfying

(A1) f is continuous on [0,+1);
(A2) f is locally Lipschitz continuous in (0,+1);
(A3) f(0) = 0 and f(t) > 0, 8t > 0.

We further assume that

(B1) u 2 C1(M) is a solution of (1.1).

It is well known that, since the p-Laplace operator is singular or degenerate el-
liptic, solutions of (1.1) belong generally to the class C1,⌧ with ⌧ < 1 (see [17, 10]),
and solve (1.1) only in the weak sense. Moreover there are no general comparison
theorems for the solutions as in the case where p = 2.
In a recent paper [9], Sciunzi and the second author consider this equation in Eu-
clidean spaces. They prove some regularity properties for positive solutions of (1.1),
such as summability properties of 1/|ru|, and Sobolev and Poincaré type inequal-
ities in weighted Sobolev spaces with weight |ru|p�2.
Using these regularity results, a weak comparison theorem for solutions of di↵eren-
tial inequalities involving the p-Laplace operator is proved.
Inspired by [9], in this work we generalize such results to a certain class of manifolds
- namely, we consider manifolds for which there exist n linearly independent killing
vector fields at each point - therefore, all homogenous manifolds are included. In
particular, our results hold for the manifolds with constant curvature such as Rn

(euclidean spaces), Sn(spheres), Hn (hyperbolic spaces) and product manifolds of
them.

In a forthcoming paper, the authors will combine all these results, together with
the Alexandrov-Serrin moving plane method ([1] and [16]), to prove some directional
monotonicity (and symmetry) results (as in [2],[3], [4], [6],[7],[8], [9], [11] and [16])
for solutions of (1.1) with p > 2 and f positive.

In section 2 we prove in particular that |ru|p�2Xu 2 W 1,2
loc (M) for any regular

vector field on M and then we exploit this result to study the linearized oper-
ator Lu(see section 2 for the precise statement) associated to problem (1.1). In
particular, we prove that if ' 2 W 1,2(M) has compact support then

Lu(Xu,') ⌘
Z

M
(|ru|p�2hrXu,r i+ (p� 2)|ru|p�4hrXu,ruihru,r i) dvol�

�
Z

M
f 0(u)Xu dvol

is well defined and the following equation holds

(1.3) Lu(Xu,') = 0 8' 2 W 1,2(M) , supp (') ⇢ M ,

where X is a killing vector field on M, dvol is the volume element, i.e. dvol :=
p

det g(x)dx1 ^ . . . ^ dxn, h·, ·i is the inner product associated to the metric g and
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rv is the gradient of v. In local coordinates we have

hrv,r!"i =
n
X

i,j=1

gij(x)
@!"
@xi

@v

@xj
.

The proofs of our regularity results will be based both on equation (1.1) and equa-
tion (1.3). Let us state some of these results in the following

Theorem 1. Let u 2 C1(M) be a weak solution of (1.1) and X be a Killing vector
field. Assume (A1) and (A2) are true and that p � 2. Then, for any E ⇢⇢ M and
for any 0 < � < 1, there exists a constant C such that

(1.4) sup
x2M

Z

E\{Xu=0}

|ru|p�2

(d(x, y))� |Xu|� |rXu|2 dvoly < C ,

where

� < n� 2 if n � 3 and � = 0 if n = 2;
C = C(�, �, E) depends only on �, � and E;
d(x, y) denotes the Riemann distance between x and y.

Moreover, assume 8x 2 M, there exist n linearly independent Killing vector fields
at x. Then, for any E ⇢⇢ M and any 0 < � < 1,

(1.5) sup
x2M

Z

E\Z

|ru|p�2��

(d(x, y))�
|D2u| dvoly < C ,

where Z := {x 2 M : |ru| = 0} is the set of critical points of the solution.
Furthermore, assuming also (A3), we have that, for every 0 < m < 1,

(1.6) sup
x2M

Z

M

1

|ru|(p�1)m(d(x, y))�
dvoly < C ,

The lack of regularity of the solutions of (1.1) is one of the greatest di�culties
in the applications.

Here, as in [9, 14, 18], if ⇢ 2 L1(M), we define the space W 1,q
⇢ (M) as the

completion of C1(M) (or C1(M)) under the norm

(1.7) kvkW 1,q
⇢

= kvkLq(M) + krvkLq
⇢(M)

and krvkq
Lq

⇢(M)
=

R

M |rv|q⇢ dvol. In this way, we will prove that if f(s) > 0 for

s > 0 and u is a solution of (1.1) with p � 2, considering the weight ⇢ = |ru|p�2,
for every q � 2 and v 2 W 1,q

0,⇢ (⌦) a weighted Poincaré inequality holds , i.e.

(1.8) kvkLq(M)  C( vol(M))krvkLq
⇢(M)

where C( vol(M)) ! 0 if vol(M) ! 0 and vol(·) is the volume.
In [14, 18] equation (1.8) is proved by assuming that

(1.9) ⇢ 2 L1(M) ,
1

⇢
2 Lt(M)

with t > n/q and q > 1+1/t. In order to avoid this restriction in the applications, in
section 3, following the ideas in [9], we will prove that a weighted Poincaré inequality
in the space W 1,q

0,⇢ (M) can be obtained using classical potential estimates (similar
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to those in [14, 18]) and assuming that we have the following estimate for the weight
⇢

sup
x2M

Z

M

1

⇢(y)d(x, y)�0
dvoly  C

for some �0 2 (n � 2, n). So, using the regularity results in Theorem 1, together
with these abstract results, we can prove the following Poincaré type inequality for
solutions of (1.1).

Theorem 2. Assume that for each x 2 M, there exist n linearly independent
Killing vector fields at x, and (A1) to (A3), (B1) and p � 2. Then, if we consider
⇢ = |ru|p�2 we get, for every q � 2

(1.10) kvkLq(M)  C( vol(M))krvkLq
⇢(M) for every v 2 W 1,q

0,⇢ (M)

where C( vol(M)) ! 0 if vol(M) ! 0.
In particular (1.10) holds for every v 2 W 1,2

0,⇢ (M).

We then use the weighted Poincaré type inequality obtained in Theorem 2 to
prove the following

Theorem 3 (Weak Comparison Principle in small domains). Suppose that either

1 < p < 2 and u, v 2 W 1,1(M), or
p � 2 and u, v 2 W 1,p(M) \ L1(M)

and that either ⇢ ⌘ |ru|p�2 or ⇢ ⌘ |rv|p�2 satisfy the following condition

sup
x2M

Z

M

1

⇢(y)d(x, y)�0
dvoly  C

for some �0 2 (n� 2, n).
Suppose that u, v weakly solve

(1.11) �4pu+ g(x, u)� ⇤u  �4pv + g(x, v)� ⇤v in M

where ⇤ � 0 and g 2 C(M ⇥ R) is such that for every x 2 M, g(x, s) is nonde-
creasing for |s|  max{kukL1 , kvkL1}.

Let M0 ✓ M be open and suppose u  v on @M0, then there exists � > 0 such
that, if vol(M0)  �, then u  v in M0. If ⇤ = 0 the thesis is true for every
M0 ✓ M.
In particular the result holds if either u or v is a C1(M) weak solution of (1.1)
and (A1) to (A3) are satisfied, and if 8x 2 M, there exist n linearly independent
Killing vector fields at x.

The point of view of considering ⇢ = |ru|p�2 as a weight and working in the
weighted Sobolev space W 1,2

0,⇢ (⌦), which is a Hilbert space, is particularly useful
when studying qualitative properties of a solution of (1.1).

The paper is organized as follows. In Section 2 we prove Theorem 1 and some
related regularity results. In Section 3 we state su�cient conditions to obtain gen-
eral weighted Sobolev and Poincaré inequalities and then we exploit them together
with Theorem 1 to prove Theorem 2. Finally we take advantage of the weighted
Poincaré inequality obtained and prove Theorem 3.
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2. Regularity results

In this section we prove all the statements of Theorem 1 and some other related
results.
Let us first recall a particular version of the Strong Maximum Principle and of
Hopf’s Lemma.

Lemma 2.1. (Hopf) Let B(a, r) ⇢⇢ M with radius r smaller than the injectivity
radius. Let ! 2 C1(B(a, r)) \ C0(B(a, r)) be a non negative function such that

(2.1)

⇢

��p! � 0 in B(a, r)
! � 0 in B(a, r) .

Assume !(x0) = 0 for some x0 2 @B(a, r). Then,

@!

@⌫
(x0) < 0 ,

where ⌫ is the outward unit normal vector on @B(a, r).

Proof. We use expression (1.2). The lemma then follows directly from the work
of Pucci, Serrin and Zhou [15] (see also [19]). In fact, the barrier function they
construct is also valid in our case.

⇤
This result implies that, under assumptions (A1)-(A3) and (B1), u is positive in

M and |ru| > 0 on @M. We denote

(2.2) Z := {x 2 M : |ru| = 0} ,

the set of critical points. Hopf’s lemma implies that Z ⇢⇢ M. Thus, classical
regularity theory implies that u is C2 in M\Z.

Lemma 2.2. Let X be a C1 vector field such that X(x) 6= 0, 8x 2 M and assume
p � 2. We have

|ru|p�2Xu 2 H1
loc(M) .

Proof. For simplicity we suppose X =
@

@x1
and we solve the auxiliary problem

(2.3)

⇢

L"!" = f(u) in B(a, r)
!" = u on @B(a, r) .

for any small " > 0, where

L"!" := �
n
X

i,j=1

1
p

det g(x)

@

@xi
(
p

det g(x)gij(x)|"2 + |r!"|2|
p�2

2

@!"
@xj

)

This equation corresponds to the energy functional (defined for all ! 2
W 1,p

u (B(a, r)))

E"(!) :=
1

p

Z

B(a,r)

|"2 + |r!|2|
p�2

2 dvol�
Z

B(a,r)

f(u)! dvol ,

where dvol is the volume element, i.e dvol :=
p

det g(x)dx1 ^ . . . ^ dxn and

(2.4) W 1,p
u (B(a, r)) := {! 2 W 1,p(B(a, r)) : ! = u on @B(a, r)} .
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Recall that f(u) 2 C1(B(a, r)). Therefore, standard elliptic theory yields that (2.3)
has a unique solution !". Moreover, !" is C2. We remark that

(2.5) E"(!") := min
!2W 1,p

u

E"(!)

depends continuously on ". This implies that (!") is bounded in W 1,p(B(a, r)).
Di↵erentiating equation (2.3), we obtain, for all ` = 1, . . . , n,

(2.6)
@

@x`
(
p

det g(x)L"!") =
@

@x`
(
p

det g(x)f(u)) in B(a, r) .

The corresponding variational equality is

(2.7)

Z

B(a,r)

n
X

i,j=1

1
p

det g(x)

@

@x`
(
p

det g(x) gij(x))·

·("2 + |r!"|2)
p�2

2

@!"
@xi

@v

@xj
dvol +

Z

B(a,r)

hrv,r@!"
@x`

i("2 + |r!"|2)
p�2

2 dvol +

+(p� 2)

Z

B(a,r)

hrv,r!"i("2 + |r!"|2)
p�4

2 hr!", D @
@x`

r!"i dvol =

=

Z

B(a,r)

1
p

det g(x)

@

@x`
(
p

det g(x)f(u))v dvol ,

where rv is the gradient of v, h·, ·i is the inner product associated to the metric g,
D is the connection associated to g, and v 2 C1

0 (M). In local coordinates we have

hrv,r!"i =
n
X

i,j=1

gij(x)
@!"
@xi

@v

@xj
,

hr!", D @
@x`

r!"i =
n
X

i,j=1

(
1

2

@gij

@x`

@!"
@xi

@!"
@xj

+ gij(x)
@!"
@xi

@2!"
@x`@xj

) .

Let ' 2 C1
0 (B(a, r)) be a cut-o↵ function such that ' � 0 and '|B(a,r/2) ⌘ 1.

Taking '
@!"
@x`

as test function in (2.7), we obtain

Z

B(a,r)

'|r(
@!"
@x`

)|2("2 + |r!"|2)
p�2

2 dvol  C

Z

B(a,r)

(1 + |r!"|p + |@!"
@x`

|) dvol .

Thus, ("2 + |r!"|2)
p�2

4

@!"
@x`

is bounded in H1(B(a, r/2)). We recall !" is bounded

in W 1,p(B(a, r)). Modulo a subsequence, we can suppose that

(2.8)
!"n * v weakly in W 1,p(B(a, r))
!"n ! v strongly in Lp(B(a, r)) .

By lower semi-continuity, it follows that
Z

B(a,r)

|rv|p dvol  lim inf
"n!0

Z

B(a,r)

|r!"n |p dvol ,

and

lim
"n!0

Z

B(a,r)

f(u)!"n dvol =

Z

B(a,r)

f(u)v dvol .



Regularity, . . . p-Laplace equations 15

Hence, v is a minimizer of the energy functional E0 and thus v ⌘ u by uniqueness
of the minimizer. Moreover,

lim
"n!0

Z

B(a,r)

|r!"n |p dvol =
Z

B(a,r)

|ru|p dvol .

Consequently, !" converges strongly to u in W 1,p(B(a, r)). This yields that

("2 + |r!"|2)
p�2

4

@!"
@x`

! |ru|
p�2

2

@u

@x`
strongly in L2.

We recall that ("2+ |r!"|2)
p�2

4

@!"
@x`

is bounded in H1
loc, and thus |ru|

p�2

2

@u

@x`
2

H1
loc. Moreover, we can write

|ru|p�2 @u

@x`
= F`(x, |ru|

p�2

2

@u

@x1
, . . . , |ru|

p�2

2

@u

@xn
) ,

where F : M⇥ Rn ! R is a C1 map. Therefore, using the boundedness of |ru| it
follows that |ru|p�2 @u

@x`
2 H1

loc.

⇤
Remark 2.1. We remark that, on the one hand, in M\Z, u is C2 and

(2.9)
@

@xj
(|ru|p�2 @u

@x`
) ⌘ |ru|p�2 @2u

@xj@x`
+ (p� 2)|ru|p�4hru ,D @

@xj

rui @u
@x`

.

On the other hand, on Z we have |ru|p�2 @u

@x`
⌘ 0. It follows from Stampacchia’s

theorem that

(2.10)
@

@xj
(|ru|p�2 @u

@x`
) = 0 a.e. in Z .

Denoting

v :=

⇢

v in M\Z,
0 in Z.

we have

@

@xj
(|ru|p�2 @u

@x`
) = |ru|p�2 @2u

@xj@x`
+ (p� 2)|ru|p�4hru ,D @

@xj

rui @u
@x`

.

Since |ru|p�1 2 H1
loc, it follows that

(p� 1)|ru|p�3hru ,D @
@xj

rui 2 L2
loc .

Therefore (p� 2)|ru|p�4hru ,D @
@xj

rui @u
@x`

2 L2
loc(M), which yields

Corollary 2.1. |ru|p�2 @2u

@xj@x`
2 L2

loc(M).

Before proceeding, we recall that a Killing field X is a vector field such that
LXg = 0, where LX is the Lie derivative along X.

Lemma 2.3. Under the above assumptions, let X be a Killing vector field. Then,
for any  2 H1

0 (M), we have

(2.11)

Z

M
(|ru|p�2hrXu,r i+ (p� 2)|ru|p�4hrXu,ruihru,r i) dvol =



16 Lúıs Almeida, Lucio Damascelli and Yuxin Ge

=

Z

M
f 0(u)Xu dvol .

Proof. We start by considering the case where  2 C1
0 (M). Let ✓t be the local

one parameter group associated to X. We set

 h :=  � ✓�h .

On the one hand, taking, respectively,  and  h as test functions in (1.1), we obtain
Z

M
|ru|p�2hru,r i dvol =

Z

M
f(u) dvol ,

Z

M
|ru|p�2hru,r hi dvol =

Z

M
f(u) h dvol .

On the other hand, since X is a Killing field, we have
Z

M
|r(u � ✓h)|p�2hr(u � ✓h),r i✓⇤h(dvol) =

=

Z

M
|(ru) � ✓h|p�2h(ru) � ✓h,r h � ✓hi✓⇤h(dvol) .

Therefore, we obtain

(2.12)

Z

M

|r(u � ✓h)|p�2hr(u � ✓h),r i✓⇤h(dvol)� |ru|p�2hru,r i dvol
h

=

=

Z

M

f(u � ✓h) ✓⇤h( dvol)� f(u) dvol

h
.

We have

lim
h!0

f(u � ✓h)✓⇤h( dvol)� f(u) dvol

h
= LX(f(u) dvol) = f 0(u)Xu dvol

lim
h!0

hr(u � ✓h),r i � hru,r i
h

= lim
h!0

[(✓⇤h)(du)� du](r )
h

=

= (LX(du))(r ) = D2uhX,r i+ du(Dr X) =

= D2uhr , Xi+ du(Dr X) = (Dr du)(X) + du(Dr X) =

= Dr (du(X)) = r (Xu) = hr(Xu),r i .
Thus, we obtain (2.11) by letting h ! 0 in (2.12). The general case then follows
by standard density arguments.

⇤
Theorem 4. Let u 2 C1(M) be a weak solution of (1.1) and X be a Killing vector
field. Assume (A1) and (A2) are true and that p � 2. Then, for any E ⇢⇢ M and
for any 0 < � < 1, there exists a constant C such that

(2.13) sup
x2M

Z

E\{Xu=0}

|ru|p�2

(d(x, y))� |Xu|� |rXu|2 dvoly < C ,

where

� < n� 2 if n � 3 and � = 0 if n = 2;
C = C(�, �, E) depends only on �, � and E;
d(x, y) denotes the Riemann distance between x and y.
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Proof. Without loss of generality, it is su�cient to prove that for any measurale
set E ⇢⇢ M we have

(2.14) sup
x2E

Z

E\{Xu=0}

|ru|p�2|rXu|2
(d(x, y))� |Xu|� dvoly = K(�, �, E) < +1 .

To see this is so, assume (2.14) and let 0 < � < 1/2 d(E, @M). Defining
E� := {x 2 M : d(x,E)  �} and considering the cases x 2 E� and x 2 M\ E�,
respectively, it follows that

sup
x2M

Z

E\{Xu=0}

|ru|p�2|rXu|2
(d(x, y))� |Xu|� dvoly  K(�, �, E�) +

1

��
K(�, 0, E) ,

and thus we obtain (2.13).
To prove (2.14), we start by considering a cut-o↵ function ' 2 C1

0 (M) such
that '|E�

⌘ 1, and defining, for any " > 0,

G"(s) :=

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

0 if |s|  ",

2s� 2"

|s|� if "  |s|  2",

s

|s|� if |s| > 2" .

We discuss the two cases:
Case 1: assume x 2 E \ Z.

Let  ",x(y) :=
G"(Xu(y))'(y)

(d(x, y))�
. Recall that Xu 2 C1(M\Z). We have  ",x 2

H1
0 (M) and , using it as test function in (2.11) we obtain

Z

M

|ru|p�2'G0
"(Xu)

(d(x, y))�
[|r(Xu)|2 + (p� 2)|ru|�2hrXu,ruihru,rXui] dvol+

+

Z

M
|ru|p�2'G"(Xu)hrXu,r(

1

(d(x, y))�
)i dvol+

+(p� 2)

Z

M
|ru|p�2'G"(Xu)|ru|�2hrXu,ruihru,r(

1

(d(x, y))�
)i dvol+

+

Z

M\E�

|ru|p�2G"(Xu)

(d(x, y))�
[hrXu,r'i+ (p� 2)|ru|�2hrXu,ruihru,r'i]dvol =

=

Z

M

f 0(u)(Xu)'G"(Xu)

(d(x, y))�
dvol

Recalling that f 0(u), Xu 2 L1, |rd(x, y)| = 1 and G0
" � 0, we obtain

Z

M

|ru|p�2|r(Xu)|2'G0
"(Xu)

(d(x, y))�
dvol 

 C�

Z

M

|ru|p�2|r(Xu)|'|G"(Xu)|
(d(x, y))�+1

dvol+

+C

Z

M\E�

|ru|p�2|r(Xu)||r'||G"(Xu)|
(d(x, y))�

dvol + C

Z

M

'

(d(x, y))�
dvol .
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We note that, for x 2 E, we have that

sup
y2M\E�

1

(d(x, y))�
 1

��
,

and that |ru|p�2|r(Xu)| 2 L2
loc(M). Therefore, we have

Z

M\E�

|ru|p�2|r(Xu)||r'||G"(Xu)|
(d(x, y))�

dvol  C1 ,

Z

M

'

(d(x, y))�
dvol  C1 ,

where C1 is independent of x. Consequently,

Z

M

|ru|p�2|r(Xu)|2'G0
"(Xu)

(d(x, y))�
dvol  C

Z

M

|ru|p�2|r(Xu)|'|G"(Xu)|
(d(x, y))�+1

dvol + C

 C +
4C

�

Z

M

|ru|p�2'|G"(Xu)|2
(d(x, y))�+2G0

"(Xu)
dvol + �

Z

M

|ru|p�2|r(Xu)|2'G0
"(Xu)

(d(x, y))�
dvol

for some small � > 0 (here we use the inequality ab  �a2+(4/�)b2). Finally, since

G2(s)

G0(s)
 1

1� �
sG(s) ,

we deduce

Z

M

(1� �)|ru|p�2|r(Xu)|2'G0
"(Xu)

(d(x, y))�
dvol  C +

Z

M

'

(d(x, y))�+2
dvol  C .

Letting "! 0 we obtain

Z

M\{Xu=0}

|ru|p�2|r(Xu)|2'(1� �)(1� �)

(d(x, y))� |Xu|� dvoly  C .

Case 2: assume x 2 E \ Z.
We consider a positive cut-o↵ function '",x 2 C1

0 (M) such that

'",x ⌘ 0 in B(x, "),
'",x ⌘ 1 in E� \B(x, 2"),
|r'",x|  C/" in B(x, 2") \B(x, ") and
|r'",x|  C in M\B(x, 2").

Taking  ",x(y) :=
G"(Xu(y))'",x(y)

(d(x, y))�
as text function in (2.11), by estimates analog

to those done in case 1, we deduce

Z

M

(1� �)|ru|p�2|r(Xu)|2'",xG0
"(Xu)

(d(x, y))�
dvol 

 C + C

Z

B(x,2")\B(x,")

|ru|p�2|r(Xu)||r'",x||G"(Xu)|
(d(x, y))�

dvol .

We recall that x 62 Z, and thus, 8y 2 B(x, 2") \B(x, "),
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|ru|p�2|r(Xu)||r'",x||G"(Xu)|
(d(x, y))�

 C(x)

"�+1
.

Therefore,

Z

M

(1� �)|ru|p�2|r(Xu)|2'",xG0
"(Xu)

(d(x, y))�
dvol  C + C(x)"n���1 .

Letting "! 0 we obtain

Z

E\{Xu=0}
(1� �)(1� �)

|ru|p�2|r(Xu)|2
(d(x, y))� |Xu|� dvoly  C

where C is independent of x. This concludes the proof of Theorem 4.

⇤
From now on, we add a geometrical assumption on M:

(B2) 8x 2 M, there exist n linearly independent Killing vector fields at x.

Corollary 2.2. Under the same assumptions as in Theorem 4 plus assumption
(B2), for any E ⇢⇢ M and any 0 < � < 1,

(2.15) sup
x2M

Z

E\Z

|ru|p�2��

(d(x, y))�
|D2u| dvoly < C ,

where C = C(�, �, E) depends only on �, � and E;

Proof. This result is a direct consequence of Theorem 4 in this setting.

⇤

Theorem 5. Assume (A1) to (A3), (B1), (B2) and p � 2. Then, for any given
0 < m < 1 and 0  � < n� 2 (if n � 3, for n = 2 we should take � = 0), we have

(2.16) sup
x2M

Z

M

dvoly
(|ru|p�1)m(d(x, y))�

 C .

Moreover, vol(Z) = 0.

Proof. Using Hopf’s Lemma (Lemma 2.1), since f � 0, we see that 9E ⇢⇢ M such
that Z ⇢⇢ E ⇢⇢ M . Moreover, u(x) > 0, 8x 2 M. Therefore,

Z

M\E

dvoly
(|ru|p�1)m(d(x, y))�

 1

min
M\E

|ru|(p�1)m

Z

M\E

dvoly
(d(x, y))�

 C .

Thus, it su�ces to prove

(2.17) sup
x2E

Z

M

dvoly
(|ru|p�1)m(d(x, y))�

 C .

As in the proof of the previous Theorem, we need to consider only the points x 2 E.
Let '",x be the cut-o↵ function in Theorem 4 and define

 ",x :=
1

(|ru|p�1 + ")m
'",x(y)

(d(x, y))�
.
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We have that  ",x 2 H1
0 (M) since |ru|p�1 2 H1

loc(M) and |ru| 2 L1(M). E ⇢⇢
M and f(s) > 0 8s > 0, hence, sup

y2E
f(u(y)) >

1

C1
, for some C1 > 0. Thus,

Z

E

 ",x dvol  C1

Z

E

 ",xf(u) dvol  C1

Z

M
 ",xf(u) dvol =

= C1

Z

M
|ru|p�2hru,r ",xi dvol 

 C

Z

M\E�

|ru|p�1

(|ru|p�1 + ")m
|r'",x|
(d(x, y))�

dvol+

+ C

Z

M

|ru|p�1

(|ru|p�1 + ")m
'",x

(d(x, y)�+1
dvol+

+ C

Z

B(x,2")\B(x,")

|ru|p�1

(|ru|p�1 + ")m
|r'",x|
(d(x, y))�

dvol+

+ C

Z

M

|ru|p�1

(|ru|p�1 + ")m+1

|r(|ru|p�1)|'",x
(d(x, y))�

dvol .

(2.18)

Since u 2 C1(M) , it follows that

(2.19)

Z

M\E�

|ru|p�1

(|ru|p�1 + ")m
|r'",x|
(d(x, y))�

dvol  C

Z

M\E�

dvol

(d(x, y))�
 C ,

(2.20)

Z

M

|ru|p�1

(|ru|p�1 + ")m
'",x

(d(x, y))�+1
dvol  C

Z

M

dvol

(d(x, y))�+1
 C ,

(2.21)

Z

B(x,2")\B(x,")

|ru|p�1

(|ru|p�1 + ")m
|r'",x|
(d(x, y))�

dvol  C"n���1  C .

On the other hand, u 2 C2(M\Z) , hence,

Z

M

|ru|p�1

(|ru|p�1 + ")m+1

|r(|ru|p�1)|'",x
(d(x, y))�

dvol 


Z

M\E

|ru|p�1

(|ru|p�1 + ")m+1

|r(|ru|p�1)|'",x
(d(x, y))�

dvol+

+

Z

E

|ru|p�1

(|ru|p�1 + ")m+1

|r(|ru|p�1)|'",x
(d(x, y))�

dvol 

 C

Z

M\E

dvol

(d(x, y))�
+ C

Z

E

|ru|p�2|D2u|2'",x
(|ru|p�1 + ")m(d(x, y))�

dvol 

 C + C

✓

Z

E

|ru|2(p�2)|D2u|2'",x
(|ru|p�1 + ")m(d(x, y))�

dvol

◆

1

2

⇥

⇥
✓

Z

E

'",x
(|ru|p�1 + ")m(d(x, y))�

dvol

◆

1

2

.

(2.22)

Combining (2.18) to (2.22) and using Theorem 4, we have
Z

E

 ",x dvol  C .
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Letting "! 0 it follows that

(2.23)

Z

E

dvol

|ru|m(p�1)(d(x, y))�
 C ,

where C is independent of x. In particular, we obtain vol(Z) = 0.

⇤
As a consequence of Theorems 4 and 5, we have the following result.

Corollary 2.3. Under the above assumptions (as in Theorem 5), for every �0 2
(n� 2, n� 2 + 2/(p� 1)),

(2.24) sup
x2M

Z

M

dvoly
|ru|p�2(d(x, y))�0

 C .

Moreover, for any 1  m < (p� 1)/(p� 2), we have

(2.25) D2u 2 Lm
loc(M)

Proof. We have that for any �1 2 (0, n)

(2.26) sup
x2M

Z

M

dvoly
(d(x, y))�1

 C .

Hence, writing

|ru|p�2(d(x, y))�0 =
h

|ru|p�2(d(x, y))(n�2) p�2

p�1

i

·

·
h

(d(x, y))(n�2) 1

p�1 (d(x, y))�0�(n�2)
i

equation (2.24) follows from (2.16) and the Hölder inequality with exponents r =
↵(p� 1)/(p� 2), s = �(p� 1), with 0 < ↵ < 1 < � and ↵, � su�ciently close to 1.
Therefore, using corollary 2.1 and Theorem 5, we prove (2.25).

⇤

3. Weighted Poincaré type inequality and weak comparison principle

In this section we prove a weighted Poincaré type inequality, and then we use it to
prove a weak comparison principle in small domains. Our method is inspired from
the work in [9]. They prove an integrability condition for the weighted function ⇢,
more precisely,

sup
x2M

Z

M

dvoly
(⇢(y))t(d(x, y))�0

 C .

for some �0 2 (0, n� 2) and t > 1. Based on this, under suitable assumptions, they
establish the weighted Sobolev inequalities. Here, we use a somewhat di↵erent
approach for this technical point - we concentrate on the fixed t = 1 case and allow
only the parameter �0 2 (n� 2, n) to change (thanks to Corollary 2.3) in order to
obtain such inequalities.

Let us start by collecting in the next Lemma some known results about the
potential of a function. If f 2 C0(M), and 0 < ↵ < n then the potential of order
↵ generated by f is defined by

U↵[f ](x) =

Z

M
f(y)d(x, y)↵�n dvoly.
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Lemma 3.1. 1) If 1 < a < n/↵, denote by b the number defined by
1

b
=

1

a
� ↵

n
.

Then, the map
U↵ : La(M) ! Lb(M)

f 7! U↵[f ]

is continuous. Moreover, there exists a constant C = C(n,↵, a,M) > 0 such that

(3.1) kU↵[f ]kLb(M)  CkfkLa(M) .

2) If a = n/↵, then the map U↵ is continuous from La(M) into Lq(M) for any
1  q < 1. More precisely, there is a constant C = C(n,↵, a, q,M) > 0, such that

(3.2) kU↵[f ]kLq(M)  CkfkLa(M) .

3) If a > n/↵, then the map U↵ is continuous from La(M) into L1(M), that is,
there is a constant C = C(n,↵, a,M) > 0, such that

(3.3) kU↵[f ]kL1(M)  CkfkLa(M) .

We begin by proving general Sobolev and Poincaré type inequalities, using po-
tential estimates as in [14, 18].

Theorem 6. Assume ⇢ 2 L1(M) is a positive weight function such that

(3.4)

Z

M

1

⇢(y)d(x, y)�
dvoly  C, 8x 2 M ,

where 0  � < n and C does not depend on x.
Assume also that q � 2 satisfies q > n� �. Then,
1) If q < 2n � � then there exists a constant c0 = c0(n, q, ⇢,M, �) such that the
following weighted Sobolev inequality holds for any u 2 W 1,q

0,⇢ (M):

(3.5) kukLq⇤  c0krukLq
⇢(M), 8u 2 W 1,q

0,⇢ (M)

where q⇤ is defined by
1

q⇤
=

2

q
� 1

n
� �

nq
.

2) If q = 2n � � then for any r � 1 there exists a constant cr such that for every
u 2 W 1,q

0,⇢ (M) we have

(3.6) kukLr(M)  crkrukLq
⇢(M) ,

3) If q > 2n� � then there exists a constant c1 such that for every u 2 W 1,q
0,⇢ (M)

we have

(3.7) kukL1(M)  c1krukLq
⇢(M) ,

Proof. By density arguments we may suppose u 2 C1
0 (M). Let G(x, y) denote

Green’s function in M. For every x 2 M, we have

(3.8) u(x) = �
Z

M
G(x, y)4gu(y) dvoly ,

where 4g is the Laplace-Beltrami operator. As u has compact support, we deduce

(3.9) u(x) =

Z

M
hryG(x, y),ryyi dvoly .

Recall that the following estimate holds

(3.10) |ryG(x, y)|  Cd(x, y)1�n ,
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where C is a constant independent of x and y. Thus, we get

|u(x)|  C

Z

M

|ru(y)|
d(x, y)n�1

dvoly = C

Z

M

|ru(y)|⇢(y) 1

q

d(x, y)n�1� �
q

1

⇢(y)
1

q d(x, y)
�
q

dvoly 

 C

✓

Z

M

1

⇢(y)d(x, y)�
dvoly

◆

1

q

�

�

�

�

�

|ru|⇢(y) 1

q

d(x, y)n�1� �
q

�

�

�

�

�

Lq0 (M)

,

(3.11)

where
1

q0
+

1

q
= 1. We set

f(y) = (|ru(y)|⇢(y) 1

q )q
0
.

We remark that n� 1� �/q > 0 and set ↵ = n� (n� 1� �/q)q0. Recall q > n� �,
so that ↵ > 0. On the other hand, it follows from (3.11)

|u(x)|q0  C|U↵[(|ru|⇢ 1

q )q
0
]|.

We see that f 2 L
q
q0 (M), where q/q0 � 1. Let us consider first the case q < 2n��.

In this case, we have q/q0 < n/↵. Using Lemma 3.1, we obtain

k|u(x)|q0kLb(M)  Ckfk
L

q
q0 (M)

= Ckrukq
0

Lq
⇢(M)

.

where
1

b
=

q0

q
� ↵

n
. This yields

kukLbq0 (M)  CkrukLq
⇢(M).

Therefore, part 1) is proved. If q = 2n � �, we have q/q0 = n/↵. Using again
Lemma 3.1, we have, for any r � 1,

k|u(x)|q0kLr(M)  Ckrukq
0

Lq
⇢(M)

.

Hence, we obtain result 2). Part 3) also follows from Lemma 3.1.

⇤
We will now apply this result to the case ⇢ = |ru|p�2, p � 2 and u is a weak

solution of (1.1).

Theorem 7. Assume (A1) to (A3), (B1), (B2) and p � 2. Then, if we consider
⇢ = |ru|p�2 we get, for every q � 2

(3.12) kvkLq(M)  C( vol(M))krvkLq
⇢(M) for every v 2 W 1,q

0,⇢ (M)

where C( vol(M)) ! 0 if vol(M) ! 0.
In particular (3.12) holds for every v 2 W 1,2

0,⇢ (⌦).

Proof. Since u 2 C1(M) and p � 2, obviously ⇢ = |Du|p�2 2 L1(M). By
Corollary 2.3 we have

sup
x2M

Z

M

1

⇢(y)d(x, y)�0
dvoly  C

for some �0 2 (n� 2, n). We see q � 2 > n� �0. By Theorem 6, there exists some
q1 > q such that

kvkLq
1 (M)  CkrvkLq

⇢(M).
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Consequently, we deduce

kvkLq(M)  ( vol(M))
1

q� 1

q
1 kvkLq

1 (M)  C( vol(M))
1

q� 1

q
1 krvkLq

⇢(M)

Thus, we conclude the proof.

⇤
Note that usually the case q = 2, which gives a Hilbert space W 1,2

0,⇢ (M), is
considered. The previous inequality allows us to prove the following

Theorem 8 (Weak Comparison Principle in small domains). Suppose that either

1 < p < 2 and u, v 2 W 1,1(M), or
p � 2 and u, v 2 W 1,p(M) \ L1(M)

and that either ⇢ ⌘ |ru|p�2 or ⇢ ⌘ |rv|p�2 satisfy the following condition

sup
x2M

Z

M

1

⇢(y)d(x, y)�0
dvoly  C

for some �0 2 (n� 2, n).
Suppose that u, v weakly solve

(3.13) �4pu+ g(x, u)� ⇤u  �4pv + g(x, v)� ⇤v in M
where ⇤ � 0 and g 2 C(M ⇥ R) is such that for every x 2 M, g(x, s) is nonde-
creasing for |s|  max{kukL1 , kvkL1}.
Let M0 ✓ M be open and suppose u  v on @M0, then there exists � > 0 such that,
if vol(M0)  �, then u  v in M0. If ⇤ = 0 the thesis is true for every M0 ✓ M.
In particular the result holds if either u or v is a C1(M) weak solution of (1.1)
and (A1) to (A3) and (B2) are satisfied.

Proof. In the case 1 < p < 2, the weak comparison principle for small domains,
in the Euclidean setting, was established in [5]. Since we can write the operators
in divergence form, the same approach shows that the corresponding result in the
general manifold setting is also valid.

Therefore, from now on, we may assume p � 2. Consider, in M0, the function
(u� v)+. It is bounded, it vanishes on @M0 and it belongs to W 1,p

0 (M), so that it
belongs to W 1,2

0,⇢ (M0)\L1(M0) and can be used as test function in (3.13), yielding
Z

[u�v]

h|ru|p�2Du� |rv|p�2rv,ru�rvi dvol+

+

Z

[u�v]

[g(x, u)� g(x, v)](u� v) dvol� ⇤

Z

[u�v]

(u� v)2 dvol  0 .
(3.14)

where [u � v] = {x 2 M0 : u(x) � v(x)}. Moreover g(x, u)  g(x, v) if u � v, so
that

(3.15)

Z

[u�v]

h|ru|p�2ru� |rv|p�2rv,ru�rvi dvol  ⇤

Z

[u�v]

(u� v)2 dvol .

By standard estimates (see e.g. [5] Lemma 2.1), we obtain the following inequality

(3.16)

Z

M0
(|ru|p�2 + |rv|p�2)|r(u� v)+|2 dvol  Cp ⇤

Z

M0
[(u� v)+]2 dvol ,

where Cp depends on p, so that

(3.17)

Z

M0
|r(u� v)+|2⇢ dvol  Cp ⇤

Z

M0
[(u� v)+]2 dvol ,
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where we can take ⇢ ⌘ |Du|p�2 or ⇢ ⌘ |Dv|p�2. Using Poincarè’s inequality with
weight (Theorem 7), we get

(3.18)

Z

M0
[(u� v)+]2 dvol  C1 ⇤C( vol(M0))

Z

M0
[(u� v)+]2 dvol .

A contradiction occurs if C1 ⇤C( vol(M0)) < 1, unless (u � v)+ = 0 in M0, i.e.
u  v in M0. (Let us recall that the integral in the last inequality defines a norm).
If ⇤ = 0, the same arguments prove the result for every M0 ✓ M.

⇤
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