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Regularity of positive solutions of p-Laplace equations
on manifolds and its applications

by Luis ALMEIDA, Lucio DAMASCELLI and Yuxin GE

Abstract!. We consider the Dirichlet problem for positive solutions of the equation
—Ap(u) = f(u) in a compact smooth manifold M with boundary, where f is locally Lip-
schitz continuous and p > 2, and prove some regularity results for weak C* (M) solutions.
In particular, when f(s) > 0 for s > 0, we prove summability properties of 1/|Vu/|, and
Sobolev and Poincaré type inequalities in weighted Sobolev spaces with weight |Vu|P~2
under some assumptions on the manifold (namely, for homogenous manifolds). The point
of view of considering |Vu|P™2 as a weight is very useful when studying qualitative prop-
erties of a fixed solution. In particular, using these new regularity results we can prove
a weak comparison principle for solutions. Our results generalize some of those obtained
very recently in [9] for the Euclidean case.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

Let (M, g) be a C* n-dimensional compact Riemann manifold with boundary.
We study the following equation

—Apu= f(u) inM
(1.1) u>0 in M

u=0 on OM ,

where A, is the p-Laplace Beltrami operator. In local coordinates (€2, z) it can be
written as

. ou
1] p—2
det g (@)l 55

(1.2) gjl \/W 8m

LAuthors’ address: L. Almeida, Université de Nice - Sophia-Antipolis, Laboratoire J.A.
Dieudonné - CNRS (UMR 6621), Parc Valrose, F-06108 NICE Cédex 02, France;
email: luis@math.unice.fr .

L. Damascelli, Universita degli Studi di Roma “Tor Vergata”, Dipartimento di Matematica,
Via della Ricerca Scientifica, 00133 Roma, Italy; email: damascel@mat.uniroma2.it .

Y. Ge, Université Paris XII-Val de Marne, Département de Mathématiques, Faculté de Sciences
et Technologie, 61, Avenue du Général de Gaulle, 94010 Créteil Cedex, France;
email: geQuniv-parisi2.fr .

2000 Mathematics Subject Classification: 35B05,35B65,35J70,58 E05.



10 Luis Almeida, Lucio Damascelli and Yuxin Ge

where g(z) = (g;j()) is the metric matrix, g~ (z) = (9% (x)) is the inverse matrix
of g(z) and
"\ L, Ou Ou
2. _ ] —
Tuft = 3 g g o

i,5=1

Consider a function f : [0,4+00) — R satisfying

(A1) f is continuous on [0, 4+00);
(A2) f islocally Lipschitz continuous in (0, +00);
(A3) f(0)=0and f(t) >0, vt > 0.
We further assume that
(B1) u € CY(M) is a solution of (1.1).

It is well known that, since the p-Laplace operator is singular or degenerate el-
liptic, solutions of (1.1) belong generally to the class C1'™ with 7 < 1 (see [17, 10]),
and solve (1.1) only in the weak sense. Moreover there are no general comparison
theorems for the solutions as in the case where p = 2.

In a recent paper [9], Sciunzi and the second author consider this equation in Eu-
clidean spaces. They prove some regularity properties for positive solutions of (1.1),
such as summability properties of 1/|Vu/|, and Sobolev and Poincaré type inequal-
ities in weighted Sobolev spaces with weight |Vu|P~2.

Using these regularity results, a weak comparison theorem for solutions of differen-
tial inequalities involving the p-Laplace operator is proved.

Inspired by [9], in this work we generalize such results to a certain class of manifolds
- namely, we consider manifolds for which there exist n linearly independent killing
vector fields at each point - therefore, all homogenous manifolds are included. In
particular, our results hold for the manifolds with constant curvature such as R™
(euclidean spaces), S™(spheres), H" (hyperbolic spaces) and product manifolds of
them.

In a forthcoming paper, the authors will combine all these results, together with
the Alexandrov-Serrin moving plane method ([1] and [16]), to prove some directional
monotonicity (and symmetry) results (as in [2],[3], [4], [6],[7],[8], [9], [11] and [16])
for solutions of (1.1) with p > 2 and f positive.

In section 2 we prove in particular that |VulP~2Xu € Wlif (M) for any regular
vector field on M and then we exploit this result to study the linearized oper-
ator L, (see section 2 for the precise statement) associated to problem (1.1). In
particular, we prove that if ¢ € W12(M) has compact support then

Ly(Xu, ) =

/ (IVulP~2(V Xu, Vi) + (p — 2)[Val?~(V Xu, Vi) (Vat, Vb)) dvol—
M

—/ 1 (w) Xurp dvol

M

is well defined and the following equation holds

(1.3) Lu(Xu,9) =0 Yo e WH(M), supp (¢) C M,

where X is a killing vector field on M, dvol is the volume element, i.e. dvol :=
Vdet g(z)dzy A ... Adxy, (-, -) is the inner product associated to the metric g and
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Vv is the gradient of v. In local coordinates we have

L Ow, Ov
(Vv, Vwe) ”§=1g (x)avci oz,

The proofs of our regularity results will be based both on equation (1.1) and equa-
tion (1.3). Let us state some of these results in the following

Theorem 1. Let u € Ct(M) be a weak solution of (1.1) and X be a Killing vector
field. Assume (A1) and (A2) are true and that p > 2. Then, for any E CC M and
for any 0 < B < 1, there exists a constant C' such that

p—2
(1.4) sup [Vul

|V Xu|? dvol
TEM /E\{Xuo} (d(x,y))7|Xu|B‘v ul vol, < C,

where

y<n—2in>3andy=0ifn=2;
C =C(B,v,FE) depends only on B,y and E;
d(x,y) denotes the Riemann distance between x and y.

Moreover, assume Yz € M, there ezist n linearly independent Killing vector fields
at x. Then, for any E CC M and any 0 < < 1,

seM (d(z,y))

where Z == {x € M : |Vu| = 0} is the set of critical points of the solution.
Furthermore, assuming also (A3), we have that, for every 0 < m < 1,

YulP—2-8
(1.5) sup / L|D2u\ dvol, < C',
E\Z

1
1.6 dvol, < C,
(16) fél}i/M Vo= (d(z, ) O

The lack of regularity of the solutions of (1.1) is one of the greatest difficulties
in the applications.

Here, as in [9, 14, 18], if p € L'(M), we define the space W} ¢(M) as the
completion of C*(M) (or C*°(M)) under the norm

(L.7) ol = llv]

and HVUH%Z(M) =
s> 0 and u is a solution of (1.1) with p > 2, considering the weight p = |Vu|P~2,
for every ¢ > 2 and v € WOI”;,](Q) a weighted Poincaré inequality holds , i.e.

(1.8) [0l La(rmy < C(vol(M))[[Vo]

where C(vol(M)) — 0 if vol(M) — 0 and vol(-) is the volume.
In [14, 18] equation (1.8) is proved by assuming that

ra(m) + Vol g

S [Vo|?p dvol. In this way, we will prove that if f(s) > 0 for

Ly(M)

(1.9) pe LI M), % € L{(M)

with ¢ > n/q and ¢ > 141/t. In order to avoid this restriction in the applications, in
section 3, following the ideas in [9], we will prove that a weighted Poincaré inequality
in the space Wol;f(/\/l) can be obtained using classical potential estimates (similar
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to those in [14, 18]) and assuming that we have the following estimate for the weight
p
sup _
zem S p(y)d(z, y)e
for some vy € (n — 2,n). So, using the regularity results in Theorem 1, together

with these abstract results, we can prove the following Poincaré type inequality for
solutions of (1.1).

dvol, < C

Theorem 2. Assume that for each x € M, there exist n linearly independent
Killing vector fields at x, and (A1) to (A3), (B1) and p > 2. Then, if we consider
p = |Vu|P~2 we get, for every q > 2

(1.10) [0l Lacry < COVOUM))IVOlLgany  for every v e Wyl (M)

where C'(vol(M)) = 0 if vol(M) — 0.
In particular (1.10) holds for every v € Wolf(./\/l)

We then use the weighted Poincaré type inequality obtained in Theorem 2 to
prove the following

Theorem 3 (Weak Comparison Principle in small domains). Suppose that either

1<p<2andu,veWh>e(M), or
p > 2 and u,v € WHP(M) N L®(M)

and that either p = |VulP~2 or p = |Vv|P~2 satisfy the following condition

1
sup ———— dvol, < C
veM /M p(y)d(z,y)r Y

for some vy € (n—2,n).
Suppose that u, v weakly solve

(1.11) —Apu+ g(z,u) — Au < —Apv + g(z,v) — Av in M

where A > 0 and g € C(M x R) is such that for every x € M, g(z,s) is nonde-
creasing for |s| < max{|[ul| L=, [v]|z=}.

Let M’ C M be open and suppose u < v on OM’, then there exists § > 0 such
that, if vol(M') < 6, then u < v in M’'. If A = 0 the thesis is true for every
M C M.

In particular the result holds if either u or v is a C*(M) weak solution of (1.1)
and (A1) to (A3) are satisfied, and if Vo € M, there exist n linearly independent
Killing vector fields at x.

The point of view of considering p = |Vu[P~2 as a weight and working in the
weighted Sobolev space W()l”g(ﬂ), which is a Hilbert space, is particularly useful
when studying qualitative properties of a solution of (1.1).

The paper is organized as follows. In Section 2 we prove Theorem 1 and some
related regularity results. In Section 3 we state sufficient conditions to obtain gen-
eral weighted Sobolev and Poincaré inequalities and then we exploit them together
with Theorem 1 to prove Theorem 2. Finally we take advantage of the weighted
Poincaré inequality obtained and prove Theorem 3.
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2. REGULARITY RESULTS

In this section we prove all the statements of Theorem 1 and some other related
results.
Let us first recall a particular version of the Strong Maximum Principle and of
Hopf’s Lemma.

Lemma 2.1. (Hopf) Let B(a,r) CC M with radius r smaller than the injectivity
radius. Let w € CY(B(a,r)) N C°(B(a,r)) be a non negative function such that

—Apw >0 in B(a,r)
w>0 in B(a,r) .

(2.1)

Assume w(zg) =0 for some xg € 0B(a,r). Then,
Ow
ov

where v is the outward unit normal vector on 0B(a,r).

(1'0) < 0,

Proof. We use expression (1.2). The lemma then follows directly from the work
of Pucci, Serrin and Zhou [15] (see also [19]). In fact, the barrier function they
construct is also valid in our case.

O

This result implies that, under assumptions (A1)-(A3) and (B1), u is positive in
M and [Vu| > 0 on OM. We denote
(2.2) Z:={zeM : |Vu| =0},
the set of critical points. Hopf’s lemma implies that Z CC M. Thus, classical
regularity theory implies that u is C? in M\ Z.
Lemma 2.2. Let X be a C* wvector field such that X (x) # 0, Vo € M and assume
p > 2. We have

|VulP™2Xu € HL (M) .

Proof. For simplicity we suppose X = a%l and we solve the auxiliary problem
(2.3) { L.we = f(u) in B(a,r)
We =1u on 0B(a,r) .
for any small € > 0, where
-y (v/Aot g(@)g (2|2 + [V 2|25 22
5 W 890 0z

This equation corresponds to the energy functional (defined for all w €
W, ?(B(a,r)))

1 p=
E.(w) ::;;/B( , |€2—|—|VW\2|T2 dvol—/B( )f(u)wdvol,

where dvol is the volume element, i.e dvol := y/det g(x)dxy A ... A dx,, and
(2.4) WrP(B(a,r)) := {w € W"(B(a,r)) : w=wuondB(a,r)} .
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Recall that f(u) € CY(B(a,r)). Therefore, standard elliptic theory yields that (2.3)
has a unique solution w.. Moreover, w, is C2. We remark that

(2.5) E.(we) = mir}ﬁp E.(w)

weWy,

depends continuously on e. This implies that (w.) is bounded in W*?(B(a,r)).
Differentiating equation (2.3), we obtain, for all £ =1,...,n,

(2.6) aiu(\/det g(x)Lewe) = aiw(\/det g(x)f(u)) in B(a,r) .

The corresponding variational equality is

n

1 0
/B(a,r) ”2:21 Vdet g(x) 31‘2(

p=2 Owe Ov ow p=2
(2 2T === == dvol / £V (g? -12) 7 dvol
(e” + |Vwe|?) d0: vol + B(a_,)<vv7v3$£>(6 + [Vwe|?) vol +

(2.7) det g(z) " (x))-

+(p72)/ (V0, Vas ) (22 + Ve [2) 5 (Veoe, Do Ve, dvol =
B(a,r)

bl
dag

1 0
/B(a,r) \/Tg(x)aixe(\/mf(u))v dvol ,

where Vv is the gradient of v, (-, -) is the inner product associated to the metric g,
D is the connection associated to g, and v € C§°(M). In local coordinates we have

L Ow, Qv
= 9 e 77
(Vv, Vwe) i;:lg (m)axi oz,

"\ 18¢" dw, Ow, o Owe 0w,
=) Do e) — Py " :
(Vw 75 Vwe) Z 2 Ox¢ Oz, Oy +97(2) O0x; 00

1,j=1

Let ¢ € C§°(B(a,r)) be a cut-off function such that ¢ > 0 and ¢|p(a,r/2) = 1.

w,
Taking ¢—~— as test function in (2.7), we obtain

amg

0 e p—2 0 (3
/ O V(EE)2(e2 + |Vwe|?) 2 dvolgc/ (1+ |V P + | 22]) dvol .
B(a,r) Oz B(a,r) Oxy

Owg

Thus, (2 + [V, |?) 5 5, s bounded in H'(B(a,r/2)). We recall w, is bounded
Ty

in W1?(B(a,r)). Modulo a subsequence, we can suppose that

(2.8) we, = v weakly in WYP(B(a,r))
' we, — v strongly in LP(B(a,r)) .

By lower semi-continuity, it follows that

/ |[Vo|? dvol < lim inf |[Vwe, [P dvol ,
B(a,r) €n =0 B(a,r)

and

lim f(u)we, dvol = / f(uw)vdvol .

€20/ B(a,r) B(a,r)
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Hence, v is a minimizer of the energy functional Ey and thus v = u by uniqueness
of the minimizer. Moreover,

lim |Vwe, [P dvol = / |VulP dvol .
en—0 B(a,r) B(a,r)
Consequently, w. converges strongly to u in WP(B(a,r)). This yields that

(e? + \Vr.ue|2)pZ

- —
61‘3

- 8 0
We recall that (2 4 |ng\2)TZ l

is bounded in H{ _, and thus |Vu|1%2 €
Oxy oxy
H{ .. Moreover, we can write
ou p= 6u 2 Ou
Va2 = Bl [Vl ™5 5 [Vl ),

where F': M x R"® — R is a C! map. Therefore, using the boundedness of |Vu| it
0
follows that |Vu[P~ Qau € H..
g

Remark 2.1. We remark that, on the one hand, in M\ Z, u is C? and

ou 0%u ou
= p—2 ) p—4 D
ng) |Vul 92,000 + (p—2)|VulP~Vu , Vu) 9z,

0 P2

0
On the other hand, on Z we have |Vu\p_Qa—u = 0. It follows from Stampacchia’s
z

theorem that

0 ou
_ p—2 — 3
(2.10) oz, -(|Vul ﬂce) 0ae. in Z.
Denoting
_ [ vin M\ Z,
T omz.
we have
0 ou 0%u ou
__ p—2 77\ p—2 p—4
o (VU2 20 = (Va2 S b (p = 2P (v Dy Va5

Since |Vu[P~! € H}

loc?

it follows that
(p— 1)|Vulp=3(Vu ,D o Vu) crLi..

Therefore (p — 2)|Vu|P~4(Vu , D - Vu) Ou

B € L} (M), which yields

- 9%u
—— e[}
O0x;0x, loe

Before proceeding, we recall that a Killing field X is a vector field such that
Lxg =0, where Lx is the Lie derivative along X.

Corollary 2.1. |Vu|P~2 (M).

Lemma 2.3. Under the above assumptions, let X be a Killing vector field. Then,
for any ¢ € HY (M), we have

(2.11) /M(wuw*?wm, V) + (p — 2)| VP~ (V Xu, Va)(Va, Vb)) dvol =
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:/ f(w)Xuap dvol .
M

Proof. We start by considering the case where 1) € C§°(M). Let 6; be the local
one parameter group associated to X. We set

1/)}1 2:1/109_h.

On the one hand, taking, respectively, 1 and v, as test functions in (1.1), we obtain

/ |VulP~2(Vu, Vi) dvol = / f(u)ap dvol ,
M M
/ |Vu|P~2(Vu, Vi) dvol = / f(u)tpy, dvol .
M M
On the other hand, since X is a Killing field, we have

/ IV (uo6)[P~2(V(uoby), Vi) (dvol) =
M

= / |(V) 0 0,|P~2((Vu) o 01, Viby, 0 0;)65 (dvol) .
M
Therefore, we obtain

(2.12) /M [V (0 0h)|P*(V (w0 br), V)65 (dvol) — [VulP~*(Vu, Vi) dvol _

h
B / f(uo8y)y5(dvol) — f(u)y dvol
=1/, ; .
We have
lim F (o 6n)6i( d‘;ﬂ) — ) dvel ) dvol) = F/(u) Xu dvol
V(0 0,).VY) — (Vu. YY) | [(67)(d) — du](VY) _
h—0 h h—0 h

— (Lx(du))(V4) = D*u(X, V) + du(Dy, X) =
= D2U<V¢,X> + du(DvwX) = (Dvwdu)(X) + du(DvwX) =
= Dyy(du(X)) = Vi (Xu) = (V(Xu), Vi) .

Thus, we obtain (2.11) by letting A — 0 in (2.12). The general case then follows
by standard density arguments.

O

Theorem 4. Let u € CH(M) be a weak solution of (1.1) and X be a Killing vector
field. Assume (A1) and (A2) are true and that p > 2. Then, for any E CC M and
for any 0 < B < 1, there exists a constant C such that

(2.13) sup M\V)ﬁdzdvol <C
' veM B\ (xu=0} (d(x,9))7|Xul’ Y 7
where
y<n—2in>3andy=01ifn=2;
C =C(B,v,E) depends only on B,y and E;
d(x,y) denotes the Riemann distance between x and y.
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Proof. Without loss of generality, it is sufficient to prove that for any measurale
set £ CC M we have

|VulP~2|V Xul?
(2.14) sup/ ————dvol, = K(8,7,E) < +c0 .
veb J B\ {xuzoy (d(z,y))7[Xul? Y
To see this is so, assume (2.14) and let 0 < § < 1/2 d(E,0M). Defining
Es:={zeM : d(z,E) < ¢} and considering the cases z € E5 and x € M\ Ej,
respectively, it follows that
|VulP~2|V Xul?
sup T f
zeM J B\ {xu=0} (d(2,Y))7| Xy
and thus we obtain (2.13).

To prove (2.14), we start by considering a cut-off function ¢ € C§°(M) such
that ¢|g; = 1, and defining, for any € > 0,

1
dVOIy S K(B77,Eé) + EK([%OvE) )

0 if [s] <e,
2s —2e
Go(s) = BE if e <|s| < 2¢,
S .
W if ‘S‘ > 2¢e .

We discuss the two cases:
Case 1: assume z € E N Z.

Let . . (y) = 22X W)

(d(@,y))
H}(M) and , using it as test function in (2.11) we obtain

. Recall that Xu € C*(M \ Z). We have 9., €

|VulP~2¢ GL(Xu) 2 _ e . Y (Vi Mdvo
/M gy IVXOF @ =2Vl Xu, Vup(Vu, VXu)] dvol+

+/ |Vu|P~20 G (Xu)(VXu, V( ~)) dvol+
M

o
(d(z,y))

+(p —2) /M |VulP~20 G (Xu)|Vu| (VX u, Vu)(Vu, V( ~)) dvol+

1
(d(z,y))
[VulP~2G (Xu) - )
* /M\Es WKVXU’ V) + (p—2)|Vul 2<VXu, Vu)(Vu, Ve)]dvol =
[ ) (Xu)eGe(Xu)
- /M ) dvol
Recalling that f(u), Xu € L, |Vd(z,y)| = 1 and G~ > 0, we obtain
[VulP=2|V(Xu)|?eGL(Xu)
/M (d(w,y))" dvol =

V=29 (X |G (X )|
= /M (d(a, y)) !

dvol+

[VulP~2|V (Xu)|[ Vel |[Ge (Xu)l

¥
+C dvol + C/ ———dvol .
M\E; (d(z,y)) m (d(@, )
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We note that, for x € E, we have that

1 1
sup  ————- <
yEM\Es (d(l’,y))'y o

and that |Vu|P~2|V(Xu)| € L2 _(M). Therefore, we have

loc

/ [Vul[P~? |V (Xu)|[ V| |Ge (Xu)|
M\Es (d(m7y))’Y

2
— L dvol <,
/M (da,y) 1

where C is independent of z. Consequently,

dvol < (1 ,

dvol + C

V2V (X)X | IVl =2V (X | G (X))
/M @) d ISC/M (d(z, g)) 1

AC [ [VulP~20|Ge(Xu)[? / [VulP~2 |V (Xu) oG (Xu)
SC—i——/ dvol + ¢ = dvol
o Ja (d(z,y)) G Xu) M (d(z,y))
for some small o > 0 (here we use the inequality ab < ga®+ (4/0)b?). Finally, since
G?(s) 1
<
Gs) ST
we deduce
_ p—2 2 l
/ (1= o)[Vul" 2|V (Xu)PpGe(Xu) 4 1 +/ P gwl<C
M (d(z,y)) w (d(z, )7+

Letting ¢ — 0 we obtain

/ [VulP~?|V(Xu) el = B)(1 - 0)
M\{Xu=0} (d(z,y))7| Xul?

dvol, < C'.

Case 2: assume z € E\ Z.
We consider a positive cut-off function ¢, , € C§°(M) such that
e,z =0 in B(z,¢),
e =11in Es \ B(z,2¢),
Ve | < Cfein B(z,2e) \ B(z,€) and
|[Vpe,z| < Cin M\ B(z,2e).

Ge(Xu(y))pe(y)
(d(z,y))
to those done in case 1, we deduce

Taking ¢ 5 (y) := as text function in (2.11), by estimates analog

_ p—2 2 ’
[ QT TP G
M (d(a@y))V
p—2
e Va2V ) [V aICe (X0

B(2,26)\ B(z.¢) (d(z,y))7
We recall that « ¢ Z, and thus, Yy € B(x,2¢) \ B(x,¢),
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[VulP 2|V (Xu)||[ Ve o |G=(Xu)| _ Clx)
(d(z, y))" T et
Therefore,

_ p—2 2 '
/ (1 O’)‘vu| |V(XU)| SOSJGe(X’U’) dvol < C+ C(x)enf'yfl .
M

(d(z,y))

Letting ¢ — 0 we obtain

o [TV ()
/E\{XFO}“ A=) e gy Xl

where C' is independent of z. This concludes the proof of Theorem 4.

dvol, < C

From now on, we add a geometrical assumption on M:
(B2) Vz € M, there exist n linearly independent Killing vector fields at x.

Corollary 2.2. Under the same assumptions as in Theorem 4 plus assumption
(B2), for any E CC M and any 0 < 8 < 1,
YulP—2-58
(2.15) sup / L|D2u\ dvol, < C',
cem ez (d(z,y))7

where C = C(B,~, E) depends only on 8, and E;

Proof. This result is a direct consequence of Theorem 4 in this setting.
d

Theorem 5. Assume (A1) to (A3), (B1), (B2) and p > 2. Then, for any given
0<m<land0<vy<n-—2 (ifn>3, for n =2 we should take v = 0), we have

dvol
2.16 su / Y <C.
(2.16) S o (Va1 (d(w y))

Moreover, vol(Z) = 0.

Proof. Using Hopf’s Lemma (Lemma 2.1), since f > 0, we see that 3£ CC M such
that Z cC E cC M . Moreover, u(z) > 0, Vx € M. Therefore,

dvol 1 dvol
/ 1 . S 1 / S S C )
amve ([VulP=H)m(d(z,y)) = min [Va|P~D™ Jon g (d(z, )7

M\E
Thus, it suffices to prove
dvol
2.17 sup/ Y <C.
247 2R o (Val Ty (d(e )

As in the proof of the previous Theorem, we need to consider only the points « € E.
Let ¢, 5 be the cut-off function in Theorem 4 and define

- 1 806,:5(?/)
R (s e
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We have that 1/}571 (S H(} (M) since |vu‘p_1 c Hl

loc

M and f(s) > 0 Vs > 0, hence, sup f(u(y)) > —
yekE Ch

/ e dvol < C’l/ e o f (u) dvol < C’l/ ez f(u) dvol =
E E M

(M) and |Vu| € L®(M). E CC
, for some C7 > 0. Thus,

=0 / |Vu|p_2<Vu, V%,z) dvol <
M

p—1
<C / [Vl Veeal ool
\Es (

[Vulp=t + &)™ (d(z, y))

|VulP~! e
C J dvol
- /M (Vul1 + )7 (dlz, g+ O

(2.18)

p—1
+0/ IVg\1 |Vioe s
B(z,2e)\B(w,e) ([VulP~t + &)™ (d(z,y))

Vu V(VaP ]
+C/ Va1 dag)y

Since u € C1(M) , it follows that

pl . dvol
(2.19) / Wlf'l Vool gy01 < c/ VoL o
s ([VulP=t +e)m (d(z,y)) m\g; (d(@,y))7

|vu|p—1 (Ps x dVOl
2.20 / Sdvol<C | <,
@200 ) VP T T om (day)yt i @,y

dvol+

/ [VulP~! Ve o
B(z,200\B(w,e) (|VUulP~t + &)™ (d(z,y))"
On the other hand, u € C?>(M \ Z) , hence,

(2.21) dvol < Ce" 7t <O

dvol <

/ [VulP~! IV(IVulP~ )¢
M (Vup=t +e)mtt - (d(z,y))
[VulP~! IV(IVulP~)lpeo
< = dvol+
/M\E (IVup=t +e)m+t - (d(z,y))
[VulP~! V(IVulP~)lge.o
(2.2 g (Vulp=t+e)m+t - (d(z,y))
2.22 p—2| 2
<c dvol C/ |VulP~2|D%ul?p.
(IVulp=t + &)™ (d(z,y))

dvol <

dvol <
M (

|Vu\2<P-2>\D2u\2gom )
<C+C (/ 2 dvol | x
& (V=T + &) (d(z, )

g </E (IVul—1 +w23fn(d(x, ) dVOl) o

Combining (2.18) to (2.22) and using Theorem 4, we have

/ thepdvol < C .
FE
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Letting € — 0 it follows that

dvol
2.23 < C
(2:23) [E D (A, gy =

where C' is independent of z. In particular, we obtain vol(Z) = 0.

O

As a consequence of Theorems 4 and 5, we have the following result.

Corollary 2.3. Under the above assumptions (as in Theorem 5), for every ~yo €
(n72,n72+2/(p71)),

dvol
2.24 sup/ Y <C
(2.24) coRt S IVl (de, )

Moreover, for any1 <m < (p—1)/(p — 2), we have
(2.25) D*u € L (M)

Proof. We have that for any v; € (0,n)

dvol
2.26 sup Y <
(2.26) SR o @,y

Hence, writing

[Vup=2(d(a, ) = [Vl () "5

: [(d(w,y))("”)ﬁ(d(x,y))vn—m—z)}

equation (2.24) follows from (2.16) and the Holder inequality with exponents r =
a(p—1)/(p—2),s=B(p—1), with0 < a < 1< S and a, 8 sufficiently close to 1.
Therefore, using corollary 2.1 and Theorem 5, we prove (2.25).

O

3. WEIGHTED POINCARE TYPE INEQUALITY AND WEAK COMPARISON PRINCIPLE

In this section we prove a weighted Poincaré type inequality, and then we use it to
prove a weak comparison principle in small domains. Our method is inspired from
the work in [9]. They prove an integrability condition for the weighted function p,
more precisely,

. dvol,,

28 o Gl e = ©
for some o € (0,n—2) and ¢t > 1. Based on this, under suitable assumptions, they
establish the weighted Sobolev inequalities. Here, we use a somewhat different
approach for this technical point - we concentrate on the fixed t = 1 case and allow
only the parameter vy € (n — 2,n) to change (thanks to Corollary 2.3) in order to
obtain such inequalities.

Let us start by collecting in the next Lemma some known results about the
potential of a function. If f € C°(M), and 0 < o < n then the potential of order
a generated by f is defined by

Ualf](z) = /M F(y)d(z, )" dvol,,.
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Lemma 3.1. 1) If 1 < a < n/a, denote by b the number defined by % = 2 - %.
Then, the map
Uy: L*(M) — LP¥WM)
f = Ualf]
is continuous. Moreover, there exists a constant C = C(n,«,a, M) > 0 such that
(3.1) 1Ual Moy < CMF ey -

2) If a = n/a, then the map U, is continuous from L*(M) into LY(M) for any
1 < g < 0o. More precisely, there is a constant C = C(n, a, a,q, M) > 0, such that
(3.2) 1Ua[flzsary < ClF ey -

3) If a > n/a, then the map U, is continuous from L*(M) into L>=°(M), that is,
there is a constant C = C(n,a,a, M) > 0, such that

(3.3) IUalfllLee ) < CIISI

We begin by proving general Sobolev and Poincaré type inequalities, using po-
tential estimates as in [14, 18].

La(M) -

Theorem 6. Assume p € L'(M) is a positive weight function such that

(3.4) dvol, <C, VzxeM,

1
/M p(y)d(z,y)
where 0 < v < n and C' does not depend on x.
Assume also that q > 2 satisfies ¢ > n —~y. Then,
1) If ¢ < 2n — ~ then there exists a constant ¢y = co(n,q, p, M,~y) such that the
following weighted Sobolev inequality holds for any u € Wol’g(/\/l)

(3:5) lull o < collVullgonn, — Vu € Woi(M)

where ¢* is defined by
1 2 1 -~

¢ q n ng
2) If ¢ = 2n — 7 then for any r > 1 there exists a constant ¢, such that for every
u € Wol”g(./\/l) we have
(3.6) ull Lr vy < el Vullpa iy

3) If ¢ > 2n — vy then there exists a constant co such that for every u € Wol"'lf’(./\/l)
we have

(3.7) lullLoe (m) < coollVull gy

Proof. By density arguments we may suppose u € C§°(M). Let G(z,y) denote
Green’s function in M. For every x € M, we have

(3.8) u(z) = —/ G(z,y)Agu(y) dvol, ,

M
where Ay is the Laplace-Beltrami operator. As v has compact support, we deduce
(3.9) u(z) = /M (VyG(z,y), Vyy) dvol,, .

Recall that the following estimate holds
(3.10) IV,G(z,y)| < Cd(z,y)' ™",
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where C' is a constant independent of = and y. Thus, we get

(3.11)
i <c [ O g, o [ TMDPWE L g, <
md(@,y)" M d(z,y)" " T py)ed(a,y)
gc(/;dvoly)z M 7
M p(y)d(z,y) d@,9)" ™ | L

1 1
where — +-=1. We set
q q

Fy) = (Vuly)lply) )7 .

We remark that n —1—+/¢ >0 and set a =n—(n—1—7v/q)¢. Recall ¢ >n—+,
so that o > 0. On the other hand, it follows from (3.11)

u(z)|? < C|ULI(IVulps)?]).

We see that f € Lv (M), where ¢/q’ > 1. Let us consider first the case ¢ < 2n —+.
In this case, we have ¢/¢’ < n/a. Using Lemma 3.1, we obtain

u(@) Nzerny < CUANL 2 = CIVElTg 0y

1 /
where - = £ — % This yields
b q n
lull oo gy < ClIVUllLaam)-
Therefore, part 1) is proved. If ¢ = 2n — v, we have ¢/¢’ = n/a. Using again
Lemma 3.1, we have, for any » > 1,

@) |- rr) < ClVl T g9

Hence, we obtain result 2). Part 3) also follows from Lemma 3.1.
a
We will now apply this result to the case p = |[Vu[P~2, p > 2 and u is a weak
solution of (1.1).
Theorem 7. Assume (A1) to (A3), (B1), (B2) and p > 2. Then, if we consider
p = |Vu|P~2 we get, for every q¢ > 2
(312)  [olluaa < COolM)[Vullgongy  for every v € W S(M)
where C'(vol(M)) — 0 if vol(M) — 0.
In particular (3.12) holds for every v € Wol’pz(Q)

Proof. Since u € CY(M) and p > 2, obviously p = |Du[P~2 € L'(M). By
Corollary 2.3 we have

1
sup / ——— dvol, < C
e Jaa p(y)d(z,y)yo
for some vy € (n —2,n). We see ¢ > 2 > n — 9. By Theorem 6, there exists some
q1 > q such that
[v][zar vy < ClIVU[ L2 M)
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Consequently, we deduce
1 1
[0l Laqry < (vol(M)) o [[o] Lax (py < C(vOl(M)) 2™ a0 [Vl g pn
Thus, we conclude the proof.
O

Note that usually the case ¢ = 2, which gives a Hilbert space Wolﬁ’p2 (M), is
considered. The previous inequality allows us to prove the following

Theorem 8 (Weak Comparison Principle in small domains). Suppose that either
1<p<?2andu,vecWhHe(M), or
p > 2 and u,v € WHP(M) N L>® (M)

and that either p = |Vu[P~2 or p = |Vu|P~2 satisfy the following condition

1
sup —————— dvol, < C
reM /M ply)d(z,y)ro —

for some yo € (n —2,n).
Suppose that u, v weakly solve

(3.13) —Apu+g(z,u) — Au < =Apv+ g(a,v) — Av in M

where A > 0 and g € C(M x R) is such that for every x € M, g(z,s) is nonde-
creasing for |s| < max{||u|| Lo, ||v||Le}-

Let M" C M be open and suppose v < v on OM’, then there exists § > 0 such that,
if volM’) <6, then u <wv in M'. If A =0 the thesis is true for every M’ C M.
In particular the result holds if either u or v is a C*(M) weak solution of (1.1)
and (A1) to (A3) and (B2) are satisfied.

Proof. In the case 1 < p < 2, the weak comparison principle for small domains,
in the Euclidean setting, was established in [5]. Since we can write the operators
in divergence form, the same approach shows that the corresponding result in the
general manifold setting is also valid.

Therefore, from now on, we may assume p > 2. Consider, in M’, the function
(u—v)T. Tt is bounded, it vanishes on M’ and it belongs to W, (M), so that it
belongs to Wolﬁ’j(./\/l’) N L (M) and can be used as test function in (3.13), yielding

/ (IVu[P~2Du — |Vu[P~2Vv, Vu — Vo) dvol+

(3.14) fuze]

+ / l9(z,u) — g(z,v)](u — v) dvol — A/ (u—v)?dvol < 0.
[uzv]

=
where [u > v] = {z € M’ : u(z) > v(x)}. Moreover g(z,u) < g(x,v) if u > v, so
that
(3.15) / ([Vu[P~2Vu — |Vo|P~?Vo, Vu — Vo) dvol < A/ (u —v)*dvol .
[u>v] [u>v]
By standard estimates (see e.g. [5] Lemma 2.1), we obtain the following inequality

(3.16) /Ml(|vu|1’—2+ |VolP~2) |V (u — v)*|*dvol < cpA/ [(u—v)T]?dvol ,

’

where C), depends on p, so that

(3.17) / |V (u—v)T?*p dvol < C,, A/ [(u—v)T]?dvol ,

’
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where we can take p = |DulP~2 or p = |Dv|P~2. Using Poincaré’s inequality with
weight (Theorem 7), we get

(3.18)

/ [l 0)*P dvol < €4 AC(vol(M’))/ [(u — v)*]2 dvol .

’

A contradiction occurs if C; A C(vol(M’)) < 1, unless (u — v)* = 0 in M/, i.e.
u < wvin M’. (Let us recall that the integral in the last inequality defines a norm).
If A =0, the same arguments prove the result for every M’ C M.
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