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Pseudoharmonic maps with potential

by Elisabetta BARLETTA and Sorin DRAGOMIR

Abstract!. We study pseudoharmonic maps with potential V', i.e. smooth maps
¢ : M — N of a compact strictly pseudoconvex CR manifold M into a Riemannian
manifold N which are critical points of the functional Ev (¢) = 3 [, {tracec, (mu¢*h) —
2V 0 ¢}0 A (df)". We derive the first and second variation formulae for Eyv. We show
that any pseudoharmonic map with a concave C? potential into a Riemannian manifold of
nonpositive curvature is stable. Also, any nonconstant pseudoharmonic map ¢ : M — S*
with a strictly convex C? potential is shown to be unstable.

1. INTRODUCTION

Let (N, h) be a v-dimensional Riemannian manifold and V' : N — R a smooth
function (a potential on N). Let (M, T} o(M)) be a compact strictly pseudoconvex
CR manifold of CR dimension n, 6 a contact form on M, and Gy the corresponding
Levi form. Let ¢ : M — N be a smooth map and let us consider the functional

By (¢) = % [ {tracec, (ro"h) =2V 0 0} 0.1 (a0

Here my¢*h denotes the restriction of ¢*h to the Levi distribution. A pseudo-
harmonic map with potential V is a critical point ¢ of Ey. The Euler-Lagrange
equations of the variational principle 0Ey (¢) = 0 are

(1.1) 7(¢) + (DV) o ¢ =0,

where 7(¢) is the tension field and DV the gradient of V' (with respect to the
Riemannian metric k). Cf. our Theorem 3.1 in Section 3. Given a local orthonormal
frame {Xi,- -, Xa,} of the Levi distribution (Gg(X,, Xp) = dap), defined on an

open set U C M, and a local coordinate system (,4%,---,y") on N (such that
o(U) C Q), the equation (1.1) may be written as

2n
(12) A + > (T 0 ) Xa(¢)Xa(¢%) + (DV)i0 6 =0, 1<i <,

a=1
where ¢* = 4 o ¢, F;k are the Christoffel symbols of h, and A, is the sublaplacian
of (M,0), a subelliptic operator of order 1/2 on M. Cf. [4] or Section 2 of this
paper for a reminder of CR and pseudohermitian geometry. The case V = 0 has
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been examined by E. Barletta et alt., [2] (and the smooth critical points of Ejy
are referred to as pseudoharmonic maps). Given a smooth 2-parameter variation
D : (—€,6) X (—€,6) X M — N of a pseudoharmonic map ¢ (®(0,0,z) = ¢(x),
x € M) with potential V' we show (cf. our Theorem 6.1 in Section 6) that

82
(1.3) D0t
where ¢, (z) = (s, t, ),

{Ev(¢s,t) }s=t=0 = 14(T,S)

0
s Sz = (d(0,0,2)®)

19}
Tac = (d(0,0,m)q)) . 87
(0,0,2) 51(0,0,2)

9 e M’
ot v

2n
(1.4) I¢(A,B):/ > h?(D%, A, D%, B)w—
Ma*l

- /M{traceG9 (ruRP (A, (d¢)-, B, (d¢)-)) + (HessV)?(A, B)}w

for any vector fields A, B on N along ¢. Here w is short for § A (df)™. The meaning
of the objects in (1.4) is explained in Section 6. The identity (1.3) is the second
variation formula for the functional Ey . It leads naturally to the following concept
of stability. Let ¢ : M — N be a pseudoharmonic map with potential V. We say
¢ is stable if
I¢(A7 A) >0,

for any vector field A on N along ¢ (otherwise ¢ is unstable). As shown in [2],
any pseudoharmonic map of a compact strictly pseudoconvex CR manifold into a
Riemannian manifold of nonpositive curvature is stable. The corresponding result
for pseudoharmonic maps with potential involves an additional requirement on the
potential V. We recall that V : N — R is concave (respectively convex) if for any
geodesic v(t) in N the function V(v(¢)) is concave (respectively convex). We shall
prove the following

Theorem 1.1. Let M be a compact strictly pseudoconver CR manifold. Let N be a
Riemannian manifold of nonpositive sectional curvature and V : N — R a concave
function of class C%. Then any pseudoharmonic map ¢ : M — N with potential V
is stable.

Again by a result in [2] pseudoharmonic maps into spheres are unstable. As another
result of the present paper, we shall show that

Theorem 1.2. Let M be a compact strictly pseudoconver CR manifold. Let ¢ :
M — SY be a nonconstant pseudoharmonic map with a strictly convex potential
V :S8¥ = R of class C%. Then ¢ is unstable.

The paper is organized as follows. In section 2 we recall the notions and results
of pseudohermitian geometry needed through the paper. Section 3 is devoted the
first variation formula for the functional Ey. In section 4 and 5 we show that
the equations (1.1) form a nonlinear system of subelliptic equations and compare
the notion of a pseudoharmonic map (with potential) with that of a subelliptic
harmonic map (with potential). The second variation formula for the functional
Ey is derived in section 6 (by adapting a technique due to E. Mazet, [8]). Stability
of pseudoharmonic maps with potential is discussed in section 7 where Theorems
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1.1 and 1.2 are proved. In section 8 we emphasize on the interplay between wave
maps (cf. e.g. [11]) with potential and pseudoharmonic maps with potential.

2. CR AND PSEUDOHERMITIAN GEOMETRY

Let M be a real (2n 4 1)-dimensional C*° manifold. A CR structure on M, of
CR dimension n, is a complex subbundle T; o(M) C T (M) ® C, of complex rank
n, such that

Ti0(M)y NTp1 (M), = (0), € M,
and
ZW € Ty (M) = [Z,W] € Ty (M),

(the formal integrability property). Here Tp1(M) = T1,0(M) and overbars denote
complex conjugation. A pair (M,T; 0(M)) is a CR manifold (of CR dimension n).
The Levi distribution is

H(M) = Re{T1o(M) & To,1(M)}.
The Levi distribution carries the complex structure
J:HM)— HM), J(Z+2)=iZ-Z), Z € Tio(M),
(i = /—1). Let H(M)* C T*(M) be the conormal bundle, i.e.
H(M)F ={aeT:(M):Ker(a) D HM),}, =€ M.

A global nowhere vanishing smooth section 6 in H(M)* is a pseudohermitian struc-
ture on M. Pseudohermitian structures are known to exist (c¢f. [12]) under the mere
hypothesis that M is orientable. Given a pseudohermitian structure # on M the
Levi form is

Gyo(X,Y)=(d0)(X,JY), X, Y € HM).

By the formal integrability property Gg(JX,JY) = Go(X,Y) (and in particular
Gy is symmetric). It is customary to consider also the complex bilinear form

Lo(Z,W) = —i(d0)(Z, W), Z,W € Ty o(M).

This is referred to as the Levi form, as well. Note that Ly and (the extension by
C-linearity of) Gy coincide on T} (M) ® To1(M). We say (M,To(M)) is non-
degenerate (respectively strictly pseudoconvex) if Gy is nondegenerate (respectively
positive definite) for some . If 0 is another pseudohermitian structure then 6= fo
for some C* function f : M — R\ {0} (as H(M)' is a real line bundle). Hence
df = df A6+ fdo yields Gy = f Gy, that is nondegeneracy is a CR invariant
property (i.e. invariant under a transformation 6 — f @ as above). Each pseudo-
hermitian structure § on a nondegenerate CR manifold M is a contact form on M,
i.e. O A (df)™ is a volume form on M.

Let M be a nondegenerate CR manifold and 6 a contact form. There is (cf. [12])
a unique nowhere zero globally defined tangent vector field T" on M, transverse to
H(M), such that

O(T) =1, (d0)(T,X)=0, X € T(M),

(T is the characteristic direction of df). Once a contact form is fixed it is customary
to extend J to an endomorphism of T (M) by requiring that J(T') = 0. Then
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J? = -1 +0®T (where I is the identity). As T(M) = H(M) & RT we may
consider the semi-Riemannian metric g9 on M given by

gg()(7 Y) = GQ(X, Y), gg(X, T) = 0, gg(T, T) = 17

(the Webster metric of (M, 0)) for any X,Y € H(M). If M is strictly pseudoconvex
and 6 is chosen in such a way that Gy is positive definite then gy is a Riemannian
metric on M. One of the main tools in pseudohermitian geometry is a canonical
linear connection on M, similar to both the Levi-Civita connection of a Riemannian
manifold and the Chern connection in Hermitian geometry, associated to a fixed
contact form € on a nondegenerate CR manifold M. Let V be a linear connection
on M. Let Ty be the torsion tensor field of V. We say Ty is pure if

To(Z,W) =0, Ty(Z,W) = 2iLe(Z W)T,
for any Z,W € Ty o(M), and
ToJ+JoT =0,

where 7(X) = Tv(T,X), X € T(M). By a result of N. Tanaka, [10], and S.
Webster, [12], for any contact form 6 on M there is a unique linear connection V
on M (the Tanaka-Webster connection of (M,#)) such that 1) H(M) is parallel
with respect to V, 2) VJ =0, Vgp = 0, 3) Ty is pure.

Let ¢ : M — N be a smooth map of a strictly pseudoconvex CR manifold M into
a Riemannian manifold (N, ). We shall need the bundle ¢ ~!TN — M, i.e. the
pullback of T(N) — N by ¢. Smooth cross sections in ¢ !TN — M are referred to
as tangent vector fields on N along ¢. Any tangent vector field Y : Q C N — T(N)
on N admits a natural lift Y : ¢~1(Q) — ¢~'T'N given by Y?(z) = Yy (), for
any © € ¢~ 1(Q). Given a local coordinate system (£,4%) on N the natural lifts
{Y; : 1 < i < v} of the local vector fields {9/0y" : 1 < i < v} form a local frame
in 71T N defined on ¢~1(2). With any vector field X on M we associate a cross
section ¢, X in ¢~ 'TN — M given by

(s X))y = (dppp) Xy, © € M.

The Riemannian metric » on N induces a Riemannian bundle metric A? in ¢~ 'TN
— M. Also, the Levi-Civita connection D of (N, h) induces a connection D? in the
vector bundle ¢"'TN — M which is easiest to describe locally.

Let (U,z', .- ,22"*!) be a local coordinate system on M such that ¢(U) C Q.
Then D? is locally given by

¢’
¢ —
Dojoua¥i = 5.7

where I‘;k are the Christoffel symbols of the second kind of h. Let 6 be a fixed
contact form on M such that Gy is positive definite. Let V be the Tanaka-Webster
connection of (M, 8). The second fundamental form of ¢ is

Bs(X,Y) = D%o.Y — 6. VxY,
for any X,Y € T(M). The notion is due to R. Petit, [9]. The tension field of ¢ is

(1“5]. 0 )Yy

7(¢) = traceg, (muBy).

Here my By is the restriction of By to H(M) ® H(M). Clearly 7(¢) is a vector
field on N along ¢. A C* map ¢ : M — N is pseudoharmonic if 7(¢) = 0.
The notion is well defined for any nondegenerate (not necessarily compact) CR
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manifold M. In the theory of harmonic maps between Riemannian manifolds the
second fundamental form of a smooth map ¢ : M — N is built in terms of the Levi-
Civita connections of the given Riemannian metrics on M and N (cf. e.g. [1], p
69). R. Petit replaced (cf. op. cit.) the Levi-Civita connection of the Riemannian
metric on the source manifold with the Tanaka-Webster connection. While this
may seem rather formal, it turned out (cf. [2]) that 7(¢) = 0 is the Euler-Lagrange
equation of the variational principle 0 Eq(¢) = 0.

3. THE FIRST VARIATION FORMULA

Let M be a compact strictly pseudoconvex CR manifold and ¢ : M — N a
smooth map of M into a Riemannian manifold N. Let ® be a smooth 1-parameter
variation of ¢, i.e. a C> map ® : (—€,e)x M — N (e > 0) such that ®(0,z) = ¢(z),
for any x € M. We set ¢ (z) = ®(t,x) and M = (—e,e) x M. Let 8y : M — M
be given by B¢(x) = (t,z). Given a vector field X € X'(M) we consider the vector
field X € X(M) given by

X(t,z) = (dZ/Bt)Xza (tvx) € M
Let T € T°°(¢~T'N) be the infinitesimal variation induced by & i.e.
0

T, = (do.0)®) —

, x &€ M.
ot (0.2)

¢ is a critical point of Ey if

d
—{FE —0=0
CAB(61)} =0
for any smooth 1-parameter variation ® of ¢. We establish the following

Theorem 3.1. Let ¢ : M — N be a smooth map of a compact strictly pseudoconvex
CR manifold into a Riemannian manifold N. Let ® : M — N be a smooth 1-
parameter variation of ¢ and T the induced infinitesimal variation. Let V : N — R
be a C* function. Then

(3.1) GEGI 0= = [ KT r(0)+ (DV) 0 o)

Consequently ¢ is a critical point of Ey if and only if
7(¢) + (DV) 0 ¢ = 0.

(3.1) is the first variation formula for the functional Ey. Proof of Theorem 3.1.
Let h® be the Riemannian bundle metric in ®'TN — M induced by h. Note that
¢r = ® o B;. Hence, for any = € U we have

2n
tracea, (tuoih)e = 3 (G1)(Xar Xo)o =
a=1
- Zhé(t z) z¢t azv( z¢t Zh(b X Xa)(t,z)

so that for any [t| < e

(3.2) /{Z/ﬂ D, X0, 0, X,) —2Vod}of w.
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On the other hand, for any X € X(M) (by D*h® = 0)

9 (o o o (O o o
- (h ((I>*X,(I>*X)) — 2h%(DE) 5,8, X, 8, X) =

(by D29,V = D2®.X + @,[X,Y] and [9/0t, X] = 0)

0 < - 3, . 0 .
=2h*(DE®, —, 0. X) = 2{X(h* (P, =, 2. X)) — h®(®.~., D2 D, X)}.
(D20, 0 6.%) = 2{ X (5 (. 0 ®.X)) - h*(@. 0 DL, X))
At this point we may take the derivative of (3.2) at t = 0. Let vy : (—€,€) — M
be given by «,(t) = (¢,z). If d/dt is thought of as a tangent vector field on (—¢, ¢)

then

0 d
Z = (dyory) —
Dty 0y (dioz) G|

hence, for any f € C°°(M) and any x € M, the derivative of the function ¢ —
F(Bi(x)) is (0f/0t)(0,x). Therefore

B (90 himo =

N o - Bl .
_ D - _ @ 7 P _
- /M % AXa(h® (2.5, 9. X)) = h* (@7, DY .X0)} o fo

OV od)
e

Note that X (f)ofy = X (fopo), for any f € C°°(M). On the other hand on checks
easily that

o - -
W (s, @.X) 0 fy = h*(T,6.X), (DR@.X)o by = Do.X,

hence

(33 BV (9 hmo =

= [ SR (1.6.X,)) = h(0. D%, 0. X))~ [ 1TV 0 0)

because of

OV o®) oV 0P’ _ B
g (0.2) = 55 (6@) 5 (0.2) = To(V) =

= ho(a)(Tz, (DV)g(a)) = h*(T, (DV) 0 §)s
where DV is the gradient of V' with respect to h. Let Yo € H(M) be defined by
Go(Ya, X) = h*(T, $.X)

for any X € H(M). Let div(Ys) be the divergence of Y3 with respect to the volume
form w = @ A (df)". Since Vw = 0 (and H(M) is parallel with respect to V)

div(Ye) = trace{X € H(M) — VxYs} =
= 96(Vx,Ye, Xa) = (as Vgg =0)

=D {Xal96(Ya, X)) = 96(Yo, Vx, Xa)} =

=D AXa(h*(T, . Xa)) = h*(T, 6. Vx, Xa)}
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that is
(3.4) > Xa(h?(T,¢.X,)) = div(Ye) + Y h?(T, $.Vx, Xa).

By (3.3)-(3.4) and Green’s lemma we obtain
d
B =
(B (60}

:_/ h¢(T:Z{D§a *Xa_¢*vXaXa}+(DV)O¢)w:
M a

- /M BO(T, 7(6) + (DV) 0 6) w

and (3.1) is proved. To prove the second statement in Theorem 3.1 let ¢ : M — N
be a harmonic map with potential V. Let g € M and (2, = (y',--- ,4")) a local
coordinate system on N such that ¢(zg) € Q. Let us set U = ¢~1(Q) € M. Then
7(¢) = 7(¢)'Y; on U and we consider the functions

Fi:(—€,e) xU =R,
Fi(t,z) = ¢'(z) + t[7(¢); + (DV)],
where ¢! = y? o ¢. Let us consider a test function n € C§°(M) such that 0 <n <1

on M, supp(n) C U, and n(xg) # 0. We may assume w.l.o.g. that ¢(2) = R” and
consider the smooth 1-parameter variation ® : M — N of ¢ given by

O(t,x) = {(’O_l(q)i(tw)@i) if zeU,

o(z) if xeM\U,
i (t,x) = n(@)F'(t,z) + (1 — n(z))¢'(z), =€ U.
Here {e1,---,e,} C R¥ is the canonical linear basis. The infinitesimal variation

induced by ® is

o| 0%

T, = Z =
x (d(O,x)q)) ot ot (07 m)}/;,z
(0,2)
_ n(z)(T(p)L + (DV)Q)(m))Yi,x if xeU,
0 if zeM\U,

so that
0= [ W r(0)+ (V)0 o) = [ allre)+ (DV) ool
and then 7||7(¢) + (DV) 0 ¢||> =0 on U and in particular in x¢. Q.e.d.

4. THE SUBLAPLACIAN

Let M be a strictly pseudoconvex CR manifold, of CR dimension n, and 6
a contact form on M such that Gy is positive definite. The sublaplacian is the
differential operator given by

Ayu = div(VPu), uwe C*(M),
where VHu = 75 Vu and Vu is the gradient of u with respect to the Webster
metric, i.e. go(Vu,X) = X(u), for any X € X(M). Also mgX is the projection
of X on H(M) with respect to the decomposition T(M) = H(M) & RT. Let
(U, zt,--- ,2?"*+1) be a local coordinate system on M and {X,} a local orthonormal
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(90(Xa, Xp) = dqp) frame of H(M), defined on the open set U C M. We set
X, = b.9/0x" and a¥ = 322" bibi. A calculation shows that
0 , ;:0u ; Ou ; da' -

(0 ——) 4 =—, ' =——— —dFT%,.

( 89;1) + oxt’ O’ ik
a' is symmetric and positive semi-definite, yet not definite, in general. Hence
Ay is a degenerate elliptic operator. Yet Ay is a formally selfadjoint second order
operator such that for any x € M there is an open neighborhood U C M of x and
a constant C' > 0 such that

ull¥/2 < CU(Apu, )| + [lull)

for any u € C§°(U). Here (u,v) = [,, uv A (df)™ is the ordinary L* inner product,
1/2

Abu =

llul| = (u,u)/?, and ||u||c is the Sobolev norm of order e. That is, Ay is a subelliptic
operator of order 1/2. Consequently A; is hypoelliptic and for any = € M there
is an open neighborhood U C M such that the following a priori estimates are
satisfied
lull2 1 < Co(llAvull? + [ull®), s> 0,

for any u € C5°(U).

Let ¢ : M — N be a smooth map of M into a Riemannian manifold. Let (£2,y%)
a local coordinate system on N, such that ¢(U) C Q. Then the tension 7(¢) of ¢
is locally given by

2n

(4.1) () = {Apd" + Y (% 0 9) Xa(¢?) Xa(6¥)}Yi.

where ¢* = y' o ¢. The proof is elementary. (4.1) shows that (1.1) may be locally
written in the form (1.2).

5. SUBELLIPTIC HARMONIC MAPS WITH POTENTIAL

Let Xq,---, X, be aset of C° vector fields on an open set U C R™ satisfying the
Hérmander condition, i.e. the X,’s together with their commutators up to a fixed
length 7 span the tangent space at each z € U. If (z!,--- ,2™) are the Cartesian
coordinates on R™ we set X, = b (2)0/0z°. Let X be the formal adjoint of X,,
ie.

O i), feciu).

X;f = —8 i
x
Let Hu = —>."_, X} X,u be the Hormander operator. Let (N, h) be a Riemannian

manifold and V : N — R a C* function. Assume that N may be covered by a single
coordinate chart v : N — R”, ¢ = (y',--- ,94¥). A smooth solution ¢ : U — N to
the nonlinear subelliptic system

P
(5.1) Hy¢' = HP' + Y Xa(¢7)Xa(¢")(TYy 0 ) + (DV) 0 ¢ = 0,

a=1
for 1 < i < v (where ¢* = 3 0 ¢ and DV is the gradient of V with respect to h)
is a subelliptic harmonic map with potential V. The case V = 0 was investigated
by J. Jost et alt., [6]. Let W)l(’Q(U) be the space of all u € L?(U) such that for any
a€{l,---p} there is u, € L2(U) with

/uagpdx:/uX;gpdm
U U
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for any ¢ € C§°(U). Given u € Wy*(U) the functions u, are uniquely determined
a.e. in U and commonly denoted by Xqu. As well known (cf. e.g. [13], p. 149)
W)l(’Q(U ) is a separable Hilbert space with the inner product

P
(U, V)12 :/ u@dz—&—/ Xou)(X,0) dz.
wiro) = | U;}

Let W)l(’Z(U7 N) be the space of all maps ¢ : U — N such that ¢ € W)l(’Q(U)7 for
1 <i<w. A weak solution to (5.1) is a map ¢ € Wy*(U, N) such that

3 /U (Xa(6")Xa () + (T 0 ) Xa(@) X (6) 0} d-

+ /U [(DV) o ¢lp da =0,

for any ¢ € C°(U). Let Q C R™ be a domain such that Q C U. Given f €
C°(€), N) the Dirichlet problem for the subelliptic harmonic maps with potential is
to solve

(5.2) Hy¢p=0in Q, ¢=f on 09,

for ¢ € W)I{’Q(Q,N). The Dirichlet problem with V' = 0 was solved in [6]. The
problem (5.2) is open. Following Z-R. Zhou, [14], one may slightly generalize the
notion of a subelliptic harmonic map with potential, as shown below. Let 45 (z) be
a symmetric, positive definite matrix of functions on U and let us set v = det(vq4p)
and (7%%) = (yap) "', Then a smooth map ¢ : U — N is subelliptic harmonic with
potential V' if
1
\ﬁ
for 1 < i < v. Clearly, the two notions coincide when ~,, = 4. Let Q be a
domain such that Q C U. The problem whether smooth solutions to (5.3) with
the same boundary values on 99 coincide (the counterpart of Theorem 5.1 in [14],
p. 589, for subelliptic harmonic maps with potential) is open. The formal analogy
between subelliptic harmonic maps (with potential) and the local manifestation,
with respect to a local coordinate system (U, z%) on M, of a pseudoharmonic map
¢ : M — N (with potential) becomes clear by observing that

(5.3) Xi (VA Xad') + (T 0 6) Xa(¢7) X3 (¢F) + (DV) 0 ¢ = 0,

2n
Apu = — Z X:Xqu
a=1
where {X,} is a local orthonormal frame of H(M) on U and X} is the formal
adjoint of X, with respect to the inner product (u,v) = [, uv 6 A (d6)™.

6. THE SECOND VARIATION FORMULA

Let M be a compact strictly pseudoconvex CR manifold and ¢ : M — N a
pseudoharmonic map with potential V' : N — R. Let us consider a smooth 2-
parameter variation ® : M = (—¢,€) x (—€,€) x M — N of ¢ (®(0,0,z) = ¢(z),
x € M). We consider the injection

ﬂs,t M — M? ﬁs,t(m) = (Satam): (S,t,l') € Ma
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and set ¢g ¢+ = ® o ;. For any X € X (M) we consider X € X(M) given by
X(s7t,x) = (dwﬁs,t)Xac

Also, with any vector field A € X (M) we associate the vector field along ® given
by

(@*A)(s,t,w) = (d(s,t,x)q))A(s,t,x) .
We shall need the vectors fields along ¢

0
, = (d0,0,0)®)

0
Se = (d(0,0,0)®) - g 00m

ds (0,0,2)
We establish the following

Theorem 6.1. Let ¢ : M — N a pseudoharmonic map with potential V', from
a compact strictly pseudoconver CR manifold M into a Riemannian manifold N.
Let @ : (—€,¢) X (—¢,€) x M — N be a smooth 2-parameter variation of ¢ and
S, T € I'°(¢~1TN) the induced vector fields on N along ¢. Then

82

(61) M{EV ((bs,t/)}s:tzo = /]\4 Z hd)(D()b(aT’ D?}aS) w—

{traceg, (1 RP (T, (d¢)-, S, (d¢)-)) + (Hess V)?(T,S)} w.

M
Here RP is the Riemann-Christoffel tensor field of (N, h). Also we set

(Hess V)?(A, B), = (Hess V) g(2)(Ax, By) for any vector fields A, B on N along ¢
and any v € M.

The identity (6.1) is the second variation formula for the functional Ey. Let z € M
and {X,} be a local orthonormal (Gy(X,, Xp) = dap) frame of H(M), defined on
an open set U such that z € U. Then >, h‘ﬁ(D?}aT, D?}‘IS)Z doesn’t depend upon
the choice of orthonormal frame at x. The Hessian Hess V' is given by

(Hess V)(X,Y) = (Dx(dV))Y = X(Y(V)) = (DxY)V
for any X,Y € X(N). Proof of Theorem 6.1. For any |s| <, [t| <€
traceg, (Tr¢: ) = > h*(®.Xa, . X,) 0 Bas

hence 9
5 (tracec, ( THOS ;) Z{Ot (h® (D, X4, P, X))} 0 Bsit =
= QZ{h (D3/01®4 X0, ®.X0)} 0 oy =
P 0 8
—QZ{h (DR, @y + Oul Xo], ®.X,)} 0 Ber =
9 5
2( @ @
= QZ{X (h*(@u 5, . X)) —h (@, D%, @ Xa)} o B
For any fixed |s| <€, |t| < € we consider the vector field Y;, € H(M) given by

0

G@(YS,hX) = h¢(¢*a7¢*)~()

o ﬂs,t
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). A calculation shows that

for any X € H(M
ﬁs,t = Xa(GG(Y;,ta Xa))~

X’a(h‘l’(tb*%, . X,)) o0

Hence

(tracegg (THos ,)) =

ot
=2 3Gl X)) K0 5. DY 0 K0) 0 ) =

= 2 div(YVe) 423 Go(Var T, Xa) — KO (®. 0 DY @.%0)0 6,0} =

o - —
=2div(Yes) —2) h‘b(<1>*&, DY . X, — ®.Vx,Xa) 0 B4
a

and then (by Green’s lemma)

6 V o d)
(6.2) vou) = [ (U op
Zh@ O DY B.X, .V Xa) 0 i)
Moreover 9 9
s - (h®(® 572(133’%@@*?@ - 0.Vx,Xa))) =
B - —
— h¢(Dg’/BS©*&, > (D} ®.X, — 0. Vx,X,))+

+h‘1>(c1> Da/as D (DL 8.X, - 9.V, X,)).

a

A calculation shows that
(D3®.Y) 0 By = D% ¢.Y,

for any X,Y € X(M), hence

S 2@, 2 DD @Ko 2.V K)o oo =

(6.3) s * 3

a

0
= hqs((D(aD/asq)*i) o B0,0a 7—(¢))+
+th> Da/aqu) (I) X Da/as(I) VX X ) ﬂ0,0-

et e the curvature tensor field o . en (as s, N,l =
Let R® be th field of D®. Th 0/9s,X,]=0
b - o~
h®(® §7D§/65D§aq’*Xa = Dj5,®:Vx,Xa) =

9
6 9
0 9 - N —
+h® (P, T R‘I’(as Xa)®. X0 — DF)5, 0.V x, Xa) =
d o 9 9
‘D<I>—D‘1><I>*— (DD‘I’@—D‘I’Q—
Xa(h® (@5 gs)) ot 55"

] [oi] [oi] ~
= (@, -, DY DJ)5 0. Xo)+
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0 0

TR (D, T ch(as’X“)q)*X“ — D3)5:®.Vx, Xa)-

Yet ¢ is pseudoharmonic with potential V, i.e. 7(¢) = —(DV') o ¢, and then (6.3)
becomes

64 Yl (0.5 S 0% 8K~ 5K o oo =

a

- _h¢((Dg>/6s<1>*%) 0 Bo.o, (DV) 0 ¢)+

. ) ) ) )
23,2 p o, L)) —n*(DL 6,2 D% 3,2~
+§ (Xa(n® (2, m,DXu(D* 5:) ~h" (D} .= DY &)} o oot

8
Jrzhcb(q) 9 be Xo)®. X, — DF)5,®.Vx, 7 %2 Xa) © Boo -

At this point we consider the vector field Yo € H(M) determined by

P 8 (I) (9
— —

for any X € H(M). A calculation shows that

0

Xa(G9(Yq>v Xa)) = {Xa(hq)(q)*&a

so that (by Vgg = 0)

0
D?(a@*%)} ° Bo,0

8 0
Z{X (h*(®.—-, DL @ .5} o foo =
= Z{gG(VXayéaXa) +96(Yo,Vx,Xo)} =

L N

= div(Ys) + th>(q>*8t w25

(as [0/8s, Vx, Xa] = 0)

0
D@/BS@ VX X.)

= div(Ye) + > _h*(® 5

so that (6.4) becomes

65) UG 0 g S0 @K~ K o oo =

a

= —h¢((D§/BS¢*%) 0 Bo.o, (DV) 0 ¢) + div(Ya)+

0 d d
o} D o} o} )
+§j{h <I>—R (55 Xa):Xa) = h* (DY @2 D} @700} o oo

so that (by differentiating (6.2) with respect to s and by Green’s lemma)

82
dsot {Ev (#s,t) }s=t=0 =

9?(V o ®)

0
N[{hqb((Da/ae ) 60 Ov(DV) ¢) - 9sOt

o Boot+
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/thb D‘I><1>QD‘1> ) Bo.o—

/ Zh‘l’ (®re R‘P g,)@)qh&)oﬁo’o.
Note that
0 _{82<I>’ foki 8c1>k(
ot~ \asor T os ar o
where Y; are the natural lifts of the 8/dy’ to ® 'T'N — M. Then

(B((DYa, 8. 2) 0 o, (DV) 0) - L0 22

—(Hess V) g(2) (T2, Sz),
for any z € M. In the end, the identities

D)5s®s o ®)}1Y;

° 50,0}:5 =

0 0
(D P, 6 )(OOI) - (D S)I7 (D;}i(‘l)*&)(o,o,z) = (D?(T)zv
9

lead to (6.1). Q.e.d.

7. STABILITY

Let ¢ : M — N be a pseudoharmonic map with potential V', from a compact
strictly pseudoconvex CR manifold M into a Riemannian manifold N. For any
A, B cT>(¢71TN) we set

2n

I4(A, B) = /Mzmm A, D% B)w—

a=1

- /M{traceG9 (muRP (A, (d¢)-, B, (d¢)-)) + (HessV)?(A, B)}w

and
ID?A|2 =Y h?(D%, A, D A)e, z €U,
so that
(7.1) I,(A,A) = / (ID?AJ2 — (HessV)?(A, A)} w—
M

_ / tracec, (mRP (A, () -, A, (d6)-)) w
M

Proof of Theorem 1.1. Let x € M and {X,} an orthonormal frame of H(M),
defined on a neightborhood U of x. For any vector field A on N along ¢ let
04(A) C Ty()(N) the subspace spanned by {Ag, (dy¢) X4} and let us set Jy =
{a € {1, -+ ,2n} : dimg 0,(A) = 2}. Then

traceg, (tu RP (A, (do) -, A, (d¢) - ), =
= Z Rg(ac)(Axa (dw¢)Xa,w7 Aw’ (dx¢)Xa7x) =
= > (14:lPl1(ded) Xaal® = hoa) (A, (de) Xa2)K(0a(A)) <0,

a€Ja
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where k : G2(N) — R is the sectional curvature of (IV, h). Moreover, let v = A, €
Ty(z)(N) and let 7 : (—¢,¢) — N the geodesic of initial data (¢(x),v). Then

d*(V o)

(Hess V)?(A, A), = (Hess V) (e (v,0) = 7

(0)<0
and (7.1) implies that ¢ is stable. Q.e.d.

Let us look now at the stability of pseudoharmonic maps ¢ : M — S with a
potential V' : ¥ — R. Here j : S¥ C R¥*! is the standard unit sphere. Let h
be the Euclidean metric on R¥*! and D the corresponding Levi-Civita connection.
We set h = j*h. Let {V, : 1 < r < v+ 1} be an orthonormal (h(V,,Vy) = d,s)
frame of R“*! such that DV, =0, 1 <r < v+ 1. Let tan, : T,(R"™!) — T,(S")
and nor,, : T,(R¥*!) — T(S"), be the projections associated with the direct sum
decomposition

T,(R*Y) = T,(S") & T(S"), , pe S
Let us set W,. = tan(V;.). The proof of Theorem 1.2 is to show that
ZVH Io(W2,We) < 0, where W € T>°(¢~1TS¥) is the natural lift of W,.. If
fﬂB/@yﬂ then W = (f7 0 ¢)Y; and the identity
f ; (9
fT U)

Dyoyi Wy = (

leads to
(7.2) D% W = Xo(¢') (Do, Wr)?.

Here {X,} is a local orthonormal frame of H(M). Let D and B be the induced
connection on S” and the second fundamental form of j, respectively. By the Gauss
equation
0
DyjoyiWy = Dgjoyi Wy + B((‘3 o
Let us set & = nor(V;,). Let A¢. and D+ be the Weingarten operator associated
with the normal section &, and the normal connection, respectively. Then, by the
Weingarten equation

W)

0
oy - Dg/aylfr

b@/@yi WT = 53/3yi (V,« — f,«) = 7§0/6yi§7‘ = Agr
hence, by identifying the tangential components
0

(73) Da/gyi Wr = AET@.
By (7.1)-(7.2) we obtain

i 0

DY, WY = Xa(6')(Ag, 5 )°
Y

where from

IDPWE)||? = ZW (D%, W, D% W) =

0 0
_ZX ¢7 (b] (Ag”"a 7«7AE'8y7) ¢
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Given x € M we set for simplicity va,, = Xa(¢")e(Ae, 8/0Y") p(z) € Tp(2)(S”). Then
(as V5 are orthonormal)

v+1

IDWEIZ = varl® =YY o) (Vairs Vo(a))? =
a

a s=1

0
= Z Ago 5 oy’ W) g(a)*-

Let us recall the identity
h(AeX,Y) = MB(X,Y),¢),
for any X,Y € X(S%), £ € T°(T(S")1). Then

‘D¢W¢H2 Z[X 8 Z‘7WS)7£’I‘)¢(Z)}2'

Next, as the sphere S” is totally umbilical in R*1 i.e. B = h® H (where H is the
mean curvature vector of j)

IDAWE 2 = S [Xa (6, <‘Z W) oty OH, €)oo 2 =

a,s

(by ¢.Xa = Xa(¢")Y)
= > W6 X WL R(H. 67 -

a,s

Note that
Zhd) (b*XmW thb(x) d ¢)Xa .'1‘7‘/s¢(.72)) =
= h¢(x)((dz ) a,z) (dﬂb) a,Z)

so that
(7.4) Z h?($ X o, WE)? = traceg, (mud*h).

a,s
Let £ = u"0/0u”, where (u!,--- ,u**!) are the Cartesian CO(lrdinates on R¥*1. The
restriction of £ to S¥ is a unit normal vector on S¥. Then h(H,&,)? = ||&-|]2 || H||?
and we may conclude that (by (7.4))
(7.5) IDPWRI? = (€] 0 9)? || H [|*tracec, (T d" h).
(as S¥ has constant mean curvature). Note that Y [|&||*> = 1. Then (by (7.5))

v+1
(7.6) 2_IDPWEI = [[HPtracea, (mis6°h).

Let us recall that the curvature RP of any totally umbilical submanifold N of a
Riemannian manifold N of constant curvature k is given by RP(X,Y)Z = (k +
H|IH{MY, Z)X — h(X,Z)Y}, for any X,Y,Z € T(N), i.e. N is a space form
itself, of constant curvature k + ||H|?> (the mean curvature |H|| is constant as a
consequence of the Codazzi equation). In the case at hand k = 0 hence (by (7.4))

Z traceg, (raRP (W, (d¢) -, W, (d¢) - ) =
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—Zh (RP(Wy, (d9) Xo)(d9) Xa, W) =
= [|H]? Z{h@b(@xa,qﬁ*xaxumu 0 ¢)? — h* (WP, 6. X,)?} =

= ||H|*tracec, (rr¢™h)[Y_(IWrl| 0 ¢)* — 1]

r

and Y ||[W,||* = v yields
> traceg, (muR” (Wy, (d) -, Wy, (do) -) = (v — V)| H|*trace, (1 ¢"h).

Summing up
v+1
Z% (W, W2) = =2(v = 2)| H|* Eo ()~

v+1
—Z/ (Hess V)? (W2, W) w < 0.

Q.e.d.

8. WAVE MAPS WITH POTENTIAL

Let M be a compact strictly pseudoconvex CR manifold and 6 a contact form
with Gy positive definite. Let S' — C(M) —— M be the canonical circle bundle
(cf. e.g. [2], p. 728). By a result of J.M. Lee, [7], C(M) carries a Lorentz metric Fy
(the Fefferman metric of (M, 6)) such that § = e“ yields Fy = e"°™ Fy (so that the
restricted conformal class [Fp] = {e"°"Fp : u € C*°(M)} is a CR invariant). Let T
be the characteristic direction of df and S the tangent to the S-action on C(M).
S — C(M) — M carries a natural connection 1-form o (cf. (2.5) in [2], p. 728).
Let TT be the horizontal lift of T with respect to 0. Then TT — S is timelike, hence
(C(M), Fy) is time oriented by T — S, i.e. (C(M), Fp) is a (compact) space-time
(see [3], p. 17).

A smooth map ® : C(M) — N into a Riemannian manifold N is a wave map
with potential V : N — R if

2n+2
ODI 9Pk )
% Pq K2 _
(8.1) O® +p§q 1F ko@)apaq (DV) o ® =0,

for 1 <i <w. Cf. [11], p. 3. Here O is the wave operator (the Laplace-Beltrami
operator of (C(M), Fy)). Also Fpq = Fy(8y,0y), (FPI) = (Fpy)™1, and 8, = 9/0uP,
where (771(U),uP) are the natural local coordinates induced on C(M) by (U, z4)
(ie. ut =2 om 1 < A<2n+1, and v?"*+? is a fibre coordinate).

Theorem 8.1. A S'-invariant map ® : C(M) — N is a wave map with potential
V i N — R if and only if the corresponding base map ¢ : M — N is pseudoharmonic
with potential V.

Proof. (8.1) are the Euler-Lagrange equations of the variational principle
O0Ey (®) = 0, where
1

Ey(®) = 3 /C(M){tracepe (D*h) — 2V o ®}d vol(Fy).
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Let ® : C(M) — N be a smooth Sl-invariant map and ¢ : M — N the corre-
sponding base map. Then integration along the fibre (cf. e.g. [5], p. 300) leads

to

Ev(®) = 2rEv(¢)

hence the necessity. The sufficiency follows from the proof of Theorem 2.1 in [2]
(cf. (2.9) in op. cit., p. 730).
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