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Harnack inequality for nonlinear Dirichlet forms

by Marco BIROLI and Paola Gioia VERNOLE

Abstract®. We define the notion of Dirichlet functionals and forms in the nonlinear p-
homogeneous case. We give the chain rule for the energy of functional or of form. Finally
we consider the Riemannian case and, in this case we prove an Harnack inequality on balls
for the harmonics relative to the form.

1. INTRODUCTION

The first goal in this paper is an extension of notion and fundamental properties
of strongly local (regular) Dirichlet form to the nonlinear case. For the notion of
Dirichlet form we refer to the book of Fukushima-Oshima-Takeda, [15]. In [15] a
purely analytical proof of fundamental properties of Dirichlet form is given, this
type of proof firstly appeared in [21]; we recall also the papers [4], [5], where an
analytical investigation of the properties of the harmonics relative to a strongly local
“Riemannian” Dirichlet forms ia carried on. From Beurling-Deny representation
formula, [2] a Dirichlet form is represented as the sum of a strongly local part, of
a “killing” part and of a global part. The Beurling-Deny representation theorem is
the fundamental tool allowing to prove that same properties of Dirichlet forms (in
particular the Markov property) hold again for energy measures in the strong local
(regular) case. Using the above mentioned properties of energy measure it can be
proved that for the energy measure of a strongly local (regular) Dirichlet form a
chain rule and a Leibnitz rule hold; those properties are the starting point for an
investigation of local regularity of harmonics relative to a strongly local (regular)
Dirichlet form, see in particular [4], [5]. The Beurling-Deny representation theorem
is proved using Riesz theorem on representation of measures, which is an essentially
linear tool, then it seems that proving a nonlinear version of this result is difficult.

Previous work on a possible extension of the notion of Dirichlet form to the
nonlinear case has been given by Benilan-Picard, [1], and Cipriani-Grillo, [12] [13].
In particular in [1] the relations between maximum principle and Markov property
are investigated generalizing to nonlinear monotone case previous results obtained
in [2] and [17] in the linear case. In [13] a notion of nonlinear Dirichlet form is given
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and the relations with a class of nonlinear semigroups (the order preserving con-
tractions semigroups with a cyclically monotone generator) are investigated. The
above papers deal with the general global case and are interested in the properties
of the corresponding nonlinear semigroup; then the existence of an energy measure
is not ensured and there is no proof of chain or Leibnitz rule for the energy measure,
when such a measure exists. The first paper concerning local forms was [19], where a
suitable chain rule for the energy measure connected with the form is assumed and
Sobolev-Morrey inequalities are proved as a consequence of a Poincaré inequality.
In [7], [8], [9], [10]some nonlinear forms on fractals are given in explicit form and it
is proved that the assumptions in [19] hold (see also the more recent papers [23],
[16] on the p-Laplacian on the Sierpinski gasket).

In this paper we are interested to the notion of nonlinear strongly local Dirichlet
forms and we give our assumptions (in particular the Markov property) directly
on the energy measure of the form, whose existence is assumed. We are able to
prove in this framework (by purely analytical methods in the line of [21]) suitable
Leibnitz and chain rule. We define also the notion of Riemannian functionals and
forms generalizing the notion relative to linear case [4], [5]). In the Riemannian
case we investigate the local regularity of the harmonics relative to Riemannian
forms and in particular we give a proof of an Harnack type inequality for positive
harmonics (we observe that the chain rule proved here is the same assumed in [19]
and similar to the one proved in the linear case in [4], [5]).

We finally observe that our framework contains the case of subelliptic p-Lapla-
cian, p > 1, related to vector fields X;, ¢ = 1,...,m, which satisfy an Hormander
condition or to Grushin vector fields, considered on RY endowed with the Lebesgue
measure or considered on RY endowed with a measure having a density in the
intrinsic A, class as well as the p-Laplacians on fractals considered in [7], [8], [10]
(see also [23], [16], where the Authors give a construction of a p-Laplacian on the
Sierpinski gasket and investigate the Holder continuity of harmonics). Finally we
recall that an Harnack inequality for positive harmonics relative to vector fields X;,
i =1, ...,m, which satisfy an Hérmander condition considered on R endowed with
the Lebesgue measure has been proved in [11].

2. NONLINEAR DIRICHLET FUNCTIONALS AND FORMS

We consider a locally compact separable Hausdorff space X with a metrizable
topology and a positive Radon measure m on X such that supp[m]= X. Let
®: LP(X,m) — [0,+00], 1 < p, be a l.s.c. convex functional with domain D, i.e.
D = {v; ®(v) < 400}, with ®(0) = 0. We assume that D is dense in LP(X,m)
and that the following conditions hold:

(H1) D is a dense linear subspace of LP(X,m),which can be endowed with a norm
||.||p; moreover D has a structure of uniformly convex Banach space with respect
to the norm ||.||p and the following estimate holds

erl[o]l? < By (v) = B(v) + /X wfPdm < callul b

for every v € D, where ¢1, ¢y are positive constants.

(H2) We denote by Dg the closure of D N Cy(X) in D (with respect to the norm
[|.]|p and we assume that DNCy(X) is dense in Cy(X) for the uniform convergence
on X, moreover we assume that ®; is locally uniformly convex on Dy, i.e. if we have
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un+u)

lim,, 0 D1 ( @ (u) and lim,_,o u,, = w weakly in Dy then lim,_,ou, = w in

Dy.

Remark 2.1. We observe that, since ® is convex, ® is l.s.c. also with respect to
the weak topology of LP(X,m). We remark that the assumption (H;) substantially
does not allow us to deal with the case p = 1 or with sublinear functionals. Moreover
from the assumption (H;) it follows that ® is continuous on D for the norm ||.||p,
[22] Ch.1 Sec.2 p. 20, then from (Hs) the restriction of ® to Dy coincides with the
relaxation of ® defined on D N Cy(X).

The assumptions (H;)(Hz) have a global character; now we will define a strongly
local Dirichlet functional with a homogeneity degree p > 1. Let ® satisfy (H;) and
(H2); we say that ® is a strongly local Dirichlet functional with a homogeneity
degree p > 1 if the following conditions hold:

(Hs3) @ has the following representation on Dy ®(u) = [, ) where « is a
non-negative bounded Radon measure depending on u € Dy, wh1ch does not charge
sets of zero capacity. We say that a(u) is the energy (measure) of our functional.
The energy a(u) (of our functional) is convex with respect to u in Dy, ie. let
u,v € Do and t € [0, 1] then a(tu+ (1 —t)v) < ta(u) + (1 —t)a(v), in the measures
and is homogeneous of degree p > 1, i.e. a(tu) = [t|Pa(u), Vu € Dy, Vt € R.
Moreover the following closure property holds: if u,, — w in D and a(u,,) converges
to x in the measures then x > a(u).

(Hy) « is of strongly local type, i.e. if u,v € D and u — v = constant on an open
set A we have a(u) = a(v) on A.

(Hs) a is of Markov type, i.e. let 8 € C1(R) such that 8'(t) < 1 and B(0) =
and u € DN Cy(X) then S(u) € DN Cy(X) and a(B(u)) < a(u) in the sense of
measures.

We recall that as proved in [6] for a strongly local Dirichlet functional it is
possible to define a domain relative to an open set © in X, denoted by Dy(Q2),
(Do (€2) is the closure of Cy(2) into D) and also the local domain relative to Q,
denoted by Djoc(2) (Dioc(R) is the set of the functions in LY (€2, m) such that for
every relatively compact open set w with closure in €2 there exists v € Dy(§2) such
that u = v a.e. on w). We observe that the extension to X by 0 of a function in
Dy () is in Dy We recall also that in [6] has been proved that a notion of Choquet
capacity relative to an open set Q can be defined and that a function in Dy(Q2) can
has a quasi-everywhere quasi-continuous representant for the capacity relative to
Q.

In [6] a chain rule is proved for strongly local Dirichlet functionals
Theorem 2.1. Let u € Do N L>®(,m) and 8 € CY(R) with 3(0) = 0; then
a(B(u) = [B'(w)Pa(w).
The same result holds if B is bounded and u € Dy.
Theorem 2.2. Let u € Dy and p1(t) = inf(t, M), B2(t) = sup(t,—M), B3 =
inf(sup(t,—My), My), M, My, My > 0; then B;(u) € Dy and
a(f1(u)) = Lu<rrya(v)
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a(f2(u)) = 1{u>—M}a(U)

a(B3(u)) = 1{—Ml<u<M2}a(”)
where 1 denotes the characteristic function of the set E (which is defined up to
sets of capacity zero).

Remark 2.2. We observe that the results in Theorem 2.1 and 2.2 have meaning
since the function u is defined up to sets of zero capacity.

Let ®(u) = [y a(u)(dz) be a strongly local Dirichlet functional with domain Dy.
Assume that for every u,v € Dy we have
. a(uttv) —alu)
lim —————— = p(u,v)
in the weak* topology of the measures uniformly for u,v in a compact set of Dy,
where p(u,v) is defined on Dy x Dy and is linear in v. We say that ¥(u,v) =
Jx p(u,v)(dx) is a strongly local Dirichlet form.

Remark 2.3. From the above assumptions it follows that if u,, n = 1,2,..., con-
verges to u in Dy then

M pu(un,v) = p(u,v)

n—-+oo

in the weak* topology of the measures.

Theorem 2.3. The following properties hold:

(1) p(Au,v) = [AP~2Au(u,v) for X # 0 real and pu(0,v) = 0 (here and in the

following we assume [t|P~2t = sign(t)|t|P~)

(2) the measure u(u,v) does not charge sets of zero capacity

(3) If we have u; — ug = constant on the open set A, uy,us € Dy, then p(uy,v) =

w(ug,v) on A for every v € Dy

(4) If we have v1 — vy = constant on an open set A, vi,ve € Dy, then pu(u,vr) =

w(u,va) on A for every u € Dy

() pa(u) = p(u, u)

(6) |u(u,v)| < 2P~ ta"Pa(u) + 2P~ 1aPP~Va(v) for every a > 0 where u,v € Dy.
For strongly local also a suitable chain rule has been proved in [6]:

Theorem 2.4. Let u € Dy N L>®(X,m),v € Dy and B € C'(R) with B(0) = 0.
Then we have B(u), B(v) € Dy and

u(B(u),v) = |B"(w)[P~25" (u) p(u, v)
p(u, B(v)) = B'(v)p(u, v)
The same result hold if B’ is bounded and u,v € Dy.

A Leibnitz rule does not hold in general with respect to the first argument of the
form, but has been proved in [6] with respect to the second argument of the form:

Theorem 2.5. Let u € Dy and v,w € Dy N L*(X,m), then vw € Dy and the
following Leibnitz rule holds

fu(u, vw) = vp(u, w) + wplu, v)

We also have suitable chain rules with respect to the truncate functions, [6]:
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Theorem 2.6. Let u,v € Dy and define B1(t) = inf(t, M), P2(t) = sup(t,—M),
Bs = inf(sup(t,—My), Mz), M, My, My > 0; then B;(u) and B;(v), i = 1,2,3, are
in Do and
,u(ﬂl (u),v) = 1{u<M}:U'(u7 U)
,u(u>ﬁl(’u)) = 1{U<M}:U'(u7 v)
ﬂ(ﬂ2 (u)a U) = 1{u>7M}/L(u7 U)
ﬂ(u: 52(11)) = 1{’v>7M}/L(u7 U)
N(ﬂS(u)>v) = 1{7M1 <u<M2}/1'(u7 v)
N(uvﬁ?ﬁ(v)) = 1{7M1<’v<]v12}/1'(u7 ’U)
where 1 denotes the characteristic function of the set E (which is defined up to
sets of capacity zero).
From property (6) in Theorem 2.3 we obtain:
Proposition 2.7. Let f € LP(X,a(u)) and g € LP(X, a(u)); then
|fgllp(u, v)] < el f[Pa(u) + Cclg|Pa(v)

|fallu(u, v)| < Ce| fIPa(u) + €|g|Pa(v)
where € > 0 is arbitrary.

Proof. If f.g are functions which are measurable with respect to a(u) and
alpha(v) with a finite number of values the result follows easily from Theorem 2.3
with a suitable choice of a. In the general case we have that f (¢g) can be approxi-
mated in LP(X, alpha(u)) (LP(X, alpha(u))) by a sequence f,, (g) of functions with
a finite number of values. It follows that f,g, converges to fg in LY(X, |u(u,v)).
The above inequalities hold for f,, g, for every n; then passing to the limit as
n — +o00 we obtain the result.

d

As we have observed no Leibnitz formula is available for the first argument in the
form or for the energy of the functional. In the following result we give a Leibnitz
type inequality, which is enough from the technical point of view for the use of
many methods of proof:

Proposition 2.8. Let u,v be inDyNL>® (X, m); then uwv is again in DyNL*>® (X, m)
and
a(uw) < O(julPa(v) + [v]Po(u))
in the measures, where C is a constant that does not depend on u,v.
Proof. From Theorem 2.1 we have that u? and v? are in Do N L™ (X, m); then
wv is in Do N L% (X, m). From Theorems 2.3, 2.5 we have
1 1
a(uv) = — p(uv, uv) = = (up(uv,v) +vu(uww, u))
p p
By Proposition 2.7 we obtain
11 1
a(uv) < » (Za(uv) + Clul|Pa(v) + 1 a(uv) + ClvPa(u)

and the result follows.
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3. THE RIEMANNIAN CASE AND THE HARNACK INEQUALITY

We assume
(A1) Do N Co(X) is separating ,i.e. for every z,y € X, x # y, there exists a
function ¢ in Dy N Cy(X) with a(p,p) < m such that ¢(x) # ¢(y). In this case
we can define a distance function related to ® by

d(xz,y) = sup{e(z) — o(y); ¢ € Dla]NCo(X) with afp,p) <m}
and we assume that the topology defined on X by d is equivalent to the initial one.
We denote by B(z,r) the ball for d of radius r and center z.
(A2) a duplication property, that is
S 14
m(B(y,9)) = col})m(B(y,1)
0 < s < t, with a constant ¢y does not depend on y in a given compact set.

Proposition 3.1. We have that d(x,.) € Djo.(X) and a(d) < m.

Proof. To prove the result is enough to prove that for every y € X there exists

a ball B(y,r) such that d(z,.) is in Djsc[a, B(y,r)]. We can cover B(y,r) by a

finite number of balls B(y;,n~!) , i=1,...,m,. By the same methods of Lemma 3.2

of [5] we can construct a function ¢, such that a(¢n,dn) < m, ¢n(x) = 0, and

én(y) > d(z,.) —n~L. Let now ¢ be the supremum with respect to n of ¢,, we have
¢ =d(z,.) on B(y,r) and a(¢, ¢) < m, then d(z,.) € Dipe(B(y,r)).

O

As a consequence of Proposition 3.1 we have:

Proposition 3.2. Consider the intrinsic balls B(x,r) and B(x,p), p < R. There
exists a function ¢ (the cut-off function between the two balls) such that ¢ =1 on
B(x,p), ¢ =0 in X — B(x, R) and

in the measures

Proof. Consider a function ¢(¢) decreasing in C*(R,) such that op(t) = 1 for
0>t<p ) =0ift>r, 0>p <1 ¢k < (%p) We obtain the result
choosing ¢(y) = p(d(z,y)). We also observe that, due to locality property a(¢) =0
on B(z,p) and on X — B(z, 7).

O

We assume also:
(A3) a Poincaré inequality holds of the type

[ A= fualmn <ar [ a(pmay) (P)
B(z,r) B(z,kr)

for all f in Djoe(B(z,kr) , r < Ry and z varies in a relatively compact open set,
where £ > 1 is a suitable fixed constant, f, , is the average of f on B(y,r) and ¢;
does not depend on x in the given compact set. A Dirichlet functional satisfying
(A1)-(As) is called a Riemannian Dirichlet functional. A Dirichlet form relative to
a Riemannian Dirichlet functional is called a Riemannian Dirichlet form.
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We observe that a Riemannian Dirichlet functional satisfies the assumption in
[19]; then Sobolev type inequalities hold:

Proposition 3.3. Let v > p and f be in Dioc(B(X.k7)). Then we have
1 / 1
f = fer’m(dy))s < S
B Juy ! ol )

1 1
m(B(z,wr)) /B@,m) a(f)midy))?

where s = VL—p’ r < Ry and x varies in a relatively compact open set.

<ecar(

We observe that we can always assume v > p; then in the following we deal only
with the case v > p.
From () it follows easily that if f € Do(B(z,r)) we have

1

1 1 1
_— fsmdy)ﬁgcri/ a(f)m(dx))» S
) Sy P00 <0Gy [ ehmia)? (51
Using the cut off function 7 between the balls B(z, p) and B(z,r), 31 > p < r,
applying (S1) to nf where f € Djo.(B(z,2r), we obtain
1 / 1
— fIPm(dy))= < S
B ) Jo ) (%)

1 C N
m(B(z,r)) /B@-,,-) alfymide) + o B /B(m | flpm(dy)

(in the proof of (S2) we use also an approximation of f by bounded function in
Dioe(B(z,2r)).
Let now 2 be a relatively compact open set and 1 a Riemannian Dirichlet form:

<ecs(r?

Definition 3.1. A function u € Dj.(Q) is subharmonic (with respect to a fived
Riemannian Dirichlet form p if

/ (s, 8)(dz) < 0
Q

for every nonnegative ¢ € Do(2) with support contained in 2. A function u €
Dioc(82) is superharmonic (with respect to a fized Riemannian Dirichlet form ) if

/ i, 8)(dz) > 0
Q

for every nonnegative ¢ € Do(Q) with support contained in Q. A function u €
Dioc(2) is harmonic (with respect to a fized Riemannian Dirichlet form p) if

[ ntw o)) =0
Q
for every nonnegative ¢ € Do(2) with support contained in 2.

We observe that a function u € Dj,.(2) is harmonic iff is both subharmonic
and super harmonic and superharmonic. Using the test function ¢ = nPu, where
7 is the cut-off function between the balls B(z, p) and B(z,r) we obtain easily a
Caccioppoli type inequality for subharmonics:
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Proposition 3.4. Let u € D;,.(Q) be subharmonic in Q, B(xz,7) C Q and p <r;

we have o
aw)(dy) < s [ wrmay)
/B(m,p) (T’ - p)p B(z,r)

Proposition 3.4 and (S2) allow us to use a Moser iteration technique,[20] and
prove the following result:

Proposition 3.5. Let u € Dy,.(2) be a nonnegative subharmonic function in §).
Let B(z,4r) C Q) and ¢ > p — 1. Then there exists positive constants Cq, L such
thatfor%§s<t§1 we have
C 1
2 amyt < 1 U (dy))s
059 < (G T ) gy )

By Proposition 3.5 as in [5] Lemma 5.2 we obtain:

Theorem 3.6. Let u € Di,.(2) be a nonnegative subharmonic function in . Let

B(z,4r) C Q) and g > 0. Then there exists a positive constants Cy such that we
have

C 1
v < (——2 q 9
SupB(%E)u = (m(B(x,r)) /;B(I,T)u m(dy))

The chain rule in section 2 allow us to prove the following result:

Proposition 3.7. Let u € Di,.(2) be a nonnegative superharmonic function in ).
Let B(z,4kr) C Q) then for every e > 0 we have

1 P
B o, 1B )~ ot D)) < ©

where C' depends only on cg, ¢1, k and p.

Proof. For every € > 0, v+ € € Dj,.(Q2), and
[l o.wdn = 0 (3.1)
B(x,2r)

for every w € Do(B(x,2r)), w > 0 m a.e.. Let n be the cut off function between
B(z,r) and B(xz,2r). Then by the chain rule

/ nPu(log(u + €),log(u + €))(dy) =
B(z,2r)

- / Pt Pu((u+ ), (u+ ) (dy) =
B(z,2r)
1 P 1-p _
=1 o 0, (a9 ) =
1

B 1 —D JB(z,2r)

- / (u+ ) Pu((u -+ €), 7P) (dy)] <
B(z,2r)

p(u+€), 0P (u+ €)' ~P)(dy) -

/B I R TR RO
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We get:
[ utiogu+ ) logu + 0)(do) <
B(z,2r)

<

N =

/ P p(log(u + ), log(u + €)) (dy) +
B(x,2r)

op*~1

+7(p )T p/B(z.Qr) a(n)(dy)

Hence by the duplication property
2
/ n”p(log(u + €),log(u + €))(dx) < e m(B(z,2r)) < ¢ m(B(z,r))
B(z,2r) (p - 1)p7np rP
and since e = 1 on B(z,T).

By Poincaré inequality we have

/ [ Hog(u + €) — (108t + €))ar[P(dy) <
B(z,r)

s@ﬂ/ fillog(u + ), log(u + €))(dz) <
B(z,kT)
<

em(B(z, kr))
and the thesis follows using the duplication property.
O

Proposition 3.7 proves in particular that log(u + €) is in BMO locally in 2 with a
norm in BM O, which is bounded independently from e. Then recalling Proposition
5.5 and Corollary 5.6 in [5] and by the same methods used in Proposition 5.7 of [5]
we obtain:

Proposition 3.8. Let u € Di,.(2) be a nonnegative superharmonic function in Q
(different from zero). Let B(xo,12kR) C Q) then there exists a positive constant ~y
for every x € B(xo,R), 0 <r < R we have

1 7 ; u 'm
(W /B(z,r) " m(dy))(m(B(;z:,r)) /B(z,r) (dy)) < K

where K, v are positive constants depending only on cg, c1, k and p.

We give now a lemma about the behavior of the power of positive harmonics,
whose proof is essentially founded on the chain rule:

Proposition 3.9. Let u be a positive harmonic in B(x,r). Then the function u?
belongs to Dioe(B(x,7) and is a positive subharmonic in B(x,4r) if ¢ <0 or g > 1,
while is a superharmonic if ¢ € (0,1).

We are now in position to prove the main result of the paper:

Theorem 3.10. Let u be a nonnegative harmonic in AS). Then for every ball
B(z,r) C B(x,16k1) C Q we have

sup u < C inf u
B(z,r) B(x,r)

where C' is a constant depending on cq, c¢1, k and p.
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Proof. Tt is enough to prove the result in the case u positive. Let u be a local

positive harmonic, by the previous lemma we know that w = u~

L is a positive

subsolution. We can thus apply Theorem 3.6 and we find that

and

1
sup w < Cp(——————— / wim(dy))"/
B(z,r) q(m(B(xv ZT)) B(xz,2r) ( ))

1
inf u>C"Y(——8~ A (dy)) 9.
= %GB 2n) /B@,M“ )

B(x,r)

Now we choose ¢ = v where ~ is the constant of Proposition 3.8 and suppose that
B(x,16k1) C ; then

1 1
; >C (——— “Ym(dy))F >
anB(I’T)u - C’Y (m(B(x,QT)) n/B(ac,Q'r) " m( y)) =
1 1 1
> CAK ™ (—— / wWm(dy))¥ > C72K™5 sup u
TG BE ) Sy T 2GR

where we use Theorem 3.6.
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