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Strong comparison principle for g-pseudoconvex functions

by Annamaria MONTANARI

Abstract’ We announce some recent results, jointly obtained with E. Lanconelli, about
anew class of curvature PDO’s describing relevant properties of real hypersurfaces of C**1.
In our setting the pseudoconvexity and the Levi form play the same role as the convexity
and the real Hessian matrix play in the real Euclidean one. Our curvature operators are
second order fully nonlinear PDO’s not elliptic at any point. However, when computed
on generalized g-pseudoconvex functions, we shall show that their characteristic form is
nonnegative definite with kernel of dimension one. Moreover, we shall show that the
missing ellipticity direction can be recovered by commutation. These properties allow us
to prove a strong comparison principle, leading to symmetry theorems for domains with
constant curvatures and to identification results for domains with comparable curvatures.
These results will appear in a definitive form in [8].

1. INTRODUCTION
Let D ={z € C""!: f(2) < 0} be a C? domain with boundary a real manifold
bD = {z € C""': f(2) =0} .
Here f is a real value function and

apf = (le (p)a .- '7f2n+1(p)) #0
of

at any point p € bD, with f,, = o We shall also write f; instead of f.,, and use
Zj
analogous notations for second order derivatives. We shall denote by Hg(bD) the
complex tangent space to bD at the point p
E(bD) = {h € C™*1 : (b, B, f) = 0},

where (-, -) is the usual inner product in C**!. Let us denote by
Hy(f) = (£60))

the complex Hessian matrix of the function f at p. When we restrict the complex
Hessian form to the complex tangent space we obtain a Hermitian form which

Gk=1,.n+1
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is invariant under biholomorphic maps and which is called the Levi form of the
function f at the point p

n+1
Crr Ly(f,0) 1= (M (NGO = X FiaGihs VC ETH(BD) .
jk=1
Remark 1. It is a standard fact that L,(f, -)/H;C)(bD) is the biholomorphic invari-

ant part of the real Hessian form of f, and we suggest the books [5], [6], [9] for
details.

We recall that the domain D is strictly Levi-pseudoconvex if the Levi form of f
is strictly positive definite at any point of bD.

Let B be an orthonormal basis of H;C,(bD). We shall call the B normalized Levi
matriz of bD at p € bD the Hermitian matrix

Ly(1. B) = 5 (HE(9)65.60)

If p € bD we denote by A (p), -+, A\u(p) the eigenvalues of the normalized Levi
form.

Jk=1,n °

Proposition 1. The eigenvalues of the normalized Levi form Ly(f, B) are inde-
pendent of the defining function f for the domain D and of the basis B. They only
depend on the domain D.

In view of the previous proposition it is quite natural to expect that symmetric
functions in the eigenvalues of the normalized Levi form describe the geometric
feature of a domain. Thus, we give the following definition.

Definition 1. A domain D of C**! is g-pseudoconvez if for all j € {1,...,q}

oD, A= D A Ay, >0

1<iy <-<i;<n

at any point p € bD.
For all g € {1,...,n} we define the q-pseudocurvature of D

k9 (bD) = 0D (N)/ (Z) .

kl(,n)(bD) = H?Zl A;j is the total Levi curvature introduced in [10], [7] and can be

viewed as the complex analogous of the Gauss curvature. We shall call kz(,l)(bD) =
(M + -+ + Ap)/n the Levi mean curvature to emphasize that it is the complex
analogous of the Euclidean mean curvature. In the Euclidean case the intermeddle
curvatures have been studied in [3].

Remark 2. The notions of g-pseudoconvexity and of q-pseudocurvature are inde-
pendent of the particular choice of the defining function of D.

We remark that a domain D is strictly Levi-pseudoconvex iff it is n-pseudo-
convex.

Classical elementary symmetric functions of the eigenvalues of the Levi form
were considered by Bedford and Gaveau in [1]. Taking into account the definitions
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given in that paper, we recognize that

1 1
k;l()Q)(bD) = —<n) W Z A(i1,~~~,iq+1)(f)

1<y <+ <igr1<n+1

q
where
0 fgl f;ﬁl
foo fun - fii
) Jbg+1
A(ila“'7iq+1)(f) = det . . . . !
fiq+l fiq+1jl fiq+1,§q+1

In particular the total Levi curvature can be explicitly written as

0 fi P )
1 fi fii R FNES
WD) = — — 2 det ’
D ( ) ‘apf‘n_,'a € . N
fn+1 fn+1,i s fn+1,nT-1-

Example 1 (¢-pseudocurvature of the ball). Let B be the ball of radius R
with center at the origin in R?*"*1. Since f(z) = |22 — R? is a defining function
for Bgr, we have

1
Lp(faB): El’ru vabBRa

for any orthonormal basis B of the complex tangent space. Then, all the eigenvalues
of the normalized Levi form are equal to 1/R, so that

1\4¢
(1.1) K9 (bBg) = (E) . Vp € bBg.
Our main result is the following strong comparison principle.

Theorem 1 (Strong comparison Principle). Let D and D’ be q-pseudoconvez
domains of C"T1 with connected boundaries. Suppose the following conditions are
satisfied

a. D'CD
b. kYD) <k (bD) ¥p € bD and p' € bD'.
Then D' = D.

By taking into account (1.1) from Theorem 1 we immediately get the following
symmetry result.

Corollary 1. Let D C C"*! a g-pseudoconvex domain with connected boundary,
1 < g < n. Assume there exists a ball Br(z9) C D tangent to bD at some point of
bD. Then, if
1\¢
k@ (bD) > (E) ., YpebD,
we have D = Bg(zg).

We want to remark that all the previous definitions can be “localized” in a quite
obvious way. Then, we can extend the notion of ¢g-pseudoconvexity to the graphs
of functions defined in an open subset of R?"*!. Let Q be an open subset of R2%+1!
and let u € C%(Q,R). Denote by

D(u) = {(z,t) € QxR :u(z) < t}
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the epigraph of u and by

Y(u) = {(z, u(x)) : x € Q}
the graph of u.

Definition 2. We say that u is q-pseudoconvez if T'(u) is g-pseudoconvez at any
point of v(u).

From Theorem 1 we get an estimate of the domain over which the graph of a
function u has prescribed g-pseudocurvature.

Corollary 2. Letu: Br — R be a C? g-pseudoconvex function in the ball of R2"+1
Bg = {z € R*"' : |z| < R}.

Denote by kD (z,u) the q-pseudocurvature of the graph of u at the point (x,u(x)).
Then

1/
R< sup (#) q.
(z,u)EBRrXR k(q)(é.vu)

Corollary 3. Let u: R?>"T! - R be a C? and g-pseudoconvex function. Then

inf 9 (z,u) = 0.
(z,u)eR2n+2

2. SKETCH OF THE PROOF OF THEOREM 1

Since the g-pseudocurvature is invariant for translations, it is not restrictive to
assume D’ C D and bD NbD’ # . Let p € bD NbD’ and U be a neighborhood
of p such that U N D and U N D’ are the epigraph of u and v respectively. We set
w = u — v and recognize that w satisfies

2n
(2.1) Lw) =Y ai;(x)X; X;w + bj(x) X;w > 0,
i,j=1

where
2n+1

X; =Y bi(x)on,,
=1

are 2n first order partial differential operators whose coefficients depend on the
Euclidean gradient Du : bﬁ(x) = bf(Du(x)). Moreover, b;(z) = b;(Du(z), Dv(x))
and a;j(r) = a;;(Du(z), D*u(z), Dv(z), D*v(x)) satisfy
2n
(2.2) D ()68 >0, VE= (&, &n) ERPEAD,
i,j=1
at every point = € Q.

Hence, the operator £ in (2.1) is “elliptic” only along 2n linearly independent
directions. The missing ellipticity direction can be recovered by commutation.
Indeed, given the structure of the vector fields X’s, the commutator [X;, X}] takes
the following form

[Xj,Xk] = vjk(x)T,
where T is a first order partial differential operator such that, by identifying the
first order operators with the vector fields having the same coefficients,

dim (Span{X;,T:j=1,...,2n}) =2n+1
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at any point of Q. Precisely {X;, j = 1,...,2n} is a real basis of H((Cx () (Y (),
viewed as a 2n-dimensional real vector space, and T ¢ Hg u(z)>('y(u)). Moreover,
for every point x € 2 there exists a pair (j, k) such that v;,(x) # 0. Hence

(2.3) dim (Span{X;,[X;, X}] 1 j,k=1,...,2n}) =2n+1

at any point of €.
The proof will then be a consequence of the following Bony’s type maximum
principle [2] (see also [4] for the case n = 1).

Theorem 2 (Maximum Principle). Let Qg C Q be open and connected and let £
be the linear operator in (2.1) with continuous coefficients and satisfying conditions
(2.2) and (2.3). Suppose w € C?(Q,R) and

Lw>0 iny
w<0 inp.

Then w < 0 in Qo or w =0 in Q.
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