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A class of non-divergence form operators on Carnot groups

by Francesco Uguzzoni

Abstract1 We are concerned with the construction of the fundamental solutions and

with invariant Harnack inequalities, for the sub-elliptic operators in non-divergence formP
i,j ai,j(x, t)XiXj � @t and

P
i,j ai,j(x)XiXj where the Xi’s form a stratified system of

Hörmander vector fields and (ai,j) is positive definite and Hölder continuous.

1. Introduction and main results

In this note we report on a series of results by A. Bonfiglioli, E. Lanconelli
and the present author, concerning with some non-divergence form equations on
Carnot groups. More precisely, we are mainly concerned with the existence of the
fundamental solutions (along with qualitative properties, upper and lower bounds,
etc.) and with invariant Harnack inequalities, for the sub-elliptic operators in non-
divergence form

(1.1)
X

i,j

ai,j(x, t)XiXj � @t,
X

i,j

ai,j(x)XiXj ,

where the Xi’s form a stratified system of Hörmander vector fields and (ai,j)i,jm

is a positive-definite matrix with Hölder continuous entries.
Before stating our results and describing our approach, we would like to give

some motivation for this research. Second order linear and nonlinear PDE’s of sub-
elliptic type arise in many di↵erent settings: geometric theory of several complex
variables, curvature problems for CR-manifolds, sub-Riemannian geometry, di↵u-
sion processes, control theory, human vision, see e.g., [1, 16, 17, 22, 23, 27, 28, 33,
34, 35, 37, 38, 39]. The underlying algebraic structures of all these equations are ho-
mogeneous stratified groups G (see the definition below). Several results concerning
with the divergence-form counterpart of (1.1) are present in the literature, both for
linear and quasi-linear equations, see e.g., [10, 11, 12, 13, 15, 20, 29, 30, 31, 32, 40].
On the contrary, at the authors’ knowledge, very few papers are devoted to non-
divergence form operators of the above type, see [3, 8, 9, 14, 40]. We would like to
stress that operators exactly in this form arise in studying motion by Levi curvature
of hypersurfaces of Cn+1 [22, 33]. Our aim is to provide a new contribution to the
study of non-divergence form operators (1.1). Indeed, the results presented here are
a step in a wider project aimed to apply analysis on stratified groups to the study
of fully non-linear PDE’s of sub-elliptic type, such as the Levi-curvature equation
and its parabolic counterpart, for which operators like (1.1) arise as linearizations.

1Author’s address: F. Uguzzoni, Università degli Studi di Bologna, Dipartimento di Matema-
tica, Piazza di Porta S. Donato 5, 40126 Bologna, Italy; e-mail: uguzzoni@dm.unibo.it .
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We now introduce some notation and then state our main results. We start by
giving the definition of a Carnot group. Let � be an assigned Lie group law on
RN . Suppose RN is endowed with a homogeneous structure by a given family of
Lie group automorphisms {��}�>0 (called dilations) of the form

��(x) = ��(x
(1), . . . , x(r)) = (�x(1), . . . ,�rx(r)) .

Here x(i) 2 RNi for i = 1, . . . , r and N1 + · · · + Nr = N . We denote by g the Lie
algebra of (RN , �) i.e., the Lie algebra of left-invariant vector fields on RN . For
i = 1, . . . , N1, let Xi be the (unique) vector field in g that agrees at the origin

with @/@x(1)
i . We make the following assumption: the Lie algebra generated by

X1, . . . , XN
1

is the whole g. With the above hypotheses, we call G = (RN , �, ��)
a Carnot group. We also say that G is of step r and has m := N1 generators.
In literature (see e.g., [19, 21, 36, 39]) a Carnot group (or stratified group) H is
defined as a connected and simply connected Lie group whose Lie algebra h admits
a stratification

h = G1 � · · ·�Gr with [G1,Gi] = Gi+1, [G1,Gr] = {0} .

The two definitions are equivalent up to isomorphism. We denote by Q =
Pr

j=1 jNj

the homogeneous dimension of G. If Q  3, then G is the ordinary Euclidean group
(RQ,+). Hence, throughout the paper, we shall always assume Q � 4. In the
sequel, d will denote the Carnot-Carathéodory control distance associated to the
family of vector fields X1, . . . , Xm. We recall that this distance is equivalent to any
quasi-distance induced by a homogeneous norm on G. Hereafter, we also denote
d(x, 0) simply by d(x) and use the notation Bd(x, r) for the d-ball of center x 2 G
and radius r > 0.

Let us fix the parameters ⇤ > 1, k > 0 and ↵ 2 (0, 1]. Throughout the paper,
all constants will be meant to depend on ⇤, k, ↵. Let A = (ai,j)i,jm be a function
defined on RN+1 and taking values in the symmetric m⇥m matrices. Throughout
the paper we shall suppose that A satisfies the following conditions:

⇤�1|⌘|2  hA(x, t)⌘, ⌘i  ⇤|⌘|2 8 ⌘ 2 Rm,

|ai,j(x, t)� ai,j(x
0, t0)|  k (d(x, x0)↵ + |t� t0|↵/2) ,

(1.2)

for every (x, t), (x0, t0) 2 RN+1. Hereafter, we use the notation z = (x, t) and
⇣ = (⇠, ⌧) for the point of RN+1 (x, ⇠ 2 G, t, ⌧ 2 R). We denote by H the
parabolic-type operator on RN+1

H =
m
X

i,j=1

ai,j(x, t)XiXj � @t .

We also consider the stationary operator

L =
m
X

i,j=1

ai,j(x)XiXj

on RN (here the coe�cients ai,j are supposed as in (1.2) but not depending on t).
We want to discuss the existence and the well-behaved properties of the fundamental
solutions for H and L. We construct a fundamental solution � for H by means of
the well-known Levi’s parametrix method, whereas a fundamental solution � for
L is derived by a t-saturation argument. We explicitly remark that several new
di�culties arise in the adaptation to our setting of the cited parametrix method.
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The major of these di�culties consists in obtaining suitable uniform estimates
for the relevant frozen operators (see (1.5)). The derivation of these estimates
is outlined in Section 2. Here we only point out that we make use of a lifting
procedure to free stratified groups, and of an accurate analysis of the equivalence
(via well-estimated automorphisms) of all sub-Laplacians on such free stratified
groups. Moreover, the lack of knowledge of an explicit expression for the parametrix
clearly makes Levi’s method more involved than in the classical context.

By integrating � over the time variable t, we are then able to construct also
a local fundamental solution � for L. This can be done provided suitable long-
time estimates of � are established. We stress that, whereas optimal small-time
estimates of � and of its derivatives can be directly obtained from the construction
of �, a more delicate matter is to show long-time estimates. We are able to obtain
the latter up to a suitable modification of the coe�cients ai,j outside a compact
set (see Lemma 3.3 below).

We hereafter state our main results. For the complete proofs we refer to [3].

Theorem 1.1. Suppose the coe�cients ai,j of H satisfy (1.2). Then there exists a
fundamental solution � for H, with the properties listed below.

(i) � is a continuous function away from the diagonal of RN+1⇥RN+1. More-
over, for every fixed ⇣ 2 RN+1, �(·; ⇣) 2 �2+↵

loc (RN+1 \ {⇣}) and we have
H
�

�(·; ⇣)
�

= 0 in RN+1 \ {⇣}.
(ii) �(x, t; ⇠, ⌧) = 0 for t  ⌧ . Moreover, there exists a positive constant M

and, for every T > 0, there exists a positive constant c(T ) such that, for
0 < t� ⌧  T , the following estimates hold:

0  �(x, t; ⇠, ⌧)  c(T ) (t� ⌧)�Q/2 exp
⇣

� d2(x, ⇠)

M (t� ⌧)

⌘

,

�

�Xi

�

�(·; ⇠, ⌧)
�

(x, t)
�

�  c(T ) (t� ⌧)�(Q+1)/2 exp
⇣

� d2(x, ⇠)

M (t� ⌧)

⌘

,

�

�XiXj

�

�(·; ⇠, ⌧)
�

(x, t)
�

�,
�

�@t
�

�(·; ⇠, ⌧)
�

(x, t)
�

� 

 c(T ) (t� ⌧)�(Q+2)/2 exp
⇣

� d2(x, ⇠)

M (t� ⌧)

⌘

.

(1.3)

(iii) For every  2 C1
0 (RN+1), the convolution w(z) =

R

RN+1

�(z; ⇣) (⇣) d⇣

belongs to the class �2+↵
loc (RN+1) and we have Hw = � in RN+1.

(iv) Let µ � 0 and T2 > T1 be such that (T2 � T1)µ is small enough. Then,
for every f 2 ��(RN ⇥ [T1, T2]) (where 0 < �  ↵) and g 2 C(RN )
satisfying the growth condition |f(x, t)|, |g(x)|  c exp(µd2(x)) for some
constant c > 0, the function (defined for x 2 RN , t 2 (T1, T2])

u(x, t) =

Z

RN

�(x, t; ⇠, T1) g(⇠) d⇠ +

Z

RN⇥[T
1

,t]

�(x, t; ⇠, ⌧) f(⇠, ⌧) d⇠ d⌧ ,

belongs to the class �2+�
loc (RN ⇥ (T1, T2))\C(RN ⇥ [T1, T2]). Moreover, u is

a solution to the Cauchy problem Hu = �f in RN ⇥ (T1, T2), u(·, T1) = g.

Theorem 1.2. Suppose that the dimension m of G1 is greater than two. Suppose
the coe�cients ai,j of L satisfy (1.2). For every fixed bounded open set ⌦ ⇢ RN ,
there exists a fundamental solution � for L in ⌦, with the properties listed below.
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(i) � is a continuous function away from the diagonal of RN ⇥RN . Moreover,
for every fixed ⇠ 2 RN , �(·, ⇠) 2 �2+↵

loc (RN \{⇠}) and we have L
�

�(·, ⇠)
�

= 0
in ⌦ \ {⇠}.

(ii) For every compact set K b RN , there exists a positive constant c such that

0  �(x, ⇠)  c (1 + d(x, ⇠)2�Q), ⇠ 2 K, x 2 RN .

(iii) For every  2 C1
0 (RN ), the convolution w(x) =

R

RN �(x; ⇠) (⇠) d⇠ belongs

to the class �2+↵
loc (RN ) and we have Lw = � in ⌦.

In the above theorems, we have denoted by �� , �2+� the appropriate sub-elliptic
Hölder spaces.

As is well known, Levi’s parametrix method requires the knowledge of several
good properties of the frozen constant coe�cient parabolic-type operators

(1.4) HA = LA � @t =
m
X

i,j=1

ai,j XiXj � @t ,

where A = (ai,j)i,j is a fixed matrix in the ellipticity class

M⇤ = {m⇥m symmetric matrices A | ⇤�1|⇠|2  hA⇠, ⇠i  ⇤|⇠|2 8⇠ 2 Rm} .

For instance, a crucial role is played by the following uniform Gaussian estimates
for the fundamental solutions �A of HA:

�

�Xi
1

· · ·Xip(@t)
q �A(x, t)�Xi

1

· · ·Xip(@t)
q �B(x, t)

�

� 

 c⇤,p,q kA�Bk1/r t�(Q+p+2q)/2 exp
⇣

� d2(x)

c⇤ t

⌘

,
(1.5)

for every A, B 2 M⇤ (here, kAk denotes the matrix norm max|⇠|=1 |A⇠|). Gaussian
estimates, but not uniform, for heat kernels on Lie groups were proved by Jerison
and Sànchez-Calle [24], by Kusuoka and Stroock [26] and by Varopoulos, Salo↵-
Coste and Coulhon [39]. Uniform estimates, but not Gaussian, for families of
Hörmander operators generalizing H, were proved by Rothschild and Stein [36] and
by Bramanti and Brandolini [8].

Since the derivation of uniform and Gaussian estimates is a non-trivial task and
is a key point in proving the main results stated above, in Section 2 we briefly recall
how (1.5) can be established by a direct approach. In Section 3, we briefly outline
the proof of Theorem 1.1, describing our adaptation of the parametrix method
and how uniform estimates naturally intervene. We then sketch how long-time
estimates are used in order to prove Theorem 1.2 employing both a t-saturation
and an approximation argument.

Starting from Theorem 1.1 above, it is then possible to prove the following
invariant Harnack inequality for H. We refer to [7] for the complete proof.

Theorem 1.3. Let R0 > 0, 0 < h1 < h2 < 1 and � 2 (0, 1). There exists a positive
constant M = c(h1, h2, �, R0) such that

max
Bd(⇠0,�R)⇥[⌧

0

�h
2

R2,⌧
0

�h
1

R2]
u  M u(⇠0, ⌧0)

for every (⇠0, ⌧0) 2 RN+1, R 2 (0, R0] and every u 2 �2(Bd(⇠0, R)⇥ (⌧0�R2, ⌧0))\
C(Bd(⇠0, R)⇥ [⌧0 �R2, ⌧0]) satisfying Hu = 0, u � 0 in Bd(⇠0, R)⇥ (⌧0 �R2, ⌧0).
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We have used the notation �2(⌦) to denote the space of continuous functions,
defined on an open set ⌦ ✓ RN+1, which have continuous Lie-derivatives along the
vector fields X1, . . . , Xm up to second order and continuous derivative along @t (up
to first order). A main step in the proof of Theorem 1.3 is to establish a pointwise
Gaussian estimate from below of �.

Theorem 1.4. For every T > 0, there exists a positive constant c(T ) such that

�(x, t; ⇠, ⌧) � c(T )�1 (t� ⌧)�Q/2 exp
�

� c d2(x, ⇠)/(t� ⌧)
�

,

for 0 < t� ⌧  T and x, ⇠ 2 RN .

Clearly from Theorem 1.3, an invariant Harnack inequality for L straightfor-
wardly follows. Moreover, by integrating the fundamental solution � of L� @t over
the variable t, we easily find an estimate from below of �, by means of Theorem
1.4.

Theorem 1.5. With the hypotheses and notation of Theorem 1.2 above, there exists
a positive constant c such that

�(x, ⇠) � c�1 d(x, ⇠)2�Q

for every x, ⇠ 2 RN such that 0 < d(x, ⇠) < 1.

We now briefly describe our approach in proving Theorem 1.3. The main
tool in proving the Harnack inequality is a suitable adaptation of the method
by Krylov&Safanov, also used by Fabes&Stroock [18] for classical parabolic equa-
tions and by Kusuoka&Stroock [25, 26] for parabolic equations modelled on sum of
squares of smooth vector fields satisfying Hörmander condition. In the latter pa-
pers, this method has been applied in a sub-elliptic context similar to ours, jointly
with probabilistic results. We do not use probabilistic techniques, but we make
a crucial use of the existence of the relevant Green function on a suitable family
of sets. More precisely, we construct the Green function for the operator H on
cylindrical domains which are regular for the Dirichlet problem related to H, and
we show that an arbitrary cylindrical domain can be approximated from the in-
side by a sequence of H-regular domains. Some needed uniform properties of such
approximation are non-trivial and requires a careful potential theory investigation,
which is object of the paper [4]. We remark that the existence of the Green func-
tion G on such approximating domains is indeed su�cient in order to adapt the
cited Krylov&Safanov method, once some well-behaved invariant estimates of G are
available. We prove such invariant estimates of G as a consequence of the good be-
havior of our approximation with respect to the underlying Carnot-Carathéodory
metric structure. We finally would like to stress that the proof of the Gaussian
bound from below of the fundamental solution for H (from which the estimates of
G are derived) is based on the cited non-trivial uniform estimates for the relevant
frozen operators and relies on the work made through [2, 5, 6].

2. Basic results

The classical Levi’s parametrix method (i.e., if the underlying stratified group is
the usual Euclidean space (RN ,+)) exploits at various levels the explicit knowledge
of the fundamental solution for the strictly parabolic constant coe�cient operator
PN

i,j=1 ai,j @i@j �@t (A = (ai,j)i,j being a positive-definite matrix). Obviously, this
fundamental solution is given by the composition of the fundamental solution of the
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classical heat operator
PN

i=1(@i)
2�@t on RN+1 with a linear change of coordinates

related to the matrix A�1/2.
A näıve idea in studying the fundamental solutions for (1.4) and in approaching

(1.5) is to ask if something similar may occur in the case of general stratified groups
G. Namely, we ask if all sub-Laplacians on G can be put (via a di↵eomorphism)
into a fixed canonical form. To this end, if A = (ai,j)i,jm is a positive-definite
symmetric matrix, we first remark that

LA =
m
X

i,j=1

ai,j XiXj

may be rewritten as
Pm

i=1 Y
2
i , where

Yi =
m
X

j=1

(A1/2)i,j Xj .

As a consequence, it is natural to ask if there exists a di↵eomorphism TA : G ! G
such that (in the new coordinate system defined by TA) the vector field Yi is turned
into the (fixed) left-invariant vector field Zi agreeing at the origin with @i. In this
way, if we set

�G =
m
X

i=1

Z2
i

(we call �G the canonical sub-Laplacian on G), the sub-Laplacian
Pm

i=1 Y
2
i is

turned into �G, i.e.,

(2.1) LA(u � TA) = (�Gu) � TA, for every u 2 C1(G) .

In the classical case when Xi = @/@xi, this problem always has a solution. On the
contrary, counterexamples can be given showing that TA may not exist for general
stratified groups G and, when it exists, it may be non-linear (see [5]). Broadly
speaking, the problem relies on the commutativity properties of the Xi’s: if the
linear dependence relations among commutators up to order r of X1, . . . , Xm are
the least possible, then the above problem does have a solution. More explicitly, if
G is a free stratified group (i.e., its Lie algebra is isomorphic to a free nilpotent Lie
algebra) then there exists an automorphism TA of the group G satisfying (2.1).

As a straightforward consequence, when G is free, we are able to obtain the
fundamental solution �A for HA = LA � @t simply as the composition of TA with
the fundamental solution �G for the fixed canonical heat operator �G�@t. Indeed,
if G is free, it turns out that

(2.2) �A(x, t; ⇠, ⌧) = | detJTA
(x)| �G(TA(x), t;TA(⇠), ⌧), x, ⇠ 2 RN , t, ⌧ 2 R

(JTA
denotes the Jacobian matrix of TA). Thanks to this somewhat explicit rep-

resentation of the fundamental solution for HA, the next step in order to obtain
the uniform estimates in (1.5) is to establish ad hoc uniform estimates for TA. To
this end it can be proved that | detJTA

(x)| turns out to be a uniformly bounded
constant and that

d(TA(x), TB(x))  c⇤ kA�Bk1/r d(x)
for every A, B 2 M⇤ and x 2 G. Consequently (see [2]), when G is free, the
uniform Gaussian estimates (1.5) follow from (2.2) and from the following Gaussian
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estimates of the (fixed) fundamental solution �G:

�

�Xi
1

· · ·Xip(@t)
q �G(x, t)

�

�  cG t�(Q+p+2q)/2 exp
⇣

� d2(x)

cG t

⌘

.

In order to handle the case of an arbitrary stratified group G, our main tool is to
lift G to a free stratified group eG in such a way that �G is lifted to �eG. The lifting
technique introduced by Rothschild and Stein in [36] together with some further
remarks on the homogeneity properties of stratified groups, allows us to prove the
following lifting result (see [6]): If G is an N -dimensional stratified group then there

exists an H-dimensional free stratified group eG (with H � N) such that, denoting
by ⇡ : RH ! RN the projection on the first N coordinates, for every u 2 C1(G),
we have

eZi(u � ⇡) = (Ziu) � ⇡ ,

where
Pm

i=1 Z
2
i and

Pm
i=1

eZ2
i are the canonical sub-Laplacians �G and �eG, respec-

tively. Since G1 = span{Z1, . . . , Zm}, the lifting result leads to a correspondence
between the operators HA =

Pm
i,j=1 ai,j XiXj � @t on G⇥ R and

eHA =
m
X

i,j=1

ai,j eXi
eXj � @t

on eG⇥ R.
The lifting result also allows us to establish a natural relation between the fun-

damental solution �A for HA and e�A for eHA. Indeed, we have

(2.3) �A(x, t) =

Z

RH�N

e�A((x, bx), t) dbx, for every x 2 G, t 2 R ,

where (x, bx) denotes the point of RN ⇥ RH�N . This fact, together with the estab-
lished uniform estimates for free groups, allows us to prove (1.5) in the general case.
Indeed, by means of the integral representation in (2.3), it is possible to transfer
the uniform estimates for {e�A} to the uniform estimates for {�A}.

3. Construction of the fundamental solutions

Following (1.4), we set for brevity H⇣
0

:= HA(⇣
0

) (and analogously, �⇣
0

:=
�A(⇣

0

)). The uniform Gaussian estimates discussed in Section 2 (see, e.g., (1.5))
allow us to prove the following estimates of the fundamental solutions �⇣

0

for the
frozen operators H⇣

0

(uniform in ⇣0):

c�1 E(x, c�1 t)  �⇣
0

(x, t)  cE(x, c t);
�

�Xi
1

· · ·Xip(@t)
q �⇣

0

(x, t)
�

�  cp,q t
�(p+2q)/2 E(x, c t);

�

�Xi
1

· · ·Xip(@t)
q �⇣

0

(x, t)�Xi
1

· · ·Xip(@t)
q �⇣

1

(x, t)
�

� 
 cp,q

�

d(⇠0, ⇠1)
↵
r + |⌧0 � ⌧1|

↵
2r

�

t�(p+2q)/2 E(x, c t),

(3.1)

where
E(x, t) = t�Q/2 exp(�d(x)2/t) .

We remark that the parametrix method outlined below is classical, but several
technical complications arise in our setting. We set (for z 6= ⇣)

Z1(z; ⇣) = H
�

z 7! �⇣(⇠
�1 � x, t� ⌧)

�

(z).
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Since H = L� L⇣ +H⇣ , we have

Z1(z; ⇣) =
m
X

i,j=1

(ai,j(z)� ai,j(⇣))XiXj�⇣(⇠
�1 � x, t� ⌧) ,

whence (3.1) gives

|Z1(z; ⇣)|  c (t� ⌧)
↵
2

�1 �⇣
0

(⇠�1 � x, c (t� ⌧)) .

If we inductively define

Zj+1(z; ⇣) =

Z

RN⇥[⌧,t]

Z1(z; ⌘)Zj(⌘; ⇣) d⌘ (t > ⌧) ,

the following estimate holds (for suitable constants c1, c2, bj)

|Zj(z; ⇣)|  cj1 bj(↵) (t� ⌧)�1+j↵/2 �⇣
0

(⇠�1 � x, c2 (t� ⌧)).

By means of (3.1), it can then be proved that the series

�(z; ⇣) =
1
X

j=1

Zj(z; ⇣)

totally converges on a suitable domain and satisfies the estimate (here T > 0 and
c(T ) > 0 is a constant)

(3.2) |�(z; ⇣)|  c(T ) (t� ⌧)
↵
2

�1 E(⇠�1 � x, c (t� ⌧)), 0 < t� ⌧  T .

It is easy to see that (for t > ⌧)

�(z; ⇣) = Z1(z; ⇣) +

Z

RN⇥[⌧,t]

Z1(z; ⌘)�(⌘; ⇣) d⌘ .

A crucial tool in the adaptation of the parametrix method is played by the following
non-trivial regularity properties of �: �(·; ⇣) and �(z; ·) are continuous functions
and (for 0 < t� ⌧  T )

|�(x, t; ⇠, ⌧)� �(x0, t; ⇠, ⌧)| 
 c(T ) d(x, x0)

↵
2 (t� ⌧)

↵
4

�1
�

E(⇠�1 � x, c (t� ⌧)) +E(⇠�1 � x0, c (t� ⌧))
�

.
(3.3)

We now set, for every z, ⇣ 2 RN+1 with t > ⌧ ,

(3.4) J(z; ⇣) =

Z

RN⇥[⌧,t]

�⌘(z; z
0)�(z0; ⇣) dz0, �(z; ⇣) = J(z; ⇣) + �⇣(z; ⇣) ,

and extend �(z; ⇣) to be zero for t  ⌧ . The good property (3.2) of � and the
Gaussian estimates (3.1) ensure that � is well posed. Exploiting again the estimates
(3.1) and (3.2), it is not di�cult to show that � is continuous away from the diagonal
of RN+1 ⇥ RN+1 and satisfies

|�(z; ⇣)|  c(T )E(⇠�1 � x, c(t� ⌧)) (0 < t� ⌧  T ).

We now show that � is the fundamental solution for H. The first step is to prove
that

H(�(·; ⇣)) = 0 in RN+1 \ {⇣} .

We start by giving the definition of a regularity class of functions that will be
useful in the sequel: given an open set ⌦ ✓ RN+1, we shall denote by C2(⌦) the
class of functions u(x, t) defined on ⌦ which are continuous in ⌦ with respect to the
pair (x, t) and such that u(·, t) has continuous Lie-derivatives up to second order
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along the vector fields X1, . . . , Xm (with respect to x, for every fixed t) and u(x, ·)
has continuous derivative (with respect to t, for every fixed x), in their respective
domains of definition. The class C2(⌦) is larger than the natural space �2(⌦) (of
continuous functions u with continuous derivatives Xiu, XiXju, @tu); nevertheless,
we are able to prove a weak maximum principle for solutions to Hu � 0 in the class
C2(⌦), as stated below.

Proposition 3.1. Let ⌦ be a bounded open subset of RN+1 and t0 2 R; if u 2
C2(⌦), Hu � 0 in ⌦ \ {t < t0} and lim supu  0 in @⌦ \ {t  t0}, then u  0 in
⌦ \ {t < t0}.

With the above notation we are able to prove the following result.

Proposition 3.2. For every fixed ⇣ 2 RN+1, we have �(·; ⇣) 2 C2(RN+1 \{⇣}) and
H
�

�(·; ⇣)
�

= 0 in RN+1 \ {⇣}. Moreover, the estimates in (1.3) hold.

The main tool in the proof of the above proposition is the representation of
the Lie-derivatives of the convolution (3.4) defining J as principal-value (singular)
integrals. Indeed, we have

XiXj

�

J(·; ⇣)
�

(z) = lim
"!0+

Z

RN⇥[⌧,t�"]

XiXj�z0(x0�1 � x, t� t0)�(z0; ⇣) dz0 ,

@t
�

J(·; ⇣)
�

(z) = �(z; ⇣) + lim
"!0+

Z

RN⇥[⌧,t�"]

@t�z0(x0�1 � x, t� t0)�(z0; ⇣) dz0 .

The proof of this fact is not straightforward; one of the main ingredients is the
Hölder estimate of � in (3.3). It is now easy to see that

H
�

�(·; ⇣)
�

(z) = H
�

�⇣(·; ⇣)
�

(z)+

+ lim
"!0+

Z

RN⇥[⌧,t�"]

H
�

�⌘(·; z0)
�

(z)�(z0; ⇣) dz0 � �(z; ⇣) =

= Z1(z; ⇣) +

Z

RN⇥[⌧,t]

Z1(z; ⌘)�(⌘; ⇣) d⌘ � �(z; ⇣) = 0 .

We avoid giving details here on the results (iii) and (iv) of Theorem 1.1 concerning
the Cauchy problem related to H.

We now turn to the study of the operator L =
P

i,j ai,j(x)XiXj . Starting from
Theorem 1.1, one can construct local fundamental solutions for L, by integrating
� over the time variable t, provided suitable long-time estimates of � can be estab-
lished. We are able to find the needed long-time estimates if the dimension m of
the first layer G1 of the stratification of g is strictly greater than two. Indeed, we
can prove the following technical lemma.

Lemma 3.3. Let ⌦ be a bounded domain of RN+1. Up to a modification of the
coe�cients ai,j(x, t) of H outside ⌦, � satisfies the following estimate: for every
compact set K b Rm, there exist positive constants c, M such that

�(x, t; ⇠, ⌧)  c (M + t� ⌧)�m/2 exp
⇣

� ⇤ |x(1) � ⇠(1)|2
M + t� ⌧

⌘

(for t > ⌧ + 1 and ⇠(1) 2 K). We have denoted by x(1) the vector of the first m
coordinates of x.
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The proof of Lemma 3.3 relies on the weak maximum principle for H in the
class C2 (see Proposition 3.1) and on a direct comparison argument. The above
long-time estimate of � is certainly not optimal, but it is indeed su�cient to ensure
the convergence of the integral

R

R �(x, t; ⇠, 0) dt (for x 6= ⇠) if m > 2. This allows
us to obtain the result in Theorem 1.2 by arguing as sketched below.

We fix a cut-o↵ function ' 2 C1
0 (RN ) such that 0  '  1 and ' ⌘ 1 in ⌦. We

next define a suitable “G-regularization” A" = (a"i,j)i,j of the coe�cients ai,j of L,
and we set

eA"(x) = '(x)A"(x) +
�

1� '(x)
�

(4⇤)�1 Im
(where Im denotes the m⇥m identity matrix) and

eH" = eL" � @t =
m
X

i,j=1

ea"i,j(x)XiXj � @t .

The coe�cients have been suitably modified outside ⌦ so that we can apply Lemma
3.3 to ensure that the integral

e�"(x, ⇠) =

Z 1

0

e�"(x, t; ⇠, 0) dt, x 6= ⇠ 2 RN ,

is convergent. Moreover, since the approximating operator eL" has smooth coe�-
cients, one can prove that e�" is a fundamental solution for eL" by making use of
the well-posedness of the adjoint operators ( eH")⇤ and ( eL")⇤. Indeed, for every test
function  2 C1

0 (RN ), setting

 n(x, t) =  (x) ✓(|t|/n)
(where ✓ is a smooth function defined on R, such that ✓(s) = 1 for s  1, and
✓(s) = 0 for s � 1) we obtain

� (⇠) = � n(⇠, 0) =

Z

RN+1

e�"(x, t; ⇠, 0) ( eH")⇤ n(x, t) d⇠ dt

n!1����!
Z

RN+1

e�"(x, t; ⇠, 0) ( eL")⇤ (x) dx dt =
Z

RN

e�"(x, ⇠) ( eL")⇤ (x) dx.

We finally find a fundamental solution e� of

eL =
m
X

i,j=1

eai,j(x)XiXj

(where eA = 'A + (1 � ')(4⇤)�1Im), by an approximation argument, by letting
" tend to zero in e�". This approximation argument is not trivial and it requires
suitable Schauder-type a priori estimates and a careful study of the "-dependence
in the construction of e�". We omit details here. Finally, observing that L = eL in
⌦, we are then able to prove Theorem 1.2.
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vector fields and local regularity for a class of degenerate elliptic equations, Potential
Anal., 4(1995), 361-375.

[21] P. Hajlasz & P. Koskela, Sobolev met Poincaré, Mem. Amer. Math. Soc., 145(688)(2000).
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