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Flat convergence of Jacobians and I'-convergence for the
Ginzburg-Landau functionals

by Sisto BALDO

Abstract!. Itry to offer a brief account of some of the main ideas in the I-convergence
result for the Ginzburg-Landau functionals, proved in [3] by the author, G. Alberti (Pisa)
and G. Orlandi (Verona). This paper is an expanded version of the material I used for a
Seminar in Potenza.

1. INTRODUCTION

In this expository paper, I wish to give a somewhat informal account of the results
and methods of a joint research with Giovanni Alberti (Pisa) and Giandomenico
Orlandi (Verona), on the I'-convergence of the Ginzburg-Landau functionals.

For a more complete description of the results with full proofs, the interested
readers are referred to our paper [3]: the aim of the present survey is rather to
emphasize some of the main ideas, avoiding too much technical detail.

The problem we want to study is the following. Consider the Ginzburg-Landau
functionals ) .

Fw) = [ (GIDul + SW(w) da,
Q
where Q is a bounded domain in R™** (n. > 0, k& > 2), W : R* — R is a non-
negative continuous function which vanish only on the unit sphere S*¥~1, ¢ is a
positive parameter and v : Q — RF is a sufficiently regular function (typically, in
the Sobolev space W1F).

This functional is a close relative of some slightly more complex energies, which
are used in theoretical physics to model vortices in superfluidity and superconduc-
tivity: for this reason, it has been widely studied in recent years, starting from
the pioneering work by F. Bethuel, H. Brezis and F. Hélein [5]. For the physical
background, see for instance [13], [7].

In particular, we are interested in the asymptotic behavior of the minimizers .
of F.(-) (subject to a suitable boundary condition?), when the parameter ¢ goes to
0.

Clearly, when ¢ is very small the minimizers 4. will prefer to take values on the
unit sphere S*~! in a large portion of €2, because this way the second term %W(ﬁe)
of the energy density vanishes.
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2Typically u = g on 9%, with g € Wi-1/kk (50, gk=1),
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Suppose now that 4. — %o when £ — 0 (we will show that this is indeed true in
a suitably weak topology): we may well expect the limit function @ to take values
on S*~1 almost everywhere in 2. Now, the map dg : Q — S*~! will satisfy the
boundary datum g, and due to the non-trivial topology of the sphere we will often
find that iy must have a nonempty singular set inside Q.3

In particular, we easily see that if 4y is “as smooth as possible”, in a generic
situation the singular set will be supported by a manifold of codimension k. Indeed,
the singular set of g is strongly related to a concentration phenomenon of the
Ginzburg-Landau energies, and we will see that it is located on a minimal surface
of codimension k which solves a Plateau-like problem (with a boundary datum
depending on the “topology” of g).

As T noticed above, the mathematical research on the Ginzburg-Landau func-
tional has a long history. The case n = 0, k = 2 was studied by F. Bethuel, H.
Brezis and F. Hélein in [5], where a complete description of the asymptotic behavior
of minimizers of F.(-) is provided. Some of these results on the concentration of
the Ginzburg-Landau energies on singular points have been extended to n = 0 and
general k in [10], [12]. In the case n = 1, a concentration result on line vortices
was obtained by T. Riviere [18] for k = 2, and later by E. Sandier [20] for arbi-
trary k. Finally, concentration on minimal surface of arbitrary dimension n and
codimension k = 2 was proved by T. Riviere and F.H.Lin in [17].

In all of the above papers, the asymptotic behavior of minimizers of F.(-) is
derived through a careful exploitation of the properties of the solutions to the
Euler-Lagrange equations of the functionals themselves: the aim of our research
was to give an alternative proof by using De Giorgi’s I'-convergence as a basic
tool. This alternative way of looking at the problem provides a good description
of the asymptotic behavior of the minimizers of F.(-) in general dimension n and
codimension k.

I briefly recall the definition of I'-convergence: if X is a sufficiently nice topo-
logical space and F; : X — R U {400} is a sequence of functions, we say that F)
[-converges to F : X — R U {400} if the following two conditions are satisfied:

(T.1) ljlglil;fFj(u]) > F(u) whenever u € X and u; — u in X;

(T.2) for every u € X there exists an “optimal sequence” v; — u in X such that
dim Fj(v;) = F(u).

Jj—+oo

I'-convergence is a wvariational convergence in the following sense: suppose that
for each j we have a minimizer @; of F}, and that u; — @ in X for j — +o0. It is
very easy to check that then @ is a minimizer of the I'-limit F', and that we have
convergence of the minimum values.

In other words, I'-convergence ensures that a “limit of minimizers” is a always a
minimizer of the I'-limit.

We wish to apply this idea to the Ginzburg-Landau functionals F.(-) (of course,
we will compute the I'-limit for ¢ — 0).

To achieve that, we must first rescale the functionals. Indeed, the convergence of
the minimum energies to the minimum of the I'-limit has an important implication:

3This may happen even if g itself is regular, because in many situations there are obstructions
at extending ¢ to a regular map ug : Q@ — S*~1. Take for instance n = 0, k = 2, Q the unit ball
in R2. If g : 9Q — S! is the identity map (and hence deg(g) = 1), it cannot be extended to a
continuous map from € into S?1.
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if we wish to recover some non-trivial information from I'-convergence, we need to
know that the minima of the functionals are equibounded. This is not the case for
the Ginzburg-Landau functionals, because in fact an estimation of the minimum
values shows that F.(a.) = O(|loge|): we are thus forced to compute the I'-limit
of the rescaled sequence of functionals F.(-)/|loge].

We must also choose a suitable topology in our function space, because this is
required by the definition of I'-convergence. The above discussion shows that a nat-
ural choice is any topology (the stronger the better) in which we have compactness
of all sequences of functions {v.} which satisfy the bound F.(v.) = O(]loge|): this
would of course ensure compactness of minimizers.

Unfortunately, a sequence {v.} satisfying the above estimate is not necessarily
equibounded in any Sobolev norm (because the L¥ norm of the gradient is allowed
to diverge like |loge|'/*), and we must look for a still weaker topology.

The key idea is that the energy density of the maps v, is closely related with
their Jacobians Jv., and that when e — 0 these Jacobians concentrate on a singular
measure supported by a n-dimensional oriented surface without boundary.

If v = (v1,...,v;) € WHF(Q,RF), we recall that the jacobian of v is the k-form
dvy A ... A dvg, whose components are simply the k& x k& minors of the matrix Dwv.
Denoting by * : A¥(R") — A, (R™"F¥) the usual identification of k-covectors with
n-vectors in R™* we can dually see the k-form Jv as the n-vector field xJv: this
way, the jacobian has a natural structure of n-current and can be regarded as a
sort of diffuse n-dimensional surface®.

The topology we will adopt in our main I'-convergence result is precisely the
convergence of the Jacobians xJuv in the flat norm Fg®.

We are now in position to state our main result. For the sake of simplicity,
in this first formulation we will not include the boundary condition g: this would
cause some technical problems, and I prefer to delay the discussion to the last
Section of this paper. Of course, the boundary condition is necessary to apply the
Gamma-convergence result to non-trivial variational problem.

Theorem 1.1. Let Q be a bounded Lipschitz domain in R™t* with n > 0 and
k > 2. Then the following statements hold

(i) Compactness and lower-bound inequality
Given a (countable) sequence of maps {us} such that Fe(u.) < C|loge|
for some constant C, we can extract a subsequence such that the Jacobians
*Jue. converge in the flat norm Fq to ap M, where M is an n-dimensional
integral boundary in Q and «y is the measure of the unit ball in R*. For
every such subsequence we have the estimate

1
iminf —— > B
hgl_}lglf ‘ 10g5| FE(UE) = 5’6”MH7
where By == (k — 1)*/2ay, and | M| denotes the mass of M.
(ii) Upper bound inequality
For every n-dimensional integral boundary M in § there exist maps ue such

4Moreover7 as the jacobian Jv is always an exact form, it turns out that xJv is indeed the
boundary of a (n + 1)-dimensional current. In particular, d(xJv) = 0.
5See the next Section for a definition of this convergence.
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that Fo(xJus: — ap, M) — 0 and

. 1
;1_% mFe(ue) = Bl M]| -
Remark 1.1. In the case k = 2 and for general n, an independent proof of the
compactness result and of the lower-bound inequality was provided by R.L. Jerrard
and H.M. Soner [16]. They also obtained the upper bound inequality in the case
k =2 and n =0 (in this case, the singular manifold M is a finite set of points).

Remark 1.2. The above theorem can be rephrased as a genuine I'-convergence
result in the following way.
As ambient space we choose X = W1k~1(Q, R¥) (this is the summability we need
in order to give a distributional definition of the Jacobian, see for instance [15]),
and the functionals F.(-) are extended to the whole of X by putting F(u) = +o00
whenever u € WHF=1(Q, RF) \ WLF(Q,RF).
The limit functional is defined as
Bell * Jul| if ue WhE=1(Q, Sk-1)
Fo(’u) =
+00 otherwise.
We put on X the topology corresponding to the flat convergence of the Jacobians
of the maps®. In this situation, our main theorem tells us that the functionals
F.(-)/|loge| T-converge to Fy as e — 07. Moreover, any sequence of maps with
energies bounded by C|loge| is compact in the topology considered.

2. SKETCH OF THE PROOF OF THE COMPACTNESS AND ['-CONVERGENCE
THEOREM

As promised, I will try to give here an idea the proof of Theorem 1.1, but I wish to
mention a very nice exposition [1] G. Alberti wrote some time ago on a preliminary
stage of our research (the main result was subsequently improved, together with
some of the proofs). For this reason, I will touch only cursorily some of the points
Giovanni discussed at length in his work.

To begin with, we need to understand the “flat norm” in the statement of The-
orem 1.1. Let T be a n-dimensional boundary in an open set A C R™**: we define

Fqo(T) =inf{||S|lq : S is a (n + 1) — dimensional current in A and T = 05},

while we put Fq(T) = +o0 if T is not a boundary. Thus, we will say that T; — T
in the flat norm if Fo(7T; — T) — 0 (and, in particular, this will imply that 7T;
and T have the same boundary). Notice that our definition of the flat norm is
strictly related with the flat seminorms used in [9], but is not exactly the same.
The induced convergence is rather weak, because we may have flat convergence
even if the masses of the currents T; are not equibounded: this is a key point in the
application to the Ginzburg-Landau functionals.

Proof of compactness in Theorem 1.1. An important point in proving compact-
ness, is a beautiful and very sharp estimate by R.L. Jerrard [14], which basically

61n particular, this topology identifies any two maps having the same jacobian. In this sense,
we are dealing with a quotient space of X.

"Indeed, by Theorem 5.6 of [ABO1], any rectifiable boundary M in €2 is the jacobian of a map
in the space X (divided by ay).
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tells us that the cost of making a point singularity (in terms of Ginzburg-Landau
energy) in the case n = 0, is at least fi|loge|.

The estimate (in the form we need it, compare Lemma 3.9 in [3]), can be stated
informally as follows:

Let Q be a k—dimensional cube in RF, with edge £(c) = 1/|loge|? (the cube should
be “big enough” with respect to ). If u € WHF(Q,R¥) has |u| > 1/2 on 99, and
the degree of the map v(z) = u(x)/|u(z)| : 0Q — S*~1 is d € Z, then

1 1 .
(1) /(E|Du|k + ?W(u)) dx > By |d| | loge| + additional stuff.
Q

Unfortunately, the “additional stuff” in the inequality is not too easy to handle,
and (1) is only true for € < €9, where €¢ depends on the degree d: this generates
some technical difficulties in the proof, without changing the essential nature of the
estimate.

Remark 2.1. Estimate (1) shows that the Ginzburg-Landau energy needed to
build a singularity grows like |loge| as € — 0.

Unfortunately, with so much energy at our disposal, beside creating a singularity
we can also build a sequence of wildly oscillating maps, thus destroying any hope
of a pointwise compactness for a sequence of maps {u.} with F.(u:) = O(|logel).
This fact was first noticed in [8], and it is the reason we are looking for some weak
compactness of the Jacobians and not of the maps®.

The situation would be different for minimizers of the Ginzburg-Landau func-
tionals: in case k = 2, compactness in Sobolev spaces has been proved in [5] for
n =0, and in [4] for general n.

Our idea to prove flat compactness of the Jacobians is fairly simple. Fix a
sequence {u.} of maps such that F;(u.) = O(]logel|). For every e, we cover { with
a cubic grid G, with edge £(¢) = | loge|~2: the position of the grid is chosen in such
a way that the following two conditions hold (at least for a countable subsequence
of g).

1. Let Ry (¢) be the k-skeleton of the grid G (i.e., the union of its k-dimensional
faces). Then

@ enam)~ (5, ) ),

where Fy(uc; Ri(¢)) is the slice of the functional on Ry (¢) (namely, the
integral of the Ginzburg-Landau energy density on the k-skeleton, with
respect to the Haudorff measure H*).

2. If Ri_1(¢) denotes the (k — 1)-skeleton of the grid, then we have

(3) |ue| — 1 uniformly on Rj_1(¢) as € — 0.
We can easily obtain (2) by means of a Fubini argument: the binomial coefficient

is needed because we have to slice the energy in the direction of every k-plane

80ur quest is further complicated by the fact that, in general, the Jacobians are not equi-
bounded, not even in L'
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belonging to the grid. If we denote by Ry (¢) the union of only the k faces of Gy
which are parallel to the vector e, 41 A...Ae,1k, we would have a sharper estimate:

(4) ("F (ue; Re(0)) = F.(ue).

The idea to obtain (3) is explained in [3], Lemma 3.4 and also in [1].

Now, we replace the sequence of the Jacobians xJu. with a sequence of slightly
modified Jacobians xJ'u., defined in [3], Section 3.5. The modified Jacobians are
asintotically flat-close to the original ones (in the sense that Fo(xJue —*J'us) — 0
as ¢ — 0), and so we only have to prove compactness for the new sequence. The
currents *J'u. have indeed some advantages: first of all, as a consequence of (3)
they are supported away from Rj_1(¢). Moreover, if P is a k-dimensional face of
Ge, we have

(5) /J'us = ay, - deg(ue; OP),
P

where deg(u.; OP) is the degree of the map u.(-)/|uc(-)| : OP — SF—1.

We now use a modified version ([3], Lemma 3.7) of Federer’s deformation theorem
([9], 4.2.9; see also Section 29 of [21]), to project the currents xJ'u. on the n-skeleton
R/ (¢) of the dual grid to G,. We thus obtain a sequence of real polyhedral chains
M., which are asyntotically flat-close to *J u.

The following picture shows what happens in a cube of the grid G, (in this case
we have n =1 and k = 2):

7
p Ry (D)
K
PR a
\\ /
{ %/-’
e M
a — €
I 0 \' e R

XJug

Moreover, by (5) together with (1), the multiplicity of M. on each face @ of
R/ (¢) is in axZ, and it is controlled by the rescaled Ginzburg-Landau energy on
the k-face P of Ry(¢) which is dual to . This remark, together with (2), tells
us that the currents M. have equibounded masses (and are boundaries), and this
ensures that there is a subsequence converging in the flat norm to ai M, where M
is an integral boundary.
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Proof of the lower-bound inequality in Theorem 1.1. If we look carefully at the
steps in the proof of compactness, we see that we have really proved the following
estimate for the masses of the projected Jacobians M,:

B N k 1
0 Bpard (5, ) o Pl

Recalling the lower semicontinuity of mass with respect to flat convergence, this
gives almost exactly the lower-bound inequality, were it not for the unfortunate

factor < "tk ) in front of the right-hand side.

But keeping in mind what we observed in (4), estimate (6) becomes

1
—F,
[loge] (ue),

where M. - (e; A...Ae,) denotes the component of the current M, in the direction
of the plane spanned by e, ..., e,.

The proof of the lower-bound inequality is then concluded by means of a local-
ization argument: we cover most of {2 with small, disjoint open sets. Inside each of
these open sets we repeat the above construction by choosing the direction of the
coordinate vectors in such a way that the tangent planes to the limit current M
are almost parallel to (e1 A ... Aep).

B
—||Me-(ex Ao Nep)|l =
o

Proof of the upper-bound inequality in Theorem 1.1. Notice first that it is enough
to construct the optimal sequence {u.} when the current M is an integral poly-
hedral boundary in  with multiplicity 1: indeed, every integral boundary can be
approximated in the flat norm by currents of this kind, with convergence of the
masses.

Another simple, but important observation is the following: in case n = 0, if the
0-dimensional current M is supported by a single point xg (with multiplicity 1),
the optimal sequence is easily constructed as follows:

LTI if e - > e
|z — o]

ue () =
Tr — X

if lx —mo| <e

Let now M be an integral polyhedral boundary in 2, with multiplicity 1 on every
face (with a slight abuse of notation, we also denote by M the supporting polyhe-
dron). By the above remark on the case n = 0, the upper-bound inequality is easily
proved if we are able to construct a map u :  — S*~! such that
o xJu = apM;
e for “most” of the points xg € M, if we look at the restriction of u to the
normal space of M at zp (a k-dimensional plane), this restriction behaves
like (x — x0)/|x — xo| in a neighborhood of x;
o u is globally of class W1F~1 it is smooth except on M U S (where S is a
(n — 1)-dimensional polyhedral set), and

|Du(z)| < C/dist(z, M US) Vz € Q.
Indeed, if we have a map like that, we define

ue(x) = ge(z)u(x) where g.(x) = min{1, dist(x, M U S)/e},
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and some easy computations show that this sequence is indeed as required in the
upper-bound inequality.

The construction of a map u with the above properties was realized in our paper
[2], Theorem 5.10: the sketch of the construction can be summarized as follows.

Let N be a (n + 1)-dimensional polyhedral current such that 9N = M, and let
P be a face of N (with the same multiplicity and orientation). By means of the
so-called dipole construction (see [6] or [2], Proposition 5.2), it is not difficult to
construct a map u : R*** — §*=1 which is smooth outside 9P and has xJu =
ardP. Moreover, this map is constantly equal to the north pole of S*~!, except on
a closed set Up containing P and contained in a neighborhood of P. This set Up
has a fairly simple shape: near the center of P, it looks like a tubular neighborhood
of the face, but its thickness goes to 0 (in a way we can adjust) in approaching
09Q. For this reason, it is possible to repeat the dipole construction around each
polyhedral face of M without an overlapping of the sets U (except, of course, at
the boundary of the faces): see the following picture.

2 U, N; -2

o M=0N

Thus, the dipole construction gives a global map @ : @ — S*~1 with xJ& = oy M.
This is not yet the map we need, because it does not behave like ‘i :iﬁ| around the
points of M, and moreover it has a huge singular set besides M. Indeed, the map
4 will be singular at each face of the n-skeleton of N, even if this face does not
belong to M. But in this case the total jacobian at the face should be zero, and
the singularity is topologically trivial.

Indeed, we have a procedure that allows us to remove all unnecessary singularity
from the n-skeleton of N, by pushing them on the (n — 1)-skeleton (the polyhedral
set S mentioned above). This procedure has also the additional benefit of making

r—xo

the map u like = at the points of M, thus concluding the construction: the
picture below is an attempt of visualizing what happens in a low-dimensional case.

3. APPLICATION TO VARIATIONAL PROBLEMS

In this section, we want to state a version of Theorem 1.1 with built-in boundary
condition, in order to apply the I'-convergence result to non trivial variational
problems.

Let g : 9Q — S*~! be a map in the trace space W'~1/5#  The limiting varia-
tional problem will be defined in terms of a cobordism class of rectifiable currents,
depending on the boundary datum g. In case ) satisfies a homological hypoth-
esis, namely H,(2,Z) = 0, this variational problem in cobordism classes will be
interpreted as a more familiar Plateau problem.
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We say that two rectifiable currents M, M’ are cobordant in Q if M — M’ =
ON, with N a rectifiable current supported in €. Now, fix any smooth map u €
WLE(Q, RF) with trace g, and take any regular value y (with |y| < 1) for the map
u. The level set u~!(y) is a n-dimensional manifold, and can be given the structure
of a rectifiable current which we denote M. It can be shown that the cobordism
class of M in Q does not depend on the choice of the extension u, nor of the regular
value y.

The main result is then the following:

Theorem 3.1. Let Q be a bounded Lipschitz domain in R"t* ¢ : 9Q — Sk-1
be a map in the trace space Wi=1/kk M be a rectifiable current of dimension n,
constructed from g as explained above.

Then the following statements hold.

(i) Compactness and lower-bound inequality
Given a (countable) sequence of maps {u.} such that ue = g on 0Q and
F.(u:) < Cl|loge| for some constant C, we can extract a subsequence such
that the Jacobians xJu. converge in the flat norm Fgrn+r to ai M, where M
is an n-dimensional integral current in Q belonging to the cobordism class
of M. For every such subsequence we have the estimate

1
liminf ——F, > M.
mind (o () 2 Gl
(ii) Upper bound inequality
For every n-dimensional integral current M, belonging to the cobordism
class of M in §, there exist maps u. such that u. = g on 0, Frnir (xJue —
apM) — 0 and

1
lim ——F.(u:) = M| .
6—>0|10g6‘ 6( 6) BkH H
The ideas involved in the proof of Theorem 3.1 are basically those outlined
in Section 2. Nevertheless, the proof of the upper bound inequality is much more
difficult, due to the need of constructing maps u,. satisfying the boundary condition
g: for this reason, one is forced to use a subtle construction, and a larger arsenal

of results from Geometric Measure Theory. The interested reader is again referred
to [3].

Remark 3.1. As we anticipated above, the geometrical meaning of the cobordism
class determined by g becomes a bit more familiar if we assume that H,, (92, Z) = 0.
This means that any n-dimensional rectifiable cycle is a boundary: thus, any two
currents in  having the same boundary are cobordant. The cobordism condition
for the currents M in the theorem becomes then M = dM.

Now, for amap g € Wlfl/k’k(ﬁﬂ, Sk=1Y it is possible to define the distributional
jacobian xJg, which is a (n — 1)-dimensional current: it is not too hard to check
that OM = aik * Jg (compare [3], Section 5.2; see also [11] for the definition of the
jacobian in trace spaces).

This has a fairly simple interpretation in case g is smooth outside a singular
manifold of dimension n — 1: the jacobian %xJg is then supported by the singular
set (and the multiplicity of the current can be computed in terms of the degree of
the map g around the singularity).
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As a corollary, we obtain the following result on the asymptotic behavior of the
constrained variational problems, and on the concentration of the energy densities:

Corollary 3.1. Let Q, g and M be as in Theorem 3.1, and let {i.} be a family of
minimizers for the Ginzburg-Landau functionals F.(-) with boundary datum g. Then
there is a countable subsequence of U (not relabelled) such that the currents *J i,
converge in the flat norm in R™* to a current ap M. Moreover, M is rectifiable,
and minimizes the mass among all currents in the cobordism class ofM 9,

Moreover, F.(tu.) = O(|loge|), and the rescaled energy densities converge to
BrH™|am in the sense of measures.
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