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7.1 Discrete Laplacians

In this section, we give a brief description of the discrete Laplacian following
[11], [28].

7.1.1 Discrete Laplacians

A graph G = (V,E) is a collection of the set V of vertices, and the set
E of edges which connect two vertices. A graph is finite (resp. infinite) if
#V < 1 (resp. #V = 1). For two vertices x and y, we write x ⇠ y if they
are connected by an edge. We say y is a neighbor of x and

N(x) = {y 2 V : y ⇠ x},

the set of all neighbors of x. We always assume that any graph is simple, i.e.,
the number of edges connecting two vertices are at most one. Furthermore,
we assume that G is locally finite, i.e. for each x 2 V , the number of vertices
connecting to x, called the degree at x and denoted by m(x), is finite.

A graph G = (V,E) is called connected if for all two vertices x and y in
V , there exists a finite number of vertices {vi}ni=1 in V satisfying that v1 = x,
vn = y and vi is connected to vi+1 for all i = 1, 2, · · · , n� 1.

Recall that the graph distance d(x, y) between two vertices x and y in V
is defined as follows:

d(x, y) = inf{`(c); c is a path connecting x and y}.

Here c is a path connecting x and y if

c = [ c0, c1, · · · , cn�1, cn ],

where each ci is a vertex in V , and ci ⇠ ci+1 for each i = 0, 1, · · · , n � 1. In
this case, the length of c is n, i.e., `(c) = n. A graph G = (V,E) is connected
if each two vertices x and y in V , there exists a path connecting x and y.

Two discrete Laplacian �P (called the transition Laplacian) and �A

(called the adjacency Laplacian) are defined by

�Pf(x) = f(x)� 1

m(x)

X

y2N(x)

f(y), (7.1)
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�Af(x) = m(x)f(x)�
X

y2N(x)

f(y),

for all x 2 V, f 2 C(V ), where C(V ) is the space of all real valued functions
on V . It holds that

m(x)�Pf(x) = �Af(x),

for all x 2 V . So the spectral properties of the both Laplacians �A and
�P are sometimes quite di↵erent each other. Usually, these Laplacians are
denoted as follows:

�A = D � A, �P = I � P,

where the operator D is the degree operator which is defined by

Df(x) = m(x)f(x), x 2 V,

and A is the adjacency operator which is defined by

Af(x) =
X

y2V

axyf(y),

where axy (x, y 2 V ) is the number of edges connecting vertices x and y, i.e.,
in our case,

axy =
n

1 if x ⇠ y,
0 otherwise

The operator I is the identity operator and P is the tansition operator which
is defined by

Pf(x) =
X

y2V

p(x, y)f(y),

where p(x, y) is the one-step transition probability for the random walk stand-
ing at the vertex x to move to the other vertex y, i.e., in our case,

p(x, y) =

( 1

m(x)
, y ⇠ x,

0, otherwise.

The following expressions are useful: for all x 2 V ,

�Pf(x) =
1

m(x)

X

y2N(x)

(f(x)� f(y)), �Af(x) = (7.2)

=
X

y2N(x)

(f(x)� f(y)).
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7.1.2 Di↵erential Geometric Approach.

We first give and fix an orientation on each edge of G. We denote by e =
[x, y], the oriented edge e whose origin is x and the terminal is y. The reverse
edge to e = [x, y] is denoted by e = [y, x]. The totality of all oriented edges
of G = (V,E) is denoted by E. Note that E coincides with {e, e; e 2 E}
and #E = 2#E, where #Q means the cardinal number of the set Q. Let
C(E) is the space of all real valued functions on E.

Let us recall vector analysis or di↵erential geometry, in which the Lapla-
cian is treated systematically.

�Gradient of a function. For f 2 C(V ), the gradient rf is the element
in C(E) which is defined by

rf(e) = f(y)� f(x), e = [x, y] 2 E.

Note that rf satisfies that

rf(e) = �rf(e), e 2 E.

�Divergence of a vector field. An element X in C(E) satisfying that

X(e) = �X(e), e 2 E

is called a vector field of a ( oriented or directed) graph G = (V,E). We
denote by X (G), the space of all vector fields of G = (V,E). The divergence
of a vector field X 2 X (G), denoted by divP (X), or divA(X) is a function
on V defined by

divP (X)(x) =
1

m(x)

X

e 2 E
o(e) = x

X(e),

divA(X) =
X

e 2 E
o(e) = x

X(e),

for all x 2 V , where we denote by o(e), the origin, and t(e), the terminal of
e 2 E, respectively.
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If we write down the divergence in terms of E, and regarding that

{e 2 E; o(e) = x} =

= {e 2 E; o(e) = x} [ {e 2 E; t(e) = x},
we have by definition of the divergence,

divA(X) =
X

e2E, o(e)=x

X(e)�
X

e2E, t(e)=x

X(e),

which interprets the totality of the values of outward flows of X from x, and
divP (X) has also the similar meaning.

�The inner products. Let us consider the spaces Cc(V ) (resp. Cc(E),
Xc(G)) of functions f 2 C(V ) (resp. X 2 C(E), X (G)) having finite support.
Here the support of f (resp. X) is {v 2 V ; f(v) 6= 0} (resp. {e 2 E; X(e) 6=
0}). We define the inner products on Cc(V ) and Cc(E) as follows:

(f1, f2)P =
X

x2V

f1(x)f2(x),

(f1, f2)A =
X

x2V

m(x)f1(x)f2(x),

and

(X1, X2) =
1

2

X

e2E

X1(e)X2(e),

where we count doubly each edge in E, i.e., an oriented edge e 2 E and the
reverse e 2 E, so we multiply by 1

2 .
Let L2

P (V ), L2
A(V ) and L2(E) be the completion of Cc(V ) by the norm

( , )P , ( , )A, and Cc(E) by the norm ( , ), respectively. That is,

L2
P (V ) = {f 2 C(V );

(f, f)P < 1}, L2
A(V ) = {f 2 C(V ); (f, f)A < 1},

and
L2(E) = {X 2 C(E); (X,X) < 1}

respectively.
�Expressions of the Laplacians. The two Laplacians can be expressed

as follows:
�Pf(x) = �divP (rf)(x), (7.3)
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�Af(x) = �divA(rf)(x), x 2 V, f 2 C(V ).

Indeed, we have

�Pf(x) = � 1

m(x)

X

y⇠x

(f(y)� f(x))

= � 1

m(x)

X

y⇠x

rf([x, y])

= �divP (rf)(x),

and similarly for �A.
�Green’s formula. The graph version of Green’s formula in vector

analysis or di↵erential geometry is also formulated in the following way.

Theorem 21 (Green’s formula)
Let f 2 C(V ) and X 2 X (G).

(1) If f 2 Cc(V ) or X 2 Xc(G), we have

(f, divP (X))P = (f, divA(X))A = �(rf,X),

(2) For f1, f2 2 Cc(V ), we have

(�Pf1, f2)P = (rf1,rf2) = (f1,�Pf2)P ,

(�Af1, f2)A = (rf1,rf2) = (f1,�Af2)A.

(3) In particular, assume that f 2 Cc(V ). Then

(�Pf, f)P = (�Af, f)A = (rf,rf) � 0,

�Pf = 0 , �Af = 0 , rf = 0 , f is constant.

Proof. The assertions (2) and (3) follow immediately from (1). The first
equality of (1) is obvious. The proof of the second equality of (1) goes as
follows. By the assumption, we may assume that #V < 1. We have

(f, divAX)A =
X

x2V

f(x) divAX(x)
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=
X

x2V

f(x)
X

e 2 E
o(e) = x

X(e)

=
X

x2V

X

e 2 E
o(e) = x

X(e).

On the other hand, we have

(rf,X) =
1

2

X

e2E

rf(e)X(e)

=
1

2

X

e2E

(f(t(e))� f(o(e)))X(e)

=
1

2

X

x2V

X

y⇠x

(f(y)� f(x))X(e)

=
1

2

X

x2V

X

y⇠x

f(y)X([x, y])� 1

2

X

x2V

X

y⇠x

f(x)X([x, y]).

Here, the second term of the above equality coincides with

�1

2

X

x2V

X

e2E, o(e)=x

f(x)X(e),

and the first term conicides with

1

2

X

x2V

X

y2V

f(y) axy X([x, y]) = �1

2

X

x2V

X

y2V

f(y) axy X([y, x])

= �1

2

X

x2V

X

y2V

f(x) ayxX([x, y])

(by changing of order of the summations)

= �1

2

X

x2V

X

y⇠x

f(x)X([x, y])
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= �1

2

X

x2V

X

e 2 E
o(e) = x

f(x)X(e),

and hence, we obtain the desired equality. Q.e.d.

7.2 Topology of graphs

Definition 11 For a finite graph G = (V,E), we define the space of all
divergence free vector fields on G, H1(G), by

H1(G) = {X 2 Xc(G);

divPX(x) = 0} = {X 2 Xc(G); divAX(x) = 0}.

We also denote by H0(G) the space of constant functions on V . Note
that dimH0(G) = 1.

The meaning of the condition

divPX(x) = 0

or
divAX(x) = 0

is that Kirchho↵ ’s law holds, i.e., the totality of outward flows of X from x
coincides with the one of inward flows of X to x.

Theorem 22
For a connected finite graph G = (V,E), let b1(G) = dimH1(G).

(1) Then, we have

1� b1(G) = #V �#E,

say �(G), called the Euler number of the graph G = (V,E).
(2) Let K(x) = 2�m(x), x 2 V . Then, we have

1

2

X

x2V

K(x) = �(G).
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Remark 11
If a graph G = (V,E) is regarded as an 1-dimensional simplicial complex
K(G), let Cq(G) be its abelian group of q-chains, and let us define @q :
Cq(G) ! Cq�1(G), the boundary operator in the standard way such as

@q� = 0, � 2 C0(G) (q = 0),

@q� =
m
X

i=1

ci t(ei)�
m
X

i=1

ci o(ei),

� =
m
X

i=1

ci ei 2 C1(G) (q = 1).

Then the q-th homology group Hq(G) is defined by

Hq(G) = Zq(G)/Bq(G),

where
Zq(G) = Kernel(@q), Bq(G) = Image(@q).

Then it is clear that H1(G) ⇠= H1(G)⌦R. So, b1(G) coincides with the first
Betti number of K(G).

Proof. (of Theorem 22) We give here an intuitive proof. Taking an edge
e = (x, y) 2 E, we give the following operation:

(1) split one of the terminal vertices, say x, into two vertices x+ and
x�,

(2) split the edge e into e+ = (x+, y) and e� = (x�, y), and
(3) cut each edge connecting x other than e and past to either x+ or

x�.

Then we get a new graph, say G0 = (V 0, E 0), where V 0 = (V �{x})[{x+, x�}
and E 0 = (E � {e}) [ {e+, e�}. Notice that #V 0 = #V and #E 0 = #E.

We have a disjoint union:

{z 2 V � {y}; z ⇠ x} =

= {z 2 V 0 � {y}; z ⇠ x+} [ {z 2 V 0 � {y}; z ⇠ x�},
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say, {z 2 V 0 � {y}; z ⇠ x+} = {y1, · · · , yp} and {z 2 V 0 � {y}; z ⇠ x�} =
{yp+1, · · · , ym}, where m + 1 = m(x). We want to give an isomorphism
between H1(G) and H1(G) as follows: For X 2 H1(G), let define X 0 by

X([x+, y]) = �
p
X

i=1

X([x+, yi]),

X([x�, y]) = �
m
X

i=p+1

X([x�, yi]),

X 0(e) = X(e) if e 2 E, o(e) 6= x+, x�.

Then it is easy to see that X 0 2 H1(G) and the mapping X 7! X 0 gives an
isomorphism of H1(G) onto H1(G0). In particular, we have b1(G) = b1(G0).

Now taking the above operations successively to a given graphG = (V,E),
we finially obtain the bouquet graph Bk with k leaves, where k = 1�b1(Bk) =
1� �(G).

But, it is easy to see that dimH1(G) = dimH1(Bk) = k. We have the
desired equality.

For (2), we have

1

2

X

x2V

K(x) =
1

2

X

x2V

2� 1

2

X

x2V

m(x) = #V �#E = �(G).

Q.e.d.

7.3 Eigenvalue problems

4.1. Maximum principle.

Definition 12 A function f 2 C(V ) is harmonic if �Pf = 0 or �Af = 0.
f 2 C(V ) is superharmonic at x 2 V if �Pf � 0 or �Af � 0, i.e.,

1

m(x)

X

y2N(x)

f(y)  f(x),

that is, the mean value of f at the neighborhood N(x) of x is not bigger than
the value f(x) of f at x, itself.



7.3. EIGENVALUE PROBLEMS 199

The following theorem is obvious, but very useful.

Theorem 23 (the minimum or maximum principle)
Assume that f 2 C(V ) is superharmonic at x 2 V . If

f(x)  min{f(y); y 2 V, y ⇠ x}, (7.4)

then f(y) = f(x) for all neighbors y 2 N(x) of x.

Proof. The condition of superharmonic at x, together with (7.4), implies
that

1

m(x)

X

y2N(x)

f(y) = f(x),

but by means of (4.3), this holds when and only when f(y) = f(x) for all
y 2 N(x). We have the desired. Q.e.d.

4.2. Free boundary eigenvalue problems.
For a finite graph G = (V,E), one can consider the following free bound-

ary eigenvalue problem for both Laplacians �P or �A:

�Pf = �f, or �Af = �f. (7.5)

For a constant � is called the eigenvalue of�P or�A if there exists f 2 C(V ),
called the eigenfunction, satisfies (4.4) and f does not vanish identically on
V . Due to Theorem 2.4, every finite graph G = (V,E) with #V = n, admits
non-negative n eigenvalues of �P (or �A) counted with multiplicities, say

�P1  �P2  · · ·  �Pn (or �A1  �A2  · · ·  �An ).

Furthermore, we have

Proposition 9 Assume that G = (V,E) is finite and connected. Then we
have

(1) 0 = �P1 < �P2  · · ·  �Pn  2, and
(2) 0 = �A1 < �A2  · · ·  �An  2m(G),

where m(G) = max{m(x); x 2 V } is the maximum of the degrees of G. The
eigenfunctions with the eigenvalue 0 are the constant functions.
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Proof. Let f 2 C(V ) satisfy f 6⌘ 0 and �Pf = �f . By Theorem 2.4,

�(f, f)P = (�Pf, f)P = (rf,rf)P � 0. (7.6)

Since (f, f)P > 0, we have � � 0. Assume that � = 0. By (7.6), we
have rf = 0, which implies that f is constant on V since G is connected.
Therefore, we have 0 = �P1 < �P2 . That 0 = �A1 < �A2 follows by the same
way.

For the upper bounds of (1) and (2), we have

(rf,rf) =
1

2

X

x2V

X

y⇠x

(f(y)� f(x))2 (7.7)


X

x2V

X

y⇠x

(f(y)2 + f(x)2) (since (a� b)2  2(a2 + b2))

=
X

x2V

X

y⇠x

f(y)2 +
X

x2V

X

y⇠x

f(x)2

= 2
X

x2V

m(x)f(x)2,

where the last equality follows from that

X

x2V

X

y⇠x

f(x)2 =
X

x2V

m(x)f(x)2

and
X

x2V

X

y⇠x

f(y)2 =
X

x2V

X

y2V

axy f(y)
2 =

=
X

x2V

X

y2V

ayx f(x)
2 =

X

x2V

X

y⇠x

f(x)2.

Since
X

x2V

m(x)f(x)2 = (f, f)P

and
X

x2V

m(x)f(x)2  m(G)
X

x2V

f(x)2 = m(G)(f, f)A,

we have �Pn  2 and �An  2m(G), which are the desired. Q.e.d.
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7.4 Graphs with boundaries

Definition 13
A graph G = (V,E) is said to have a boundary @G = (@V, @E) if V and E
have disjoint unions V = V̇ [ @V and E = Ė [ @E satisfying the following
two conditions:

e 2 Ė , x 2 V̇ and y 2 V̇ , (7.8)

e 2 @E , either x 2 V̇ and y 2 @V, (7.9)

or x 2 @V and y 2 V̇ ,

where V̇ (resp. @V ) is called the set of interior vertices (resp. boundary
vertices), and Ė is called the set of interior edges) (resp. boundary edges) of
G = (V,E).

Notice that Ġ = (V̇ , Ė) is a subgraph of G = (V,E), called the interior graph
of G = (V,E).

Now let us consider the Dirichlet boundary eigenvalue problem for a finite
graph G = (V,E) with boundary @G = (@V, @E). This is the following
eigenvalue problem, where � stands for the Laplacians �P or �A of G =
(V,E).

⇢

�f = µf on V̇ ,
f = 0 on @V,

The Neumann boundary eigenvalue problem is that:
⇢

�f = µf on V̇ ,
�f = 0 on @V,

The number µ is called the eigenvalue, and f is called the eigenfunction, if
there exists a solution f 6⌘ 0 of the both problem, respectively. We have

Proposition 10 Let G = (V,E) = (V̇ [ @V, Ė [ @E) be a finite graph with
boundary @G = (@V, @E). For the Dirichlet or Neumann eigenvalue prob-
lem, all the eigenvalues are non-negative. Two eigenfunctions with di↵erent
eigenvalues are mutually orthogonal.

Proof. The assertion (2) follows from (1). For (1), we only need the follow-
ing lemma which is immediately from Theorem 21. The detail is omitted.



202 CHAPTER 7. GRAPH THEORY, BY H.URAKAWA

Lemma 4 Under the same situation Proposition 10, for all functions f, f1
and f2 in C(V ) = C(V̇ [ @V ), we have

X

x2V̇

m(x)f(x)�Pf(x) +
X

x2@V

m(x)f(x)�Pf(x) = (rf,rf), (7.10)

0

@

X

x2V̇

m(x)f(x)�Pf(x)+

+
X

x2@V

m(x)f(x)�Pf(x) = (rf,rf)

!

,

X

x2V̇

m(x)f1(x)(�
Pf2)(x) =

X

x2V̇

m(x)(�Pf1)(x)f2(x)

�
X

x2@V

m(x)
�

f1(x)(�
Pf2)(x)� (�Pf1)(x)f2(x)

 

,

⇣

X

x2V̇

f1(x)(�
Af2)(x) =

X

x2V̇

(�Af1)(x)f2(x) (7.11)

�
X

x2@V

�

f1(x)(�
Af2)(x)� (�Af1)(x)f2(x)

 

⌘

.

In the following, we only deal the Dirichlet eigenvalue problem. We denote
the set of eigenvalues with their multiplicities by

µP
1 (G)  µP

2 (G)  · · ·  µP
k (G)

(resp. µA
1 (G)  µA

2 (G)  · · ·  µA
k (G)),

where k = #V̇ . We also denote by  P
i (resp.  A

i ) the corresponding eigen-
functions with the eigenvalues µP

i (resp. µA
i ) which are orthonormal with

respect to the inner product ( , )P (resp. ( , )A) (i = 1, 2, · · · , k).

Definition 14 We define by C0(V ), the set of all functions f 2 C(V ) sat-
isfying that f(x) = 0 for all x 2 @V .
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Proposition 11 µP
1 > 0 and µA

1 > 0.

Proof. We show µA
1 > 0. That µP

1 > 0 can be proved by the similar way.
By Lemma 4,

µA
1 = (�A 

A
1 , 

A
1 )A = (r A

1 ,r A
1 ) � 0.

Assume that µA
1 = 0. Since r A

1 = 0,  A
1 is constant in V = V̇ [ @V . Since

 A
1 vanishes on @V ,  A

1 vanishes everywhere on V , which contradicts that
 A
1 is the eigenfunction. Q.e.d.

Theorem 24 (the minimax principle)
(1) The eigenvalues µP

1 and µA
1 are characterized as follows:

µP
1 = inf

⇢

(rf,rf)

(f, f)P
; 0 6⌘ f 2 C0(V )

�

,

µA
1 = inf

⇢

(rf,rf)

(f, f)A
; 0 6⌘ f 2 C0(V )

�

.

(2) Furthermore, if 0 6⌘ f 2 C0(V ) satisfies

µP
1 =

(rf,rf)

(f, f)P
(resp. µA

1 =
(rf,rf)

(f, f)A
),

then f is the eigenfunction of the Dirichlet boundary eigenvalue problem of
�P (resp. �A ) with the eigenvalue µP

1 (resp. µA
1 ).

Proof. The first statement follows by the definition. We prove the second for
�A. The proof is the similar for �P . Assume that 0 6⌘ f 2 C0(V ) satisfies

µA
1 =

(rf,rf)

(f, f)A
. (7.12)

The minimality of �A1 and (7.12) impliy that for all ' 2 C0(V ), we have

0 =
d

dt

�

�

�

t=0

(rf + tr',rf + tr')
(f + t', f + t')A

= 2
(rf,r')(f, f)A � (rf,rf)(f,')A

(f, f)A
2
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= 2
(rf,r')� µA

1 (f,')A
(f, f)A

,

which implies that
0 = (rf,r')� µA

1 (f,')A =

= (�Af,')A � µA
1 (f,')A = (�Af � µA

1 f,')A.

Here since ' 2 C0(V ) is arbitrary, we obtain

�Af � µA
1 f = 0 on V̇ ,

which is the desired. Q.e.d.

Theorem 25
Let G = (V,E) be a finite graph with boundary @G = (@V, @E). Assume that
the interior Ġ = (V̇ , Ė) is connected. Then, for both the Laplacians � = �P

and �A,
(1) the first eigenfunction  1 of the Dirichlet eigenvalue problem of G

for � is positive everywhere on V̇ or negative everywhere on V̇ .
(2) The multiplicity of the first eigenvalue the Dirichlet eigenvalue prob-

lem of G for � is one.

Proof. We give a proof for �A. The proof goes by the similar way in the
case of �P . By definition of ( , )A, for each f 2 C(V ), we have

(f, f)A = (|f |, |f |)A , (7.13)

(rf,rf) =
1

2

X

e=[x,y]2E

(f(y)� f(x))2 (7.14)

� 1

2

X

e=[x,y]2E

(|f(y)|� |f(x)|)2 = (r|f |,r|f |) .

In particular, taking f 2 C0(V ) ⇢ C(V ) as the first eigenfunction of the
Dirichlet eigenvalue problem for �A of G with the eigenvalue µA

1 , we have

µA
1 =

(rf,r)

(f, f)A
� (r|f |,r|f |)

(|f |, |f |)A
. (7.15)

By the minimality of µA
1 , the equality holds for (5.13). Thus, by (2) of

Theorem 5.8, |f | is also the eigenfunction corresponding to the eigenvalue
µA
1 . Therefore, we have

�A|f | = µA
1 |f | � 0 (on V̇ ).
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That is, |f | is super harmonic at V̇ . By Theorem 23 (the maximum principle),
we have

|f | > 0 (on V̇ ).

Because, if |f | vanish at some vertex x 2 V̇ , |f | vanish everywhere on V̇
because of the connectivity of V̇ and Theorem 23. Thus, |f | vanish identically
on V , which is a contradiction.

Furthermore, assume that f takes both positive and negative values on V̇ .
By means of connectivity of V̇ , there exists e 2 Ė satisfying that f(x)f(y) <
0, where x and y are the end vertices of e. Then (7.14) is strictly inequality,
i.e.,

(rf,rf) > (r|f |,r|f |).
Therefore, we have

µA
1 =

(rf,rf)

(f, f)A
>

(r|f |,r|f |)
(|f |, |f |)A

,

which contradicts that |f | is the eigenfunction with the eigenvalue µA
1 . Thus,

the sign of f does not change on V̇ .
For (2), assume that the multiplicity of µA

1 is bigger than one, and let f1
and f2 be linearly independent eigenfunctions with the eigenvalue µA

1 . Take
any vertex x in V̇ . Define a linear map A of R2 into R by

A(a, b) = af1(x) + bf2(x).

Since A is never injective, Ker(A) 6= {(0, 0)}. So, choose (a0, b0) 2 Ker(A)�
{(0, 0)} and define a function ' on V by ' = a0f1 + b0f2. Then, ' 6⌘ 0.
Because, if so, this contradicts that {f1, f2} is linearly independent since
(a0, b0) 6= (0, 0). Notice that '(x) = 0 because of (a0, b0) 2 Ker(A), this
contradicts (1) of Theorem 25 since ' is the eigenfunction with the eigenvalue
µA
1 . Q.e.d.

7.5 Discrete Barta’s theorem

In this section, we want to show

Theorem 26
Let G = (V,E) be a finite graph with boundary @G = (@V, @E). Let µP

1 (resp.
µA
1 ) be the first eigenvalue of the Dirichlet eigenvalue problem for �P (resp.
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�A ). Let f be a function on V such that f is positive V̇ and equal to zero
on @V . Then

inf
�Pf

f
 µP

1  sup
�Pf

f
✓

resp. inf
�Af

f
 µA

1  sup
�Af

f

◆

.

Proof. The proof goes by the similar way as in Barta’s theorem for a
Riemannian manifold. Let  1 be the first eigenfunction of the Dirichlet
eigenvalue problem for �A. For �P , the proof goes by the similar way. By
(1) of Theorem 25, we may assume  1 > 0 everywhere on V̇ . We can write
 1 = f + h, and then h = 0 on @V . Then, we have

µA
1 =

�A  1

 1
=

�A (f + h)

f + h
(7.16)

=
�A f

f
+

�A (f + h)

f + h
� �A f

f

=
�A f

f
+

f �A h� h �A f

f(f + h)
.

Note here that if a function  on V vanishing on @V satisfies (1, )A =
P

x2V  (x)
= 0, where 1 is a constant function on V such that 1(x) = 1 (x 2 V), then
either  ⌘ 0 or  changes its sign on V̇ . However, we have f(f + h) > 0 on
V̇ , and

(1, f �A h� h �A f)A = (f,�A h)A � (h,�A f)A

= (rf,rh)� (rh,rf) = 0,

whence either f �A h � h�A f ⌘ 0 or f �A h�h�A f
f(f+h) changes its sign on V̇ .

The former immediately implies that µ1 =
�Af
f by (7.16). In the latter case,

at x 2 V̇ where the sign is negative, we have by (7.16) again

µ1 
�Af

f
(x)  sup

�Af

f
.

At y 2 V̇ where the sign is positive, we have also

inf
�Af

f
 �Af

f
(y)  µ1.
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We have the desired. Q.e.d.

As an application of Theorem 26, we have

Theorem 27
Let G = (V,E) be a connected graph, and Td = (V (Td), E(Td)), the homoge-
neous regular tree of degree d. For all r > 0, let Br(x0) (resp. V d

r ) be the
distance ball of radius r in G (resp. Td), i.e., Br(x0) = {x 2 V ; d(x, x0) < r}
and V d

r = {y 2 V (Td); d(y, o) < r} for some fixed vertices x0 2 V and
o 2 V (Td). Then the first eigenvalues µP

1 (Br(x0)) and µA
1 (Br(x0)) of the

Dirichlet eigenvalue problems of Br(x0) are estimated as follows:
(1) If m(x)  d for all x 2 V , then

µP
1 (Br(x0))  µP

1 (V
d
r ) and µP

1 (Br(x0))  µP
1 (V

d
r )

for all r > 0.
(2) If G is a tree and m(x) � d for all x 2 V , then

µP
1 (Br(x0)) � µP

1 (V
d
r ) and µP

1 (Br(x0)) � µP
1 (V

d
r )

for all r > 0.

(For a proof, see [31].)

As its Corollaries, we have

Corollary 3
Let G = (V,E) be an infinite connected graph. We denote by SpecP (G) (resp.
SpecA(G)) the set of the spectrum of the Laplacian �P (resp. �A). Then
the infimum of their spectra can be estimated as follows:

(1) If m(x)  d for all x 2 V , then

inf Spec(�P )  1� 2
p
d� 1

d
⇣

resp. inf Spec(�A)  d� 2
p
d� 1

⌘

.

(2) If G is a tree and m(x) � d for all x 2 V , then

inf Spec(�P ) � 1� 2
p
d� 1

d
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⇣

resp. inf Spec(�A) � d� 2
p
d� 1

⌘

.

The essential spectra of the Laplacian for an infinite graph can be esti-
mated as follows:

Corollary 4
Let G = (V,E) be an infinite connected graph.

(1) Assume that
m(x) � d for all x 2 V.

Then the essential spectrum of the Laplacian �P (resp. �A) meets with the

interval [0, 1� 2
p
d�1
d ] (resp. [0, d� 2

p
d� 1]).

(2) Let G be an infinite tree and satisfy

lim
r!1

inf
x 62Br(x0)

m(x) = 1.

Then the essential spectrum of the Laplacian �P coincides with a single set
{1}, and the one of �A is empty.

For a finite graph, we have

Corollary 5
Let G = (V,E) be a finite connected graph. Let d(G) be the diameter, and
m(G) = sup{m(x); x 2 V }. Assume that d(G) � 4. Then the m-th eigen-
value of �P (resp. �A), denoted by �Pm (resp. �Am), m = 1, 2, · · · , [d(G)/2],
can be estimated as follows:

�Pm  µP
1 (V

d
r )  1� 2

p

m(G)� 1

m(G)
cos

 

⇡
d(G)
2m + 1

!

 

resp. �Am  µA
1 (V

d
r )  m(G)� 2

p

m(G)� 1 cos

 

⇡
d(G)
2m + 1

!!

,

where we take d = m(G) and r = d(G)
2m in V d

r .

(For a proof, see also [31].)
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7.6 Cheeger constants

In this section, we define the Cheeger constant and give estimation of the
infimum of the spectra of the Laplacians for an infinite graph G = (V,E).

Definition 15 We first denote by µP
0 (G) (resp. µA

0 (G)), the infimum of the
spectrum of the Laplacian �P (resp. �A) on L2

P (V ) (resp. L2
A(V )), that is,

µP
0 (G) = inf Spec(�P ) = inf

⇢

(rf,rf)

(f, f)P
; 0 6⌘ f 2 Cc(V )

�

,

✓

resp. µA
0 (G) = inf Spec(�A) = inf

⇢

(rf,rf)

(f, f)A
; 0 6⌘ f 2 Cc(V )

�◆

,

where Cc(V ) is the space of all functions on V with finite supports.

Definition 16 We define two kinds of the isoperimetric constants, so called
Cheeger constsnts, iP (G) (resp. iA(G)) for an infinite graph G = (V,E) as
follows:

For any finite subset S ⇢ V , its boundary @S is defined by

@S = {e 2 E; e = (x, y), x 2 S and y 62 S}.

We put

A(S) =
X

x2S

m(x), L(@S) = #(@S),

where #(Q) is the cardinality of a set Q. Then,

iP (G) = inf

⇢

L(@S)

A(S)
; ; 6= S ⇢ V and #(S) < 1

�

,

where we take the infimum over all non-empty finite subsets S of V . And by
the same way, we define

iA(G) = inf

⇢

#(@S)

#(S)
; ; 6= S ⇢ V and #(S) < 1

�

.



210 CHAPTER 7. GRAPH THEORY, BY H.URAKAWA

Theorem 28 (cf. [9],[10],[12]) Let G = (V,E) be an infinite graph. Then
we have

(1) 1
2iP (G)2  µP

0 (G)  iP (G).
(2) Assume that m(G) = sup{m(x); x 2 V } < 1. Then we have

1

2m(G)
iA(G)2  µ0(G)  iA(G) .

Remark 12 The above estimations are not sharp. Indeed, Mohar [19], [20],
[21], and Tan [27] gave the following estimation:

1�
p

1� iP (G)2  µP
0 (G).

On the other hand, it is known (cf. [26]) that

m(G)�
p

m(G)2 � iA(G)2  µA
0 (G).

For other lower and upper bounds of the spectrum Spec(�P ), see [34].

Remark 13 For a finite graph G = (V,E), one can define the Cheeger con-
stants as follows:

iP (G) = inf

⇢

L(@S)

A(S)
; ; 6= S ⇢ V and #(S)  1

2
#(V )

�

,

iA(G) = inf

⇢

#(@S)

#(S
; ; 6= S ⇢ V and #(S)  1

2
#(V )

�

.

Then, Mohar showed that if G = (V,E) is a finite graph with n := #(V ) � 4,
then the first eigenvalue �A1 of �A satisfies

iA(G) 
q

�A1 (2m(G)� �A1 ).

Moreover, it holds (cf. [27]) that, under the same assumption, the first eigen-
value �P1 of �P satisfies

iP (G) 
q

�P1 (2� �P1 ),

and the equality holds if and only if G = K1,n�1 which is the star garph of n
vertices (see also [1] and [3]).
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Proof. (of Theorem 28) We only show (1), and (2) can be shown by
the similar way. For every f 2 Cc(V ) with (f, f)P = 1, we shall show
iP (G) 

p

2(rf,rf).
We may first assume f � 0 because we have by the same way as the proof

of Theorem 25,

(rf,rf) � (r|f |,r|f |), and (f, f)P = (|f |, |f |)P .

(the first step) We give an orientation at each edges, and let E be the
set of all oriented edges of G. For each e 2 E, let o(e) be the origin of e, and
t(e) the terminal of e. Define A =

P

e2E |f(o(e))2 � f(t(e))2|. Then we can
show that

A 
p

2(rf,rf). (7.17)

Because we have

A2 =

0

@

X

[x,y]2E

(f(x) + f(y)) |f(x)� f(y)|

1

A

2


X

[x,y]2E

(f(x) + f(y))2
X

[x,y]2E

|f(x)� f(y)|2

(by Cauchy-Schwarz)

=
X

[x,y]2E

{f(x)2 + 2f(x)f(y) + f(y)2} (rf,rf)

 2
X

[x,y]2E

{f(x)2 + f(y)2} (rf,rf)

= 2
X

x2V

m(x)f(x)2 (rf,rf)

= (f, f)P (rf,rf) = (rf,rf).

(the second step) Since f 2 Cc(V ), we may write

{f(x); x 2 V } = {�0 = 0 < �1 < · · · < �N}.

Putting Ki = {x 2 V ; f(x) � �i}, we have

@Ki = {e = (x, y) 2 E; f(x) � �i and f(y) < �i},
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and by definition of iP (G),

iP (G)A(Ki)  L(@Ki). (7.18)

(the third step) Here we have

A � iP (G). (7.19)

In fact, we have
A =

X

[x,y]2E

|f(x)2 � f(y)2|

=
N
X

i=1

X

f(x) = �i
x 2 V

X

y ⇠ x
f(y) < �i

|f(x)2 � f(y)2| .

Furthermore, if x ⇠ y, f(x) = �i and f(y) = �i�k < �i , then

[x, y] 2 @Ki \ @Ki�1 \ · · · \ @Ki�k+1 and

f(x)2 � f(y)2 =

= (�i
2 � �i�1

2) + (�i�1
2 � �i�2

2) + · · ·+ (�i�k+1
2 � �i�k

2).

Then, we have

A =
N
X

i=1

X

[x,y]2@Ki

(�i
2 � �i�1

2)

=
N
X

i=1

L(@Ki)(�i
2 � �i�1

2)

� iP (G)
N
X

i=1

A(Ki)(�i
2 � �i�1

2)

= iP (G)

(

N
X

i=1

A(Ki)�i
2 �

N�1
X

i=1

A(Ki+1)�i
2

)

,

where note �0 = 0 in the last equality. Since

Ki �Ki+1 = {x 2 V ; �i  f(x) < �i+1} =
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= {x 2 V ; f(x) = �i},
we have

A(Ki)� A(Ki+1) = A(Ki �Ki+1) =
X

x 2 V
f(x) = �i

m(x).

Therefore, we obtain

A � iP (G)
N
X

i=1

X

x 2 V
f(x) = �i

m(x)�i
2

= iP (G)
X

x2V

m(x)f(x)2

= iP (G)(f, f)P = iP (G),

which is (7.19).
Altogether with (7.17), (7.18) and (7.19), we obtain

iP (G)2  2(rf,rf).

At last, we prove the inequality

µP
o (G)  iP (G).

For every nonempty finite subset S of V , we define a function f 2 Cc(V ) by

f(x) =

⇢

1 if x 2 S,
0 if x 62 S.

Then, we have

(f, f)P = A(S) and (rf,rf)  L(@S),

hence we have

µP
0  (rf,rf)

(f, f)P
 L(@S)

A(S)
.

Since S is arbitrary, we obtain µP
0  iP (G). Q.e.d.
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7.7 Exponential volume growth

(Exponential volume growth and spectra)

Definition 17 For an infinite graph G = (V,E), we define the exponential
volume growths ⌧P (G) (resp. ⌧A(G)) by

⌧P (G) = lim sup
r!1

1

r
log V (r),

✓

⌧A(G) = lim sup
r!1

1

r
log(#(Br(x0)))

◆

,

where
V (r) = A(Br(x0)) =

X

x2Br(x0)

m(x),

and Br(x0) = {x 2 V ; d(x, x0) < r} (r > 0) for some fixed vertex x0 2 V .
Note here that the definitions of ⌧P (G) and ⌧A(G) are independent on a choice
of a fiexd vertex x0.

Proposition 12 We have the following inequalities:

⌧P (G) � log(iP (G) + 1), and ⌧A(G) � log(iA(G) + 1).

Proof. We only give a proof of the former, because it is the same for the
latter. By definition, we have

e⌧P (G) = lim sup
r!1

V (r)
1
r

= lim sup
r!1

V (r + 1)

V (r)

= lim sup
r!1

✓

V (r + 1)� V (r)

V (r)
+ 1

◆

= lim sup
r!1

✓

#(@Br(x0))

V (r)
+ 1

◆

� iP (G) + 1.

Q.e.d.
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Theorem 29 For every infinite graph G = (V,E),
(1) (cf. Fujiwara, [12]) we have

µP
0 (G)  1� 2 e⌧P (G)/2(1 + e⌧P (G))�1.

(2) If m(G) = sup{m(x); x 2 V } < 1, we have

µA
0 (G)  m(G)

�

1� 2 e⌧A(G)/2(1 + e⌧A(G))�1
�

.

In particular, if ⌧P (G) = 0, then µP
0 (G) = 0. If ⌧A(G) = 0, then µA(G) = 0.

Remark 14 (a) For every real number ⌧ ,

1� 2e⌧/2(1 + e⌧ )�1 =
(1� e⌧/2)2

1 + e⌧
,

which is a monotone increasing function in ⌧ , say f(⌧). And,

lim
⌧!0

f(⌧) = 0

and
lim
⌧!1

f(⌧) = 1.

(b) Theorem 29 (1) sharpens the results due to [10] and [24].

Definition 18
An infinite graph G = (V,E) is subexponential if ⌧P (G) = 0 or ⌧A(G) = 0.

Example 3 The d dimensional integer lattice

Zd = {(m1, · · · ,md); mi 2 Z (i = 1, . . . , d)}

is a graph if two points (m1, · · · ,md) and (m0
1, · · · ,m0

d) are connected by an
edge if there exists i with i = 1, · · · , d such that |mi �m0

i| = 1 and mj = m0
j

for all j = 1, · · · , d with j 6= i . Since V (r) and #(Br(x0)) have polynomial
growths as r ! 1, Zd is subexponential, i.e., ⌧P (Zd) = 0 and ⌧A(Zd) = 0.

Before going into the proof of of Theorem 29 (2), we need some lemmas.
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Lemma 5 If a real number ↵ satisfies that ⌧A(G) < 2↵, then

(e�↵⇢, e�↵⇢)A < 1,

where ⇢ is the distance function from the fiexed vertex x0, i.e., ⇢(x) =
d(x, x0), (x 2 V ).

Proof. Indeed, we have

(e�↵⇢, e�↵⇢)A =
X

x2V

e�2↵⇢(x)

=
1
X

r=0

{#(Br+1(x0))�#(Br(x0))} e�2↵ r

=
�

1� e�2↵
�

1
X

r=0

#(Br+1(x0))e
�2↵ r.

Since ⌧A(G) < 2↵, we can choose ⌧A(G) < � < 2↵. Then, by definition of
⌧A(G), for all large r,

#(Br(x0))  e�r,

which implies
1
X

r=0

e�re�2↵r < 1.

We have the desired result. Q.e.d.

For each ↵ and j = 1, 2, · · ·, define functions hj and fj on V by

hj(x) =

⇢

↵⇢(x), ⇢(x)  j,
2↵j � ↵⇢(x), ⇢(x) > j,

fj(x) = ehj(x).

Then we have

Lemma 6 If two vertices x and y are neighbors, then for each j = 1, 2, · · ·,

(fj(x)� fj(y))
2  (1� e↵)2

1 + e2↵
�

fj(x)
2 + fj(y)

2� .
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Proof. If x ⇠ y, ⇢(x) = ⇢(y), or |⇢(x)� ⇢(y)| = 1. In the case ⇢(x) = ⇢(y),
we have the desired. In the case |⇢(x) � ⇢(y)| = 1, we may assume that
⇢(y) = ⇢(x) + 1. We give the proof dividing two cases.

Case 1. ⇢(x)  j� 1: In this case, ⇢(y)  j, so we have by definition
of fj,

fj(y) = e↵⇢(y) = e↵fj(x),

and then we have

(fj(x)� fj(y))
2 = (1� e↵)2fj(x)

2

=
(1� e↵)2

1 + e↵
�

fj(x)
2 + e2↵fj(y)

2�

=
(1� e↵)2

1 + e↵
�

fj(x)
2 + fj(y)

2� .

Case 2. ⇢(x) � j. In this case, ⇢(y) � ⇢(x) + 1 � j + 1. Then we have

fj(y) = e2↵j�↵⇢(y) = e�↵e2↵j�↵⇢(x) = e�↵fj(x).

By the similar way as the Case 1, we have the desired inequality. Q.e.d.

Lemma 7
If (e�↵⇢, e�↵⇢)A < 1, then, for each j = 1, 2, · · ·, (fj, fj)A < 1.

Proof. We have

(fj, fj)A =
X

x2Bj+1(x0)

fj(x)
2 +

X

x 62Bj+1(x0)

fj(x)
2

 e2↵j#(Bj+1(x0)) + e4↵j(e�↵⇢, e�↵⇢)A < 1.

Q.e.d.

Lemma 8 Under the same assumption of Lemma 7, we have

(rfj,rfj)  m(G)
(1� e↵)2

1 + e2↵
(fj, fj)A .
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Proof. Indeed, we have, by Lemma 6,

(rfj,rfj) =
1

2

X

x⇠y

(fj(x)� fj(y))
2

 1

2

(1� e↵)2

1 + e2↵

X

x⇠y

�

fj(x)
2 + fj(y)

2�

=
(1� e↵)2

1 + e2↵

X

x2V

m(x)fj(x)
2

 m(G)
(1� e↵)2

1 + e2↵
(fj, fj)A .

Proof. (of Theorem 29) For each vertex x 2 V , let �x be a function on
V defined by

�x(y) =

⇢

1, y = x,
0, 6= x.

Then we have

(r�x,r�x) =
1

2

X

z⇠y

(�x(z)� �x(y))
2 = m(x),

and (�x,�x)A = 1. Therefore, we obtain that µA
0 (G)  m(G). So we may

assume ⌧A(G) < 1.

Now we assume m(G) (1�e⌧A(G)/2)2

1+e⌧A(G) < µA
0 (G). We want to derive a con-

tradiction. The function f(⌧) = (1�e⌧/2)2

1+etau is monotone increasing, so we can
choose a real number ↵ satisfying that ⌧A(G) < 2↵ and m(G)f(↵) < µA

0 (G).
Then by Lemma 5, we have (e�↵⇢, e�↵⇢)A < 1. By Lemma 7, we have
(fj, fj)A < 1. By Lemma 8, we have

(rfj,rfj)

(fj, fj)A
 m(G)

(1� e↵)2

1 + e2↵
= m(G)f(↵) < µA

0 (G),

which contradicts the definition of µA
0 (G). We obtain Theorem 29 (2). Q.e.d.
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7.8 Heat kernel and Green kernel

Let G = (V,E) be a locally finite infinite graph. Let p(x, y) be the one step
transition probability of the random walk standing at x 2 V to move to
y 2 V , i.e.,

p(x, y) = pxy =

( 1

m(x)
, y ⇠ x,

0, otherwise.

We define the operator P acting on C(V ), by

Pf(x) =
X

y2V

p(x, y)f(y) =
1

m(x)

X

y⇠x

f(y), (x 2 V ),

for each f 2 C(V ). Let us recall the transition Laplacian �P which is defined
by �P = I � P , i.e.,

(�Pf)(x) = f(x)� Pf(x) =

= f(x)� 1

m(x)

X

y⇠x

f(y), (x 2 V ).

Definition 19 For each n = 0, 1, 2, · · ·, pn(x, y) (x, y 2 V ) is defined induc-
tively by

pn(x, y) =
X

x2V

p(x, z)pn�1(z, y).

Here p0(x, y) is

p0(x, y) =

⇢

1, x = y,
0, x 6= y.

We call pn(x, y) the heat kernel.

Remark that

p1(x, y) =
X

z2V

p(x, z)p0(z, y) = p(x, y).

The function pn(x, y) is the n-th step transition probability of the random
walk standing at x to move to y. Note here that

pn+1(x, y)� pn(x, y) + (�P )xp
n(x, y) = 0. (7.20)
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Indeed, we have by definition

(�P )xp
n(x, y) = pn(x, y)�

X

x2V

p(x, z)pn(z, y)

= pn(x, y)� pn+1(x, y).

Q.e.d.

Definition 20 The Green kernel (or Green function) is the following series:

G(x, y) =
1
X

n=0

pn(x, y) (x, y 2 V ).

The above series is not always convergent. If there exist x and y in V such
that G(x, y) < 1, (then G(x, y) < 1 for all x and y), the graph G = (V,E)
is said to be transient, and otherwise, recurrent.

Statistically, G(x, y) is the expectation of visiting time of the random
walk starting at x to y.

If G = (V,E) is transient, it holds that for all x and y in V ,

(�P )xG(x, y) = p0(x, y) =

⇢

1 x = y,
0 x 6= y.

(7.21)

Indeed, we have

(�P )xG(x, y) = G(x, y)�
X

x2V

p(x, z)G(z, y)

= G(x, y)�
1
X

n=0

X

z2V

p(x, z)pn(z, y)

= G(x, y)�
1
X

n=0

pn+1(x, y)

= p0(x, y).

For estimations of the heat kernel and the Green kernel, see [30], [33],
[35].
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7.9 Martin kernel and Martin boundary

In this section, we only consider a transient infinite graph G = (V,E). It
is known (see [15]) that if F (x, y) is the probability of visiting to y of the
random walk starting at x, then the following three hold:

8

<

:

F (x, x) = 1 x 2 V,
G(x, y) = F (x, y)G(y, y) x, y 2 V,
F (x, y)F (y, z)  F (x, z) x, y, z 2 V.

(7.22)

Definition 21 We always fix a vertex o 2 V . The function Ky (y 2 V )
dfined by

Ky(x) = K(x, y) =
G(x, y)

G(o, y)
(x 2 V )

is called the Martin kernel of G = (V,E).

Proposition 13 The Martin kernel satisfies the following properties:
(1) For each y 2 V , Ky is bounded on V .
(2) For each y 2 V , Ky is harmonic on the set {x 2 V ; x 6= y}.
(3) Ky(o) = 1.

Proof. (3) is clear. For (1), we only see that for all x and y in V , by (10.1),

K(x, y) =
G(x, y)

G(y, y)

G(y, y)

G(o, y)
=

F (x, y)

F (o, y)
 1

F (o, y)
< 1. (7.23)

For (2), it su�ces to see by (7.21),

(�P )xK(x, y) =

(

0, x 6= y,
1

G(0, x)
, x = y. (7.24)

We have Proposition 13. Q.e.d.

Definition 22 For a transient infinite graph G = (V,E), we define a new
distance ⇢(u, v) (u, v 2 V ) as follows:

⇢(u, v) =
X

x2V

q(x)F (o, x)|K(x, u)�K(x, v)| (u, v 2 V ),
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where q(x) (x 2 V ) is a weight function on V which satisfies that

0 < q(x) < 1, and
X

x2V

q(x) < 1.

As such a function, one can find in such a way that, numbering all elements
of V as {u1, u2, · · ·}, and define q by

q(ui) = 2�i (i = 1, 2, · · ·),

since
P

x2V q(x) =
P1

i=1 2
�i < 1.

Lemma 9 The function ⇢(u, v) is a distance in V .

Proof. By the third equation of (7.22) and (7.23), we have

⇢(u, v) 
X

x2V

q(x)F (o, x){|K(x, u)|+ |K(x, v)|} 

 2
X

x2V

q(x) < 1.

The triangle inequality and ⇢(u, v) = ⇢(v, u) are clear. Furthermore, we can
see that

⇢(u, v) = 0 () Ku = Kv () u = v.

By Definition 22, one can see immediately the first equivalence. For the
second equivalence, assume that Ku = Kv and u 6= v. We want derive a
contradiction. Indeed, we have

K(u, v) =
X

z2V

p(u, z)K(z, v)

(since Kv is harmonic on {x 2 V ; x 6= v})

=
X

z2V

p(u, z)K(z, u) (since Ku = Kv)

= K(u, u)� (�P )uK(u, u) (by definition of �P )

= K(u, u)� 1

G(o, u)
(by (7.24))

< K(u, u),

which contradicts the assumption Ku = Kv. Q.e.d.
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Proposition 14 For a sequence {yn}1n=1 of vertices in V , a necessary and
su�cient condition to be a Cauchy sequence in the metric space (V, ⇢) is that
for each x 2 V , the sequence of real numbers, {Kyn(x)}1n=1 is also a Cauchy
sequence. In particular, the topology of V induced from the distance ⇢ does
not depend on a choice of q(x) (x 2 V ).

Remark 15 A sequence {yn} in a metric space (V, ⇢) is a Cauchy sequence
if if ⇢(yn, ym) ! 0 as m, n ! 1.

Proof. Assume that {yn}1n=1 is a Cauchy sequence in (V, ⇢). By definition of
⇢,

{q(x)F (o, x)K(x, yn)}1n=1

is also a Cauchy sequence in the real line, for each fixed x 2 V . Since
q(x)F (o, x) > 0, {K(x, yn)}1n=1 is also a Cauchy sequence.

Conversely, assume that for each x 2 V , {K(x, yn)}1n=1 is a Cauchy se-
quence. Let ✏ > 0 be an arbitrarily small number. Take a finite subset S of
V in such a way that the following holds:

X

x2V�S

q(x)  ✏

4
.

there exists a large number N > 0 satisfying that for each x 2 S and for all
n, m � N ,

|K(x, yn)�K(x, ym)| 
✏

2
P

z2S q(z)
,

since S is a finite set and the assumption that {K(x, yn)}1n=1 is a Cauchy
sequence. Then, we have

⇢(yn, ym) =
X

x2S

q(x)F (o, x)|K(x, yn)�K(x, ym)|

+
X

x2V�S

q(x)F (o, x)|K(x, yn)�K(x, ym)|


(

X

x2S

q(x)F (o, x)

)

✏

2
P

z2S q(z)
+ 2

X

x2V�S

q(x)

 ✏

2
+
✏

2
= ✏,

which implies that {yn}1n=1 is a Cauchy sequence in (V, ⇢). Q.e.d.
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Definition 23 Let V ⇤ be the completion of the metric space (V, ⇢). We de-
note by the same letter ⇢, the induced metric on V ⇤ from ⇢. The complement
V1 of V in V ⇤ is called the Martin boundary of G = (V,E). That is, V ⇤ is
the set of all Cauchy sequences Y = {yn}1n=1 in V with respect to ⇢, and the
inclusion of V into V ⇤ is given by the mapping which assigns v 2 V to the
sequence {v, v, · · ·} 2 V ⇤.

By means of Proposition 14 , V1 is characterized as follows: V1 is iden-
tified by the set of all g 2 C(V ) of which is the limit

g = lim
n!1

Kyn

where {yn}1n=1 is a sequence of mutually distinct vertices in V .
As {yn}1n=1 is Cauchy if and only if {K(x, yn)}1n=1 is so, for all x 2 V , due

to Proposition 14, one can define for each Cauchy sequence Y = {yn}1n=1 2
V ⇤,

KY (x) = K(x, Y ) = lim
n!1

K(x, yn) (x 2 V ). (7.25)

Furthermore, the distance ⇢ on V ⇤ is given by

⇢(Y, Y 0) = lim
n!1

⇢(yn, y
0
n) (7.26)

 

=
X

x2V

q(x)F (o, x)|K(x, Y )�K(x, Y 0)|
!

,

for Y = {yn}1n=1 and Y 0 = {y0n}1n=1. Because {⇢(yn, yn)}1n=1 is covergent since

|⇢(yn, yn)� ⇢(ym, ym)| 

 |⇢(yn, yn)� ⇢(yn, ym)|+ |⇢(yn, ym)� ⇢(ym, ym)|

 2⇢(yn, ym) ! 0,

as n, m ! 1.
It is easy to see that

(1) for a sequence {Yn}1n=1 in V ⇤, it is a Cauchy sequence in V ⇤ if and
only if {KYn}1n=1 is a Cauchy sequence in the real line for each x 2 V .
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(2) For two Y = {yn}1n=1 and Y 0 = {y0n}1n=1 in V ⇤, that they are equivalent
is that limn!1 ⇢(yn, y0n) = 0 if and only if KY = KY 0 if and only if ⇢(Y, Y 0) =
0, by definition.

Furthermore, we have

Proposition 15 The metric space (V ⇤, ⇢) is compact.

Proof. Assume that {Yn}1n=1 is any sequence in V ⇤. Then we have by (7.22),

K(x, Yn)  sup
y2V

K(x, y)  1

F (o, x)
< 1 (x 2 V ).

By the diagonal argument, one can choose a subsequence

{Ynk
}1k=1

satisfying that
{K(x, Yk)}1k=1

is a Cauchy sequence in the real line for each x 2 V . Because, we enumerate
all elements in V as V = {u1, u2, · · ·}. Then we can choose subsequence
{Y 1

n }1n=1 of {Yn}1n=1 satisfying that K(u1, Y 1
n )}1k=1 is a Cauchy sequence,

and then one can choose a subsequence {Y 2
n }1n=1 of {Y 1

n }1n=1 satisfying that
{K(u2, Y 2

n )}1n=1 is a Cauchy sequence, and so on. Continue this process.
Then for the subsequence {Y k

k }1k=1 of {Yn}1n=1, {K(ui, Y k
k )}1k=1 is a Cauchy

sequence in the real line for all ui. Due to Proposition 10.8, the subsequence
{Y k

k }1k=1 of {Yn}1n=1 is a Cauchy sequence in (V ⇤, ⇢), which is convergent,
because of the completeness of (V ⇤, ⇢). Q.e.d.

We can state (cf. [15])

Theorem 30 (Poisson-Martin representation theorem)
Assume that an infinite garph G = (V,E) is transient. For each non-negative
harmonic function h on V , there exists a Borel measure on V1 such that

h(x) =

Z

V1

KY (x)dµ(Y ) (x 2 V ).

Conversely, for each Borel measure µ on V1 the above integral h gives a
non-negative harmonic function on V .
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Definition 24 A non-negative harmonic funtion h on V is called minimal
if the only non-negative harmonic function h1 on V satisfying

h1(x)  h(x) (x 2 V )

is a constant multiple of h. Then let us define

V1,1 = {Y 2 V1; KY is minimal},

V0,1 = V1 � V1,1 (the complement ofV1,1 in V1),

and a Borel measure µ on V1 is called regular if µ(V0,1) = 0.

Then we can state (cf. [15])

Theorem 31 Assume that G = (V,E) is a transient infinite graph. Then
for any non-negative harmonic function h on V there exists a unique regular
Borel measure µ on V1 satisfying that

h(x) =

Z

V1

KY (x)dµ(Y ) (x 2 V ).

7.10 End compactification

For a transient infinite graph G = (V,E), we can construct another com-
pactification, so called the end boundary.

Definition 25 A sequence Y = {yi}1i=0 of vertices in V is called a ray if it
satisfies that yn 6= ym for all n 6= m, and yi ⇠ yi+1 for all i = 0, 1, 2, · · ·.

Two rays Y = {yi}1i=0 and Y 0 = {y0i}1i=0 are equivalent if there exist
positive numbers n and k such that yi = y0i+k for all i � n.

The equivalence classes, say [Y ], are called end, and the totality of all
ends is called the end boundary, and denoted by V (1).



7.10. END COMPACTIFICATION 227

Theorem 32 (cf.[8]) Assume that a locally finite, infinite graph G = (V,E)
is transient. We can give the following topology, called the cone topology
on the union V [ V (1) of V and the end boundary V (1) which becomes
compact by this topology: for every ray Y = {yi}1i=0 and finite subset F of E,
let CF (Y ) be the connected component of the complement of F in E of which
corresponding set of vertices, denoted by the same letter cF (Y ), contains all
but except finite number of yi. For a finite subset F of E, we denote by
CF ([Y ]) = CF (Y ) since CF (Y ) = CF (Y 0) for two equivalent Y and Y 0.

The cone topology on V [ V (1) is that
• For each x 2 V , the single set {x} is open,
• For each [Y ] 2 V (1), the family consisting of subsets (CF ([Y ])�

U) [ [Y ]
of V [ V (1), is a basis of neighborhood of [Y ], where F runs

over all
finite subsets E and U runs over all finite subsets of V .

Remark 16
Here two edges e and e0 of a subset G of E are to be connected in G if there
exits a path

c = [v0, v1, · · · , vn+1]

satisfying
e = (v0, v1), e0 = (vn, vn+1)

and each edge (vi, vi+1) belongs to G, the maximal subsets of G in which
elements are connected mutually in G are said the connected components of
G.

Definition 26 A ray Y = {yi}1i=0 is said geodesic if for all m and n with
m < n, the path c = [ym. ym+1, · · · , yn] is the shortest pathconnecting ym and
yn, i.e., `(c) = n�m.

For all x 2 V and ! 2 V (1), there exists a ray Y = {yi}1i=0 which is a
geodesic and [Y ] = !. This Y is unique up to the equivalence and is called
the geodesic ray starting at x and reaching !.

It is known (cf. [8]) that
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Proposition 16 The end boundary V (1) coincides with the totality of all
geodesic rays starting at a fixed vertex o 2 V .

Furthermore, it is known (cf. [8]) that

Theorem 33 Assume that a locally finite, infinite tree G = (V,E) is tran-
sient.

(1) Then the Martin boundary coincides with the end boundary, i.e.,
V1,1 = V1 = V (1).

(2) A sequence {yi}1i=0 of vertices in V converges to ! 2 V (1) if and
only if (o, [yi,!]o) ! 1 as i ! 1. Here d is the graph distance of G = (V,E)
and for two elements ! and ⌘ in V [ V (1), p 2 V is the confluence of !
and ⌘, denoted by [!, ⌘]o, if p is the last common vertex in the geodesic ray
from o to !, and the one from o to ⌘.

For the end boundary V (1), the end Dirichlet bonudary problem can be
settled: For a given function ' on V (1) which is continuous with respect
to the cone topology, find a solution f 2 C(V ) satisfying that

⇢

�Pf(x) = 0, x 2 V,
limx!! f(x) = '(!), ! 2 V (1),

(7.27)

where the limit is taken in the cone topology on V [ V (1).
For this problem, it is known (cf. [8]) that

Theorem 34 Assume that G = (V,E) is a locally finite infinite transient
graph and its Green kernel G(x, y) vanishes at infinity, i.e., for each ✏ > 0,
the set {x 2 V ; G(x, o) < ✏} is finite set for a fixed vertex o 2 V . Then
for every continuous function ' on V (1), there exists a unique solution
f 2 C(V [ V (1)) of the end Dirichlet problem.

Finally, we give examples.

Example 4 (1) For the d dimensional integer lattice Zd, it is transient if
and only if d � 3 (cf. Polya). In this case, V1 = V (1) is a single set, i.e.,
every non-negative harmonic function on Zd is constant.
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(2) For the homogeneous regular tree of degree d with (d � 3), is always
transient, and the Green kernel is given (cf. [4], [30]) by

G(x, y) =
d� 1

d� 2

✓

1

d� 1

◆d(x,y)

(x, y 2 V (Td)),

where d(x, y) is the graph distance between x and y. The Martin boundary
coincides with the end boundary V1 = V (1), and this can be identified with
the Cantor set in the circle S1 = [0, 1]/{0, 1}.

For the Green kernel, we have (see for example, [30]) that

Theorem 35 Assume that G = (V,E) is a locally finite infinite garph.
(1) If m(x)  d for all x 2 V , then we have

G(x, y) � d� 1

d� 2

✓

1

d� 1

◆d(x,y)

(x, y 2 V ).

(2) If G = (V,E) is an infinite tree and satisfies m(x) � d � 3 for all
x 2 V , then we have

G(x, y)  d� 1

d� 2

✓

1

d� 1

◆d(x,y)

(x, y 2 V ).

Corollary 6
G = (V,E) is an infinite tree and m(x) � 3 for all x 2 V . Then the end
Dirichlet problem has a unique solution f for every continuous function '
on V (1).

7.11 From discreteness to continuum

In this section, we want to show what is the completion and the Martin
boundary of the homogeneous regular tree Td with d = q + 1 � 3.
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Let Q be the set of all symbols

0.a1a2 · · · ak,

where a1, a2, · · · , ak 2 {0, 1, 2, · · · , q � 1}. We may assume 0. 2 Q, and
may regard u = 0.a1a2 · · · ak as a rational number ⇡(u) expanded by q in
such a way that

⇡(u) = a1 q
�1 + a2 q

�2 + · · ·+ ak q
�k 2 [0, 1].

And let �Q be the set of all symbols � 0.a1a2 · · · ak, where 0.a1a2 · · · ak
runs over the set Q. We may assume � 0. 2 �Q and may also regard
u = � 0.a1a2 · · · ak as

⇡(u) = � a1 q
�1 � a2 q

�2 � · · ·� ak q
�k 2 [�1, 0].

We consider the following infinite graph G = (V,E) of which the set V of
vertices is V = Q [ (�Q), and the set E of edges is given by the following
relations:

(1) 0.a1a2 · · · ak ⇠ 0.a1a2 · · · akx,
where x 2 {0, 1, 2, · · · , q � 1},

(2) � 0.a1a2 · · · ak ⇠ � 0.a1a2 · · · akx,
where x 2 {0, 1, 2, · · · , q � 1},

(3) � 0. ⇠ 0.,
respectively.

Then the obtained infinite graph G = (V,E) can be identified naturally
with the homogeneous regular tree Td of degree d = q + 1.

Recall that the Green kernel G(x, y) of Td is given by

G(x, y) =
q

q � 1
q�d(x,y) (x, y 2 V ), (7.28)

and the Martin kernel K(x, y) is given by

K(x, y) =
G(x, y)

G(o, y)
= qd(o,y)�d(x,y) (x, y 2 V ), (7.29)

and the probability F (x, y) of visiting to y for the random walk starting at
x is given by

F (x, y) =
G(x, y)

G(y, y)
= q�d(x,y) (x, y 2 V ). (7.30)
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We may give the weight function q(x) (x 2 V ) as

q(x) = q�2d(o,x) (x 2 V ). (7.31)

Then the distance ⇢(u, v) (u, v 2 V ) given by

⇢(u, v) =
X

x2V

q(x)F (o, x)|K(x, u)�K(x, v)| (u, v 2 V )

can be estimated below as follows:

Theorem 36 We have

q(q2 � 1)

q3 � 1
|⇡(u)� ⇡(v)|2  ⇢(u, v) (u, v 2 Q),

where | x | is the absolute value of a real number x.

We have immediately by Theorem 36

Corollary 7
If a sequence {un}1n=1 of vertices in Q is a Cauchy sequence with respect to
the distance ⇢, then {⇡(un)}1n=1 is a Cauchy sequence in [0, 1] with respect
to the distance |x � y|, (x, y 2 [0, 1]). Therefore, from the completion of
Td = Q [ (�Q), we can reconstruct the closed interval [0, 1].

Proof. (of Theorem 36) In the proof, we identify u and ⇡(u) for u 2 Q.
Notice that, by (7.29), for u, v 2 Q, and x 2 �Q,

|K(x, u)�K(x, v)| =
�

�qd(o,u)�d(x,u) � qd(o,v)�d(x,v)
�

� =

=
�

�q�d(o,x) � q�d(o,x)
�

� = 0,

where we take o = 0. 2 Q. By this and together with (7.30), (7.31) and the
definition of ⇢(u, v), we have for u, v 2 Q,

⇢(u, v) =
X

x2Q

q�3d(o,x)
�

�qd(o,u)�d(x,u) � qd(o,v)�d(x,v)
�

� (7.32)
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=
X

x2Q

q�4d(o,x)
�

�q2d(o,[x,u]o) � q2d(o,[x,v]o)
�

� ,

where [x, u]o is the confluence of x and u, and

d(x, u) = d(o, x) + d(o, u)� 2d(o, [x, u]o)

for x, u 2 Q.
For u, v 2 Q, let

u = 0.a1 · · · apap+1 · · · ap+s,

and
v = 0.a1 · · · apa0p+1 · · · a0p+t ,

with ap+1 6= a0p+1. So we have [u, v]o = 0.a1 · · · ap. For r � p + 1 =
d(o, [u, v]o) + 1, let Ar be the set of all vertices x in Q which follow from
0.a1 · · · apap+1 with d(o, x) = r. Then we have

Lemma 10 (1) For all x 2 Ar, we have

d(o, [u, v]o) + 1 = p+ 1  d(o, [x, u]o) = d(o, [x, v]o).

(2) We have #(Ar) = qr�(p+1).

Proof. (1) All x 2 Ar can be written as

x = 0.a1 · · · apap+1xp+2 · · · xr

for some xp+2, · · · , xr 2 {0, 1, q � 1}. Then, we have

[x, u]o = 0.a1 · · · apap+1yp+2 · · · yr,

for some yp+2, · · · , yr 2 {0, 1, . . . , q � 1}, and

[x, v]o = 0.a1 · · · ap = [u, v]o.

Then, we have d(o, [x, u]o) � p + 1 = 1 + d(o, [u, v]o) and d(o, [x, v]o) = p =
d(o, [u, v]o).

The statement (2) is clear. Q.e.d.

By Lemma 10, we have, for x 2 Ar,

�

�q2d(o,[x,u]o) � q2d(o,[x,v]o)
�

� =
�

�q2d(o,[x,u]o) � qd(o,[u,v]o)
�

�
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�
�

�q2(p+1) � q2p
�

� = q2p(q2 � 1).

Therefore, we have

⇢(u, v) �
1
X

r=p+1

q�4r
X

x2Ar

�

�q2d(o,[x,u]o) � q2d(o,[x,v]o)
�

�

�
1
X

r=p+1

#(Ar)q
�4r(q2 � 1)q2p

=
1
X

r=p+1

dr�(p+1)q�4r(q2 � 1)q2p

=
q2 � 1

q(q3 � 1)
q�2p

=
q2 � 1

q(q3 � 1)
q�2d(o,[u,v]o)

� q(q2 � 1)

q3 � 1
|u� v|2,

since
|u� v| =

�

�0.a1 · · · apap+1 · · · ap+s � 0.a1 · · · apa0p+1 · · · a0p+t

�

�

=
�

�0.0 · · · 0(ap+1 � a0p+1) · · ·
�

�

 qqp+1.

because of ap+1 � a0p+1 6= 0.



234 CHAPTER 7. GRAPH THEORY, BY H.URAKAWA



Bibliography

[1] N. Alon, Eigenvalues and expanders, Combinatorics, 6(1986), 83-96.

[2] G.A. Baker, Drum shapes and isospectral graphs, J. Math. Physics,
7(1966), 2238-2242.

[3] F. Bien, Construction of telephone networks by group representations,
Notices Amer. Math. Soc., 38(1989), 5-22.

[4] P. Cartier, Fonctions harmoniques sur un arbre, Sympos. Math., 9(1972),
203-270.

[5] F.R.K. Chung, Eigenvalues of graphs, Proc. I.C.M., 1994, Zürich, 1333-
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