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7.1 Discrete Laplacians

In this section, we give a brief description of the discrete Laplacian following
1], 28],

7.1.1 Discrete Laplacians

A graph G = (V,E) is a collection of the set V' of vertices, and the set
E of edges which connect two vertices. A graph is finite (vesp. infinite) if
#V < o0 (resp. #V = o0). For two vertices x and y, we write x ~ y if they
are connected by an edge. We say y is a neighbor of z and

N(@)={yeV:y~uz},

the set of all neighbors of x. We always assume that any graph is simple, i.e.,
the number of edges connecting two vertices are at most one. Furthermore,
we assume that G is locally finite, i.e. for each z € V| the number of vertices
connecting to z, called the degree at x and denoted by m(x), is finite.

A graph G = (V, E) is called connected if for all two vertices x and y in
V', there exists a finite number of vertices {v;}I' ; in V satisfying that v; = z,
v, =y and v; is connected to v,y foralle=1,2, --- n— 1.

Recall that the graph distance d(zx,y) between two vertices x and y in V'
is defined as follows:

d(x,y) = inf{l(c); c is a path connecting x and y}.
Here ¢ is a path connecting x and y if
c=[co, 1y Cno1yCnls
where each ¢; is a vertex in V', and ¢; ~ ¢;41 for each ¢ =0,1,--- ., n— 1. In

this case, the length of ¢ is n, i.e., £(c) = n. A graph G = (V, E) is connected
if each two vertices x and y in V, there exists a path connecting x and y.

Two discrete Laplacian Ap (called the transition Laplacian) and A4
(called the adjacency Laplacian) are defined by

Apf<x>:f<x>—m§$) S ), (7.1)

yEN (z)
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Auf(w) =m(@)f(x) = D f).
yEN (z)
forallz € V, f € C(V), where C(V) is the space of all real valued functions
on V. It holds that
m(z)Apf(z) = Aaf(z),
for all x € V. So the spectral properties of the both Laplacians A, and
Ap are sometimes quite different each other. Usually, these Laplacians are

denoted as follows:
Ap=D—-A, Ap=1-P,

where the operator D is the degree operator which is defined by
Df(x) = m(x)f(x), weV,
and A is the adjacency operator which is defined by

Af(@) = auf(y),

yeV

where a,, (x, y € V) is the number of edges connecting vertices x and y, i.e.,
in our case,

(1 ifz~y,

~ L0 otherwise

The operator [ is the identity operator and P is the tansition operator which
is defined by

Qzy

Pf(x)=>> p(x,y)f(v),

yev

where p(z, y) is the one-step transition probability for the random walk stand-
ing at the vertex x to move to the other vertex y, i.e., in our case,

1
Mawz{nww’y”%

0, otherwise.

The following expressions are useful: for all x € V/,

Apfa) = —— S (f0) — f(), Aaf(a) = (72)

m(x) 6
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7.1.2 Differential Geometric Approach.

We first give and fix an orientation on each edge of G. We denote by e =
[z, y], the oriented edge e whose origin is x and the terminal is y. The reverse
edge to e = [z,y] is denoted by € = [y, z]. The totality of all oriented edges
of G = (V,E) is denoted by E. Note that E coincides with {e, € e € E}
and #E = 2#FE, where #@) means the cardinal number of the set ). Let
C(E) is the space of all real valued functions on E.

Let us recall vector analysis or differential geometry, in which the Lapla-
cian is treated systematically.

—Gradient of a function. For f € C(V), the gradient V f is the element
in C(E) which is defined by

Vfle)=fly) = f(z), e=][z,yl € E.
Note that V f satisfies that
Vf(e)=-Vf(e), eckE.
— Divergence of a vector field. — An element X in C'(E) satisfying that
X(e)=—X(€), ecE

is called a wvector field of a ( oriented or directed) graph G = (V, E). We
denote by X'(G), the space of all vector fields of G = (V| E). The divergence
of a vector field X € X(G), denoted by divp(X), or diva(X) is a function
on V defined by

divp(X)(@) = — ¥ X(e),

m(@) ec E

ole) =x

diva(X)= Y X(e),
ec E
ole) =z

for all x € V', where we denote by o(e), the origin, and t(e), the terminal of
e € E, respectively.
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If we write down the divergence in terms of F, and regarding that
{e € E; 0(e) =z} =
={e€ E;o(e) =x}U{e € E; tle) = z},

we have by definition of the divergence,

diva(X)= 3 X - 3 X(e).

e€F,o(e)=x e€E, t(e)=x

which interprets the totality of the values of outward flows of X from z, and
divp(X) has also the similar meaning.

—The inner products. Let us consider the spaces C.(V) (resp. C.(E),
X.(@)) of functions f € C(V) (resp. X € C(E), X(G)) having finite support.
Here the support of f (resp. X) is {v € V; f(v) # 0} (resp. {e € E; X(e) #
0}). We define the inner products on C.(V') and C.(E) as follows:

(fio f)p =) filx) falw)

zeV

(fl;fQA—Zm )f1(2) f2(2),

zeV
and
(X1, Xp) = le ) Xa(e
eEE

where we count doubly each edge in FE, i.e., an oriented edge e € E and the
reverse e € K, so we multiply by %

Let L4(V), L%4(V) and L*(E) be the completion of C.(V') by the norm
(,)p, (, )a, and C.(E) by the norm (, ), respectively. That is,

Lp(V) ={f € C(V);
(f. f)p < oo}, Ly(V) ={f € C(V): (f, f)a < oo},

and
L*(E) = {X € C(B); (X,X) < oo}
respectively.

— Expressions of the Laplacians.  The two Laplacians can be expressed
as follows:

Apf(z) = =divp(V f)(z), (7.3)
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Anf(z) = —diva(Vf)(z), €V, f € C(V).

Indeed, we have

Apf(z) = —

- —m}gj)ZVf([x,y])

y~z

= —divp(Vf)(x),

and similarly for A 4.
—Green’s formula. The graph version of Green’s formula in vector
analysis or differential geometry is also formulated in the following way.

Theorem 21 (Green’s formula)
Let f € C(V) and X € X(G).
(1) IffeCV)orX e XG), we have

(f> leP(X))P = (f> leA(X))A = —(Vf,X)7
(2)  For fi, fo € C(V), we have
(Apfi, f2)p = (V[1,V f2) = (f1, Ap f2)p,

(Aafis f2)a= (V1. Vf2) = (f1,A4f2)a.
(3)  In particular, assume that f € C.(V). Then

(Avaf)P:(AAfaf)A:(vavf) 207

Apf=0A,f=0Vf=0< f 1isconstant.

Proof.  The assertions (2) and (3) follow immediately from (1). The first
equality of (1) is obvious. The proof of the second equality of (1) goes as
follows. By the assumption, we may assume that #V < co. We have

(f.divaX)a = f(x)divaX(z)

zeV
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=Y fla) Y X(o

zeV ecE
ole) =z
=2, 2 XO
eV ecE
ole) =x

On the other hand, we have

(Vf,X) = ZW

_ % ST (f(te)) — flo(e))) X (e)

=33 YU ~ F@) X(e)
= S ) X () — 5 303 F@) X ([ v)

Here, the second term of the above equality coincides with
1
IS Y e
z€V e€cE,o0(e)=x

and the first term conicides with

fZZf y) ey X =—fZZf y) tay X ([y, 7))

zeV yeV zeV yeV

:—fZZf aye X ([, 9))

zeV yeV

(by changing of order of the summations)

= S ) X (e

zeV y~zx
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=Y Y X,
eV ecE
ole) =x

and hence, we obtain the desired equality. Q.e.d.

7.2 'Topology of graphs

Definition 11 For a finite graph G = (V, E), we define the space of all
divergence free vector fields on G, HY(G), by

H'(G) = {X € X.(G);
divpX(x) =0} = {X € X.(G); divaX(z) = 0}.

We also denote by HY(G) the space of constant functions on V. Note
that dim H(G) = 1.
The meaning of the condition

divpX(z) =0
or
divaX(z) =0

is that Kirchhoff’s law holds, i.e., the totality of outward flows of X from z
coincides with the one of inward flows of X to x.

Theorem 22
For a connected finite graph G = (V, E), let b1 (G) = dim H'(G).
(1) Then, we have

1- bl(G) = #V — #E,
say x(G), called the Euler number of the graph G = (V, E).
(2) Let K(x) =2 —m(z), x € V. Then, we have

5> K@) = (@),

zeV
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Remark 11

If a graph G = (V, E) is regarded as an 1-dimensional simplicial complex
K(G), let Cy(G) be its abelian group of q-chains, and let us define 0, :
Cy(G) = Cy1(G), the boundary operator in the standard way such as

0,0 =0, 0€Cy(G) (¢=0),
040 = Z cite;) — Z cio(e;),

o= Zc,'ei e C1(G) (¢g=1).

i=1
Then the g-th homology group H,(G) is defined by

Hy(G) = Z,(G)/B,(G),
where

Z4(G) = Kernel(9,), B,(G) = Image(d,).
Then it is clear that HY(G) = H,(G) @ R. So, by(G) coincides with the first
Betti number of K(G).
Proof. (of Theorem 22)  We give here an intuitive proof. Taking an edge
e = (z,y) € E, we give the following operation:
(1) split one of the terminal vertices, say x, into two vertices ™ and

(2) split the edge e into et = (21, y) and e” = (27, y), and
(3) cut each edge connecting x other than e and past to either z* or

x.

Then we get a new graph, say G' = (V', E'), where V' = (V—{a})U{z", 27}

and E' = (E — {e}) U {et, e }. Notice that #V’ = #V and #E' = #FE.
We have a disjoint union:

{zeV—{y};z~a} =

—{zeV —{yhiz~attu{zeV —{yf 2~}
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say, {z € V' —{yh 2 ~ 2"} ={y1,-- gt and {2 € V' = {y}i 2 ~ 27} =
{Yp+1, - Ym}, where m +1 = m(xz). We want to give an isomorphism

between H'(G) and H'(G) as follows: For X € H'(G), let define X’ by

X(lz"y)) = - ZX(W, yil),

m

X(fzy) ==Y X([z™, ),
i=p+1
X'(e)=X(e) if ecE,o(e) #a", ™.
Then it is easy to see that X’ € H!(G) and the mapping X — X’ gives an
isomorphism of H!(G) onto HY(G’). In particular, we have b'(G) = b}(G").
Now taking the above operations successively to a given graph G = (V, E),
we finially obtain the bouquet graph By, with k leaves, where k = 1—by(By,) =

1 —x(G).

But, it is easy to see that dimH*(G) = dimH'(By) = k. We have the
desired equality.

For (2), we have

%ZK(@:%ZQ—%ZWL(@:#V—#E:X(G)‘

zeV zeV zeV

Q.e.d.

7.3 Eigenvalue problems

4.1. Maximum principle.

Definition 12 A function f € C(V) is harmonic if Apf =0 or Asf = 0.
f e C(V) is superharmonic at x € V if Apf >0 or Aaf >0, i.e.,

1
(o) 2

yEN (z

fly) < flo),
)

that is, the mean value of f at the neighborhood N(z) of x is not bigger than
the value f(z) of f at x, itself.
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The following theorem is obvious, but very useful.

Theorem 23 (the minimum or mazximum principle)
Assume that f € C(V') is superharmonic at x € V. If

f(z) <min{f(y);y €V, y ~ z}, (7.4)

then f(y) = f(x) for all neighbors y € N(x) of x.

Proof. The condition of superharmonic at x, together with (7.4), implies

that .
m Z fly) = f(z),
YyEN(z)
but by means of (4.3), this holds when and only when f(y) = f(z) for all
y € N(x). We have the desired. Q.e.d.

4.2. Free boundary eigenvalue problems.
For a finite graph G = (V, E'), one can consider the following free bound-
ary eigenvalue problem for both Laplacians Ap or A,:

Apf =\, or Asf=M\f (7.5)

For a constant A is called the eigenvalue of Ap or A 4 if there exists f € C(V),
called the eigenfunction, satisfies (4.4) and f does not vanish identically on
V. Due to Theorem 2.4, every finite graph G = (V, E) with #V = n, admits
non-negative n eigenvalues of Ap (or A,) counted with multiplicities, say

MNP < <AP (or MM <<,
Furthermore, we have

Proposition 9 Assume that G = (V, E) is finite and connected. Then we
have

(1) 0=X< X' <... <A <2 and

2) 0=M<M<-- <M <2m(G),
where m(G) = max{m(x); x € V'} is the mazimum of the degrees of G. The
eigenfunctions with the eigenvalue O are the constant functions.
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Proof. Let f € C(V) satisty f #£ 0 and Apf = \f. By Theorem 2.4,

Mf flp=(Apf, flp=(Vf,Vf)p > 0. (7.6)

Since (f,f)p > 0, we have A > 0. Assume that A = 0. By (7.6), we
have Vf = 0, which implies that f is constant on V since G is connected.
Therefore, we have 0 = A’ < AP That 0 = M < A\ follows by the same
way.

For the upper bounds of (1) and (2), we have

(Vf, V)= ZZ (7.7)

:reV y~T

< E‘:/Z(f(y)2 + f(2)?)  (since (a —b)?® < 2(a® + b?))
=SS+ 30 fw)?

zeV y~zx zeV y~zx

=2) m(z)f(2)*

zeV

where the last equality follows from that

S f@)? = S ma) ()

zeV y~zx zeV
and
DD TGP =)D an fy) =
zeV y~zx zeV yeV
=D D ae @ =3 % f@)
zeV yeV €V y~x
Since
> mlx = (£, f)p
zeV
and
> m(a)f(2)? <m(G) f(x)* = m(G)(f, f)a,
zeV zeV

we have A\l < 2 and A4 < 2m/(G), which are the desired. Q.e.d.
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7.4 Graphs with boundaries

Definition 13
A graph G = (V, E) is said to have a boundary 0G = (OV,0F) if V and E
have disjoint unions V.=V U9V and E = E U E satisfying the following
two conditions:

ecl & zcVandyeV, (7.8)

ecdE < cither z€VandyedV, (7.9)
or ze€dVandyeV,

where V (resp. V') is called the set of interior vertices (resp. boundary
vertices), and E is called the set of interior edges) (resp. boundary edges) of
G=(V,E).

Notice that G = (V, F) is a subgraph of G = (V, E), called the interior graph
of G=(V,E).

Now let us consider the Dirichlet boundary eigenvalue problem for a finite
graph G = (V, E) with boundary 0G = (0V,0F). This is the following
eigenvalue problem, where A stands for the Laplacians Ap or Ay of G =
(V. E).

{ Af=pf onV,
f=0 on AV,

The Neumann boundary eigenvalue problem is that:

Af=pf onV,
Af=0 ondV,

The number 4 is called the eigenvalue, and f is called the eigenfunction, if
there exists a solution f # 0 of the both problem, respectively. We have

Proposition 10 Let G = (V, E) = (V UV, EUJE) be a finite graph with
boundary OG = (0V,0F). For the Dirichlet or Neumann eigenvalue prob-
lem, all the eigenvalues are non-negative. Two eigenfunctions with different
eigenvalues are mutually orthogonal.

Proof. The assertion (2) follows from (1). For (1), we only need the follow-
ing lemma which is immediately from Theorem 21. The detail is omitted.
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Lemma 4 Under the same situation Proposition 10, for all functions f, fi
and fy in C(V)=C(V UIV), we have

> om(@) f@)Apf(x) + Y m@)f(@)Apfx) = (VL VF),  (7.10)

eV z€dV
(zm S
+Z 1)Apf(z) = <Vf,w>),
Zm(x)fl( V(AP f5) (x Zm (AP £1)(x) fo()
- Ezavmm {h (x)(Asz)(;) — (AT 1)) o)}
(z;fl J(AA fo) () = ZV<A 1)@) fo(w) (7.11)
-3 (A )= (A )@ ()} ).

In the following, we only deal the Dirichlet eigenvalue problem. We denote
the set of eigenvalues with their multiplicities by

i (G) < b (G) < -+ < iy (G)

(resp. pi(G) < p3 (G) < -+ < i (G)),

where k = #V We also denote by ¢! (resp. ') the corresponding eigen-
functions with the eigenvalues uf (resp. u#') which are orthonormal with
respect to the inner product (, )p (resp. (, )a) (i=1,2, -+, k).

Definition 14 We define by Co(V'), the set of all functions f € C(V) sat-
isfying that f(x) =0 for all x € OV.
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Proposition 11 uf’ >0 and pft > 0.

Proof. We show uf > 0. That uf > 0 can be proved by the similar way.
By Lemma 4,

it = (A v a = (Vi Vi) > 0.

Assume that pf' = 0. Since Vi)' = 0, ¢{* is constant in V = V U JV. Since
¥{" vanishes on OV, ¥ vanishes everywhere on V, which contradicts that
¥{ is the eigenfunction. Q.e.d.

Theorem 24 (the minimaz principle)
(1) The eigenvalues uf and p are characterized as follows:

pt = inf{(vf’vf); 0# fe Co(V)},

(f7 f)P
A JVLVD), }
/’l’l_lnf{ (f?f>A ’Og—éfGCO(V) '
(2) Furthermore, if 0 Z f € Co(V) satisfies

p (VEND) 4 (VLY
=g e = )

then f 1is the eigenfunction of the Dirichlet boundary eigenvalue problem of
Ap (resp. Ay ) with the eigenvalue pt’ (resp. pft ).

Proof. The first statement follows by the definition. We prove the second for
A 4. The proof is the similar for Ap. Assume that 0 # f € Cy(V) satisfies

= :
' (f7 f)A
The minimality of A\{! and (7.12) impliy that for all ¢ € Cy(V), we have

_dy (Vf+tVe, Vf+1Vy)
dtl=0  (f+to, f+1tp)a

_ Q(Vfa v@)(fa f)A - (va Vf)(fv QO)A
(f7 f)A2
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=2 U F)a ’

which implies that
0= (Vf, Vo) =i (f9)a =
= (A, 0)a = i (F,9)a = (AN = i f.0)a
Here since ¢ € Cy(V) is arbitrary, we obtain

AMf—pif=0 on V,
which is the desired. Q.e.d.

Theorem 25
Let G = (V, E) be a finite graph with boundary 0G = (0V,0F). Assume that
the interior G = (V, E) is connected. Then, for both the Laplacians A = AP
and A4,

(1)  the first eigenfunction vy of the Dirichlet eigenvalue problem of G
for A is positive everywhere on V or negative everywhere on V.

(2)  The multiplicity of the first eigenvalue the Dirichlet eigenvalue prob-
lem of G for A is one.

Proof. ~ We give a proof for A4. The proof goes by the similar way in the
case of AP, By definition of (, )4, for each f € C(V), we have

(£ 52 = (111D (713
(VLY =5 3 ()~ @) (7.14)
e=[z,y]eE
>0 S I - 1@ = (VIAL VI,

e=[z,y]€E

In particular, taking f € Co(V) C C(V) as the first eigenfunction of the
Dirichlet eigenvalue problem for A4 of G with the eigenvalue ', we have

4 (V£ V) > (VIfI,VIf]) (7.15)

=G Da = A a

By the minimality of ui!, the equality holds for (5.13). Thus, by (2) of
Theorem 5.8, |f| is also the eigenfunction corresponding to the eigenvalue
pit . Therefore, we have

AYNfl=pt|f1 =0 (on V).
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That is, | f| is super harmonic at V. By Theorem 23 (the maximum principle),
we have .
lf| >0 (on V).

Because, if |f| vanish at some vertex = € V, |f| vanish everywhere on V'
because of the connectivity of V and Theorem 23. Thus, | f| vanish identically
on V, which is a contradiction.

Furthermore, assume that f takes both positive and negative values on V.
By means of connectivity of V, there exists e € E satisfying that f(z)f(y) <
0, where z and y are the end vertices of e. Then (7.14) is strictly inequality,
ie.,

(VI V) > (VIFL VIS

Therefore, we have

a_ (VAN (VISLVISD

N R AT

which contradicts that | f] is the eigenfunction with the eigenvalue ' . Thus,
the sign of f does not change on V.

For (2), assume that the multiplicity of p{' is bigger than one, and let f;
and f, be linearly independent eigenfunctions with the eigenvalue . Take
any vertex x in V. Define a linear map A of R? into R by

A(a,b) = afi(x) + bfa(x).

Since A is never injective, Ker(A) # {(0,0)}. So, choose (ag, by) € Ker(A)—
{(0,0)} and define a function ¢ on V by ¢ = aof; + byfo. Then, ¢ # 0.
Because, if so, this contradicts that {fi, fo} is linearly independent since
(ap,by) # (0,0). Notice that ¢(x) = 0 because of (ag,by) € Ker(A), this
contradicts (1) of Theorem 25 since ¢ is the eigenfunction with the eigenvalue
pit. Qeed.

7.5 Discrete Barta’s theorem

In this section, we want to show

Theorem 26
Let G = (V, E) be a finite graph with boundary G = (0V,0F). Let uf (resp.
pit ) be the first eigenvalue of the Dirichlet eigenvalue problem for AP (resp.
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AA). Let f be a function on V such that f is positive V and equal to zero

on OV. Then AP AP
inf—f S,uf < supif

f f
AAf)

AA
(resp. inf / < pit < sup 7

Proof. The proof goes by the similar way as in Barta’s theorem for a
Riemannian manifold. Let vy be the first eigenfunction of the Dirichlet
eigenvalue problem for A4. For AF. the proof goes by the similar way. By
(1) of Theorem 25, we may assume t; > 0 everywhere on V. We can write
1 = f 4+ h, and then h = 0 on OV. Then, we have
A4 AA h
it = o _ AT +R) (7.16)
(G f+h
_ AAf+AA(f+h) _AYS
S f+h f
CAYF  fAYh—hAAS
f f(f+h)
Note here that if a function ¢ on V vanishing on 0V satisfies (1,9)a =
S ey ¥(X)
= 0, where 1 is a constant function on V' such that 1(x) = 1(x € V), then
either ¢ = 0 or ¢ changes its sign on V. However, we have f(f +h) >0 on
V, and

(L fAh—h A f)a= (f,AYR)a — (B, A% f)a
= (Vf,Vh) = (Vh,V[) =0,
whence either fAYh — hAYf = 0 or % changes its sign on V.
The former immediately implies that p; = ATAJC by (7.16). In the latter case,
at © € V where the sign is negative, we have by (7.16) again

A
M1§Af

(z) <sup

f

At y € V where the sign is positive, we have also

A4 A4
inf —f < f
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We have the desired. Q.e.d.

As an application of Theorem 26, we have

Theorem 27

Let G = (V, E) be a connected graph, and Ty = (V(Ty), E(Ty)), the homoge-
neous reqular tree of degree d. For all v > 0, let B,.(xo) (resp. V) be the
distance ball of radius r in G (resp. Ty), i.e., By(xg) = {x € V; d(z, ) < 1}
and V& = {y € V(Ty); d(y,0) < r} for some fived vertices xo € V and
o € V(T;). Then the first eigenvalues pl’ (B, (xo)) and pi(B.(x0)) of the
Dirichlet eigenvalue problems of B,.(xo) are estimated as follows:

(1)  Ifm(x) <d forallz €V, then

1 (Br(0)) < py' (V) and g (Br(wo)) < py (V)

for all r > 0.
(2)  If G is a tree and m(z) > d for all x € V, then

w1 (Br(wo)) = i (V) and  pf (Bi(wo)) = p3 (V)
for all r > 0.

(For a proof, see [31].)

As its Corollaries, we have

Corollary 3
Let G = (V, E) be an infinite connected graph. We denote by Specp(G) (resp.
Spec,(G)) the set of the spectrum of the Laplacian AT (resp. A?). Then
the infimum of their spectra can be estimated as follows:

(1)  Ifm(x) <d for allz €V, then

infSpec(AP)§1—2 d-1

(resp. inf Spec(A?) < d —2vd — 1) .
(2)  IfG is a tree and m(z) > d for all x € V, then
2v/d—1
d

inf Spec(A”) > 1 —
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(Tesp. inf Spec(A?4) > d — 2v/d — 1) .

The essential spectra of the Laplacian for an infinite graph can be esti-
mated as follows:

Corollary 4
Let G = (V, E) be an infinite connected graph.
(1) Assume that
m(z) >d forall zeV.

Then the essential spectrum of the Laplacian AT (resp. A?) meets with the
interval [0,1 — 2X9=1] (resp. [0,d — 2v/d — 1]).
(2)  Let G be an infinite tree and satisfy

lim inf m(z) = co.
=00 z¢By(z0)

Then the essential spectrum of the Laplacian AT coincides with a single set
{1}, and the one of A4 is empty.

For a finite graph, we have

Corollary 5

Let G = (V| E) be a finite connected graph. Let d(G) be the diameter, and
m(G) = sup{m(x); x € V'}. Assume that d(G) > 4. Then the m-th eigen-
value of AT (resp. A%), denoted by \E (resp. A\2), m =1,2,---,[d(G)/2],
can be estimated as follows:

Aigufmd)gl_zm«;%u%( ™ )

m(G)

(resp. M <2V <m(G) — 2¢/m(G) — 1cos <cac:;TH>> ,

where we take d = m(G) and r = ‘g—z) in V2.

(For a proof, see also [31].)
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7.6 Cheeger constants
In this section, we define the Cheeger constant and give estimation of the
infimum of the spectra of the Laplacians for an infinite graph G = (V, E).

Definition 15 We first denote by ul (G) (resp. pi(G)), the infimum of the
spectrum of the Laplacian AT (resp. A*) on L%(V) (resp. L4(V)), that is,

P =in ec(AF) = in 7(Vf, Vi),
16 = int spec(a”) = nt { TES 02 p e c.n).
(resp. pi(G) = inf Spec(A?) = inf {W; 0#fe CC(V)}) ,

where C.(V) is the space of all functions on V' with finite supports.

Definition 16 We define two kinds of the isoperimetric constants, so called
Cheeger constsnts, ip(G) (resp. ia(G)) for an infinite graph G = (V, E) as
follows:

For any finite subset S C V', its boundary 0S is defined by

0S={ec E;e=(z,y),r€Sandy ¢S}

We put
AS) = Yo mlx),  L(0S) = #(05),

zeS

where #(Q) is the cardinality of a set Q). Then,

ir(G) = inf{if?;)); 0#£SCVand #(5) < oo},

where we take the infimum over all non-empty finite subsets S of V.. And by
the same way, we define

ia(G) = inf{i:i;); 0#£SCVand #(S) < oo}.
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Theorem 28 (c¢f. [9/,/10],[12]) Let G = (V, E) be an infinite graph. Then
we have
(1) Lir(G) < W (G) < ip(G).
(2)  Assume that m(G) = sup{m(x); v € V} < co. Then we have
1

miA(G)Q < uo(G) < ia(G).

Remark 12 The above estimations are not sharp. Indeed, Mohar [19], [20],
[21], and Tan [27] gave the following estimation.:

1—/1—ip(G)? < ul(@).

On the other hand, it is known (cf. [26]) that

m(G) — /m(G)? —ia(G)? < i3 (G).
For other lower and upper bounds of the spectrum Spec(AF), see [34].

Remark 13 For a finite graph G = (V, E), one can define the Cheeger con-
stants as follows:

ip(G) = inf{l;{((a;;); 0#SCVand #(5) <

#<V>}7

N | =

ia(G) = inf{%; 0 #SCVand #(S) < ;#(V)}

Then, Mohar showed that if G = (V, E) is a finite graph with n := #(V) > 4,
then the first eigenvalue \{* of A* satisfies

iA(G) < /M 2m(G) - ).

Moreover, it holds (cf. [27]) that, under the same assumption, the first eigen-

value AP of AP satisfies
ip(G) < \/AT (2= AD),

and the equality holds if and only if G = K ,—1 which is the star garph of n
vertices (see also [1] and [3]).
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Proof. (of Theorem 28)  We only show (1), and (2) can be shown by
the similar way. For every f € C.(V) with (f, f)p = 1, we shall show
ir(G) < VAV V).

We may first assume f > 0 because we have by the same way as the proof
of Theorem 25,

(VLN 2 (VIFLVIAD,  and  (f, f)e = (f],[f])e-

(the first step) We give an orientation at each edges, and let E be the
set of all oriented edges of G. For each e € E, let o(e) be the origin of e, and
t(e) the terminal of e. Define A = 3", _g|f(o(e))* — f(t(e))?*|. Then we can
show that

A< V2V (7.17)

Because we have

< > (f@+ @) D If(@) -

[z,y]eE [z,y]€eE

(by Cauchy-Schwarz)

= > {f@’+2f@)f(y) + f)°} (V£ V)

[z,y]€E
<2 ) {fl= ¥ (VLY
[z,y]€E
=2 m(x)f(x)’ (Vf, V)
xeV

(the second step) Since f € C.(V), we may write
{f@);zeV}={f=0<p < - <fy}
Putting K; = {z € V; f(x) > 5;}, we have

OK; ={e=(z,y) € E; f(x) =2 i and f(y) < B},
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and by definition of ip(G),
ip(G)A(K;) < L(OK;). (7.18)
(the third step) Here we have
A >ip(Q). (7.19)

In fact, we have

A= D" |f(@) = f)

=> > > @)= fw)?l
=1 f($):61 Yy~

reV fly) < Bi

f(

z) = B; and f(y) = Bi—x < Bi, then
[[L‘, y] cOK;NOK;,_1N---N GKZ-_,CH and
f(x)? = fly)? =
= (ﬁz‘Q - 61412) + (ﬂz‘flg - @‘722) +F (6i7k+12 - 62'7142)-

Then, we have

Furthermore, if x ~ y,

=y ¥

i=1 [z,y)€dK;

= Z LOOK,)(B:® — Bi1?)

G) {Z A(K)B* — Z A(Ki+1)/6i2} ,

where note 5y = 0 in the last equality. Since

Ki—Kipi={zeV; 3 < f(z) <Biq} =
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={r eV; f(z) = Bi},

we have

AK) = A(Kip) = AK; — Kip) = Y mi(a).

Therefore, we obtain

A>ip(G) Z m(z)B;*
= re

flz)=Bi
= ip(G) Y mlw)f ()

zeV

= ZP(G)(fv f)P = ZP(G)v
which is (7.19).
Altogether with (7.17), (7.18) and (7.19), we obtain

in(G) <2AVL,V).
At last, we prove the inequality
pt(G) < ip(G).
For every nonempty finite subset S of V', we define a function f € C.(V') by
ro={y hes
Then, we have
(f, f)p = A(S) and (Vf,V[) < L(0S),
hence we have

. (VL.Yf) _ L(09)
WS e S AG)

Since S is arbitrary, we obtain uf < ip(G). Q.e.d.
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7.7 Exponential volume growth

(Exponential volume growth and spectra)

Definition 17 For an infinite graph G = (V, E), we define the exponential
volume growths Tp(G) (resp. T4(G)) by

1
7p(G) = limsup — log V (r),

r—oo T

(74(6) = tmsup T1on((B, 20 ).

7—00

where

V(r) = A(B,(x)) = Y mlx),

z€Br(x0)

and B,(zo) = {x € V; d(z,z9) < r} (r > 0) for some fized vertex zo € V.
Note here that the definitions of Tp(G) and Ta(G) are independent on a choice
of a fiexd vertex x.

Proposition 12 We have the following inequalities:

7p(G) > log(ip(G) + 1), and 7a(G) >log(ia(G)+1).

Proof. We only give a proof of the former, because it is the same for the
latter. By definition, we have

3=

e = limsup V (r)

s V(r+1)
= limsup =y
o V(ir+1)—=V(r)
= e ( v T 1)
L #(0B,(x0))
e (F )
> ip(G) + 1.

Q.e.d.
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Theorem 29  For every infinite graph G = (V, E),
(1)  (¢f. Fujiwara, [12])  we have

'“(I)D(G) <1- 2€TP(G)/2(1 + eTP(G))—l'
(2)  If m(G) =sup{m(x); z € V} < o0, we have
MS‘(G) < m(G) (1 — 2@7A(G)/2(1 + e‘rA(G))_l) .

In particular, if Tp(G) = 0, then pl(G) = 0. If Ta(G) = 0, then pa(G) = 0.

Remark 14 (a) For every real number T,

1 — 7/2)\2
1—22(1+e)7 ! = A=y
14 €7

Y

which is a monotone increasing function in 7, say f(7). And,

lim f(7) =0
7—0

and
lim f(7) = 1.
T—00

(b)  Theorem 29 (1) sharpens the results due to [10] and [24].

Definition 18
An infinite graph G = (V, E) is subexponential if Tp(G) =0 or 74(G) = 0.

Example 3 The d dimensional integer lattice

Z4={(my, - ,mg);m; €Z (i=1,...,d)}
is a graph if two points (mq,---,mg) and (m},---,m)) are connected by an
edge if there exists i with i =1,---,d such that |m; —mj| =1 and m; = m/;

forallj =1,--- d with j #i. Since V(r) and #(B.(xo)) have polynomial
growths as r — oo, Z¢ is subexponential, i.c., Tp(Z?) = 0 and T4(Z?) = 0.

Before going into the proof of of Theorem 29 (2), we need some lemmas.
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Lemma 5 If a real number « satisfies that 74(G) < 2a, then
(e, e” )4 < 00,

where p is the distance function from the fiexed verter xq, i.e., p(x) =
d(z,zg), (x €V).

Proof. Indeed, we have

(67, e™) 4 = Z e~ 2ap(z)

zeV

=Y A{#(Br11(20)) — #(By(0))} €727

= (L) D #(Br (o))

Since 74(G) < 2a, we can choose 74(G) < 8 < 2a. Then, by definition of
74(G), for all large 7,

#(B,(z)) < €,
which implies

o0
E e < o0,
r=0

We have the desired result. Q.e.d.

For each ov and j = 1,2, -- -, define functions h; and f; on V' by
ap(z), p(x) < j,
hi(z) = . :
i) {2ay —ap(x), plr) > ],
fila) = e,

Then we have

Lemma 6 If two vertices x and y are neighbors, then for each j =1,2,---,

(1—e)?

(5@) = ) <

(fi(@)* + £)7) -
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Proof.  Ifz ~y, p(z) = p(y), or |p(z) — p(y)| = 1. In the case p(z) = p(y),
we have the desired. In the case |p(z) — p(y)| = 1, we may assume that
p(y) = p(z) + 1. We give the proof dividing two cases.

Case 1. p(z) <j—1: In this case, p(y) < j, so we have by definition

of f;,
fily) = e*W) = e f;(x),

and then we have
(fi(x) = fi(y)" = (1 —e*)* f()*

(1—e)?

= i (fj(ﬂU)2 + €2afj(y)2)
= e+ )

Case 2. p(x) > j. In this case, p(y) > p(x) +1 > j + 1. Then we have
fily) = e2ai—an(y) — o—ag2aj—ap(x) _ e~ f;(x).

By the similar way as the Case 1, we have the desired inequality. Q.e.d.

Lemma 7
If (e7@P,e=*P) 4 < 00, then, for each j =1,2,---, (f;, fj)a < oo.

Proof. We have
(Fnfda= D> L@+ > fi)

x€Bj1(xo0) &€ Bj+1(0)
< e®H (B (o)) + * (e e ) 4 < o00.

Q.e.d.

Lemma 8 Under the same assumption of Lemma 7, we have

PN AV
(V5,95 < m(&) S5 (i
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Proof.  Indeed, we have, by Lemma 6,

(V1 V5) = 5 3 () — £
< £ > (e + 57
o (1— ea)2 2
= Wafzx/m(x)fj(x)
<m(@ S g pa

Proof. (of Theorem 29)  For each vertex x € V, let x, be a function on
V' defined by

v ={5 L.°

Then we have

z~y

and (X, Xz)a = 1. Therefore, we obtain that 1{(G) < m(G). So we may

assume 74(G) < oo.

_oTA(G)/2)2 .
ulieTG)) < ,uél(G). We want to derive a con-

.. . 1—e7/2)2 | . .
tradiction. The function f(7) = (1 femu) is monotone increasing, so we can

choose a real number « satisfying that 74(G) < 2a and m(G) f(a) < pi'(G).
Then by Lemma 5, we have (e~ e *")4 < oo. By Lemma 7, we have
(fj, fj)a < co. By Lemma 8, we have

Now we assume m(G)

m(@) S @) () < w0,

(VI V)
1+ g2

(fifi)a —

which contradicts the definition of uj (G). We obtain Theorem 29 (2). Q.e.d.
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7.8 Heat kernel and Green kernel

Let G = (V, E) be a locally finite infinite graph. Let p(z,y) be the one step
transition probability of the random walk standing at z € V to move to
yeV, ie.,

N\ ~ T,
p(x,y) = Pay = { m(x) 4
0, otherwise.

We define the operator P acting on C'(V), by

PR@) =S pe o)) = —— S fly), (@eV),

yeVv m(x) Yy~

for each f € C(V). Let us recall the transition Laplacian A” which is defined
by Ap=1—P,ie.,

(AP f)(x) = f(z) - Pf(x) =
—f@) - ——3 @), @eV).

m(x) ~

Definition 19 For eachn =0,1,2,---, p"(x,y) (z,y € V) is defined induc-

tively by
ph(xy) =Y plr,2)p" (2, y).

zeV

Here p°(z,y) is
L z=y,

0 _
p(z,y) = {0, v £y
We call p™(z,y) the heat kernel.

Remark that

pM(x,y) =D p(w,2)p"(z,y) = p(x,y).

zeV

The function p"(x,y) is the n-th step transition probability of the random
walk standing at  to move to y. Note here that

P (a,y) — (2, y) + (A7)op" (2, y) = 0. (7.20)
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Indeed, we have by definition
(AP)ep" (2, y) = p"(x,y) = > pla, 2)p
eV

pn+1(

:pn(xvy)_ CL‘,y)-

Q.e.d.

Definition 20 The Green kernel (or Green function) is the following series:

o]

Gla,y) =Y p'(z.y) (v,yeV).

n=0

The above series is not always convergent. If there exist x and y in V such
that G(x,y) < 0o, (then G(x,y) < oo for all z and y), the graph G = (V, E)
1s said to be transient, and otherwise, recurrent.

Statistically, G(z,y) is the expectation of visiting time of the random

walk starting at x to y.
If G = (V, E) is transient, it holds that for all x and y in V/,

(A7),G(x,y) = p°(z,y) = { (1) i ; z’ (7.21)

Indeed, we have

(AP),G(x,y) = G(z,y) =Y plw,2)G(2,y)

zeV

=D pla (=

n=0 zeV

- Z pn+1 (.’E, y)
n=0

=p"(z,y).
For estimations of the heat kernel and the Green kernel, see [30], [33],
[35].
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7.9 Martin kernel and Martin boundary

In this section, we only consider a transient infinite graph G = (V, E). It
is known (see [15]) that if F'(z,y) is the probability of visiting to y of the
random walk starting at x, then the following three hold:

F(z,z)=1 z eV,
G(v,y) = F(z,9)G(y,y) x,y€V, (7.22)
F(x,y)F(y,2) < F(x,2) z,y,z€V.

Definition 21 We always fiz a vertex o € V. The function K, (y € V)
dfined by

Ky(r) = K(z,y) = (zeV)

is called the Martin kernel of G = (V, E).

Proposition 13 The Martin kernel satisfies the following properties:
(1)  Foreachy eV, K, is bounded on V.
(2) Foreachy eV, K, is harmonic on the set {x € V; x # y}.
3) Kyl =1.

Proof.  (3) is clear. For (1), we only see that for all  and y in V', by (10.1),

_ Gy Glyy) _ Flz,y) 1 ~
Kow) = Gl Gloy) ~ Flow) = Flogy = 7%
For (2), it suffices to see by (7.21),
0, T #Y,
(AP), K (2, y) = { Lol (7.20)
G(0,z)’

We have Proposition 13. Q.e.d.

Definition 22 For a transient infinite graph G = (V, E), we define a new
distance p(u,v) (u, v € V') as follows:

plu,v) = Zq(:z:)F(o, )| K(x,u) — K(z,v)| (u,veV),

zeV
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where q(x) (x € V) is a weight function on V which satisfies that

0<gq(x) <oo, and Zq(w) < 00.

As such a function, one can find in such a way that, numbering all elements
of V. as {uy, ug, ---}, and define q by

Q(ul) :2_i (Z: 1727 )7
since Y, oy q(z) = >0, 270 < o0.

Lemma 9 The function p(u,v) is a distance in V.

Proof. By the third equation of (7.22) and (7.23), we have

plu,0) <D q(@)Flo,2){| K (x,u)| + K (z,v)|} <

eV
<2 Z q(x) < oo.
zeV
The triangle inequality and p(u,v) = p(v,u) are clear. Furthermore, we can

see that
plu,v) =0<= K, = K, <= u=.

By Definition 22, one can see immediately the first equivalence. For the
second equivalence, assume that K, = K, and u # v. We want derive a
contradiction. Indeed, we have

K(u,v) = Zp(u, 2)K(z,v)
z2€V
(since K, is harmonic on {z € V; = # v})
= ZP(% 2)K(z,u) (since K, = K,)
€V

= K(u,u) — (A") K (u,u) (by definition of AT)

= K(u,u) — (by (7.24))

1
G(o,u)
< K(u,u),
which contradicts the assumption K, = K,. Q.e.d.
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Proposition 14 For a sequence {y,}2, of vertices in V', a necessary and
sufficient condition to be a Cauchy sequence in the metric space (V, p) is that
for each x € V, the sequence of real numbers, {K,, (z)}> is also a Cauchy
sequence. In particular, the topology of V' induced from the distance p does
not depend on a choice of q(x) (z € V).

Remark 15 A sequence {y,} in a metric space (V,p) is a Cauchy sequence
if if p(Yns Ym) = 0 as m, n — oo.

Proof. Assume that {y,}>°, is a Cauchy sequence in (V, p). By definition of

Ps
{q(z) F(o,2) K (x,yn) }52,
is also a Cauchy sequence in the real line, for each fixed z € V. Since
q(x)F(o,z) >0, {K(x,y,)}o, is also a Cauchy sequence.
Conversely, assume that for each z € V, {K(z,y,)};>, is a Cauchy se-
quence. Let ¢ > 0 be an arbitrarily small number. Take a finite subset S of
V' in such a way that the following holds:

> alz) <+

zeV -5

1o

there exists a large number N > 0 satisfying that for each x € S and for all
n, m>N,

K (7, yn) — K(2,yn)| < 2y oaz)

since S is a finite set and the assumption that {K(x,y,)}>2, is a Cauchy
sequence. Then, we have

ymym Zq 0 T |K(CU yn) _K(xvym”

€S

+ Z (0,2)[K (2, yn) — K(z,ym)|
eV -5

S{Zq(:v)F(o,x)}QZ e +2 Z

€S zeV-S

Stk

which implies that {y,}>° is a Cauchy sequence in (V, p). Q.e.d.
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Definition 23 Let V* be the completion of the metric space (V,p). We de-
note by the same letter p, the induced metric on V* from p. The complement
Voo of Vin V* is called the Martin boundary of G = (V, E). That is, V* is
the set of all Cauchy sequences Y = {yn}>°, in 'V with respect to p, and the
inclusion of V' into V* is given by the mapping which assigns v € V' to the
sequence {v, v, ---} € V*.

By means of Proposition 14 , V. is characterized as follows: V, is iden-
tified by the set of all g € C(V') of which is the limit

g = lim K,

n—oo

where {y,,}°°, is a sequence of mutually distinct vertices in V.

As {y,}22, is Cauchy if and only if { K(z,y,)}5%, is so, for all x € V', due
to Proposition 14, one can define for each Cauchy sequence Y = {y,,}°°, €
Vv,

Ky(z) = K(z,Y) = lim K(z,y,) (z€V). (7.25)

n—oo

Furthermore, the distance p on V* is given by

p(Y,Y') = lim p(yn, y,) (7.26)

<= S g(e)Flo,2)| K (2,Y) - K(x, Y’)\) 7

zeV

for Y = {y,}22, and Y’ = {y, }3°,. Because {p(yn, yn)}32, is covergent since

n=1

< |pWns Yn) — PYns Ym)| + 12Uy Yim) — P(Yims Y|
< 20(Yn, Ym) — 0,

as n, m — oo.
It is easy to see that

(1)  for a sequence {Y,,}°°, in V* it is a Cauchy sequence in V* if and
only if {Ky, }22, is a Cauchy sequence in the real line for each xz € V.
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(2) Fortwo Y = {y,}22, and Y’ = {y}, }>°, in V*, that they are equivalent
is that lim,, o0 p(Yn,yl,) = 0 if and only if Ky = Ky~ if and only if p(Y,Y") =
0, by definition.

Furthermore, we have

Proposition 15 The metric space (V*, p) is compact.

Proof. Assume that {Y,,}2°; is any sequence in V*. Then we have by (7.22),

K(z,Y,) <sup K(z,y) < =

sup (0.7) <oo (xeV).

By the diagonal argument, one can choose a subsequence

{Ynk}?ﬂ

satisfying that
{K (2, Yi) 122

is a Cauchy sequence in the real line for each x € V. Because, we enumerate
all elements in V as V' = {uy, ug,---}. Then we can choose subsequence
{y1ree | of {V,}52, satisfying that K(ug,Y,')}32, is a Cauchy sequence,
and then one can choose a subsequence {Y,?}°° | of {V,!}°° | satisfying that
{K(ug,Y2)}°, is a Cauchy sequence, and so on. Continue this process.
Then for the subsequence {YV¥}22, of {V,}2,, {K(u;, Y}¥)}2, is a Cauchy
sequence in the real line for all u;. Due to Proposition 10.8, the subsequence
{YFyee, of {V,}52, is a Cauchy sequence in (V*,p), which is convergent,
because of the completeness of (V*,p). Q.e.d.

We can state (cf. [15])

Theorem 30 (Poisson-Martin representation theorem)
Assume that an infinite garph G = (V, E) is transient. For each non-negative
harmonic function h on V', there exists a Borel measure on V., such that

h(z) = ; Ky(x)dp(Y) (xzeV).

Conversely, for each Borel measure p on V., the above integral h gives a
non-negative harmonic function on V.
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Definition 24 A non-negative harmonic funtion h on 'V is called minimal
if the only non-negative harmonic function hy on V satisfying

hi(z) < h(z) (zeV)
1s a constant multiple of h. Then let us define
Vieo =1Y € V; Kyis minimal},

Voo = Voo = Vi (the complement of V) o in Vi),

and a Borel measure ju on Vi is called reqular if (Vg o) = 0.

Then we can state (cf. [15])

Theorem 31 Assume that G = (V, E) is a transient infinite graph. Then
for any non-negative harmonic function h on V' there exists a unique reqular
Borel measure p on V., satisfying that

h(z) = ; Ky (x)du(Y) (xeV).

7.10 End compactification

For a transient infinite graph G = (V| E), we can construct another com-
pactification, so called the end boundary.

Definition 25 A sequence Y = {y;}°, of vertices in V is called a ray if it
satisfies that y, # ym for alln #m, and y; ~ y;11 for alli=0,1,2, ---.
Two rays Y = {y:}32, and Y' = {y.}2, are equivalent if there exist
positive numbers n and k such that y; =y, for alli>n.
The equivalence classes, say Y], are called end, and the totality of all
ends is called the end boundary, and denoted by V(00).
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Theorem 32 (cf.[8]) Assume that a locally finite, infinite graph G = (V, E)
is transient. We can give the following topology, called the cone topology
on the union VUV (00) of V and the end boundary V(oo) which becomes
compact by this topology: for every ray Y = {y;}32, and finite subset F' of E,
let Cp(Y') be the connected component of the complement of F in E of which
corresponding set of vertices, denoted by the same letter cp(Y'), contains all
but except finite number of y;. For a finite subset F' of E, we denote by
Cr([Y]) = Cr(Y) since Cp(Y) = Cp(Y') for two equivalent Y and Y.
The cone topology on V UV (oc0) is that
e For each x € V, the single set {x} is open,
e Foreach[Y] € V(oc0), the family consisting of subsets (Cr([Y])—

of V.UV(0), is a basis of neighborhood of [Y], where F' runs

finite subsets £ and U runs over all finite subsets of V.

Remark 16
Here two edges e and €' of a subset G of E are to be connected in G if there
exits a path

¢ = [vo,v1, "+, Upy1]

satisfying
€= (UO7U1)7 e/ = (Unavn+l)

and each edge (v;,viy1) belongs to G, the mazimal subsets of G in which
elements are connected mutually in G are said the connected components of

G.

Definition 26 A ray Y = {y;}3°, is said geodesic if for all m and n with
m < n, the path ¢ = [Ym- Ym+1, -, Yn| 18 the shortest pathconnecting y,, and
Yn, B.€., L(c) =n —m.

For allz € V and w € V(00), there exists a ray Y = {y;}32, which is a
geodesic and [Y] = w. This Y is unique up to the equivalence and is called
the geodesic ray starting at x and reaching w.

It is known (cf. [8]) that
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Proposition 16 The end boundary V(oo) coincides with the totality of all
geodesic rays starting at a fived vertex o € V.

Furthermore, it is known (cf. [8]) that

Theorem 33 Assume that a locally finite, infinite tree G = (V, E) is tran-
sient.

(1)  Then the Martin boundary coincides with the end boundary, i.e.,
Vo = Voo = V(0).

(2) A sequence {y;}2, of vertices in V' converges to w € V(00) if and
only if (o, [yi,w],) = 00 asi — oo. Here d is the graph distance of G = (V, F)
and for two elements w and n in VUV (c0), p € V is the confluence of w
and n, denoted by [w,n],, if p is the last common vertex in the geodesic ray
from o to w, and the one from o to 7.

For the end boundary V' (o0), the end Dirichlet bonudary problem can be
settled: ~ For a given function ¢ on V(o0) which is continuous with respect
to the cone topology, find a solution f € C(V) satisfying that

{Apf(x) =0, reV, (7.27)

lim, ., f(x) = p(w), w e V(x0),

where the limit is taken in the cone topology on V U V(o0).
For this problem, it is known (cf. [8]) that

Theorem 34 Assume that G = (V, E) is a locally finite infinite transient
graph and its Green kernel G(z,y) vanishes at infinity, i.e., for each € > 0,
the set {x € V; G(x,0) < €} is finite set for a fized vertex o € V. Then
for every continuous function ¢ on V(00), there exists a unique solution
feC(VUV(0)) of the end Dirichlet problem.

Finally, we give examples.
Example 4 (1) For the d dimensional integer lattice Z9, it is transient if

and only if d > 3 (cf. Polya). In this case, Voo = V(0) is a single set, i.e.,
every non-negative harmonic function on Z2 is constant.
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(2)  For the homogeneous reqular tree of degree d with (d > 3), is always
transient, and the Green kernel is given (cf. [4], [30]) by

d—1 1

d(z,y)
Glo) =575 (727)  wvevi,

where d(x,y) is the graph distance between x and y. The Martin boundary
coincides with the end boundary Vo, = V(00), and this can be identified with
the Cantor set in the circle S* = [0,1]/{0,1}.

For the Green kernel, we have (see for example, [30]) that

Theorem 35 Assume that G = (V, E) is a locally finite infinite garph.
(1) If m(x) <d for all x € V, then we have

d—1( 1 \"
G(z,y) > i_9 <d—1) (z, y V).

(2) If G = (V, E) is an infinite tree and satisfies m(x) > d > 3 for all
x €V, then we have

d—1( 1 \"™
G(z,y) < i—92 <d—1> (z,y V).

Corollary 6
G = (V,E) is an infinite tree and m(zx) > 3 for all x € V. Then the end
Dirichlet problem has a unique solution f for every continuous function @

on V(o).

7.11 From discreteness to continuum

In this section, we want to show what is the completion and the Martin
boundary of the homogeneous regular tree Ty with d = ¢+ 1 > 3.
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Let Q be the set of all symbols
0.a1as - - - ay,

where ay, ag, -+, ap € {0, 1,2, -+, g —1}. We may assume 0. € Q, and
may regard u = 0.ajas---a as a rational number 7(u) expanded by ¢ in
such a way that

m(u) =a q ! +asqg 4 Fayqg e [0, 1].

And let —Q be the set of all symbols —0.ajas - - - a, where 0.a1as - ag
runs over the set Q. We may assume —0. € —Q and may also regard
u = —0.a1as - - ay, as

m(u) = —ay g l—aqg?— - —aqgte [—1,0].

We consider the following infinite graph G = (V, E) of which the set V' of
vertices is V = QU (—Q), and the set E of edges is given by the following
relations:

(1) 0.a1ag - - - ax, ~ 0.a1az - - - axx,
where x € {0, 1, 2, ---, ¢ — 1},

(2) —0.a1as - - - a, ~ —0.a1az - - - ai,
where x € {0, 1,2, -+, ¢ — 1},

(3) = 0. ~0.,
respectively.

Then the obtained infinite graph G = (V| E) can be identified naturally
with the homogeneous regular tree Ty of degree d = ¢ + 1.

Recall that the Green kernel G(z,y) of T, is given by

G(z,y) = q_%q‘d(”’) (z,yeV), (7.28)

and the Martin kernel K (z,y) is given by

G(x, o) —d(x
K(z,y) = GEO z; = 1OV (2, y € V), (7.29)

and the probability F'(x,y) of visiting to y for the random walk starting at
x is given by

F(z,y) =

= g @)z, y e V). (7.30)
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We may give the weight function ¢(z) (z € V) as
q(z) = 7240 (z e V). (7.31)

Then the distance p(u,v) (u, v € V') given by
p(u,v) :ZQ(I>F<O,3§')|K($,U)—K(.QT,U)| (U, UGV)
zeV

can be estimated below as follows:
Theorem 36 We have

q(q* = 1)

Fo1 W) =) < p(wv) (v veQ),

where | x| is the absolute value of a real number x.

We have immediately by Theorem 36

Corollary 7

If a sequence {u, }5°, of vertices in Q is a Cauchy sequence with respect to
the distance p, then {m(u,)}2, is a Cauchy sequence in [0, 1] with respect
to the distance |x — y|, (x,y € [0,1]). Therefore, from the completion of
Ty = QU (—Q), we can reconstruct the closed interval [0, 1].

Proof. (of Theorem 36) In the proof, we identify v and 7 (u) for v € Q.
Notice that, by (7.29), for u, v € Q, and = € —Q,

\K(x,u) o K(.Z',’U)‘ — }qd(o,u)—d(o:,u) _ qd(o,v)—d(:p,v)‘ —

_ ‘qfd(o,x) - qfd(o,x)‘ =0,

where we take 0 = 0. € Q. By this and together with (7.30), (7.31) and the
definition of p(u,v), we have for u, v € Q,

p(u7 U) _ Z q73d(o7x) ‘qd(o,u)fd(x,u) . qd(o,v)fd(:r,v)} (732)
z€Q



232 CHAPTER 7. GRAPH THEORY, BY HURAKAWA

)

— Z q—4d(o,w) |q2d(o,[x,u]o) . q2d(0,[x,v]o)
z€Q
where [z, u], is the confluence of z and u, and

d(xz,u) = d(o,z) + d(o,u) — 2d(o, [x, u),)

for z, u € Q.
For u, v € Q, let
u:o.al...apap+1...ap+s’

and
= foood
v=0.a1" " Qpyyy Ay

with a1 # a,,,. So we have [u,v], = 0.a;---a,. Forr > p+1 =

d(o,[u,v],) + 1, let A, be the set of all vertices z in Q which follow from
0.ay - - - apa,+1 with d(o, z) = r. Then we have

Lemma 10 (1) For all z € A,, we have
d(o,[u,v],) + 1 =p+1<do,|x,u],) = d(o,[x,v],).
(2)  We have #(A,) = ¢~ P+,

Proof. (1) All z € A, can be written as

r=0.a1 - apQp1Tpp2- - Ty
for some 9, -, x, € {0, 1, ¢ — 1}. Then, we have

[35, U]o =0.a1 - apap11Ypi2 - Yr,

for some y,40, -+, ¥ € {0, 1, ..., ¢— 1}, and

[z,v], = 0.a1 - - - ap = [u,V],.
Then, we have d(o, [z,ul,) > p+1=1+d(o,[u,v],) and d(o, [z,v],) =p =

d(o, [u,v],).
The statement (2) is clear. Q.e.d.

By Lemma 10, we have, for x € A,,

2d(o,[z,ulo) __ ,2d(o,[z,v]o)

‘q q 2d(o,[z,ulo) qd(o,[u,v]o)

:‘q
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> P — | = (¢ - 1).

Therefore, we have

Z —4r Z |q2d(o Jz,u)o 2d(o [z,v]0)

r=p+1 TEA,

Z #(A)g (" = 1)g™

r=p+1
= > A g~ 1)g
r=p+1
- qzi_lq—%’
q(q* = 1)
J— q 1 _Qd(ov[uvv}o)
@ -!
2
1
> Q(q ) |u _ U’2,
¢ -1
since
lu —v| = ‘0.@1 S Qplpyt Gpps — 0.ap - apa;)+1 e
=10.0---0(app1 — ap,yy) |
< qq".

/
because of a,1 —aj,,; # 0.

/
p+t

233
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