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A survey of copula—based measures of association

Carlo SEMPI!

Abstract. We survey the measures of association that are based on bivariate copu-
las. Almost no proof will be reported, although an exception is made in the case of the
Schweizer—Wolff measure, since the details of the proof are mainly contained in Wolff’s
Ph.D. dissertation, which is not readily available.

1. INTRODUCTION

“Measure of association” is a broad term that denotes the class of all the mea-
sures that have been constructed with the aim of quantifying specific relationships
between two or more random variables. The term may include, for instance, mea-
sures that want to capture functional relationship (i.e., linear relationships) among
random variables, as well as measures of dependence that aim at quantifying the
“degree of non—independence” in a set of variables. In this paper we review those
among these measures that may expressed in terms of the copulas of two random
variables.

In the next section we recall, without any proof, the properties of (bivariate)
copulas that will be needed in the sequel. References on copulas are the following
books and surveys [9, 14, 4, 5].

2. COPULE

A (bivariate) copula is a distribution function (=d.f.) on I? whose univariate
marginals are uniformly distributed on I. Equivalently, a copula C' is a function
C : 12 — T such that

(C1) C(t,1) =C(1,t) =t and C(t,0) = C(0,t) = 0 for every ¢ € [

(C2) for all u, v/, v and v" in I with v < v’ and v </,

C/,v") = C,v) = Clu,v') + Clu,v) > 0.
The set of copulas will be denoted by Cs.

The following three examples of copulas are essential: the comonotonicity cop-
ula Ms(u,v) = min{u, v}, the independence copula Ilz(u,v) = uv and the counter-
monotonicity copula Wa(u,v) = max{0,u + v — 1}.
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Other important families of copulas are listed below.
o Archimedean
(2.1) Clu,v) = 7V (f(u) + f(v))

where f : I — [0,+o0c] is continuous, convex, strictly decreasing and such
that f(1) = 0 and f(-V(¢t) = f~1(¢) if t € [0, £(0)], while f(=1(¢) = 0 for

t > £(0).
o Eyraud—Farlie-Gumbel-Morgenstern (briefly EFGM)
(2.2) CEFCMy ) =wv (1+a(l —u) (1 -v)), ac|[-1,1];

o Marshall-Olkin for o, 8 € 10, 1]
ul= u® > 8
(2'3) Cfllv»ll?(u7v) 1= min {ulia%uvliﬂ} - {’Uﬂulﬂ u® < vﬂ )
o Gumbel-Hougaard
(2.4) CSH(y, v) = exp (— (= Inu)® — (1nv)a)1/a) La>1.

For o = 1 one obtains the independence copula as a special case, and the
limit of CSH for a — +00 is the comonotonicity copula M.
e Bivariate Gaussian

(2.5) C’Sa(u, v) =

& (u) P (V) 1 2 _9,gt 2
:/ / (_S Pl > dsdt |
e o 2m1—p2 2(1 - p?)

where p is in |—1,1[, and #~! denotes the inverse of the standard Gaussian
distribution N(0,1). For more details, see [12].
o Mardia—Takahashi—Clayton

(2.6) CMTC (y,v) =
-1/«
—maX{O, (uiaﬂ%*l) } . ae[-1+00[\{0}.
e Frank
(2.7) CFranky 4) =
R S OO ot VN Gt VA SN
= al <1+ e —1) > , eR.

The limiting case a = 0 corresponds to II5. Copulas of this type have been
introduced by [6] in relation with a problem about associative functions on
I. They are absolutely continuous.

o Fxtreme value

(2.8) Ca(u,v) =

= exp (A <1n70> 111(“”)) . (wo)eloaf,

Inu+Inv
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where A : T — [1/2,1] is convex and satisfies the inequality max{1 —¢,¢} <
At) < 1.

The importance of copulas stems form Sklar’s theorem [23].

Theorem 2.1 (Sklar’s theorem). Let F' be a d.f. with univariate margins Fy, Fy.

Let A; denote the range of F;, Aj := Fj(R) (j = 1,2). Then there exists a copula
C' such that for all (z1,x2) € RQ,

(29) F($1,x2) = C(Fl(Il),FQ(Ig)) -

Such a C' is uniquely determined on Ay x Az and, hence, it is unique when both Fy
and Fy are continuous. Conversely, if C is a copula, then (2.9) defines a d.f..

If the marginals F; and Fy are continuous the existence of the (unique) copula
asserted by Sklar’s theorem can be easily proved. Under the assumptions of Theo-
rem 2.1, if F; and F5 are continuous, then there exists a unique copula C' associated
with X = (X1, X3). Tt is determined, for every (u,v) € 1%, via the formula

(2.10) Clu,v) = H (Ff*”(u), FQ(*”(U)) :

where, for j = 1,2, Fj(_l)(t) = inf{z € R : Fj(z) > t} is the right-continuous
quasi-inverse of F.

Example 2.1 (Copula of the extreme order statistics). In the probability space
(Q, F,P) let Xy, ---, X,, be indipendent and identically distributed random vari-
ables with a common continuous d.f. F' and let X(;) be the j-th order statistic so
that X1y < X2y < -+ < X(p,). We wish to determine the copula of the vector
(Xay, X(n))- It is known (see, e.g., [3]) that the joint d.f. of the j-th and the k-th
order statistics is

n
n!
Hjp(w,y) =Y Ak = Dl = h)]
h=k i=j

h
Fi(2)[F(y) — F()]" " [1 - F(y)" ™",

for x <y, and Fiy)(y), for © > y, where Fy(t) := P(Xx) < t) is the d.f. of the
k—th order statistic

n

F(k)(t) = Z (7;) Fl(t) [1 — F(t)]n,i .

i=k
Hence, setting first 7 = 1 and then k = n, one has, for  and y in R,
Foy(e)=1-[1-F@)]",  Fuy) =F"y);

now the joint d.f. of X(;y and X, is given by

2": (n) Fi(z) [Fly) = F2)]"" |, «<y,

Hypn(z,y) =1 \!

{F"(y)—[F(y)—F(wﬂ" , T<yY,

F"(y) , Ty
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By recourse to (2.10), one can now write the (unique) copula of X3y and X,
Crn = Hin (Fi} (), F () =
(2.11) {v— [vl/n+(1_u)1/n,_1]n 7 1_(1_u)1/n < ol/n
v , 1= (1=w)/r >/,

The copula of eq. (2.11) is related to a 2—copula from the Mardia—Takahasi—Clayton
copulas family (2.6). In fact, by using the symmetry &(u,v) = (1 — u,v), one has

pl/m g t/m )" , 7}1/”—&—u1/"—1>07
Cin(u’v) = {( )

which belongs to the Mardia-Takahasi-Clayton family with 6§ = —1/n.

0 , elsewhere,

One often considers, along with a copula C' its survival copula defined by

-~

(2.12) Cu,v) =u+v—-1+C(l—u,1—0).

One of the important properties of copulas is contained in the following result.

Theorem 2.2. Let X and Y be continuous random variables defined on the prob-
ability space (Q, F,P) and consider the continuous mappings ¢ : Ran X — R and
¥ :RanY — R.

(a) If both ¢ and 1 are strictly increasing, then, for every (u,v) € 12,
Cga(x).w(y)(u, U) = ny(u, 1}) ;
(b) if ¢ is strictly increasing while 1 is strictly decreasing, then, for every
(u,v) €12,
CLp(X),w(Y) (u,v) =C (u7 U) =u— CXY(U': 1- U) 5
(c) if ¢ is strictly decreasing while 1 is strictly increasing, then, for every
(u,0) €I,
C¢(X),¢(Y)(U,U) =C%"u,v) :==v—Cxy(1 —u,v);
(d) if both v and v are strictly decreasing, then, for every (u,v) € 12,
C@(X),w(y)(uvv) =C'2(u,v):=u+v—14+Cxy(l—u,1—v).

There is a one—to—one correspondence between copulas and stochastic measures
on (I2,B(1%)): a measure y on this measurable space is said to be a stochastic
measure if (A x I) = u(I x A) = A(A) for every Borel subsest A of I; here and in
the following A4 denotes the d-dimensional Lebesgue measure (d = 1,2).

Given a copula C for every rectangle R = ]a,b] x ]c, d] one defines

pe(R) :=C(b,d) — C(a,d) — C(b,c) + C(a,c)

by the usual techniques of measure theory the definition of uc is then extended
to the family B(I?) of Borel subsets of I2. Conversely, if a stochastic measure
is given, a copula C is defined via C(u,v) := p([0,u] x [0,v]). Because of this
correspondence one may write fp .-+ dC in order to denote the integral fp < dpc.

The integration—by—parts formula presented below (see [11]) is needed in the
calculation of some of statistical quantities surveyed here.
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Theorem 2.3. Let A and B be 2—copulas, and let the function ¢ : I — R be
continuously differentiable, i.e. , o € C*(1). Then

(2.13) / poAdB =
]12
:/ o(t) dtf/ @' (A(u,v)) 01 A(u, v) 02 B(u,v) du dv =
0 12

(2.14) :/0 o(t) dt — /p @' (A(u,v)) 02 A(u,v) 01 B(u,v) dudv .

Now, let P be a property of association that may be assigned to a random
vector X = (X1, X2). A (copula—based) measure of association is any functional
Mp : C3 — D C R that assigns to each vector X of continuous r.v.’s with copula
C a real number that is interpreted as the P—degree of association of X. If no
confusion arises, M(X) or, equivalently, M(C) will denote the value of M for a
vector X with copula C. Usually, the range D of a measure of association M is
either D = [0, 1], where M(X) = 0 represents the absence of property P in X or
D =[-1,1], where M(X) =1 (respectively, M(X) = —1) represents the maximal
positive (respectively, negative) presence of property P in X.

3. CONCORDANCE

Loosely speaking, one may say that two random variables are concordant if
they tend to take large values together or to take small values together. Negative
concordance of two random variables means that one of them takes large values
while the other one takes small values.

Let X and Y be two continuous random variables defined on the probability
space (2, F,P). Given two different observations (z;, y;) and (2, yx) of the random
vector (X,Y") these will be said to be

e concordant, if one has either z; < xj, and y; < yg, or, ; > x and y; > yi,
or equivalently, if (x5 — ;) (yx — y;) > 0;

o discordant, if x; < x1, and y; > yi, or x; > x, and y; < Y, or, equivalently,
if (zr — 25) (ye — y;) <O0.

Definition 3.1. Given two copulas A and B in Cy, B will be said to be more
concordant than A, and this will be denoted by A < B, if A(u,v) < B(u,v) for
every (u,v) € I2.

In order to investigate concordance between two random pairs, it is expedient,
following [10] and [14, Section 5.1.1], to introduce a concordance function Q. As-
sume that the pair (X1,Y7) and (Xs,Y3) of continuous random vectors have (not
necessarily equal) joint d.f.’s H; and H,, respectively, but common marginals F'
and G; thus, both H; and Hj belong to the Fréchet class T'(F, G), which is the set
of two—-dimensional d.f.’s whose marginals are F' and G. It will turn out that @
depends only on the copulas C; and Cs of the two vectors.

Theorem 3.1. Let Xy, Y1, X5, Yo be continuous random variables on the proba-
bility space (2, F,P), let the random vectors (X1,Y1) and (Xo,Y3) be independent
and let Hy and Hy be their respective joint d.f.’s and let the marginals d.f.’s satisfy

.FXIZFWXQZ.F7 and FyleYQZG,
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so that Hy and Hy both belong to the Fréchet class I'(F,G), and
Hy(z,y) = Ci(F(2),G(y)) and  Hy(z,y) = Co(F(2), G(y))

where Cy and Cy are the (unique) copulas of (X1,Y1) and (Xa,Y2), respectively.
Define

(31) Q = P[(Xl — Xg) (Yl — YQ) > 0] —]P)[(Xl — XQ) (Y1 — YQ) < O] .

Then Q depends only on Cy and Cy and is given by
(32) Q(C1,C2) =4 | Ca(u,v)dCi(u,v) — 1.
HQ

Some of the properties of the concordance function ) will be useful in the sequel.
They are collected in the following result, whose proof is immediate.

Theorem 3.2. Let Cy, Cy and Q have the same meaning as in Theorem 3.1; then:

(a) @ is symmetric: Q(C1,C2) = Q(Cq,Ch);

(b) Q is increasing in each place with respect to the concordance order <: if
Cy < Cf and Cy < C4, then Q(C1,C2) < Q(C1,Ch);

(c) Q is invariant under the replacement of copulas by their survival copulas:

Q(C1,C) = Q(C1,Cy) .

Example 3.1. The function @ will be evaluated for all possible pairs of the three
fundamental copulas My, IIs and Ws. As will be seen below (see Section 6), one
is at the same time calculating Kendall’s 7 for all pair of random variable having
Mo, or 11 or, again, Wh as their copula. In every case, use will be made of (2.13).
Since

1, s<t, 0, s<t,
81M2(S,t) = and 82M2(S,t) =
0, s>t, 1, s>t,
one has
(3.3) alMg(S,t) = 1(3’1)(25) = 1(0’,5)(8) ,
(3.4) Do Ma(s,t) = 1(0,5)(t) = L(1,1)(s) -
Similarly,

0, s+t—1<0,

81W2(S,t) = 82W2(S,t) = {
1, s+t—1>0,

so that
(35) 81W2(8,t) = 82W2(57t) = 1(t_1’1)(s) = 1(1_511)(15) .

As a consequence of Theorem 2.3 and because of (3.3), one has

Q(M27M2):4 Mg(’U,,’U)dMQ(’LL,U)-lZQ—].:]..
12
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Similarly

! 4 1
Q(Msy,TIy) :Q(HQ,MQ):ZL/ u2du71:571:§7
0
1

Q(Ma, Wa) = Q(Wa, My) = 4/1/2(% ) du—1=

1
Q(Wo,Ilp) = Q(Ilz, W) = 4/0 u(l—wu)du= -3

1
Q( W, W) :4/ Wau,1 - u)du—1=—1.
0

Finally Q(Hg, HQ) =0.
Since @ is the difference of two probabilities (see eq. (3.1)), one has
Q(C7 C) € [_17 1]

for every copula C. In view of Theorem 3.2 (b) and of the previous example, one
has also, for every copula C,

Q(C,My) €[0,1] , Q(C,W2) e [-1,0] , Q(CIIz) € [-1/3,1/3] .

4. SPEARMAN’S RANK CORRELATION

Charles Spearman, a psychologist, introduced his rank correlation coefficient,
known as Spearman’s rho in 1904 [24].

In our setting, his coefficient is defined as the normalised concordance between
a copula C and the independence copula Ils, so that it measures the discrepancy
of concordance property of (X,Y") with respect to an independent coupling (X', Y")
belonging to the same Fréchet class.

Definition 4.1. If C is the copula of two continuous random variables X and
Y defined on the same probability space (€2, F,P), then the population version of
Spearman’s rho of X and Y, which will be denoted indifferently by px y or by pc
or by p(C), is given by
(4.1) pxy =p(C) =3Q(C, 1) = 12/ =12 | C(u,v)dudv—3.
12 2

The coefficient 3 that appears in eq. (4.1) represents a normalisation: in fact,
thanks to it, po is in [—1, 1] since Q(C,IIz) belongs to the interval [—1/3,1/3], as
was seen in the previous Section.

Notice also that

1
/Hz(u,v)dudvz/uvdudvzz,
12

12
so that Spearman’s rho may be written in the form

/ wdC(u,v) —1/4
— _Jr
(4.2) p(X,Y)=12 . {C(u,v) —uv} dudv = 112

Below the values of Spearman’s rho for a few copulas of Section 2 are reported.
e EFGM copulas (2.2): p(CEFGM) — /3;
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e Marshall-Olkin copulas (2.3): p(CY) = (3a ) 2a —a S +25)7"
e Gaussian bivariate copula (2.5):

p(CG2) = g arcsin (g) ;

for a proof see [10];
e Frank copulas (2.7):

p(CE™) = 1= 2 (Dy(a) - Da(a) |

where D,, is the Debye function given, for any natural n by

(4.3) Do(z) = - /Ox LA

" et —1

e Extreme-value copulas (2.8):

! 1
p(CA):12/O mdt—?)

Example 4.1. Spearman’s rho p(X (1, X)) for the copula of the order statistics
X (1) and X, of the independent and identically distributed random variables X1,
-+, X, a copula that was determined in Example 2.1 is given by

i ( +k> + 122?2; (=1)" .

k O

12n <&
() =

It follows from Theorem 4.1 that

pn = p(Xay, X)) =12 B Cp(u,v)dudv —3 =

:12/An {vf {vl/"+(17u)1/n71r} dudv+12/andudv73:

:12/ vdudv—lZ/ [Ul/"—k(l—u)l/”—lrdudv—?;
A,UB, A

n

where

Ay = {(u,0) €1 — (1 —uw)/m <ot/n})
B, = {(u,v) el?:1-(1 —u)l/" > Ul/n} )
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The substitutions s = (1 — u)"/™ and ¢t = v'/", and the use of the beta function

yield
I, = /01 dv /Ol(lvl/n)n [0/ 4 (1= )/ — 1] Y=
=n? /Oltnldt/l;(w s—1)"s"tds =
=n? éo (Z) /01(t — Dk tat -/llt P
=n? k; (Z) /Ol(t— 1)Fgn—t {ﬁ (1-(1 —t)Q"*k)} dt =
—n? :0 (Z) 2(;1)]; M)l (1 — )k dt— /01 11— )2 dt} -
=2 :0 <Z> 2(;1_)2 (B(n,k+1) - B(n,2n+1)} .
Now
pon e 0y (1) = O e (1) 1 -
- ot
Similarly

which proves the assertion.

5. GINI’S COGRADUATION INDEX

Spearman’s rho of two continuous random variables having C' as their copula
may be expressed in the form

p(C)=12 [ {(u+v—1)*—(u—0)*} dC(u,v).
12
In fact, the r.h.s. reduces to
12/ wv dC(u,v) + 3 — 6/ wdC(u,v) — 6/ vdC(u,v) ;
12 12 12

but, since one integrates with respect to the stochastic measure ¢ induced by the

copula C,
1
6/udC(u,v):6/ udu =3,
12 0
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so that the claimed equality holds. Gini’s index replaces the square by the absolute
value, and, of course, adopts a different normalizing constant

(5.1) ~(C) ::2/2{\u+v71|7|u7v|} dC(u,v) |
I
Gini’s index may also be expressed in terms of the concordance function.

Theorem 5.1. Gini’s cograduation indez for a copula C € Co may be expressed in
either of the following forms

—4{/Olc(u,1—u)du—/ol(u—C(M)) du} .

6. KENDALL’S RANK CORRELATION

Kendall’s tau is defined as the concordance between a random pair (X,Y) and
an independent copy of it. Formally, it is defined as follows.

Definition 6.1. The Kendall’s tau of two continuous random variables X and Y
on the probability space (92, F,P) is defined by
(6.1) xy =Q(C,C)=4 [ C(u,v)dC(u,v)—1.
HQ

In view of (2.13), the expression for 7 may be written as

(6.2) xy =1—4 [ 01C(u,v) 0:C(u,v)dudv .
12

Since Kendall’s tau for a pair of continuous random variables X and Y having
copula C, depends only on the copula C, so that, in order to stress this dependence,
we shall write 7x y = 7¢ = 7(C).

The result of Example 3.1 yield

T(MQ)ZQ(MQ,MQ):l 5 T(HQ):O 5 T(Wg):—l.
The calculation of Kendall’s tau is easier for Archimedean copulas since in this

case one has to evaluate the integral of a function of a single variable, the generator
of the copula, rather than the integral of functions of two variables.

Theorem 6.1. Kendall’s tau 7(Cy) for an Archimedean 2—copula C, with additive
generator f is given by
f(t)

1

6.3 T(Cf) =144 /
(63) () N
Below, the values of Kendall’s tau for a few copulas are reported.
e EFGM copulas (2.2): 7(CEFGM) =24 /9;
e Marshall-Olkin copulas (2.3): 7(C)S) =

dt .

af )
a—afB+p’
e Gumbel-Hougaard copulas (2.4): 7(CSH) = (a — 1) /e

e Mardia-Takahasi-Clayton copulas (2.6): 7(CMT€) = a/(a + 2);
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4
e Frank copulas (2.7): 7(CFrank)y — 1~ (1 — D,(a)), where D; is the Debye
«

function of eq. (4.3);
e Extreme-value copulas (2.8):

ot
T(OA)_/O o0 dA'(t) .

The EFGM copulas do not allow the modelling of a large spectrum of depen-
dence among the random variables involved, since 7(CEFGM) ¢ [~2/9 2/9], while
p(CEFGM) ¢ [_1/3 1/3]. Moreover, all the tail dependence coefficients, to be met
later, see Section 9, associated with it are equal to 0.

Example 6.1. As was done in Example 4.1 for Spearman’s rho, one may wish to
calculate Kendall’s tau 7(X 1y, X(,,)) for the copula of the order statistics X(;y and
X(n) of the independent and identically distributed random variables Xy, - -+, X,
whose copula was determined in Example 2.1. However, the calculation is long and
tedious; therefore we shall limit ourselves to quoting the results from the literature
([1]). Kendall’s tau for the order statistics X(;y and Xy (j,k =1,--- ,n;5 <k) is

given by
2(n—=1) (n—=2\ n—j—1
X X)) =1— =2
e Xuw) 2n—1 (j,1> (kfjfl)x
I - 2n — 2 -1
6.4 .
CERE ) 91 (91 0 | SR Ay
h=0 s=0
Setting j = 1 and k& = n one has
1
. X1y, X, = —
(6.5) (X, X)) = 5—7 -

a result originally obtained by Schmitz [18, 19].

7. BLOMQVIST’S RANK CORRELATION

If in the expression (3.1) for the concordance function one takes Xo = xg and
Y = yo, namely constant random variables, one obtains
Q@ =P[(X1 —z0) (Y1 —y0) > 0] = P[(X1 — ) (Y1 —y0) <O] .

Blomqvist [2] chose g = Z and yo = ¥, where Z and y denote the medians of X
and Y, respectively. The corresponding measure of concordance, which is usually
called Blomgquist’s beta or medial correlation coefficient is then

f=P(X-2)(Y-9)>0-P[(X-2)(Y -y) <0] =

(7.1) .
—oP[(X —2)(Y —7) >0/ —1=4C(1/2,1/2) — 1.

8. ON THE DEFINITION OF MEASURE OF CONCORDANCE

In two papers [16, 17] Scarsini introduced axioms for a measure of concordance.
These are collected in the following

Definition 8.1. Consider the family A? of continuous 2-dimensional distribution
functions and let (X,Y’) be a random pair having joint distribution function H €
A2. Then a mapping & : A2 — [0, 1], denoted by x(X,Y) or by x(H) is said to be
a measure of concordance if
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(k1) k is defined for every pair of continuous random variables;

(k2) K is symmetric: k(X,Y) = (Y, X);

(k3) k isincreasing in the sense that if Cx y > Cw,z, where Cx y and Cyy,z are
the copulas of the pairs (X,Y) and (W, Z), respectively, then x(X,Y) >

w(W, Z);

w1) K(X,Y) € [-1,1];

Kb) /<;(X Y)=0if X and Y are independent;

k6) K(—X,Y) =kr(X,-Y) =—-k(X,Y);

KT) weak contmulty if {( Xy, Yn)}nen is a sequence of continuous random vari-
ables and if the corresponding sequence of copulas converges pointiwise to
the copula C of the pair (X,Y’), then

lim (X, Y,) =r(X,Y).

n—-+4oo
If the inequalities in (x3) are replaced by Cxy > Cw,z and k(X,Y) > s(W, Z),
respectively, then k is said to be a strong measure of concordance.

(
(
(
(

In terms of copulas it is possible to reformulate Scarsini’s axioms in the following
way.

Definition 8.2. A measure of concordance is a mapping « : Co — R such that

(k1) k is defined for every copula C € Cy;

(k2) for every C € Cq, x(C) = x(CT)

(k3) (C) < Kk(C") whenever C < C’;

(k4) w(C) € [-1,1];

(k5) k(1) =0;

(k6) K(C°t) = K(C2) = —K(C), where C°* and C2 are defined in Theorem

2.2;
(k7) weak continuity: if C), P C, then lim,, o &(Cr) = k(C).
n—-+00

A measure of concordance is invariant under strictly increasing transformations.

Theorem 8.1. The following statements hold for a measure of concordance k:

(a) If the continuous functions f,g : R — R are simultaneously strictly increas-
ing or strictly decreasing then k(foX,goY)=r(X,Y);

(b) if f : R — R is continuous and strictly increasing (respectively, decreasing),
then

K(X,foX)=1 , respectively rk(X,foX)=—

Proof. (a) Set W := foX and Z := goY. If f and g are strictly increasing,
then, by Theorem 2.2, one has Cxy = Cw,z so that the assertion follows from
(k3). If, on the other hand, f and g are both strictly decreasing, apply what has
just been proved to the strictly increasing functions —f and —g. Then, it follows
from (k6) that

KX Y)=r((=f)oX,(-g)oY) =
=(-1)%k(foX,goY)=r(foX,goY).
(b) If f is strictly increasing, then Cx fox = Moy; then (k4) yields k(X, foX) =1,
while if f is strictly decreasing, then Cx fox = Wa so that k(X, fo X) = —
O

The quantities introduced in the previous sections are measures of concordance
according to Scarsini’s definition.
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Theorem 8.2. Spearman’s rho, Gini’s index, Kendall’s tau and Blomquist’s beta
are all measures of concordance.

Proof. The proof of this result presents no difficulty with one exception: in prov-
ing that Kendall’s tau satisfies the convergence property (k7) a special argument
is needed. Recall that a sequence of finite measures (p1,,) on (R?, B(R?)) is said to

converge vaguely to u if
n——+0oo

for every continuous function f with compact support. Then the following state-
ments are equivalent (see [21]):

(a) limp— oo o frdin = [o f dp < +00;

(b) limg—s 400 SUPpeN f{f">a} frndp, = 0.
It suffices now to choose Q =12, f, = C,, and pu,, = ne,, - O

9. TAIL DEPENDENCE

For bivariate probability distributions it is possible to introduce the notion of
tail dependence (see [8]); this is related just to the amount of dependence in the
upper right quadrant tail or in the lower left quadrant tail. Their measure is via
the tail dependence coefficients that were introduced by Sibuya [22] and which are
defined below.

Definition 9.1. Let X = (X,Y") be a vector with continuous components and let F’
and G be the d.f.’s of X and Y, respectively. The upper tail dependence coefficient
Ay of X is defined by

(9.1) AU:nmPCX>FFD@|Y>GFUm),
2

if this limit exists. X is said to be upper tail dependent when Ay > 0 and upper
tail independent when Ay = 0.
The lower tail dependence coefficient \p, of X is defined by

(9.2) AL:E?%Xgﬂ”WHYS@*WD,
t>

if this limit exists. X is said to be lower tail dependent when Ay > 0 and lower tail
independent when Ay, = 0.

These coefficients, and, hence, tail dependence, depend only on the copula of X.

Theorem 9.1. Let X have copula C' € Cs; if the limits of Definition 9.1 exist, and
if 0c(t) := C(t,t) denotes the diagonal of C; then

1-2 1-2
(9.3) Ay = lim A2 2FCED g 1224 0e(t)
t—0 1—t t—0 1—t
t>0 t>0
and
(9.4) e tim Y gy, 0@
t—0 t t—0 t
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Proof. By recourse to the survival copula of (2.12) one has, since F'(X) and
G(Y) are uniformly distributed on I,

P(X>FEU@) Y >GY@0) =P(FX)>t|GY)>t)=

_C(tt)  1—2t+0c(t)
T o1—t 1—t ’

which proves (9.3) if the limit exists. In a similar manner one proves (9.4).

We report the tail dependence coefficients of a few bivariate copulas
e Marshall-Olkin (2.3): AL(CYP) = 0, Ay(CYP) = min{e, 5};

e bivariate Gaussian (2.5): A (CG?) = \y(CS?) = 0;

Gumbel-Hougaard copulas (2.4)): A (CSH) =0, \y(CEH) = 2 — 21/,

Mardia—Takahasi—Clayton copulas (2.6):
27l a>0,
AL(CMTC) = {

0 . ac|-1,0]
e Frank copulas (2.7)): A (CFrank) = )\, (CFrank) — ( (for more details, see
[13, 7]);
o Extreme-value copulas (2.8): Ar(Ca) =0, A\g(Ca) =2(1 — A(1/2)).

10. THE SCHWEIZER—WOLFF MEASURE OF DEPENDENCE

Let X and Y be continuous random variables and let F' and G be their d.f.’s,
H their joint d.f., and C their (unique) connecting copula. The graph of C is a
surface over the unit square, which is bounded above by the surface z = Mz (u,v),
and is bounded below by the surface z = Wa(u,v). If X and Y happen to be
independent, then the surface z = C(u,v) is the hyperbolic paraboloid z = wwv.
The volume between the surfaces z = C(u,v) and z = uv can be used as a measure
of dependence. Notice that

1 1
/ {Mz(u,v) —uv} dra = — and / {uv —Wa(u,v)} dra = —
2 12 2 12
which, by normalizing, leads to the quantity
(10.1) o(X,Y) = 12/ |C(u,v) —uv| dhy = 12/ |C —TIIs| dAs .
12 12

This quantity will be called the Schweizer-Wolff measure of dependence [20, 26]:
it depends only on the copula C' of the continuous random variables X and Y and
represents the L! distance between the surfaces z = Ilp(u,v) and z = C(u,v). We
proceed to establish its properties.

By a standard change of variables this measure of dependence may be expressed
in the form

(10.2) o(X,Y)=12 B |H(u,v) — F(u) G(v)| dF(u)dG(v) .
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Theorem 10.1. For every copula C, o(X,Y) takes values in [0,1]; moreover,
o(X,Y) =1, if, and only if, either C = Ma or C = Wj.

Proof. Since, by definition it is obvious that o(X,Y") takes values in [0, 1], our
attention will be devoted to proving the remaining assertion. Fix vy in 1 and
introduce the vertical sections from I into [0, vg] defined by

Co(u) := C(u,v0) , Wo(u):= Wa(u,vg) ,
Py(u) :==uvgm , My(u) := Ma(u,vg) .
Put

A(Cy) 1= /0 1Co(u) — u vl du.-

It will be proved that A(Cp) attains its maximum when either C' = My or C' = Wh.
Since the graphs of Wy and M form a parallelogram contained in 12, of which the
graph of P, is the diagonal, the equality

A(Wy) = A(My) ,
is proved. Now we shall establish the inequality
(10.3) A(Co) < A(Wo) = A(Mp) -

Case 1: Cy > Py. Since Cy < My and the three functions Cy, Py and M, are
all continuous, inequality (10.3) follows at once. A similar argument holds when
Co < Fy.

Case 2: Cj is neither everywhere greater nor everywhere smaller than Py. Because
of the continuity of both Cy and Py, the set {u € I : Co(u) < Po(u)} is open,
and is, therefore the union of at most countably many disjoint open intervals, say
Uier |74, Sil-

For every i € I, let p; denote the point (r;, Co(r;)) and ¢; the point (s;, Co(s;));
notice that both p; and ¢; lie on the diagonal of the parallelogram described above.
Through p; and ¢; draw parallels to the side of the parallelogram and denote by m;
and n; the points of intersection. Next, let f; and g; the piecewise linear functions
defined on [r;, s;] and determined by p;, m;, ¢; and p;, n;, g;, respectively. Since Cy
is increasing and satisfies the Lipschitz condition, the graph of f; bounds below the
portion of the graph of Cy that lies between r; and s;. Therefore, since Cy < Py on
|7i, si[, one has

(10.4) /‘i\CO(u)—uvo\du§/>i|fi(u)—uv0|du:

Ti Ti

— [t~ wwel
Define a function Jdy on I via
Co(u) , if Co(u) > Py(u),
do(u) := .
gi(u) , i Co(u) < Po(u) and r; <u<s; .
Then
Si Tit1
A(Cp) = Z/ |Co(u) — wvo| du + Z/ |Co(u) — uwo| du <
ier T i€l ¥ Si

< A(9) < A(My)
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where the last inequality follows from Case 1.
Finally, since every copula is continuous, the function v — A(C)) is also contin-
uous on I. As a consequence, since

1
/ |C - H2| d/\g = / A(CU) dv 3
12 0

inequality (10.3) implies that [, |C' — IIz| dA; attains its maximum if, and only if,
either C' = M5 or C = Wh.
O

Theorem 10.2. For every pair of continuous random variables X and Y on the
probability space (2, F,P), o(X,Y) =0o(Y, X).

Proof. For every point (u,v) in I?, one has Cy y (u,v) = Cy x (v, u).
|

Theorem 10.3. For a pair of continuous random variables X and'Y on the prob-
ability space (Q, F,P), the following statements are equivalent:
(a) o(X,Y) =0;
(b) X andY are independent.
Proof. Since C' and Il are continuous, [, |C' — II|dA; = 0 if, and only if,
C =1l,.
O

Theorem 10.4. For a pair of continuous random variables X and Y on the prob-
ability space (2, F,P), the following statements are equivalent:

(a) o(X,Y) =1,

(b) there exist two strictly monotonic functions ¢, : R — R, such that X =

poY ae.,andY =1oX a.e..

Proof. By Theorem 10.1, o(X,Y) = 1, if, and only if, either Cxy = M3 or
Cxy = Wsy. But Cxy = Mo, if, and only if, X and Y are a strictly increasing
function of each other, while Cxy = Wa (see, e.g., [5]), if, and only if, X and YV

are a strictly decreasing function of each other.
O

Theorem 10.5. Let X andY be random variables on the probability space (2, F,P)
and let ¢ : RanX — R and ¢ : RanY — R be strictly monotonic and such that
poX and oY have continuous d.f.’s. Then

(10.5) olpoX,hoY)=0(X,Y).

Proof. If both ¢ and v are strictly increasing, then the assertion is an immediate
consequence of Theorem 2.2 (a).

If ¢ is strictly increasing while 1 is strictly decreasing, Theorem 2.2 (b) yields,
for every (u,v) € 12,

Coox,woy (U, v) —uv =u—Cxy(u,1 —v) —uww =u (1l —v) - Cxy(u,1 —v),

so that by the change of variables s =u,t=1—v

o(poX,ppoY) = 12/ |Copox oy (u,v) — uwv| dudv =
H2

_ 12/ Ist — .y (s,4)] dsdt = o(X,Y) .
H2
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If ¢ is strictly decreasing, while 1 is strictly increasing, one has, because of
Theorem 10.2 and of what has just been proved
o(po X, oY) =o(toY,poX)=0(Y,X)=0(X,Y).

Finally if both ¢ and 1) are strictly decreasing, then Theorem 2.2 (d) yields, for
every (u,v) € 12,

Coox oy (U,v) —uww =u+v—1+Cxy(l—u,1—v)—uv=
Cxy(l—u,l—v)—(1—-u)(l—v),

so that by the change of variables s =1 —u,t =1 — v,
o(poX,poY) = 12/ |Cpox oy (u,v) — uv| dudv =
12

= 12/ |ICx y(s,t) —st| dsdt =o(X,Y),
12

which concludes the proof.
O

In order to evaluate o(X,Y) when the joint d.f. of X and Y is bivariate normal,
one needs an auxiliary result, a differential relation for the bivariate normal density.

Lemma 10.1. Let ¢ be the standard bivariate normal density, namely
1 { m2—2pxy—|—y2}

T,Y) = ———— ex
©p(T,y) T2 P 20— )
Then
Oy 0%y
10.6 oL TP
( ) adp oz y

Proof. The characteristic function f of ¢, is given by

12 — 2ptits +t§)

f(t1,t2) = exp ( 5

The multivariate inversion formula, e.g., [25, p. 120] yields

wp(z,y) = o ;)2 /RQ exp(—i (xt1 + yta)) f(t1,t2) dty dta =

1 ) 12 — 2ptity + t3
= W /R2 exp(—i (xt1 + yta)) exp <f dty dto |
whence
Opp(r,y) _ OPpp(r,y) _
ap Jzx Oy

1 _ 12 — 2ptyty + t3
= W /RQ(_““) exp(—i (xty + yta)) exp <f dty dtsy ,

which proves the assertion.

From the definition of d.f. one immediately has
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Theorem 10.6. The d.f. ®, of the standard bivariate normal satisfies the relation

a(bp(z7 y) — 62¢p(x7 y)

_ 2
(10.7) 95 D00y =pp(z,y) , (z,y) ER".

Corollary 10.1. The d.f. ®, of the standard bivariate normal satisfies for all
(x,y) € R2, the inequalities:

®y(2,y) > o(z,y) = Fx(z) Fy(y) ifp>0,

Q,(2,y) < Po(x,y) = Fx(x) Fy(y) ifp<0.

Theorem 10.7. Let X and Y be random wvariables whose joint d.f. is standard
bivariate normal, with correlation coefficient p. Then

™

(10.8) o(X,Y) = O arcsin (‘g‘) .

Proof. Consider first the case in which p > 0, and X and Y have zero mean and
standard deviation equal to 1.
By (10.2) and Corollary 10.1, one has

o6 1) =32 [ (e - e Fri) e (<55 ) oy,

and, in view of Theorem 10.6,

24,2
do(X,Y) 6 / 0Fx y(z,y) exp <7$ +y ) do dy —
R2 8p 2

o Lo (52 (252
_— Xp| —F———5— ] exp | — T dy =
w2y/1—p2 Jre 2(1—p?) 9 Y

ap T

_ 3 / exp((02—2)w2+2pxy+(p2—2)y2) iz dy
w24/1—p? Jre 2(1-p?)
Consider the change of variables
(4= N\ o (P =2a+py
T\2e- ) » ot 2 2172
P (2(1=p*)(2-p%)

so that

(p* =2)2> +2pay + (p* = 2)y*
21— ) |

The Jacobian J of this transformation is

24+t =—

1—p?
J=2 e
so that
do(X,Y) 6 / 9 .9 6
= exp (—(s*+t°)) dsdt = ———— .
dp w24 —p? Jr2 p (= ) T4 — p?

Integrating yields
6 . (P
X,Y)=" (7) k.
o ) — arcsin (5 +
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The constant k is zero, since for the correlation coefficient p of a pair of random
variables X and Y with bivariate normal distribution is zero if, and only if, they
are independent, namely, if, and only if, 0(X,Y) = 0. Thus, for p > 0,

o(X,Y) = g arcsin (g) .

Assume now p < 0. Then the joint d.f. of X and —Y is bivariate normal with
correlation coefficient —p > 0; thus, from the last expression and from Theorem
10.5 one has

6 — 6
o(X,Y)=0(X,-Y) = — arcsin “P) =2 arcsin lel .
T 2 T 2
In the general case, let X and Y have means m; and my and standard deviations
o1 and o9; by Theorem 10.5 with
t— t—
o) =™ and o) = 12

a1 02

one has
6
0(X,Y)=0(poX,poY) = — arcsin (%) ,
T

which completes the proof.
O

Finally we study the behaviour of the Schweizer-Wolff measure of dependence
with respect to weak convergence.

Theorem 10.8. Let {(X,, Yn)}nen be a sequence of bivariate random vectors in
the probability space (Q, F,P) and, for everyn € N, let the joint d.f. Hy, of (Xn,Ys)
be continuous. If the sequence {(Xy,Yn)}n converges in law to the random vector
(X,Y) with continuous joint d.f. Hy, then
im0 (X,.Y,) = a(X.Y).
Proof. Let C,, be the unique copula of H,, and Cy the unique copula of Hy.
Then, by dominated convergence,
lim O'(Xn,Yn) = lim 12 |Cn _HQ‘ d)\z = 12/ ‘C() _HQ‘ d)\g = O'(X,Y) 5
12 12

n——+oo n—-+4oo

whence the assertion.
O

It is now possible to list the properties of the Schweizer—Wolff measure of depen-
dence o

(SW1) o is defined for every pair of continuous random variables X and Y defined
on the same probability space (2, F,P);

(SW2) ¢ is symmetric, o(X,Y) = o(Y, X);

(SW3) for every pair of random variables X and Y defined on the same probability
space (2, F,P), o(X,Y) belongs to [0,1];

(SW4) o(X,Y) =0 if, and only if, X and Y are independent;

(SW5) o(X,Y) =1 if either X = poY or Y = o X for some strictly monotonic
functions p,9 : R — R;

(SW6) if p,% : R — R are strictly monotonic and such that ¢ o X and 1 oY have
continuous d.f.’s. Then o(po X,9oY) =0(X,Y);
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(SWT7) if the joint distribution of X and Y is a bivariate normal distribution with
correlation coefficient p, then o(X,Y) = 6/ arcsin(|p|/2);

(SW8) if (X,,,Y,,) has joint continuous d.f. H,, and converges in law to the random
vector (X,Y) with continuous joint d.f. Hy, then o (X,,,Y,) — o(X,Y).

The Schweizer-Wolff measure of dependence is the normalized L! distance on
the standard probability space (12, B(I2), A2) between the copulas C' and II,. Of
course, other norms can be taken into consideration for a pair of continuous random
variables X and Y on the same probability space (Q2, F,P):

e the L* norm:

(10.9) 00o(X,Y) = koo || C —la|loo = koo sup |C(u,v) — Ia(u,v)| ;
(u,v)€l?

e the LP norm:

0¥ i= by ([ 1000) = Mot dxz)w ;

here ko, and k, are normalizing constants.

Next 0, will be briefly considered. First, we determine the constant k., of
(10.9).

Lemma 10.2. One has

sup | May(u,v) —uv| = 1/4
(u,v)€l?

and

sup  |[Wa(u,v) —uwv|=1/4.
(u,v)€l?

Proof. Since My > Il5, it suffices to study the difference My —II5. If u < v, then
My (u,v) — o (u,v) = u —uv < u—u? = My(u,u) — Hy(u,u) ,

and this quantity assumes its maximum 1/4 at v = 1/2.
Similarly if v < v, then

0 < My (u,v) — Walu,v) Suv —u—v+1=(1-u)(1l—v)<(1—u)?
that takes its maximum 1/4 at u = 1/2.

Thus

00o(X,Y) :=4||C —1lafjloc =4 sup |C(u,v)—a(u,v)| .
(u,v)€l?

Since all copulas are continuous on I2, the supremum is actually a maximum, so
that a point (uo,vo) exists in I? such that

Uoo(X7 Y) =4 |nyy(U(),U0) — HQ(UO,UO” .

Theorem 10.9. For all random variables X and Y defined on the same probability
space (2, F,P), 0o(X,Y) satisfies properties (SW1)—(SW6) and (SW8).

Now let X and Y have bivariate normal joint d.f.. We shall need the following
lemmata.
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Lemma 10.3. For the the standard normal d.f. ®, one has,

SUP (5 yyer? [Pp(@, y) — @(2) ©(y)| = sup(, y)er2 [Pp(2z,y) — Po(z,y)| =
=|®,(0,0) — ®0(0,0)] .

Proof. The marginals of ®, are both standard normal d.f.’s ®, so that ®,(0, 0)

A

(©(0))2. From Corollary 10.1, one has ®,(z,y) > ®o(z,y) for p > 0, and @, (x, y)
®(x,y) for p < 0 and from Theorem 10.6
) 20
dp 0x Oy
1 ( 1 1:2—2pxy+y2)
=—————exp| 55— | >
2m\/1—p? 2 2(1-p%)
whose maximum is attained at (0,0).
O
Lemma 10.4. The d.f. ®, satisfies
2,(0,0) = § + 5 axcsin(p)
p(0,0) = 7 + 5 arcsin(p) .
Proof. One has from (10.10)
09,(0,0) _ 1
dp 2m\/1—p2
whence, integrating
1
©,(0,0) = o arcsin(p) + k .
The constant k is determined by considering that
0o(0,0) = (2(0))* = 1/4,
so that k = 1/4, which establishes the assertion.
O

It is now possible to state

Theorem 10.10. Let X and Y be random variables with standard bivariate normal
joint d.f. and with correlation coefficient p. Then

2
(10.11) 0oo(X,Y) = = arcsin(|p|) .
™

In 1959, Alfred Rényi [15] proposed a list of axioms for a measure of dependence
R of two random variables X and Y defined on the same probability space (€, F, P).
The properties of the Schweizer—Wolff measure of dependence are fairly close to
Rényi’s axioms. The main differences are that Rényi defined R for any pair of
random variables X and Y that are not a.e. constant, that in (SW5) the function
¢ and ¥ were assumed to be Borel-measurable rather than strictly monotonic, that
in (SW6) ¢ and ¢ were assumed to be one-to—one and Borel measurable; finally,
Rényi required R(X,Y) = |p|, while in (SW7) ¢(X,Y) is a function of p.

The relationship between Spearman’s p and the Schweizer—Wolff measure of de-
pendence follows from the definition of this latter measure and the expression (4.2):
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for a pair of continuous random variables X and Y defined on the same probability
space (Q, F,P),

(1]
2]

(3]
[4

[5

[6]

9]
[10]
[11]
12
13
[14]
[15]
[16]
[17]
18]
[19]
[20]
[21]
[22]
[23]
[24]

25]
(26]

p(X,Y)[ <o(X,Y).
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