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Some remarks on multivariate conditional
hazard rates and dependence modeling

Fabio SP1zZICHINO!

Abstract. We review and discuss some special aspects of the joint distribution of n
non-negative random variables Xi,--- , X, in the absolutely continuous case. Our atten-
tion will be in particular concentrated on Multivariate Conditional Hazard Rate functions
and on their role in the description of stochastic dependence among Xi,---,X,. The
system of the M.C.H.R. functions is one of the tools that can be used to characterize the
related joint probability distribution. Such a characterization is alternative, but equiv-
alent, to the one based on the joint density function (or on other tools such as joint
survival function, marginal distributions and survival copula). However these two types
of characterizations imply completely different methods for building multivariate depen-
dence models and for describing stochastic dependence among the variables Xq,---, X,,.
The method of the M.C.H.R. functions is specially adapt to describe dynamic models of
dependence. As a main purpose of this discussion paper, we recall some basic definitions
and aim to provide some related comments. Basic material had mainly appeared in the
1980’s in the literature suggested by Reliability problems. Later on, related issues have
also been considered, in the analysis of Financial Risk, under a somehow different language
and in the perspective of different probability models. Some reflections on the comparison
between the two methods, respectively based on the joint density and on the M.C.H.R.
functions, are still needed and can reveal to be useful to people working in different ap-
plied fields. In particular, we shall dwell on a comparison between two different classes
of dependence models: those defined in terms of conditional independence and those of
the type Load-Sharing (a property that can be directly defined in terms of the M.C.H.R.
functions). We will also try to briefly explain the reasons of interest in establishing such
a comparison.

1. INTRODUCTION

As it is well known, the study of probability distributions of vectors of non-
negative random variables emerges in several fields of Statistics and of Applied
Probability, in a completely natural way. Typically, such random variables have
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the meaning of waiting times, times to events, failure times, or times of default
and so on. In fact they are met, under such forms, in Queuing theory, Reliability,
Biomedicine, Financial Risk, Actuarial Mathematics. More generally, such a study
is useful in all those applied fields where statistical data are observed dynamically,
waiting-times for different objects are considered simultaneously, and the phenom-
enon of time-elapsing takes a central role.

Both the statistical analysis of observed data from non-negative random vari-
ables and the description of the joint probability distributions of such variables
respectively led mathematicians and statisticians to building special chapters of
Probability and Statistics. These chapters are characterized by specific concepts,
language and methods of their own.

In the present paper, we review and discuss some special aspects of the joint
distribution of n non-negative random variables X1, --- , X,, in the absolutely con-
tinuous case. Our attention will be in particular concentrated on Multivariate
Conditional Hazard Rate (M.C.H.R.) functions and on their role in the description
of stochastic dependence among Xy, - -, X,,.

In the characterization of an absolutely continuous probability distribution on
[0, +00), namely of the probability distribution of a single non-negative random vari-
able X admitting a probability density, the notion of hazard rate function emerges
as a natural, and very useful, tool. In the multivariate case, the definition of the
M.C.H.R.functions can be seen as a direct generalization of the concept of hazard
rate. Of basic importance is the circumstance that a joint probability distribu-
tion can be characterized in terms of the system of its M.C.H.R. functions. Such
a characterization is alternative, but equivalent, to the characterization of a joint
probability distribution, based on other tools such as joint survival function, joint
density function, marginal distributions and survival copula.

However these two types of characterizations imply completely different methods
for building multivariate dependence models and for describing stochastic depen-
dence among the variables Xq,---, X,,.

The method of the M.C.H.R. functions is actually appropriate to describe dy-
namic models of dependence. Or, better, we can say that a multivariate probability
model for a vector of non-negative random variables can be called of dynamic type
whenever its formulation can be given directly in terms of the behavior of the
M.C.H.R. functions, rather than in terms of the joint density function or of the
connecting copula. Most of this material had appeared in the 1980’s in the litera-
ture suggested by Reliability problems.

The use of M.C.H.R. functions in particular led to defining the so-called Load-
Sharing models. In a few words, the latter are multivariate models, describing the
circumstance that the instantaneous risk of a given (still surviving) component only
depends on the current time and on the set of all the surviving components. These
models have a clear interpretation in the realm of Reliability; for basic papers in
the relevant literature see, in particular, [11], [26], [34].

Later on, under a somehow different language, interest in related topics has
also emerged in the field of credit risk, in connection with interacting intensities
and with the theme of Default Contagion (see e.g. [20]). On this topic a wide
literature has been developed. Several aspects have been considered, also from the
conceptual view-point, though by using a terminology different from the one arising
in the Reliability field and in the perspective of different probability models.
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Interesting historical remarks and a useful overview about M.C.H.R. functions
have been provided in the recent article [32]. In the present discussion paper, we
aim to present some comments on related points. As one main purpose, we discuss
about the comparison between the two methods, respectively based on the joint
density and on the M.C.H.R. functions, and about different dependence models
corresponding to them. We think in fact that some reflections on these topics is
still valuable nowadays and can be useful to people working in different applied
fields. Concerning M.C.H.R. functions, we will briefly recall just those aspects that
are strictly needed in view of our purposes. Load-Sharing models, even though very
special, deserve some room in our discussion and we will in particular dwell on a
comparison between them and models of conditional independence.

More precisely, the structure of the paper is as follows. In Section 2, after intro-
ducing some needed notation and useful preliminaries, we recall the definition of
the M.C.H.R. functions. In Section 3 this concept will be illustrated by considering
the special cases of Conditional Independence, Load-Sharing, and Exchangeability.
Some basic mathematical aspects of the M.C.H.R. functions will be briefly recalled
in Section 4. Section 5 will be finally devoted to a discussion and, in particular, to
specific remarks that can constitute a basis for further reflections about stochastic
dependence.

2. NOTATION, PRELIMINARIES AND BASIC DEFINITIONS

For a non-negative random variable X, with an absolutely continuous proba-
bility distribution, let G and g respectively denote its distribution function and
probability density function. We furthermore denote by G its survival function and
by r its hazard rate function, namely

Gx)=1-Gl)=PX>z) , r(z)==

for x > 0. In the case of the exponential distribution of parameter 6, one has
G(z) = exp{—0x}, r(z)=6.
In the general case one can write G(z) = exp{— [, r (£) d¢}, or

(1) G(z) =exp{—R(z)} , gla)=r(§)exp{-R(z)},
denoting by R(z) = fOT r (&) d€ the function of integrated hazard.

All along this paper we will consider n non-negative random variables Xy, --- , X,
defined on a same probability space (2, F,P). A standard tool to describe their joint

probability distribution is provided by the joint survival function F : [0, +00)" —
[0, 1], defined by the position

F(mla"' :mn) ::]P)(Xl > X1, 7Xn>l'n) .

By G; : [0,+00) — [0,1] (j = 1,--- ,n) we denote the marginal survival function
of X;: for z > 0,

Gj(z) =P(X; >z)=F(0,---0,2,0,---,0) ,

where (0,---0,2,0,---,0) is the vector with all the coordinates, but the j-th one,
equal to 0 .
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For simplicity’s sake, we assume the survival functions éj’s to be everywhere
positive, continuous and strictly decreasing all over [0,4+00). As a substantial as-
sumption, on the other hand, we also assume F to be absolutely continuous, namely
we assume the existence of a joint density function fx (x1,--- ,2,), so that F can
be written in the form

+oo +oo
Flana)= [ o[ fr(@e &) deoden

The survival copula is the function K : [0,1]™ — [0, 1] defined, for u = (u1, -+ ,upn) €
[0,1]™ by the position

K (u) :F(é;l(m),... ,é;%un)) .

We can thus also write

F(xy, - ,z,) =K (61(:61), e ,én(xn)) .
The function K is easily seen to be a copula and it provides a tool to express sto-
chastic dependence among X1, ---, X,,. For these aspects, for the relation existing
between the survival copula and the connecting copula, and for general properties
of the concept of copula, see, e.g. basic references such as [23] and [13]; see also the
very recent volume [9] and the list of references cited therein.

From now on we will simply write f in place of fx. The index will rather be
added to the symbol of a joint density function only when other random vectors
are considered.

Let us now come to the definition of M.C.H.R. functions. In a sense, such a
definition can be seen as a direct extension of the univariate concept of the hazard
rate function for a single non-negative random variable X. We need however to
consider the vector X(j,---, X() of the order statistics of Xy,---,X, and the
assumption of absolute continuity of the joint survival function F becomes essential.
Such an assumption, in particular, guarantees the condition

(2) P(XI#XZ##X'n):la
so that the following definition of a random permutation (J(1),---,J(n)) of [n] :=
{1,--- ,n} is well-posed: for h =1, -+ ,n, we set

Xy = Xsm) -

We also set
Yo =X = 1min X;

<j<n
and, for non-empty and complementary subsets A, A C [n],

Ya=Ys(Xq, - X,) :=min X .
jeA
For a fixed index j € [n], an ordered set I = {i1,---,i,} C [n] with j ¢ I, and
an ordered vector 0 < t; < --- <t the M.C.H.R. function X;(¢|I;¢1,--- 1) is
defined as follows:

1
(3) )\j(t|I§t17"' ,tk) = AI%IEO EP{X] < t+At|Xi1 =11, - 7Xik :tk,Y[ > t} .
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Aj(t|I;t1,- -+ ,tg) is then a hazard rate function associated to the conditional dis-
tribution of the variable X;, given the observation of the dynamic history
(4) h’t = {Xi1:t17"'7X1',k:tk7YI>t}-

Furthermore, one sets
1
; = i — - < .
(5) A; (£]0) Alir_r)lo AtP{XJ <t+ At|Yy >t}

The conditional probabilities appearing in the r.h.s. of formula (3) make of course
sense in view of the above assumption of absolute continuity.

The M.C.H.R. functions, on the other hand, are related to the more general
concepts of stochastic intensity and compensator, dealt with in the theory of point
processes (see in particular [12], [5], [1]). See also e.g. [16], [2], [20] and other
references cited therein.

The M.C.H.R. functions can be obtained in terms of the joint probability density
f(z1, - ,zp). Vice-versa a formula to obtain f(zy,---,x,) starting from the
knowledge of all the functions A;(¢|I;t1, -« ,tx), A;(¢|0) can also be written. This
topic will be considered more in details in Section 4. The next Section will be
devoted to demonstrate the above definition by focusing attention on some relevant
special classes of probability distributions.

3. SPECIAL CLASSES OF DEPENDENCE MODELS

In this section we consider three relevant classes of probability models for the
n-tuple X1, ---, X,,. These classes are respectively defined by Conditional Indepen-
dence, Load-Sharing Dependence, Symmetric Dependence or Exchangeability. For
such models, we in particular show the special forms of the joint density functions
and of the system of the M.C.H.R. functions. Some further specific aspects will be
analyzed in the three different cases.

3.1. Conditional independence. Defined on the probability space (€2, F,P) let
us have, for some d = 1,2, - -, a d-dimensional random vector © : Q — R? with joint
probability density mp (#) and such that the joint distribution of the vector (X, ©)
is also absolutely continuous. We now focus our attention on the specific case when
X1, , X, are conditionally independent given ©. Denote by g; (-;0),G;(+;0),
and r; (-;0) the conditional density, the conditional survival function, and the con-
ditional hazard rate of X; given (© = 6), respectively.
We can immediately write the joint density f (z1,---,2,) in the form

flre, - zn) = /Rd ng(xj;G)ﬂ'o (9) do .

For what concerns the computation of the corresponding system of the M.C.H.R.
functions, one can argue as explained below. First, for clarity’s sake, it is convenient
to preliminary focus attention on the following univariate setting. Let X be a scalar
random variable on (2, 7, P) such that the joint distribution of (X, ©) is absolutely
continuous and denote by g (-;6),G(+;6), and 7 (-;8) the conditional density, the
conditional survival function, and the conditional hazard rate of X given (© = 9),
respectively. As to the marginal density function and survival function of X we can
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respectively write
g(z) = / g(z;0)m (0)d0 , G(x)= G(z;0)mo (0) db .
Ra

As to the hazard rate of X, we then obtain
[ ataloym @) ds
r(z) = 2B
/ C(2|0)mo (0) A0
R4

/Rd (9 (z;0) ) Gl 0)mo (6) 46

)

that we rewrite

Q)

(2;0)

r(z) =

G(z;0)m () dO

d

=

By the Bayes formula, the function

G(z;0)mg (0)
G(z;0)m (0) Ao

R4

can be seen as the conditional density of © given the event (X > z) and will be
denoted by 7 (0|X > x). In conclusion, we can interpret the hazard rate r(z) in
the form

(©) r(2) :/ r (2:0) 7 (0]X > 7) d6 .

Rd
Let us now pass to the computation of the functions \;(¢|0). Fix j € [n] and consider
the conditional density 7 (0‘ i (Xi > t)) of © given the event (ﬂ#j(Xi > t))
Notice that A;(¢|@) can be seen as the value at t, of the hazard rate function of the

conditional distribution of the variable X, given the event (ﬂl (X > t)) and
that we can write

t’ ((Xi>1)

i#]

t’ ((Xi>1t)
1#£]
Then, in view of the assumption of conditional independence,

/jotﬁ ‘ﬂX>t

i#j

A (t0) =

A;(tl0) =
9’ N> 1)

d L.
R i#]

Similarly to the conclusion in (6), we obtain

Aj(tw)):/Rrjte (‘ﬁX>t>d6,
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or, in other words,

(7) A(E0) =E(r; (£;,0) Yy >1t) .

By using similar arguments, one can give A\;(t|I;t1,--- ,tx) the expression of a
conditional expectation as follows:

(8) Aj(t sty - te) =E(r; (0) |hy)

where h; is the dynamic history in (4).

In the present subsection, we have assumed the existence of a density function
7o for the variable © just for notational convenience. Actually, this assumption
is not at all necessary for the validity of the formulae (7) and (8). What is really
essential is the assumption of conditional independence of X1, --- , X,, given ©, and
the existence of the conditional densities g; (+;6)’s.

3.2. Load-sharing models. We recall here a class of models which are defined
directly in terms of the M.C.H.R. functions and that had originally emerged, in a
completely natural way, in the fields of Reliability and Life-testing. These models
find direct applications in several other applied fields and the related literature is
by now enormously developed.

Definition 1. The random vector (X7, - - X,,) is distributed according to a Load-
Sharing Model if, for any non-empty set I C [n], there exist functions p;(¢|I) such
that, for all 0 < ¢y <--- <t <t

AUty s ty) = g (E) -

The Load-Sharing Model is time-homogeneous when there exist non-negative num-
bers ;(I) and f1;(0) such that, for any ¢ > 0,

9) pi(tI) = pi (1) 5 Ni(t0) = p;(0) -

Time-homogeneous Load-Sharing Models manifest a number of relevant as-
pects that generalize corresponding properties of the distributions of independent
(not necessarily identically distributed) exponential lifetimes. Actually they can
be seen as multivariate models with the no-ageing property. For relations between
ageing and dependence, see e.g. [17] and references therein; see also the review
paper [37].

We now aim to obtain the functional form of the joint density f of a Load-Sharing
Model, in terms of the set of coefficients {u;([I)};c[n). For simplicity’s sake, we
will consider the time-homogeneous case. The following Lemmas will be used. First
we recall the readers’ attention on elementary properties of the minimum among a
set of independent, exponential, random variables.

Lemma 2. Let Zy,--- , Z, be m independent random variables, exponentially dis-
tributed with parameters 61, -+ ,0,,, respectively, and set Y = minjc,,) Z;. Then

a) Y has an exponential distribution with parameter 6 = Z;”:l 0;;

b) P(Y = Z;) = 01—

>0
j=1
¢) Y and the partition {(Y = Z1),--- ,(Y = Z,,)} are stochastically indepen-
dent.
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Let us now come back to a random vector X = (Xy,---,X,) whose joint
distribution is a time-homogeneous Load-Sharing Model characterized by the pa-
rameters p;(I) (j ¢ I C [n]) and p;(0) (5 € [n]).

Lemma 3. The variable Yy := X1y is exponentially distributed with parameter
Proof. By definition, one generally has

. 1 n
Ty, (t) = AI%IBO AL P (Ul (X; <t+ ALYy >1) .
In view of the condition of absolute continuity among the variables Xy, --- , X, we
can on the other hand write

1
Jim KtIED( (X <t ALYy > t) =

. 1 n
= — : <
Jim Y nP(X; <t ALY > 1)
and thus obtain ry, (t) = 6.
O

Remark 4. For ¢ > 0, let t = (¢,--- ,t) denote a vector with n — k coordinates,
all equal to ¢, the number k being suitable for the actual context. Let furthermore
I'={i1, - ,ix} C [n]. We notice that the conditional distribution of X7 —t, given
the observation of the dynamic history h; in (4) has again the form of a Load-
Sharing Model (of dimension n — k) with a new set of parameters. This new set is
easily obtained by an appropriate change of the old parameters.

By combining Remark 4 with arguments used in the proof of Lemma 3, one can
obtain

Lemma 5. For 1 <k <n, I = {i1, - ,ix}, and 0 < t; < --- < t}, < t, the con-
ditional distribution of the variable Y7 given the observation {X;, =t1, -+, X;, =
tx, Y7 >t} is exponential with parameter

0 := Z,uj(l) .

jeI
Proposition 6. Let x = (w1, ,2,) € R be such that x(,y = xjn). We have
(10) fx)=

= piy @) exp {~z)0p} - pj2) {3 (1)}) exp {= (z2) — 2)) Oy } - -+

T By(n) ({.7(1)7 e 7](” - 1)})exp {_ (‘T(n) - x(n—l)) 9({](1)7 e 7.7(77' - 1)})} .

Proof. By definition of joint density we write

F@) = lm " (z) € Xjo) S @)+ Azy, -+ 80y < Xjn) < T(n) + Azn)
Axp—0 A$1 """ A(L'"
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and, by the product formula for probabilities,
P (za) < Xy S z) +A21, 8y < Xjn) < 2n) + Azn) =
=P (ra) < Xj0) S @)+ D) X

n
<[P (%‘) < Xji) < 2@ + A
=2

N {200 < Xow S @ + Aae}) -

The conclusion then follows from Lemmas 2, 3, 5 and Remark 4.
g

3.3. Exchangeability. We consider here the case when X, --- , X,, are exchange-
able random variables, namely when the vectors (X (1), -+, Xx(n)) and (Xy,---,
X,) are identically distributed, for any permutation w = (7 (1),---,7(n)) of {1,

- ,n} = [n]. In other words, there is a complete symmetry among X1, -, X,,, as
far as their joint distribution is concerned. In terms of the joint density function f,
this condition writes

f(xlv e 7‘7777.) = f (xﬂ'(l)7 e 7J:7r(n)) .
Such a condition of symmetry yields that the information contained in the obser-
vation of a dynamic history

hy={X;, =t1,-- , X;, =tx, Y7 >t}
is the same as for the observation
{Xay=t1,-, Xy = tg, Y7 >t} .
The M.C.H.R. functions take the form
(11) N5ty te) = A(tlksta, - tk)

(12) X (H]0) = A(H0) -

Typically, the condition of exchangeability arises from conditional independence,
when we consider variables X7, -+, X,, which, conditionally on O, are (not only
independent, but also) identically distributed.

One can obtain the condition of exchangeability for Load-Sharing models, too.
This is obtained by letting the functions p;(¢|I) to depend on ¢ and on k, the
cardinality of the set I and by dropping the dependence on the specific choices of
j€[n]and of I C [n].

Example 7. Let L>0be given. A very special and remarkable case of time-
homogeneous, exchangeable, Load Sharing Model is obtained by letting X;(¢|0) =
Z/n, N5t te) = E/(n — k). In this model L is interpreted as a constant
load, which is equally divided among all the surviving components. By adapting
formula (10) to this case, one obtains the following special form of the joint density
function for T4,--- , T},

~ ~

L I _
f(x)= o exp{—xz()L} - " exp{— (x(2> — gg(l)) L}y

~ ~ n ~
oo Lexp{— (z(n) — ¥(n-1)) L} = o exp{—x(,)L} .

For further details on the M.C.H.R. functions in the exchangeable case, see
[36].
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4. GENERAL ASPECTS OF M.C.H.R. FUNCTIONS

For non-negative random variables Xi,---, X, with a joint density function
f(z1, -+ ,xn), in this section we review some general aspects of the corresponding
M.C.H.R. functions. From an heuristic point of view, such functions take a sig-
nificant meaning when X7, -+, X,, are though of as the lifetimes of (stochastically
dependent) biologic individuals, that start living at a same time 0, or of industrial
devices that start working simultaneously at time 0, and so on. However, from a
mathematical viewpoint, the M.C.H.R. functions are in any case defined by means
of the formulas (3) and (5).

4.1. Joint densities in terms of M.C.H.R. functions. The M.C.H.R. functions
associated to (X1, -+, X,,) are determined by the joint density f (z1,-- ,2,). Vice-
versa f (x1,-+-,x,) is determined by the knowledge of the entire systems of the
M.C.H.R. functions. As we have seen in the previous Section, the formula (10) holds
in the special case of Time-Homogeneous Load-Sharing Models. In the general case
one can write, for r1 <z < --- < x,, the formula

F@ne e an) = (e ]0) exp f/(]lzxj(tw» dt -
j=1

I a1, =120, )
h=2

Th
- exp f/
Tho1

holds. Similar expressions are valid in the other regions of R’} defined by the

)\j(t‘{l,"',h*l};.’l}'h"’,l‘h,l) dt
h

Jj=h

conditions (1) < Zr(2) < -+ < Zr(y), With 7 any permutation of [n] = {1,--- ,n}.
It is immediately seen from these formulas that conditions (11) and (12) are not
only necessary, but also sufficient for X,---, X, to be exchangeable.

4.2. The total hazard variables and the total hazard construction. We
remind that, for a non-negative random variable X with an hazard rate function
r(x), the survival function and the probability density function G(z) and g(z) can
respectively be expressed in terms of the integrated hazard R(z) as shown in (1). In
view of our assumption that G is strictly decreasing all over [0, 00), R(x) is strictly
increasing, and we also consider its inverse function R~'. Let us now define the
integrated hazard of X as the non-negative random variable H with

H=R(X).

By considering the {0, 1}-valued random processes {1{x <} }+>0 Which starts in the
state 1 at time t = 0 and jumps to 0 at the random time X, one can also write

oo
0
The following result is obvious; nevertheless it is important in the present setting.

Proposition 8. The random wvariable H is distributed according to a standard
exponential distribution. Let T be a non-negative random variable with a standard
exponential distribution. Then R™' (T) has the same probability distribution as X.



Some remarks on multivariate conditional hazard rates and dependence modeling 265

Let us now consider the vector of non-negative random variables X = (X,

-, Xy). In terms of the M.C.H.R. functions, one can appropriately extend to X

the circumstances envisaged in the above Proposition. On this purpose we consider,
on the probability space (€2, F,P), the following random processes:

- for j = 1,--- ,n, the {0, 1}-valued random processes {1;x,<}}¢+>0 which

starts in the state 1 at time ¢ = 0 and jumps to 0 at the random time Xj;

- the set-valued process {I;};>o where, for t > 0, I C [n] is the ordered set
containing the indices ¢ such that 1;x, <4 = 0;

- the R -valued process pgj ) defined by the position
pi) = Tix, <Nt Xy, - X)) -

Finally we consider, for j = 1,--- ,n, the random variable

H,; =/ pdt
0

the integrated hazard of X;.

Theorem 9. The random variables Hy,--- ,H, are independent identically dis-
tributed, with a standard exponential distribution.

For details about the proof, see e.g. [27], [3]. This result reveals to be a very
important one in the probabilistic analysis of the vector X = (Xi,---,X,,) and
of related properties of dependence. The same result can be viewed from different
standpoints, as a special case of more general results presented in more general
settings in the field of Probability and Theory of Stochastic Processes.

The transformation ¥ that maps the vector X = (X, ---,X,) into H =
(H1, -+ ,Hn) admits an “almost inverse transformation” ¥* such that the rela-
tion

X =9 (¥ (X))

holds almost surely. See e.g. [28] and references cited therein. Thus X has the
same probability distribution of a vector obtained by a suitable transformation of
a vector of i.i.d. exponential random variables. Also this result can be viewed
from different standpoints, and it is a special case of more general results given
in the literature. These results are at the basis of the method of the total hazard
construction (see in particular [27]). The latter method has been applied in several
different fields; see for example [39].

5. M.C.H.R. FUNCTIONS AND DEPENDENCE MODELING

In this section we collect our comments concerning the role of M.C.H.R. functions
and related aspects in stochastic dependence. We remind that the joint probability
density and the system of the M.C.H.R. functions are two equivalent tools, both apt
to characterize an absolutely continuous probability measure over R’} . We will in
particular point out analogies and differences between them. In fact, despite their
substantial equivalence, these two tools are dissimilar in nature and they are adapt
to respectively pointing out different aspects of the condition of absolute continuity.
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5.1. Different forms of inference. First of all we notice that the joint probability
density and the system of the M.C.H.R. functions induce two different methods
to describe stochastic dependence among different variables. From one point of
view, the use of the density function seems to directly permit more general forms
of inference. One can consider, for two disjoint subsets of indexes A’, A” C [n],
observation of data of the form

Xi=uz1 € A/;Xl >t,l e A" s
(namely both failure data and survival data are observed). Conditional on these

data, the information about the non-observed variables X; (j ¢ A’UA") is described
by the conditional density

X g (@ i | X 4 = @, X > tgr)
Or, more in particular, one can consider data of the form

Xi:l'i,iGA,

(only failure data are observed). Conditional on these data, the information about
the non-observed variables X; (j ¢ A) is described by the conditional density
_ f(xa,xy)

fxa(@a)

The latter formula shows that the computation of marginal densities fx , is needed
for inference purposes. Such a computation is, in any case, feasible in terms of the
joint density f(+).

As far as the use of the M.C.H.R. functions is concerned, we have seen that
observed data must have the form of a dynamic history h; as in (4). Namely the
observed survival data, being of the specific form Y; > ¢, concern all of the non-
completely observed variables; furthermore it must be t; < --- < t; < t. Given
these data, inference then concerns with the residual lifetimes X; — ¢, with j ¢ I.
The joint distribution of X; — ¢ (for j ¢ I) is described in terms of its conditional
M.C.H.R. functions, which can easily be obtained in terms of the original M.C.H.R.
functions of the entire vector (Xy, -, Xp).

It is interesting to notice such an analogy: when the joint distribution is assessed
in terms of the joint density function, the conditional distribution of non-observed
variables, given observed data, is still expressed in terms of a (conditional) density
function; when the joint distribution is assessed in terms of the M.C.H.R. functions,
the conditional distribution of non-observed variables, given observed data, is still
expressed in terms of (up-dated) M.C.H.R. functions.

fx (@71 Xa=24)

5.2. Dependence modeling. Conditional independence is a very natural and di-
rect source of stochastic dependence among different random variables. Such a
property often emerges in the presence of some factor © (a scalar quantity or a
vector) which is unobservable to the analyst and relevant in the analysis at hand,
at a time.

As well know, an extremely large literature has been dedicated to this issue, both
for theoretical and foundational insight and from a modeling and applied viewpoint,
in many fields of Science, Operation Research and Management. The theoretical
analysis is strictly related to the basic paradigm of Subjective Probability and
of Bayesian Statistics, according to which any unobservable quantity should be
treated as a random variable, whose probability distribution describes the analyst’s
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state of information. Basic aspects in this direction had been in particular pointed
out by Bruno de Finetti (see e.g. [7], [8]) who used the term “dipendenza per
arricchimento di informazione” (dependence through an increase of information).
In the last few decades, the interest toward this source of dependence in the analysis
of real situations has increased enormously. In particular we cite the fields of
Reliability and of Financial Risk. In the former field, where the life-times of different
industrial components are to be predicted, the factor © is often defined in terms of
unknown levels of components’ quality; in other cases © is related to environmental
factors, playing a simultaneous influence on all the different components that are
working in a same time period. See e.g. [19], [6], [35]. © can have the meaning
of an unobservable macro-economic, or financial, factor in the field of Financial
Risk, where this phenomenon of dependence has been also termed information-based
default contagion. Often, the setting in the field of portfolio credit risk requires a
more general treatment than the one provided by the M.C.H.R. functions. In fact,
default times are observed for different assets which start to be observed in different
instants. However the basic ideas are not so different to those underling the use of
the M.C.H.R. functions.

The same issue also arises in many other fields; for an example, see e.g. [25].

In both the fields of Reliability and of Financial Risk, in any case, the constant
factor © should sometimes be replaced by a stochastic process {©;};>0. In such
cases the formulas for updating the hazard rates of surviving units are obtained on
the basis of a logic which is similar to that valid in the case of a constant factor ©.
From a conceptual point of view, we simply have to replace the formula (8) with a
more general formula of the type

)\j(tu; tl,- N ,tk) = E(Tj (t; @t) |ht) .

However the computation of the conditional density m:(-|h¢), of the instantaneous
value of ©; at time ¢ given the observed history h¢, is much more complex. In
fact, since the updated information coming from h; must be combined with the
information concerning the time-evolution of Oy, techniques of stochastic filtering
and stochastic calculus are needed. For instance, concerning dynamic models of
interest in financial risk, see Chapter 9 in [20] and references cited therein.

In such models of conditional independence, as more generally in the copula
models, the dependence structure among default times is exogenously specified, in
terms of the joint density function or of the connecting or survival copula. Corre-
spondingly, the default intensities are endogenously derived.

On the other hand, in several applied studies, stochastic dependence is not due
to an increase of information about an unobservable factor. Rather the source of
dependence dwells in the direct interactions between different units under analysis.
And when the variables under observation are just lifetimes (or times to failures)
of different units, then it can be natural to model such interactions in terms of the
changes that the failure of a unit triggers on the hazard rate of the other units that
are still surviving. These are the models with interacting intensities, where the joint
density is endogenously derived. In the field of Financial Risk, counterparty risk and
default dependence are described directly in terms of interacting intensities. In those
reliability problems where lifetimes are analyzed for components that start to work
simultaneously, on the other hand, these are models where stochastic dependence is
described directly in terms of the M.C.H.R. functions. In particular, the condition
of Load Sharing can give rise to a paradigmatic case for these models.
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This brief discussion points out that two types of dependence models are met in
failure or in default analysis: those where the joint density or the survival copula
are specified exogenously and those where the joint density or the survival copula
are specified endogenously.

Several times, the latter models with interacting intensities are the most nat-
ural to describe dependence among defaults. In particular, the properties briefly
reviewed in the previous Section show that dependence can be described taking
into account how variables of interest can be transformed in order to get i.i.d. ex-
ponential variables. Furthermore, the hazard rate construction can be used in the
simulation of those variables.

As a drawback, it has been noticed that, for such models, the derivation of the
joint density or the survival copula from knowledge of the interacting intensities can
be a complex operation. In particular some of these models, that manifest simple
forms of interacting intensities, give rise to relatively more complex forms for the
one-dimensional marginal distributions.

Example 10. For the lifetimes X7, Xo of n = 2 reliability components, we con-
sider the time-homogeneous Load-Sharing Model characterized by parameters A
and X': initially, both the components share the instantaneous hazard rate \; af-
ter the first component’s failure is observed, the instantaneous hazard rate for the
surviving component becomes \'. This gives rise to an exchangeable Load-Sharing
Model (such models have also be called Ross Models) and the corresponding density
function is

f(x1,22) = AN exp{— 2\ = \)zq) — Nz} .

See also [Ross, 1984]. Being f (x1,x2) exchangeable, X7, X5 share the same one-
dimensional marginal distribution. By a few computations one realizes that the
corresponding marginal density has the form of a mixture of two different exponen-
tial densities. Thus, the survival copula corresponding to such a joint distribution
has a complex form.

In the field of Financial Risk, in particular, the circumstance that marginal
distributions (and survival copulas) are not available in closed form makes more
involved the calibration of the model to defaultable term structure data (see [20]).

Dealing with dynamic dependence models in the reliability field, a special no-
tion of dynamic (conditional) marginal distribution had been introduced in [30];
interesting comments and examples have been presented therein. Such a concept of
dynamic marginal can potentially reveal to be useful in the developments of topics
discussed here.

It is also to be mentioned, on the other hand, that for some models specified in
terms of conditional independence, the derivation of the M.C.H.R. functions can
vice-versa become rather complex. Furthermore, more generally, copula models can
manifest weak points and drawbacks (see [21]). The latter are in any case different
from those related with interacting intensities.

It may appear, in conclusion, that a separation can be traced between the two
classes of different dependence models respectively defined by information-based
default contagion and interacting intensities. However, generally, the distinction
between such two classes can be considered rather subtle. Only, we can say, models
of conditional independence and models of Load-Sharing give rise, respectively, to
paradigmatic and extreme cases of the two classes.
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Many other interesting models, not belonging to such classes, can be obtained by
assuming that the Load-Sharing property holds conditionally on unknown param-
eters. More extensive discussions about these issues may be the subject of further
research.

5.3. Comparisons between properties of positive dependence. In the dif-
ferent fields of applied probability, several notions of positive dependence among
observable random variables have been defined, on the purpose of obtaining useful
comparison and inequalities. In particular different such notions have been com-
pared and chains of implications among them have been proven. Also for this field,
the specialized literature is by now very extended and providing an adequate list of
relevant references is beyond the purposes and possibilities of this paper. Some ba-
sic references can be found in [23], [13]. In any case, positive dependence is strictly
related with concepts of stochastic orderings, and stochastic monotonicity. See [29],
[38], [22], [31], [18]; see also [10].

In the special case of stochastic dependence triggered by conditional indepen-
dence, more specifically, positive dependence is implied by the assumption that the
observable variables have a same kind of monotonicity behavior with respect to
variation of values taken by the unobservable variables. This idea can be formal-
ized and several precise results can be obtained in terms of different concepts of
stochastic monotonicity. Even very strong conditions of positive dependence can
be obtained in this way.

In the case of Load-Sharing models, on the other hand, conditions of positive
dependence are obtained under monotonicity of the coefficients p;(t|) with respect
to It for any ¢t > 0 and j € [n],

I'cI" = pi(t') < py(¢17) .

Such a condition is strictly related to the concepts of Weakened by Failure (WBF)
introduced in [4], [24], [29]. The WBF property can, more generally, manifest also
in other cases of default contagion in interacting intensity models. It turns out
that, under simple conditions, WBF is implied by Multivariate Totally Positive
Dependence of Order 2 (MTP3). We recall that a vector of non-negative random
variables X = (X1, -, X,,), with a joint density function f, is MTPy if [15]

fl&) - f&")y<f (a:'/\m”) - f (a}’\/m”) .
MTP; is in fact a very strong property of positive dependence; see e.g. [29].

In some sense, positive dependence created by interacting intensities may be
perceived, from an heuristic point of view, as something stronger than positive
dependence created by conditional independence. Actually this intuition can reveal
to be false. For instance, a vector X = (Xy,--,X,) of conditionally independent
lifetimes given a non-observable factor O, can even have the MTPs property under
suitable conditions of stochastic monotonicity of the variables Xy, .-, X, with
respect to O; see [33]; see also [14], for extensions to more general settings. We can
thus see that conditional independence is able to give rise to stronger conditions of
positive dependence than interacting intensity can do.
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