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Around BIons
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Abstract. We give a survey of the results obtained in [5] for the equation

(BI)

8
>><

>>:

�div

 
r�p

1� |r�|2

!
= ⇢ in RN

,

lim
|x|!1

�(x) = 0 .

We analyze also other models involving the same operator in (BI), as, for instance, the

nonlinear Klein-Gordon-Born-Infeld system.

1. Introduction

In the classical Maxwell theory, the electric field E, generated by a charge density
⇢ in the purely electrostatic case, satisfies the equations

(1.1) r⇥E = 0 , in R3 ,

(1.2) divE = ⇢/"0 , in R3 ,

where "0 is the permittivity of free space. Equation (1.1) implies the existence of
an electrostatic potential � such that E = �r� and then, taking for simplicity
"0 = 1, Equation (1.2) can be written as

(1.3) ��� = ⇢ in R3 .

If ⇢ = �x
0

, namely we consider a unitary point charge located in x0, we get the
well-known infinity problem: the solution of (1.3) is �(x) = 1/(4⇡|x� x0|) and the
energy of the electric field, which is given by

H =
1

2

Z

R3

|E|2 dx =
1

2

Z

R3

|r�|2 dx

is not finite.
Moreover if ⇢ 2 L1(R3), namely if, for example, the total charge is finite, it is not
clear if (1.3) admits a solution with finite energyH. In fact, if ⇢ 2 L1(R3)\L6/5(R3)
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the existence of a finite energy solution is trivial (using the Hölder inequality), while
if we consider

⇢(x) =
1

|x|5/2 + |x|7/2 ,

(in this case ⇢ 2 L1(R3) \ L6/5(R3)) we easily get that (1.3) has no finite energy
and radial solutions.

To avoid these problems, and in particular the violation of the principle of finite-
ness, Max Born in 1933 (see [7, 8]) launches a new nonlinear theory, modifying the
Maxwell Lagrangian density.

The idea is the following. When we pass from Newton to Einstein mechanics, we
replace the Lagrangian LN = (1/2)mv2 with LE = mc2(1�

p

1� v2/c2 ) considering
the simplest expression that admits the existence of a limit velocity c and that, for
small velocities v, can be approximated by the classical one. Thus, instead of the
Maxwell Lagrangian density

LM = �Fµ⌫Fµ⌫

4
,

where Fµ⌫ = @µA⌫�@⌫Aµ is the electromagnetic tensor, (A0, A1, A2, A3) = (�,�A)
is the electromagnetic potential, (x0, x1, x2, x3) = (t, x) and @j denotes the partial
derivative with respect to xj , Born considers

(1.4) LB = b2
 

1�
r

1 +
Fµ⌫Fµ⌫

2b2

!

q

� det(gµ⌫) ,

where b is a constant having the dimensions of e/r20, e and r0 being respectively
the charge and the e↵ective radius of the electron and gµ⌫ is the Minkowski metric
tensor with signature (+���).
But, the action obtained by LB, as well as the Maxwell action, is invariant only for
the Lorentz group of transformations. Thus, some months later, Born, in collabo-
ration with Infeld, introduces the following modified version

(1.5) LBI = b2
 

q

� det(gµ⌫)�
s

� det

✓

gµ⌫ +
Fµ⌫

b

◆

!

,

whose action is now invariant for general transformations [9, 10].
In terms of the electromagnetic field (E,B), with B = r⇥A and E = �r��

@tA, we have

LM =
|E|2 � |B|2

2
, LB = b2

 

1�
r

1� |E|2 � |B|2
b2

!

and

LBI = b2
 

1�
r

1� |E|2 � |B|2
b2

� (E ·B)2

b4

!

,

and so, we can see as the Born Lagrangian density has the analogous expression of
the Einsten’s one.

In the electrostatic case

LB = LBI = b2
 

1�
r

1� |E|2
b2

!
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and so, given a charge density ⇢, we formally get the equation

(1.6) �div

 

r�
p

1� |r�|2/b2

!

= ⇢ ,

which replaces the Poisson equation (1.3).
For simplicity, from now on, except in Section 6, we fix b = 1.
This equation can also be obtained observing that the Born-Infeld theory distin-

guishes between the electric field E and the electric induction D: the fields D and
E are related by

D =
E

p

1� |E|2
or E =

D
p

1 + |D|2
and D satisfies

divD = ⇢ .

In the case of a delta-source located in x0 the field D blows up in the point x0,
while the electric field tends to a finite value and this maximal field strength has an
interpretation in the string theory. Moreover, in this case, finite energy solutions
have been called BIons (see [3, 14]).
The operator in (1.6) appears also in the study ofD-branes and in classical relativity
where it represents the mean curvature operator in Lorentz-Minkowski space.

Equations involving the operator

Q�(�) := �div

 

r�
p

1� |r�|2

!

have been studied in many situations (see [2, 4, 6, 16] and references therein).
In [5] we begin a rigorous study of the boundary value problem

(BI)
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r�
p

1� |r�|2

!

= ⇢ in RN ,

lim
|x|!1

�(x) = 0 ,

for N � 3, working on

(1.7) X = D1,2(RN ) \ {� 2 C0,1(RN ) | kr�k1  1} ,

equipped with the norm

k�kX :=

✓

Z

RN

|r�|2 dx
◆1/2

,

where D1,2(RN ) is the completion of C1
c (RN ) with respect to above norm, and

taking ⇢ 2 X ⇤, the dual space of X .
In this paper we give a survey of the results in [5] and some ideas of their proofs.
Since (BI) is, at least formally, the Euler equation of the action functional

I : X ! R defined by

(1.8) I(�) =

Z

RN

⇣

1�
p

1� |r�|2
⌘

dx� h⇢,�i ,

we want to derive existence and uniqueness of the solution from a variational princi-
ple. Furthermore the functional I is bounded from below in X and strictly convex.
Thus it is natural to look for the solution as the minimizer of I in X by the direct
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methods of the Calculus of Variations. However, the functional is not regular if
kr�k1 = 1 and so we need to use some tools from the Calculus of Variations for
non smooth functionals.

Hence, first we prove that for any ⇢ 2 X ⇤ there exists a unique �⇢ which mini-
mizes I and that such minimum is the unique critical point of the functional I in
weak sense (see Definition 2.1).

Then, we want to prove that the minimum is a weak solution in the sense of the
following

Definition 1.1. A weak solution of (BI) is a function �⇢ 2 X such that for all
 2 X , we have

Z

RN

r�⇢ ·r 
p

1� |r�⇢|2
dx = h⇢, i ,

where h , i denotes the duality pairing between X ⇤ and X .

Observe that the boundary condition at infinity is encoded in the functional
space.

We give a positive answer when ⇢ 2 X ⇤ is a radially distributed charge (see
Section 3). Moreover, under stronger assumptions on ⇢, still assuming the radial
symmetry of the source, we investigate the regularity of the solution, partially
recovering the regularity of the Poisson equation.

We are also able to consider the case ⇢ 2 L1
loc(RN ) \ X ⇤ (see Section 4).

The case of a superposition of charges, namely

⇢ =
k
X

i=1

ai�xi ,

where ai 2 R and xi 2 RN , for i = 1, · · · , k, k 2 N0, is more delicate (see Section
5). We are able to prove that the minimum �⇢ of I is a distributional solution away
from the charges and, if the intensities are small or if the charges are su�ciently
far away from each other, it is singular only in the points xi in which the charges
are located, i.e.

lim
x!xi

|r�⇢(x)| = 1 .

Moreover, in some more general cases, even if we do not know that minimum
�⇢ of the functional I is actually a weak solution of (BI), we prove that it is the
limit of solutions of approximated problems obtained by considering our di↵erential
operator as the sum of p-Laplacians or mollifying the charge density (see Section
6).

Finally we give additional results and comments. In particular, we complete
some previous studies [11, 17, 22, 21] on the nonlinear Klein-Gordon-Born-Infeld
system (Section 7).
Notations. In the following C denotes a generic positive constants which can
change from line to line, BR is the ball centered in 0 with radius R > 0 and !N

denotes the measure of the (N � 1)-dimensional unitarian sphere.

2. Minimum as critical point in weak sense

The ambient space X defined in (1.7), satisfies the following properties:

(i) X is continuously embedded in W 1,p(RN ), for all p � 2⇤ = 2N/(N � 2);
(ii) X is continuously embedded in L1(RN );
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(iii) if � 2 X , then lim|x|!1 �(x) = 0;
(iv) X is weakly closed;
(v) if (�n)n ⇢ X is bounded, there exists �̄ 2 X such that, up to a subsequence,

�n * �̄ weakly in X and uniformly on compact sets.

Moreover the functional I : X ! R is

(i) bounded from below,
(ii) coercive,
(iii) continuous,
(iv) strictly convex,
(v) weakly lower semi-continuous.

We look for critical points in the sense of the following classical definition (see
[19]).

Definition 2.1. Let X be a real Banach space and  : X ! (�1,+1] be a
convex lower semicontinuous function. Let D( ) = {u 2 X |  (u) < +1} be the
e↵ective domain of  . For u 2 D( ), the set

@ (u) = {u⇤ 2 X⇤ |  (v)� (u) � hu⇤, v � ui , 8v 2 X}

is called the subdi↵erential of  at u. If, moreover, we consider a functional I =
 + �, with  as above and � 2 C1(X,R), then u 2 D( ) is said to be critical in
weak sense if ��0(u) 2 @ (u), that is

h�0(u), v � ui+ (v)� (u) � 0 , 8v 2 X .

As a consequence of the previous properties and since, in our case, the critical
points in weak sense for the functional I coincide with the minima for I, we get

Theorem 2.2. For any ⇢ 2 X ⇤, there exists a unique �⇢ which minimizes I. This
is the unique critical point in weak sense of I.

Moreover we have

Proposition 2.3. Assume ⇢ 2 X ⇤. If � 2 X is a weak solution of (BI), then
� = �⇢.

We would like to prove that the unique minimizer �⇢ is weak solution of (BI).
We are able to show that it is true only in some cases even if we conjecture that it
holds and the following results go in that direction.

Proposition 2.4. Assume ⇢ 2 X ⇤ and let �⇢ be the unique minimizer of I in X .
Then

E = {x 2 RN | |r�⇢| = 1}
is a null set (with respect to Lebesgue measure) and the function �⇢ satisfies

Z

RN

|r�⇢|2
p

1� |r�⇢|2
dx  h⇢,�⇢i .

Moreover, for all  2 X , we have the variational inequality

(2.1)

Z

RN

|r�⇢|2
p

1� |r�⇢|2
dx�

Z

RN

r�⇢ ·r 
p

1� |r�⇢|2
dx  h⇢,�⇢ �  i .
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Remark 2.5. If �⇢ satisfies further
Z

RN

|r�⇢|2
p

1� |r�⇢|2
dx = h⇢,�⇢i ,

then, by (2.1), it is easy to see that �⇢ is a weak solution of (BI).

3. The radial case

In this section we consider radially distributed charges.
Of course we first need to precise the meaning of a radially distributed charge
density. For ⌧ 2 O(N), � 2 X and ⇢ 2 X ⇤, we define �⌧ 2 X as �⌧ (x) = �(⌧x), for
all x 2 RN , and ⇢⌧ 2 X ⇤ as h⇢⌧ , i = h⇢, ⌧ i, for all  2 X .

Definition 3.1. We say that ⇢ 2 X ⇤ is radially distributed if ⇢⌧ = ⇢, for any
⌧ 2 O(N).

Moreover, if � 2 Xrad := {� 2 X | �⌧ = � for every ⌧ 2 O(N)}, we denote with
the same letter � the single real variable function r = |x| 2 R+ 7! �(r). We make
furthermore a similar identification for the radially distributed maps ⇢ 2 X ⇤.

We have

Theorem 3.2. If ⇢ 2 X ⇤ is radially distributed, then there exists a unique (radial)
weak solution �⇢ 2 X of (BI).

To prove this theorem, we use the following

Lemma 3.3. Assume ⇢ 2 X ⇤ and let �⇢ be the unique minimizer of I in X . If
( n)n ⇢ D1,2(RN ) is such that kr nk1  C for some C > 0 and  n !  in
D1,2(RN ) then, up to a subsequence,

lim
n!1

Z

RN

r�⇢ ·r n
p

1� |r�⇢|2
dx =

Z

RN

r�⇢ ·r 
p

1� |r�⇢|2
dx .

Thus we can proceed as follows.

Sketch of the Proof. The argument is borrowed from [18].
First we prove that the minimum �⇢ 2 Xrad.
Then we define, for k 2 N⇤, the sets

Ek =

⇢

r � 0 | |�0⇢(r)| � 1� 1

k

�

and, since by Proposition 2.4 we know that |{r � 0 | |�0⇢(r)| = 1}| = 0, then we
have that

�

�

�

�

�

�

\

k�1

Ek

�

�

�

�

�

�

= 0 .

Thus we take  2 Xrad \ C1
c (RN ) with supp ⇢ [0, R] and let

 k(r) := �
Z +1

r
 0(s)[1� �Ek(s)] ds .

We have that supp k ⇢ [0, R], for any k � 1 and that, if |t| is su�ciently small,
then �⇢ + t k 2 X .
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Since �⇢ is the minimizer of I, then

0 = lim
t!0

I(�⇢ + t k)� I(�⇢)

t
=

= !N

Z +1

0

�0⇢ 
0

q

1� |�0⇢|2
[1� �Ek ]r

N�1 dr � h⇢, ki .

But, since �Ek ! 0 a.e. in RN , by Lebesgue’s Dominated Convergence Theorem
we have

Z +1

0

�0⇢ 
0

q

1� |�0⇢|2
[1� �Ek ]r

N�1 dr !
Z +1

0

�0⇢ 
0

q

1� |�0⇢|2
rN�1 dr .

Moreover, by  k !  in X , we have

h⇢, ki ! h⇢, i .
Thus for any  2 Xrad \ C1

c (RN ), we conclude that

(3.1)

Z

RN

r�⇢ ·r 
p

1� |r�⇢|2
dx = h⇢, i .

To show that (3.1) holds for any  2 Xrad, we construct ( n)n ⇢ C1
c (RN ),  n

radially symmetric such that  n !  in D1,2(RN ) and with kr nk1  C and we
apply Lemma 3.3.
Finally we take  = �⇢ in (3.1) and we have that (3.1) holds for any  2 X . This
fact allows us to conclude using Remark 2.5.

⇤
Assuming further hypotheses on ⇢, we prove that |�0⇢(r)| = 1 can only happen

at r = 0 and

Theorem 3.4. Assume that ⇢ is a radially symmetric function such that ⇢ 2
Ls(RN ) \ L�(B�(0)), for some s � 1, � � N and � > 0. Then the weak solution
�⇢ of (BI) is C1(RN ;R).

4. Bounded charges

In this section we consider bounded charge distributions.
First of all we give the following definition which is standard in classical relativity.

Definition 4.1. Let � 2 C0,1(⌦), with ⌦ ⇢ RN . We say that � is

• weakly spacelike if |r�|  1 a.e. in ⌦;
• spacelike if |�(x) � �(y)| < |x � y| whenever x, y 2 ⌦, x 6= y and the line
segment xy ⇢ ⌦;

• strictly spacelike if � is spacelike, � 2 C1(⌦) and |r�| < 1 in ⌦.

Using some fundamental tools in [4] we get

Theorem 4.2. If ⇢ 2 L1
loc(RN )\X ⇤, then �⇢ is a (locally strictly) space-like weak

solution of (BI).

Sketch of the Proof. Let ⌦ be an arbitrary bounded domain with smooth bound-
ary in RN . We set

C0,1
�⇢

(⌦) =
�

� 2 C0,1(⌦) | �|@⌦ = �⇢|@⌦, |r�|  1
 

,
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K = {xy ⇢ ⌦ | x, y 2 @⌦, x 6= y, |�⇢(x)� �⇢(y)| = |x� y|} ,

and we define I⌦ : C0,1
�⇢

(⌦) ! R by

I⌦(�) =

Z

⌦

⇣

1�
p

1� |r�|2
⌘

dx�
Z

⌦
⇢� dx .

It is easy to see that �⇢|⌦ is a minimizer for I⌦ in C0,1
�⇢

(⌦).

By [4, Corollary 4.2] we have that �⇢ is strictly spacelike in ⌦ \K and Q�(�⇢) = ⇢
in ⌦ \K. Furthermore,

�⇢(tx+ (1� t)y) = t�⇢(x) + (1� t)�⇢(y) , 0 < t < 1

for every x, y 2 @⌦ such that |�⇢(x)� �⇢(y)| = |x� y| and xy ⇢ ⌦.
If K = ;, then �⇢ is strictly spacelike in ⌦.
Assume by contradiction that K 6= ;.
Then there exist x, y 2 @⌦ such that x 6= y, xy ⇢ ⌦ and |�⇢(x)� �⇢(y)| = |x� y|.
Without loss of generality we can assume that �⇢(x) > �⇢(y).
It is easy to see that for all t 2 (0, 1)

(4.1) �⇢(tx+ (1� t)y) = �⇢(y) + t|x� y| .

Since, for any R > 0 such that ⌦ ⇢ BR, �⇢|BR is a minimizer of IBR in C0,1
�⇢

(BR),

then, by [4, Theorem 3.2], we have that (4.1) holds for all t 2 R such that tx+(1�
t)y 2 BR. Hence we reach a contradiction with the boundedness of �⇢, for an R
su�ciently large.

⇤

Remark 4.3. As observed in [4, Remark p. 147], if ⇢ 2 Ck(RN ), then �⇢ 2
Ck+1(RN ).

5. k point charges

In this section we consider

⇢ =
k
X

i=1

ai�xi ,

where ai 2 R and xi 2 RN , for i = 1, · · · , k, k 2 N0 and then the problem

(5.1)

8

>

>

>

<

>

>

>

:

�div

 

r�
p

1� |r�|2

!

=
k
X

i=1

ai�xi , in RN ,

�(x) ! 0 , as x ! 1 .

In the recent contribution [15], the author claims the existence [15, Proposition
2.1] of a weak solution v1 of (5.1) under the assumption that xi 2 R3 and ai 2 R
for i = 1, · · · , k. However, the proof of [15, Step 2.6, page 515] is incomplete (see
[5] for the details).

Of course there exists a unique minimizer �⇢ of the associated energy functional

I(�) =

Z

RN

⇣

1�
p

1� |r�|2
⌘

dx�
k
X

i=1

ai�(xi)
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(see [15] or Theorem 2.2).
In particular we are interested in proving that this minimizer solves (5.1) in a weak
or a strong sense. Let

� =
[

i 6=j

xixj .

We have

Theorem 5.1. The minimizer �⇢ is a distributional solution of the Euler-Lagrange
equation in RN \ {x1, · · · , xk}. Namely, for every  2 C1

c (RN \ {x1, · · · , xk}), we
have

Z

RN

r�⇢ ·r 
p

1� |r�⇢|2
dx = 0 .

It is a classical solution of the equation in RN \ �, namely �⇢ 2 C1(RN \ �) and

�div

 

r�
p

1� |r�|2

!

= 0

in the classical sense in RN \ �. Moreover

(1) for any fixed xi 2 RN , i = 1, · · · , k, there exists � = �(x1, · · · , xk) > 0
such that if

max
i=1,··· ,k

|ai| < � ,

then �⇢ is a classical solution in RN \ {x1, · · · , xk};
(2) for any ai 2 R, i = 1, · · · , k, there exists ⌧ = ⌧(a1, · · · , ak) > 0 such that if

min
i,j=1,··· ,k, i 6=j

|xi � xj | > ⌧ ,

then �⇢ is a classical solution in RN \ {x1, · · · , xk}.
In these last cases, �⇢ 2 C1(RN \ {x1, · · · , xk}), it is strictly spacelike on RN \
{x1, · · · , xk} and

lim
x!xi

|r�⇢(x)| = 1 .

To show this last result, first we prove that �⇢ satisfies strongly (5.1) in RN \� and
this is true whithout any restriction on the coe�cients ai and the location of the
charges. We have

Lemma 5.2. The minimum �⇢ of I satisfies strongly
8

>

>

>

<

>

>

>

:

�div

 

r�
p

1� |r�|2

!

= 0 , in RN \ � ,

�(x) ! 0 , as x ! 1 .

Furthermore, we have that

(i) �⇢ 2 C1(RN \ �) \ C(RN );
(ii) �⇢ is strictly spacelike on RN \ �;
(iii) for i 6= j, either �⇢ is a classical solution on xixj, or

�⇢(txi + (1� t)xj) = t�⇢(xi) + (1� t)�⇢(xj) , 0 < t < 1 .
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Sketch of the Proof. Let ⌦ be an arbitrary bounded open domain with smooth
boundary in RN \ {x1, · · · , xk}.
Here we repeat the same arguments of the Proof of Theorem 4.2 whit the same
notations.
The main di↵erence now is that ⇢ = 0, since ⌦ ⇢ RN \ {x1, · · · , xk}.
As before we infer that �⇢ is strictly spacelike and Q�(�⇢) = 0 in ⌦ \K.
Furthermore, we have

�⇢(tx+ (1� t)y) = t�⇢(x) + (1� t)�⇢(y) ,

for every 0 < t < 1, where x, y 2 @⌦ are such that |�⇢(x) � �⇢(y)| = |x � y| and
xy ⇢ ⌦. Again, if K = ;, then �⇢ is strictly spacelike.
We now show that K contains at most �.
Assume by contradiction that there exist x, y 2 @⌦ such that x 6= y, xy ⇢ ⌦ and
|�⇢(x) � �⇢(y)| = |x � y| and such that the straight line spanned by xy intersects
� at a finite number of points (possibly zero). Without loss of generality, we can
assume that �⇢(x) > �⇢(y). It is easy to see that for all t 2 (0, 1)

(5.2) �⇢(tx+ (1� t)y) = �⇢(y) + t|x� y| .

Observe also that, since the line spanned by x and y intersects � at a finite number
of points only, we can arbitrarily stretch ⌦ in at least one direction of xy to build
new open sets ⌦0 ⇢ RN \ {x1, · · · , xk} with smooth boundaries and such that
⌦ ⇢ ⌦0. Observe that �⇢|⌦0 is a minimizer for I⌦0 in C0,1

�⇢
(⌦0) and, by [4, Theorem

3.2], we have that (5.2) holds for all t 2 R such that tx + (1 � t)y 2 ⌦0. Now, we
reach a contradiction with the boundedness of �⇢ by choosing ⌦0 long enough in
the direction xy.
Arguing in a similar way, we see that on each edge of �, either Q�(�⇢) = 0 or the
full edge belongs to K, namely (iii) holds.
Assertion (i) follows from [4, Remark p. 147], assertion (ii) from [4, Corollary 4.2].

⇤
Then we prove the following preliminary results.

Lemma 5.3. For any " > 0 there exists � > 0 such that, if maxi=1,··· ,k |ai| < �,
then k�⇢k1 < ".

Lemma 5.4. There exists C = C(a1, · · · , ak) > 0 such that, for all xi 2 RN ,
i = 1, · · · , k, k�⇢k1 < C.

Thus we can complete the proof of Theorem 5.1.

Sketch of Proof of Theorem 5.1 Using a general result of Trudinger on divergence
elliptic operators with measurable coe�cients, see [20, Theorem 3.2] we have that
for every bounded domain ⌦ such that ⌦̄ ⇢ RN \{x1, · · · , xk}, there exists a unique
distributional solution �̄⇢ of the problem

8

>

>

>

<

>

>

>

:

�div

 

r�
p

1� |r�⇢|2

!

= 0 , in ⌦ ,

� = �⇢ , on @⌦ .
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Then by the arbitrariness of ⌦ in RN \{x1, · · · , xk} we deduce that �̄⇢ is the unique
distributional solution of

8

>

>

>

<

>

>

>

:

�div

 

r�
p

1� |r�⇢|2

!

= 0 , in RN \ {x1, · · · , xk} ,

�(x) ! 0 , as x ! 1 .

Thus Lemma 5.2 and the uniqueness of �̄⇢ then imply that �̄⇢ = �⇢ a.e. in RN .
To prove (1), using again the Bartnik–Simon trick, we want to get that K = ;.
Assume by contradiction that K 6= ;. Then there exist x, y 2 @⌦ such that x 6= y,
xy ⇢ ⌦ and |�⇢(x) � �⇢(y)| = |x � y|. Without loss of generality, we can assume
that �⇢(x) > �⇢(y). It is easy to see that for all t 2 (0, 1)

�⇢(tx+ (1� t)y) = �⇢(y) + t|x� y| .

Two possibilities occur: either xy intersects � in a finite number of points (possibly
zero), or xy intersects � in an infinite number of points.
In the first case, we conclude as in the proof of Lemma 5.2.
In the second case, without loss of generality, we can assume that xy coincide with a
piece of x1x2 and, applying if necessary again the [4, Theorem 3.2], we can consider
any extension of xy in x1x2.
We apply Lemma 5.3 and so, fixing " > 0 such that 2" < mini,j=1,··· ,k, i 6=j |xi�xj |,
there exists � > 0 such that, if maxi=1,··· ,k |ai| < �, then k�⇢k1 < ". Since we can
find x0, y0 2 x1x2 with |x0 � y0| > 2" and x0y0 6= x1x2, we reach the contradiction

2" < |x0 � y0| = |�⇢(x0)� �⇢(y
0)| < 2" .

Moreover, (2) is a consequence of Bartnik–Simon trick and of Lemma 5.4 Finally,
the behavior of the gradient of �⇢ near the singularities xi is a consequence of [12,
Theorem 1.5].

⇤
We conclude this section by showing what happens in some particular cases.

Assume that we have two point charges with equal coe�cients, namely

⇢ = a(�x
1

+ �x
2

) .

By uniqueness of the minimizer and since the functional is now invariant under the
orthogonal transformations that exchanges x1 and x2, we infer that �⇢ is symmetric
and therefore cannot be a�ne with slope 1 on the segment x1x2. Therefore, the
assertion (iii) of Lemma 5.2 allows to conclude.
The same argument can be used when we have a symmetric configuration of charges
with equal coe�cient.
In some special situations, we can argue without assuming any symmetry to prove
that the minimizer is not a�ne with slope 1 on some of the edges of �. As an
example, take three charges located at x1, x2 and x3 and suppose that those points
are not colinear. One can order the value of �⇢ and assume without loss of generality
that �⇢(x1)  �⇢(x2)  �⇢(x3). Then, �⇢ cannot be a�ne with slope 1 on x1x2

and x2x3 since otherwise we have

�⇢(x3)��⇢(x1) = �⇢(x3)��⇢(x2)+�⇢(x2)��⇢(x1) = |x3�x2|+|x2�x1| > |x3�x1| .
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Other similar situations can be ruled out with the same argument but this is clearly
an incomplete and unsatisfactory approach towards the understanding of the gen-
eral case.

6. Approximations

In this section, we provide some ways to approximate the minimizer �⇢ by a
sequence of solutions of some approximating PDEs.

Let us still denote by �⇢ the minimum associated to ⇢ 2 X ⇤.
In [13] Fortunato, Orsina and Pisani consider N = 3, observe that, for b large,

LBI = b2
 

1�
r

1� |r�|2
b2

!

⇠ |r�|2
2

+
|r�|4
8b2

,

and so they get the Euler equation

�div

✓✓

1 +
1

2b2
|r�|2

◆

r�
◆

= ⇢ , in R3 .

Setting b = 1, for n � 1, we define X2n as the completion of C1
c (RN ) with

respect to the norm defined by

k�k2X
2n

:=

Z

RN

|r�|2 +
✓

Z

RN

|r�|2n dx
◆1/n

.

Formally

Q�(�) = �
1
X

h=1

↵h�2h� ,

where for all h � 1, �2h� := div(|r�|2h�2r�) and ↵h > 0 (the exact values of the
coe�cient ↵h are given in [22, 15], they are not important for our purpose). The
operator Q� is formally the Gateaux derivative of the functional

Z

RN

⇣

1�
p

1� |r�|2
⌘

dx =

Z

RN

1
X

h=1

↵h

2h
|r�|2h dx ,

where the power series in the right hand side converges pointwise when |r�(x)|  1.
Assuming ⇢ 2 X ⇤

2n, let us denote the nth approximation of the functional (1.8) by

In := � 2 X2n 7!
n
X

h=1

↵h

2h

Z

RN

|r�|2h dx� h⇢,�iX
2n .

This functional is C1 and we have this first approximation result.

Theorem 6.1. Given n0 � 1 and ⇢ 2 X ⇤
2n

0

, then, for all n � n0, the functional
In : X2n ! R has one and only one critical point �n. Moreover �n tends to �⇢
weakly in X2m for all m � n0 and uniformly on compact sets.

Other approximation schemes can be used.
Another truncation was successfully proposed in [6] to deal with a related problem
and could have been used here as well. Let us set a0(s) = (1� s)�1/2 for all s < 1.
Then

I(�) =
1

2

Z

RN

A0(|r�|2) dx� h⇢,�i ,
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where A0(t) =
R t
0 a0(s) ds. Take ✓ 2 (0, 1) and define a✓ : R+ ! R+ by

a✓(s) =

(

a0(s) for s 2 [0, 1� ✓]

�sn�1 + � for s 2 (1� ✓,+1)

where � and � are chosen in such a way that a✓ is C1. The truncated functional
I✓,n : X2n ! R defined by

I✓,n(�) :=
1

2

Z

RN

A✓(|r�|2) dx� h⇢,�i ,

where A✓(t) =

Z t

0
a✓(s) ds gives another lower estimate of I(�). Then we can show

that given n � 1 and ⇢ 2 X ⇤
2n, the functional I✓,n has one and only one critical

point which is a weak solution of

�div
�

a✓(|r�|2)r�
�

= ⇢ .

In this approach, n is fixed which makes the functional setting easier than in the
finite order approximation of the power series. It is chosen in such a way that
⇢ 2 X ⇤

2n. Taking a sequence ✓k ! 1, we can show that the sequence of minimizers
of I✓k,n converge to the minimizer of I, giving yet another way to approach the
minimizer by a sequence of solutions of approximating problems.

Finally, if we mollify the charge (we recall that a smooth charge yields a smooth
minimizer that solves the Euler-Lagrange equation associated to the minimization
problem) we get another approximation result. Indeed we can prove

Theorem 6.2. Let ⇢ 2 X ⇤ and suppose that there exist (⇢n)n ⇢ X ⇤ and ⇢̃ 2 X ⇤

such that ⇢̃ � 0, ⇢n ! ⇢ in X ⇤ and �⇢̃  ⇢n  ⇢̃. Then �⇢n converges to �⇢ weakly
in X and uniformly in RN .

Here, if ⇢̄, ⇢̂ 2 X ⇤, ⇢̄  ⇢̂ means that h⇢̄,'i  h⇢̂,'i for any ' 2 X with ' � 0.
Thus, by Theorem 4.2 and Theorem 6.2, we get the following approximation of

�⇢ as uniform limit of smooth solutions of a sequence of approximated problems.

Corollary 6.3. Let ⇢ 2 X ⇤ and suppose that there exist (⇢n)n ⇢ X ⇤ \ L1
loc(RN )

and ⇢̃ 2 X ⇤ such that ⇢n ! ⇢ in X ⇤ and �⇢̃  ⇢n  ⇢̃. Then the sequence (�⇢n)n
of (locally strictly) spacelike solutions of (BI) with ⇢n converges to �⇢ weakly in X
and uniformly in RN .

Remark 6.4. If (⇢n)n ⇢ Lp(RN ), with 1  p < +1, is such that ⇢n ! ⇢
in Lp(RN ), we can immediately conclude that �⇢n converges to �⇢ weakly in X
and uniformly in RN . In particular, for a datum ⇢ 2 Lp(RN ), the approximating
sequence (�⇢n)n, where (⇢n)n is a standard sequence of mollifications of ⇢, is made
of smooth strictly spacelike solutions of (BI) with the data ⇢n.

7. The Born-Infeld-Klein-Gordon equation and other extensions

Another interesting problem which involves the Born-Infeld theory appears when
we couple a field, governed by the nonlinear Klein-Gordon equation, with the elec-
tromagnetic field whose Lagrangian density is given by (1.4) or (1.5), by means of
the Weil covariant derivatives.
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In the wake of [11, 17], Yu, in [21], deals with the system

(7.1)

8

>

>

>

<

>

>

>

:

div

 

r�
p

1� |r�|2

!

= u2(! + �) , x 2 R3 ,

�u =
�

m2 � (! + �)2
�

u� |u|p�2u , x 2 R3 .

Fixing u in a convenient space of radial functions, Yu considers the functional

Eu(�) =

Z

R3



⇣

1�
p

1� |r�|2
⌘

+ !u2�+
1

2
�2u2

�

dx ,

and proves that Eu possesses a minimizer �u without proving that the minimum �u
is a critical point of Eu. Then the second equation of (7.1) is solved with �u in place
of �. Yu’s conclusion is then that (u,�u) is a solution of (7.1) in a generalized sense,
meaning that the second equation is classically satisfied while �u is a minimizer of
Eu.
Our aim here is to show that the minimizer of Eu and of similar functionals is
actually a solution of the corresponding equation. This leads us to consider more
general equations of the form

(7.2)

8

>

>

>

<

>

>

>

:

�div

 

r�
p

1� |r�|2

!

+ f(x,�) = 0 , x 2 RN ,

�(x) ! 0 , as |x| ! 1 .

We assume that f : RN ⇥ R ! R is a Carathéodory function such that

(f1) there exists p � 2⇤ � 1 such that for all (x, t) 2 RN ⇥ R
|f(x, t)|  C|t|p ;

(f2) f(·, t) is radially symmetric, for all t 2 R;
(f3) the functional IF : X ! R defined by

IF (�) =

Z

RN

⇣

1�
p

1� |r�|2
⌘

dx+

Z

RN

F (x,�) dx ,

where F (x, t) =
R t
0 f(x, s) ds, has a nontrivial radial local minimum �f in

X .

Remark 7.1. The existence of a local minimum of IF in X follows, for example, by
standard assumptions such as the coercivity of IF and the convexity of the function
F (x, ·).

Similar arguments to that used in Proposition 2.4 and Theorem 3.2 allow to get

Theorem 7.2. Suppose that (f1)-(f3) hold, then �f is a nontrivial weak solution
of (7.2).

Arguing as in the proof of Theorem 7.2 we can complete the arguments of [21]
concerning the existence of a nontrivial solution of (7.1). In that precise case, one
can even conclude that the solution is classical and even smooth.

Finally, if IF has a nontrivial local minimizer in the generalized sense of Morse,
i.e. the function is minimal with respect to compactly supported variations, see for
example [1], then it is a solution of (7.2). Of course, any local or global minimizer
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is a local minimizer in the sense of Morse. We emphasize that we do not require
any radial symmetry here. We have

Theorem 7.3. Suppose that (f1) holds and that there exists �0 2 X such that
for any bounded open set ⌦ ⇢ RN , and for any � 2 X with � = �0 in RN \ ⌦,
IF (�0)  IF (�). Then �0 is a weak solution of (7.2).
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