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On a five critical points theorem

Dimitri MuaNart

Abstract. We present in a formal way a five critical points theorem, whose statement
has never been given before, although it was applied several times.

1. INTRODUCTION
A very classical result attributed to Krasnoselskii states that

if ® € CY(RN,R) is such that lim &(z) = oo and has
llzll =00

a non degenerate critical point different from the global

minimum, then ® has a third critical point.

Although Krasnoselskii didn’t write this result precisely in this way, it is a conse-
quence of [11, Lemma I1.6.5]. After that, several developments and generalizations
have been produced, mainly for showing multiplicity of solutions to partial differen-
tial equations. Of course, this implies a passage from RY to a Hilbert or Banach set-
ting, and also to a nonsmooth setting. There are several contributions in this direc-
tions, but surely some fundamental ones can be found in [1, 3, 4, 5, 6, 12, 14, 30, 35].

On the other hand, it is clear that the passage from R” to an infinite-dimensional
setting requires to add some a priori compactness condition, such as the Palais—
Smale condition, or the request that some operators are of class (S); (see [10,
Definition 3.2.55(b)]). With conditions of this type, the established theorems read
like

if X is a Banach space and ® € C1(X,R) has two local minima in X, +TA,
then ® has a third critical point,

see [1, 3, 6, 12, 30], or like

if X is a Banach (or Hilbert) space and ® + AV € C1(X,R) is coercive, +T A,
then there exists an open interval A C [0,00) and o >0 such that
® 4+ AU has three critical points with norm less than o for all X € A,
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see [4, b, 14, 34, 35]. Here, +TA means that one needs some technical assumption,
like the Palais—Smale condition, or like a set of minmax inequalities relating values
of the functional in some subsets of X.

Main applications of theorems of these types are multiplicity results for problems

of the form
—Apu =g\ z,u) in Q,

u=0 or %:0 on 0N,
ov

where Apu = div(|Du|P~2Du) is the p-Laplacian operator, 1 < p < oo, § is a
bounded (sufficiently smooth) domain of R, g satisfies suitable conditions and v
is the unit outward normal to .

In this note we propose another abstract theorem which provides the existence
of five critical points in a Hilbert setting, so that we can handle problems of the
form

W {Lu—)\qug(x,u) in Q

Bu=0 on 0N,

where Q is a domain of RV, N > 1, A€ R, g: Q x R = R is a given superlinear
function, L is an elliptic operator in a Hilbert space and B is a boundary one.
The first prototype we have in mind is

L =A (the Laplace operator) and Bu=u,
treated in [19, 23, 24, 28, 38], but other ones can be handled, for instance
Lu=A%u+cAu and Bu= {u,Au},
see [25], or
Lu=(—A)"?u and Bu=u,
considered in [26], or
Lu=—Lgu and uw=0 in RN\Q,
where Lxu is a nonlocal operator defined as
Liu(w) = [ (o +y)+ ulo—y) - 20() K)dy . v RV,
and K : RV \ {0} — (0,+40c0) is a function with the properties that
mK € LY(RY), where m(z) = min{|z|?, 1},
there exists 6 > 0 such that K(z) > 0|z|~(N*+29) for any 2 € R™\ {0},

see [21]. A model for K is given by K(x) = |z|~(N*+29)_ In this case Lx is the
fractional Laplace operator —(—A)?.

Moreover, also a non smooth setting can be considered, and so one gets applica-
tions to variational inequalities of the form

ue K,

(u,w—u)2/\/Qu(v—u)dx—&-/ﬂg(x,u)(v—u)dx Ve K,
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where K is a closed convex set in a Hilbert space and (, ) denotes the inner prod-
uct in H, see [13]. On the other hand, one can handle also reversed variational
inequalities, i.e. problems of the form

ue K,

(u,v—u)§)\/Qu(v—u)dx—&—/gg(x,u)(v—u)dx Vve K,

see [15, 17, 25].

Without going into the technical assumptions on g, in the established results we
have g(x,t) ~ [t|P72¢, as in the seminal paper by Ambrosetti—Rabinowitz [2] for
L = —A with Dirichlet boundary conditions, where the existence of two nontriv-
ial solutions was proved for A = 0 (but the same holds if A < A1, A; being the
first eigenvalue of —A in H{(2)). Some twenty years later, Wang [39] proved the
existence of three nontrivial solutions essentially under the same assumptions.

Since then, thousands of papers have established other multiplicity results for
A =0or A < A\ (see also Mugnai-Papageorgiou [27] for the case of a (p,q)-
Laplacian operator). However, not much was done for A > A;. The first result in
proving a result in the spirit of Wang’s for A > A\; and close to an eigenvalue can
be found in Mugnai [24], whose result is complemented by Rabinowitz—Su—Wang
in [33]. However, while in [33] g : @ x R — R is assumed to be of class C*, in [24]
less regularity conditions on g : {2 x R — R are required, with the “good” extended
Ambrosetti-Rabinowitz condition (see Mugnai [22]).

The multiplicity result in [24] is proved by gluing a classical Linking Theorem
with another Linking—type theorem of mixed type proved by Marino—Saccon in [19].
After that, this method, already used in [29], has been employed in [13, 15, 18, 17,
21, 23, 26, 25, 28, 36, 37, 38].

In order to state the promised abstract theorem, we need to recall some tools.
First, some notations: by H we denote the underlying Hilbert space with H <<
L*(Q), B(r) = {# € H : ||z|| < r} is the open ball centered at 0 with radius r, and
S(r)={x € H : ||lz|| = r}. We start from a special version of the Linking Theorem
(see [31, Theorem 5.3] or [32, Theorem 1.1]), in which the a priori estimate on the
critical value will be crucial to prove Theorem 1.4.

Theorem 1.1 (Linking Theorem). Suppose that H = Hy & Ho with dim Hy < oo,
and let f € C*(H,R). If
i) f(0) =0;
i) there exist p, > 0 such that inf f(S(p) N Hy) > o and 3 R > p, e € Hy
with |le]] = 1 such that sup f(Xg) <0, where

Yp= aHlaaspan(e) AR and
Arp={u+te:ue Hy,t>0,|u+te] <R}.
14i) (PS)a holds for
B = inf sup f(h(u))

hel yeAr
and
I'={hecC(ARr,H): hjy, =Id}.
Then B is a critical value for f with

a<pB< sup f(u).
u€EAR
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As usual, here (PS)g stands for the Palais-Smale condition at level § € R,
namely: every sequence (uy)n such that f(u,) — 8 and f'(un) — 0 as n — oo has
a converging subsequence.

Now, let us recall the V-condition and the V-Theorem from [19].

Definition 1.2 (V-condition). Let f : H — R be a C! function, M a closed
subspace of H, a,b € RU {—o0, +00}.
We say that condition (V)-(f, M,a,b) holds if there exists v > 0 such that

inf {||PuVfw)] :a<flu)<b, dlu,M)<~}>0,

where Py : H — M is the orthogonal projection of H onto M and d(u, M) =

1é1]€[ d(u, z) denotes the distance of u from the subspace M.
z

Theorem 1.3 (V-Theorem). Let H = Hy ® Hy ® H3 with dim H; < oo for i =
1,2. Denote with P; : H — H; the orthogonal projection of H onto H; and let
f e CYH,R).
Let p, p', p", p1 be such that p1 > 0,0 < p' < p < p"” and define
A={ue Hi®Hy : p' < |Poul <p", [|Prull < p1} ,
T'=0men,d , Sa(p)={u€ Hy®Hs : |lul| = p}
and
Bas(p) ={u€ Hy® Hs : |Ju]| < p} .
Suppose that
a’ :=sup f(T) < inf f(Sa3(p)) =:a” .
Let a and b be such that a’ < a < a” and b > sup f(A). Suppose that condition

(V)-(f, H1 ® Hs,a,b) holds and (PS). holds for all ¢ € [a,b]. Then, f has at least
two critical points in f~1([a,b]). Moreover, if

inf f(Bas(p)) > —o0
and (PS). holds for all ¢ € [a1,b] with
a1 <inf f(Bas(p)) ,
then f has another critical level in [a1,al].
Now, let us go back to problem (1), and let us suppose that

(H): e L is a differential operator associated to a quadratic form @ : H x H — R
in such a way that

(Lu, v) g = Qu,v) for every u,v € H .
o L1 is a self-adjoint compact operator.

This implies that L has a sequence (A;);en of (possibly negative) eigenvalues
diverging to +oo with associated eigenfunctions (e;);en which are a Hilbert basis
for L2(Q)). Moreover, for every i €, set

H; =span(ey,--- ,e;) and Hi =span(ejr1, ) -

Then, by a Fourier decomposition, we immediately have that

Q(u,u) < )\i/ u? dx for all v e H;
Q
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and
Q(u,u) > )\i+1/ u?dx for all w e Hf .
Q

At this point, it is clear that problem (1) is variational and its solutions are
critical points of the C! functional fy : H — R defined by

f,\(u):%Q(u,u)—g/Q 2dm—/QG($,u)d:r,

where G(z,s) = [ g(,t) dt.

Hence, the existence of solutions to problem (1) can be showed by applying the
following abstract theorem, whose statement was hidden in the references cited so
far.

Theorem 1.4 (Five critical points Theorem). Assume (H) and suppose that for
some j > i > 2 we have \i_1 < A < A\; = -+ = X\j < Ajr1. Suppose that the
hypotheses of Theorem 1.3 hold with Hy = H;_1, Ho = span(e;,--- ,e;), Hy = Hf
and that there exist 0; > 0, p1 > 0 such that VX € (A; — §;, ;)

inf fx (Si=1(p1)) > sup fa(H;) -

Then fy has at least four critical points for all X € (\; — 0;, \;).
Moreover, if in addition there exists Ry > p1 such that

inf fx (Sj(p1)) > sup fA(Tjj41(R1))

sup fx(Tj.j4+1(R1)) < a <inf fx (Sj(p1)), b > sup fx (Bj+1(31)) and (V)-(fx,
H; ® Hjjrl,a, b) holds, then f has at least five critical points.
Here, for any h <k in N, we have set

Si(p) ={ue Hy : |lull = p1},
Biu(Ry) = {u € Hy : ||lul| < Ry}

and
Th,k(Rl) = {u € Hy, ||UH < Rl} U{u € Hy ||u|| = Rl} .

Proof. By Theorem 1.3, there exist two critical points uq, ug for fy with fi(u;) <
sup fr(H;) and a third critical point ug with f(uo) < fa(us), i =1,2.
Moreover, Theorem 1.1 ensure the existence of a critical point ug with f)(us) >
inf f) (Sjl(pl)), so that uz # u;, 1 =0,1,2.
In addition, if (V)-(fr, H; ® Hﬁl,a,b) holds, applying again Theorem 1.3 in
place of Theorem 1.1, jointly with us we find another critical point uy4.
a

Unfortunately, in spite of the rich theoretical result established in the previous
theorem, in the situations studied so far, the second (V)-condition cannot be verified
and the critical level in [a1,a’] (see Theorem 1.3) could be 0 = f5(0), so that we
cannot guarantee the existence of another nontrivial solution. So, the usual result
which has been proved sounds like the following

Theorem 1.5 (Typical result for three nontrivial solutions). Under some technical
assumptions on g, there exists A; > 0 such that problem (1) has at least three
nontrivial solutions for all A € (A; — d;, \i).
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Here, “technical assumptions on ¢g” mean classical superlinear and subcritical
growth conditions.

A “nonsmooth” version of this theorem is available, as well, replacing the notion
of gradient with the one of weak slope introduced in [8], or the one of Frechét
sub/super—differential, see [7]. The related multiplicity results are established in
[13] and [15], respectively.
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