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A survey on pseudorelativistic Hartree equation

Simone SECcHI"

To Francesca, once more

Abstract. We present a survey on recent results about the pseudorelativistic Hartree
equation governed by the non-local operator vA + m?2 in RY.

1. INTRODUCTION

Let us consider a system of N identical bosons with relativistic dispersion rela-
tion and with a mean field Coulomb interaction. This system is described in the
subspace L2(R3V) of L2(R3N) consisting of all functions symmetric with respect to
permutations. The Hamiltonian function of the system is

N

Hy =Y/ W20, +mct + o 3 foi — | 7"

j=1 1<j

The constant v can be either positive or negative, corresponding to a repulsive or
an attractive interaction, respectively. We refer to [21] for more information on the
physical motivation. As proved in [14], the macroscopic dynamics of this system
can be described, in the limit N — 400, by a single nonlinear relativistic Hartree
equation,

(1.1) i %—f =V -R2A+m2c* p —mp+ Ve (0)p ,
where
Vi) =v [ @l = yllottn) dy
R

and ®(Jz — y|) = |z — y|~!. From time to time we will assume without loss of
generality that h = 1 = ¢, and we will focus on the attractive case v < 0.

It was proved in [19] that equation (1.1) is locally well-posed in the fractional
Sobolev space H*(R3) with s > 1/2, and it is global in time for L?-small initial
data. Blow-up results were proved in [16].

Solitary wave solutions are functions that solve the stationary equation

V=A+m? p—mp+ Ve (p)p = Ap
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for some A € R. In the paper [22], Lieb and Yau proved that stationary solutions
with prescribed “mass” [Lq|@[* = M exist, provided that M < M., a suitable
threshold called Chandrasekhar limit mass. By [15][Theorem 2.1], [18, Theorem
1], such solutions lie in H*(R?) for all s > 1/2, are strictly positive and decay
exponentially fast at infinity: for every given 0 < § < min{m, v}, there exists a
constant C' > 0 such that |p(z)] < Ce=?1*! for all z € R3. All these results depend
strongly on the choice of the interaction ®(|x —y|) = |z — y|~!, which makes many
computations explicit.

More general cases were studied only in recent years. In this survey we want to
offer the reader some insight about the pseudo-relativistic Hartree equation from a
modern viewpoint.

2. A COMMON VARIATIONAL FRAMEWORK

The Hamiltonian
HO =v-A+ m2

can be defined for all f € L?(R3) as the inverse Fourier transform of the L2-function

p—= VP2 +m2f(p),

where f denotes the Fourier transform of f. To Hy we associate a quadratic form
Q by setting

o(f.9) = [ VP f)itw) .

The domain of Q is the fractional Sobolev space

) = {7 PE) | [ @D leR < voof

This setting is very elegant, but it soon becomes too abstract if we want to do
some hard analysis in the spirit of PDE theory. A more convenient approach was
suggested by the seminal paper [4], where a Dirichlet-to-Neumann extension was
proposed for the homogeneous fractional Laplacian (—A)®, 0 < s < 1.

We take any function u € S(R?), the space of rapidly decreasing functions, and

we introduce
1 ) -
o) = Gy [ e VI g
(2m)3/2 Jps
for x > 0 and y € R3. It is readily seen that v solves the Dirichlet boundary value
problem

—02v— Ay +mPv=0 in R = (0, +00) x R?

v(0,y) = u(y) for y e R® = aRi .

We point out that 92 + A, is the Laplacian in the variables (z,y) € R%.
If we set

Tu(y) = *%(07:0) ;

i.e. Tu is the outer normal derivative of v at the boundary, then

1 .
Tu(y) = === [ €TYVIpl>+m?a(p)dp,
(2m)3/2 Jps
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namely T = Hy on the dense domain S(R3). As a consequence, the (formal)
equation

Hoyu=yg in R®
turns out to be equivalent to the Neumann problem

—02v—Ayu+mPv=0 in R = (0, +00) x R?

v(0,y) = g(y) for y e R® = 8Ri ,
whose solution can be (formally) identified as critical points of the Euler functional
I:H'(RL) =R

v % /Ri (IVo(z,y)P? + |o(z,9)?) dvdy — /ng(y)v(v)(y) dy .

Here v : H'(R%) — H'/2?(R®) is the Sobolev trace operator, see for example [28]
for more details on the theory of traces. We collect here only the most relevant
results.

Proposition 2.1. The map v : H'(R%) — HY/2(R®) satisfies the estimate

v
ox

—1
(2-1) H’Y(”)”ZJ(RN) < pH’U”ZZIZp—Q(Rf‘Fl)

LR
for allv e HY(RY).

Proof. Tt suffices to prove the estimate for v € H'(RL) N CP(RYT). We
compute

0
0
[owoopar=[ ay [ Lieyrd<
RN RN — 0o O

Ov
2
<p [, el |G| ey <
1/2 . 9 1/2
<p /N [o(a, y) P~ da dy / 5, Y| de,dy
R+“ ]R$+1 x
and deduce that
ov
AP p—1 el
o0 M) <P oty | 5o
:

The right-hand side is finite as long as 2 < 2p—2 < 2(N+1)/[(N+1)—2] = (2N +
2)/(N—1),0r2 < p < 2N/(N—1). We conclude by density of H'(R%)NCg(RY )
that (2.1) holds for all v € HY(RY*1).

g

As a consequence of (2.1) we record the following.

Corollary 2.2. For all A > 0, all2 < p < 2N/(N — 1) and all v € HY(R})

there results
Ap? 1 2
[onep< [ epeng L f
RN 4 RY+1 A Rerl

v dx dy

ox
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3. EXISTENCE OF GROUND STATES

In this section we will present a survey of recent results on the existence of
ground states for the more general equation

(3.1) V=A+m?u=pu+vuPu+o(Wx*u®)u in RV |
with N > 2. The symbol * denotes the standard convolution of two functions:
[ xg(x) = [gn f(x —y)g(y) dy. The following result was obtained in [9].

Theorem 3.1 (Coti Zelati and Nolasco, 2011). Let

2<p< uw<m , min{r,c} >0

N-1 "~
but v+ o > 0. Assume that
W e L"(RY) + L>(RY)
for some r > N/2, W > 0, limg|— 400 W(z) = 0 and W is radially symmetric.
Then equation (3.1) has at least a positive solution u € C=(RY) such that
0 < u(y) < Ce W for any |ly| > R,
where 0 < 6 <m — p for u >0, and § =m for p < 0.

The proof of Theorem 3.1 is based on variational methods. By the Dirichlet-to-
Neumann extension seen in Section 2, we only have to find nontrivial critical points
of the functional I : H(RY™") — R defined by

- 2 20,12 _
I(v) = 3 /Rf“ (IVv]? +m?v]?) dody

v o
= [ (5 bR+ Y heP + S0V @ w?) dy
RN 2 P 4
It follows from the following Proposition that I € C*(H*(RY ™).

Proposition 3.2. Assume that W is as in Theorem 3.1. Then

(3.2) (W 4(0)*) 7(v)* dy < Cw[|v]| g1 g1,
RN +
for some constant Cy > 0. Furthermore,
(33 1OV £ 902 10| ey < CIV 0

forall2 < a<2N/(N —1),r > N/2 and 2N/(N +4) <m < 2N/(N —3).
Proof. Tt follows from Young’s inequality for convolutions that
(W 532 1@ 2 oy < Iy 170 iy

provided that 1/7+2/q = 2. By the Sobolev embedding, v(v) € L24(R™) whenever
2q € [2,2N/(N — 1)]. Under our assumption, W = W; + Wy with W; € L"(RY)
and Wy € L=®(R¥Y). As a consequence,

/ (W 5 (0)2) ()

:/ (W % 5(v)?) y(v)* dy + (Wa % y(v)?) y(v)* dy <
RN RN
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< Wil @) IV ) Lar e vy + 1WAl ROy () 122 ry <
S CWH/UHHl(]Rf*l)
for some suitable constant Cy > 0 depending on W, since 2 < 4r/(2r — 1) <
2N/(N —1). This proves (3.2).
Similarly,

L a< ([ s v<v>2|"“’)l/q (/. |w<v>|mp)1/p <

<c(/, |W|T)m/T (/. v<v>25)m/s (/. v<v>|mp)l/p

where 1/p+1/g=1and 1+ (1/mq) = 1/r +1/s. If we set mp = o = 2s we get
1+1/m=1/r+ 3/a and therefore (3.3).
O

Moreover, every critical point v of I is a weak solution to the system

—Av+m?v=0 in Rf'H

Ov
_ov _ p—2 2 N _ apN+1
6z—/w+l/|v| v+ o(W v on RY = gRY ™.

The following space of symmetric function is introduced:
H;E ={ue HY(RY*T) | u(z, Ry) = u(w,y) for all R € O(N)} .

Here O(N) stands for the set of rotations in RY, namely the set of orthogonal
N x N matrices.

It is easily checked that I has the Mountain-Pass geometry ([9, Lemma 4.1]).
Furthermore

Proposition 3.3 ([9, Lemma 4.2]). The funcitonal I satisfies the Palais-Smale
condition in Hj: every sequence {vn}n C Hy such that I(v,) — ¢ and I'(vy) — 0
possesses a convergent subsequence.

Now, standard results in Critical Point Theory yield that there exists a critical
point vy € H, # of I. Since I is invariant with respect to rotations in the y variable,
the Symmetric Criticality Principle by Palais [26] implies that vy is also a critical
point of I in H I(Rf *1). The variational characterization of the Mountain-Pass
Theorem says that

I(vg) =cy = inf sup I(g(t)),
g€l o<t<1

where 'y, = {g € C([0, 1],H;&) | 9(0) =0, I(g9(1)) < 0}. Now we remark that, for
every critical point w of I H*(RY ™), the map s — I(sw) has exactly one strict
maximum point at s = 1. Moreover, I(|v|) < I(v) for all v € Hl(Rf’H). As a
result, for all s > 0, s # 1, we have I(s|vg|) < I(svg) < I(vp).

The path s — s|vg| belongs to I'y and hence

e <sup I(slvg|) < I(vg) =cp .
s>0
If, by contradiction, |vg| is not a critical point of I, then we use the (pseudo)gradient

flow to deform the path s — s|vg| into a new path g € T'y such that I(g(s)) < cg
for all s, and this is clearly impossible due to the definition of cx. Hence |vg] is a
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weak solution of (3.1), so that we can always assume that there exists a nonnegative
solution. The regularity of the solution is proved via a boostrap procedure, see [9,
Section 3], while the last part of Theorem 3.1 is proved by a suitable application of
the maximum principle in Rﬁ *1 see [9, Theorem 5.1].

In another recent paper, Mugnai (see [25]) studied the pseudorelativistic Hartree
equation

F

(3.4) \/—A+m2u—wu—/\(W*u2)+86—(x,u):0 in RY
s

where F' = F(x,s) can depend explicitly on the x variable.

Theorem 3.4 (Mugnai). Assume that the following conditions hold:

(F1) F : RYN xR — [0,400) is such that the partial derivative OF/s is a
Carathéodory function, F(x,s) = F(|z|,s) for a.e. =z € RY and every
s €R, and F(x,0) = (OF/9s)(z,0) = 0 for a.e. x € RV.
(F'2) There exist constants C1 > 0, Co > 0 and 2 < £ < p < 2N/(N — 1) such
that |(OF/0s)(x, s)| < C1|s|*" 1+ Cs|s[P~1 for a.e. x € RN and every s € R.
(F'3) There exists 2 < k < 4 such that 0 < s(0F/0s)(x,s) < kF(x,s) for a.e.
z € RN and every s € R.
(W) W : RY — [0, +c0) is such that W(x) = W(|z|), W = Wi + Wy where
Wy € L"(RYN) for some r > N/2 and Wy € L>=(RY).
The for every A > 0 and w < m there exists a nontrivial solution u € H1/2(]RN) of
equation (3.4) which is radially symmetric. If, in addition, F(z,s) > F(|z|,s) for
a.e. € RN and every s € R, then this solution is strictly positive.

The proof of this theorem, which we omit, is again based on the Dirichlet-to-
Neumann extension introduced in Section 2.

4. EXISTENCE OF SOLUTIONS WITH PRESCRIBED MASS

When dealing with a pseudorelativistic Hartree equation, the most relevant vari-
ational problem from a physical point of view is the minimization of the action

functional 1
Au) = 3 / u (\/—A—i—m? —m) udy+
RN
+Z / |ulP dy — g / (W * |u|2) udy
P RN 4 RN

under the constraint

/ |u|?> dy = M .

IRN

As we anticipated in the Introduction, the case v = 0 was studied in [22]. A very
recent generalization appears in [10]. We first recall a useful function space.

Definition 4.1. Let ¢ > N. A (measurable) function f belongs to the weak L?
space, written f € L% (RY), if

sup a LY ({z € RN | |f(z)| > a}) < +o0.
a>0

Here LV is the Lebesgue measure in RY. For f € L2 (RY) we define

1fllg = sup LN (4)1/7 / 1.
A A
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where 1/¢+ 1/r =1 and A denotes any set with finite Lebesgue measure.
The main result proved in [10] is the following.

Theorem 4.2 (Coti Zelati and Nolasco, 2013). Let W € L% (RY), where ¢ > N >
2, and W (y) > 0 for ally € RYN. Suppose that for some a > 0: W(A™1y) > AW (y)
forall0 < XA < 1 and ally € RY. Finally, assume that W is rotationally symmetric
and that lim |, 4 oo W(|z]) = 0.
Takev > 0,0 >0 and2+2/qg<p<2N/(N —1). Then:
o ifv>0o0rn=0and g > N, then for all M > 0 there exists a strictly
positive minimizer u € H/?(RN) of A such that [y [u|?>dy = M.
e Ifv =0 and ¢ = N, there is a critical value M, > 0 such that for all
0 < M < M, there is a strictly positive minimizer u € H/?(RN) of A such
that [on |ul*dy = M.
Moreover there exists p > 0 such that u is a smooth, exponentially decaying at
infinity, solution of

(\/ —A +m? —m) u=—pu — vulP"2u+ o(W * [ul*)u in RN
and u 1s radial if W = W (r) is a decreasing function of r > 0.

Remark 4.3. The existence of solitons in the range 2 < p < 2 + 2/q seems to be
an open problem. Furthermore, a singular convolution kernel like W(x) = |z|~¢ is
allowed in Theorem 4.2 only if « = N/q.

To prove Theorem 4.2 a few technical facts are needed.

Proposition 4.4 ([20]). The following weak Young inequality holds: for every
g € LLRN), f € LP(RN) and h € L™ (RN) where p, q, r € (1,400) and 1/q +
1/p+2/r =2, there results

/ FW)gly — h(y) dydz < C(p,q,1)9llgne
RN RN

[ Fllzo bl
Lemma 4.5. Let W € LL(RN) with ¢ > N. If4q/(2¢—1) < p < 2N/(N —1) then
/R W s P yw dy < OIW g fwllz " ] 7777

In particular, if ¢ = N, then
07 s by dy < COW ol ol

The proof is a straightforward consequence of Proposition 4.4 and the Holder
inequality. Putting together these estimates, it follows that the functional
1

_t 2 2012 _
J(v) = 5 ANH (IV]? + m?[v|?) dz dy
+

_/RN (mlv(v)l2 +% Iy (V)P + %(W *V(U)Q)y(vV) dy .

is of class C! on H 1(Rf *1). The following Lemma connects the functionals J and
A.
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Lemma 4.6 ([10]). Foru € HY(RY™Y), let w = y(u) € HY*(RN), & = F(w) and
v(x,y) =F ! (e_z\/m ﬁ}) .

Then v € HYRYT), vl g = |Jullg1/2, J(v) < J(u) and J(v) = A(w).
In [10] the following minimization problem is considered:
I(M)=inf{J(v) | vE€ Mun} ,
where

My ={ve B @ | [ P =},

By a direct application of P.-L. Lions’ principle of concentration-compactness (see
[23]), the authors can prove that I(M) is always attained.

Proposition 4.7 ([10, Proposition 3.5]). For every M > 0 there exists a function
ve HYRYT) such that

i.e. v is a minimizer for J in M.

The proof of Theorem 4.2 can be now accomplished as follows. By the previous
Proposition, there exists a function v € H'(RY™') that minimizes J on M.
Therefore u can be assumed to be non-negative and of the form

u(z,y) = Fl (efxx/m w)

where w = y(u) € HY/?(RN). If W is a nonincreasing radial function, then w can
be assumed to be a radial nonincreasing function. Indeed let w* be the spherically
symmetric decreasing rearrangement of w and define

u*(,y) = F1 (VT )

Then J(u*) = A(w*). The properties of the symmetric drecreasing rearrangement
yield that J(u*) = A(w*) < A(w) = J(u) = I(M). Moreover there is a Lagrange
multiplier ¢ € R such that

—Au+miu=0 in Rf“ ,
Ou ) 2 N
—af+uu:mu—u|u|p u—+o(W x |ul)u on RY .
x

It can be proved that p > 0 by testing against v and remarking that J(u) < 0. We
refer to [10] for more details about the regularity properties of the weak solution.
5. EIGENVALUES

In [12] Coti Zelati and Nolasco offered a variational characterization of the eigen-
values and eigenvectors of the operator

H=Hy+V =+v-CA+m2ct+V
where Hy is the relativistic (free) Hamiltonian operator and V ia real-valued po-
tential function. They assumed that
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(h1) V € L3 (R3) + L*°(R3), V € L*°(R®\ Bpg,) for some Ry > 0 and

. o X . . 2 _
RLII}:OOHVHLoc(RN\B(o,R)) =0 3 RETooebSSUplxbR V(z)lz|” = —o0

(h2) V is Hy—form bounded with bound less than one, i.e. there exists a € (0,1)
such that |(¢ | V)r2| < al¢p | Hog)r> for all ¢ € HY/?(R?,C).
As a particularly important case, the Coulomb potential of a nucleus with Z protons
Ze?
el

Viz)=—

is allowed in assumption (h2) by virtue of two inequalities, the first proved by Hardy
and the second proved by Kato and Herbst (see the references in [12]):

: 2
forall & 'R [lal 9]0 < 21V0le < = |[V=eRA Ty

for all p € HY2(R?) : (¢ | |z| ") < gw | V=A)p: <
< %WJ | vV —C2A +m2c* )2 .

As a consequence, (h2) is satisfied for all 0 < Z < 68 by Hardy and for all 0 < Z <
87 by Kato.
By considering the functional J : H*(R%,C) defined by

R3

IO = [ (10:0F + @I9,08 + mPco?) dedy + [ (2(0) | Va(@)dy

Coti Zelati and Nolasco proved the following results.

Theorem 5.1 ([12, Theorem 1 and Theorem 2]). Let m > 0 and (hl)—(h2) hold.
Then there exist Ay < Ao < -+ < A\ < -+ and ¢1, ¢o, - , P, - € Hl(Ri,(C)
such that, for all k € N,
A = J(pr) = inf J
Xk

where

X1 ={¢ e H'RL,C) | [7(¢)]2 =1}
and, for 1 <k €N,

Xp={s€ H'RL,C) | [v(@)llze =1, (7(¢) | 7(di))p2 =0, i=1,--- k—1} .
Moreover { A}k C oaisc(Ho + V) and
0< A <o S A € Agy1 — inf Oegs(Ho + V) = mc? as k — 400

The functions or = v(¢r) € HY?(R3,C) are the eigenfunctions of the operator
Ho +V , and the functions ¢y, € Hl(Ri,(C) are weak solution of the Neumann
problem

—02¢k + Ay + micter =0  inRY

0

ﬂ + Vr = Appk on R3 .

ox

Finally, for all 0 < B < /m2c* — X} there exists R > 0 such that e#/9l¥p; €
L2(R?\ Bp).
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Here the symbol o4isc and oess denote, respectively, the discrete and the essential
spectrum of an operator. In the same paper, the following regularity result was
proved.

Theorem 5.2 ([12, Theorem 3]). Let ¢, € H'(RL,C) and o = v(¢x) be the
functions given by Theorem 5.1 and Ry be given by assumption (hl). Then we
have

1. ¢p € WH([0,7) x (R3\ Bg,)) for any q € [2,+00), r > 0;
2. ¢ € C%([0, +00) x (R*\ Br,)) for any o € [0,1] and pr € C**(R*\ B,);

3. if in addition V € L3 (U) for some U C R® then for every V € U (i.e.

loc

such that the closure of V is a compact subset of U) ¢, € WHP([0,7) x V)
for every p € [2,+0c0) and r > 0, and i, € CO(V) for every a € [0,1).
6. GROUND STATES WITH POTENTIALS
In [6] the problem
(6.1) V-A+m2u+Vu=(Wx |u|9) lul®~%u in RV

was considered. Here N > 3, m > 0, V is an external potential and W > 0 is a
radially symmetric convolution kernel such that lim,— 1o W (|x|) = 0; moreover

(V1) V:RM — R is a continuous and bounded function, and V(y) + V; > 0 for
every y € RY and for some V; € (0,m).

(V2) There exist R > 0 and k € (0,2m) such that
V(z) < Vi — e Flel for all |z| > R

where Voo = liminf ;4o V(2) > 0.

N
(W) W e LT(RN)+LOO(RN) for some r >maX{17m} and 2 S 0 <
2N
N-1

Theorem 6.1. Retain assumptions (V1), (V2) and (W). Then equation (6.1) has
at least a positive solution u € HY/?(RN).

Remark 6.2. Theorem 6.1 applies for a large class of bounded electric potentials

without symmetric constraints and covers the physically relevant cases of Newton

or Yukawa type two body interaction, i.e. W(z) = 1/|z|* with 0 < XA < 2, W(z) =
||

e z|.

The main idea exploits the same Dirichlet-to-Neumann extension that we intro-
duced in Section 2. We start by collecting some useful inequalities.

Writing W = Wy + Wy € L™(RY) + L®(RY) we can estimate the convolution
term as follows:

/ (W 7(0)[) 7 (0)° = / (Wh * (@) ) @)]° + / (Wa 5 7(0)[*) 7 (0) ° <

(62) < Wil ()39 2r—1) + [WalocV(0)I3 < [Wila[[o]* + [Waloo 0] .
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Since N N
—_— 2 <
T>N(2—9)+0 and _6<N_17

there results
2-1 1 1 _1 N@2-6+6 N-1

%r 0 200 0 20N N

and thus
20r 2N

27‘—1<N—1'

6.1. The limit problem. Let us consider the space of the symmetric functions
H = {uec H (RY™) | u(z, Ry) = u(z,y) for all R € O(N)} .
Let us consider the functional J,, : H¥ — R defined by setting

1 1
Jo(v) = = (Vo] + m?0?) dedy + = ay(v)? dy—
2 RY+1 2 Jp~
1

“55 | W @) dy.

where W > 0 is radially symmetric, lim|,— 1o W(|z|) = 0 and assumption (W)
holds. If & > —m, we can extend the arguments in Theorem 4.3 [9], for the case
6 = 2, and prove that the functional J, has a Mountain Pass critical point v, € H#,
namely

a\Vq :Ea: inf @ t
Ja(va) Jnf - max Ja(9(t))

where Iy = {g € C([0,1]; H*) | g(0) = 0, Ja(g(1)) < 0}. The critical point v,
corresponds to a weak solution of

—Av+m?v=0 in Rf"'l

0
_8711 = —av+ (W * [v|?)|v]? 20 in RNV = oRY ! .
x

In the sequel, we need a standard characterization of the mountain-pass level E,,.
Let us define the Nehari manifold N, associated to the functional J,:

Na:{veHﬁ | // |Vol2 + m%? do dy =
RN xRN

=—a [ W?Pdy+ | (Wx@)) ) dy, .
Jortora [ |

Lemma 6.3. There results

(0:) B, Jol0) = J2f, g Ju(te) = o

Proof. The proof is straightforward, since J, is the sum of homogeneous terms;
we follow [29]. First of all, for v € H* we compute

t2
Jo(tv) = 5 (//]R . Vo2 + m*v? do dy + a/}R v(v)? dy> —
N RN N

t29

—o [ V@) ) dy
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Since # > 2 and by using (7.12), it is easy to check that ¢ € (0,+00) — J(tv)
possesses a unique critical point ¢ = ¢(v) > 0 such that ¢(v)v € N,. Moreover,
since J,, has the mountain-pass geometry, ¢t = ¢t(v) is a maximum point. It follows
that

vle%a Jo(v) = Ulenhfm max Jo(tv) .

The manifold N, splits H* into two connected components, and the component
containing 0 is open. In addition, J, is non-negative on this component, because
(J. (tv),v) > 0 when 0 < t < t(v). It follows immediately that any path v : [0,1] —
H* with 4(0) = 0 and J,(y(1)) < 0 must cross N, so that

E, > inf J,(v).
vEN,

The proof of (6.3) is complete.
(|

Following completely analogous argument in Theorem 3.14 and Theorem 5.1 in
[9], we can state the following result.

Theorem 6.4. Let o +m > 0 and (W) holds. Then v, € C=([0,+00) x RY),
vo(z,y) > 0 in [0,00) x RY and for any 0 < o € (—a,m) there exists C > 0 such
that

0 < vo(z,y) < Ce~(m=o)Va?+ly? o—ou
for all (x,y) € [0,+00) x RN In particular,
0 < v(0,y) < Ce 0 for every y € RY
where 0 <0 <m+a ifa <0, and 6 =m if « > 0.

6.2. The Palais-Smale condition. For any v € H*(RY ') we denote

D) = [[ W= Dhe)@ o)) drdy

Inequality (6.2) yields immediately
D(v) < K|[v]|*’
for every v € H*(RYT).

Lemma 6.5. Let {v,}, be a sequence in H'(RY 1) such that v, — 0 weakly in
HY (RN
I(v,) > c< Ey_ and I'(v,) =0
where Voo = liminf|, o V(z) > 0. Then a subsequence of {vn}n converges
strongly to 0 in Hl(Rf+l).
Proof. First of all, we recall (7.12), and we rewrite I(v) as
1 Vo 1

1
_ = 2 20,02 4 = 2 2 _
1(0) = 5 / Vol tm?uf 5 [ VeV - [ -5 0w,

so that V + Vj > 0 everywhere. Now,

1 1

e 1 ol 2 1) — S(0/(0a).v) = (5 - @) D(vn)
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which implies that, for some constants C; and Cs,

1
% ]D)(vn) < Cl||1)n|| +C5.

But then, using (7.12),
c+1>1I(vy) >

1 m2
>0 [l o [ e
RY RY
Ve 1
- m/ |vn|2+—/ V0al? | = Crllon]| - s =
Rf+1 m ]R$+1

1 1%, m(m — V,
:§<1——°)/ Ian|2+u / [val? = Cillvall = Co
m R$+1 2 Rfﬂ

and since m — Vp > 0 we deduce that {v,} is a bounded sequence in Hl(Rf'H).
A standard argument shows that [|v, || is bounded in H'(RY ') and

01 (ol + / V) dy) —e and 'L D) e
29 RN 20

Therefore ¢ > 0. If ¢ = 0, then

ot1) = (enli+ [ Vi ay) >

Vi
> (17 —)/ Venl? i =) [ foal?
m Rerl ]Rerl

and m — Vg > 0 yields that v,, — 0 strongly in H'(RY ™).

Assume therefore that ¢ > 0. Fix o < V such that ¢ < E,, and Ry > 0 such
that V(z) > a if |z| > Rp. Let ¢ € (0,1). Since {v,}, is bounded in Hl(Rf‘H)
there exists R. > Ry such that R. — 400 as ¢ — 0 and, after passing to a
subsequence,

// (Vo |* + m?v2) da dy + V(y)y(v,)?dy <e  forallneN.
SRE ARE

where
Sk, ={z=(z,y) eRY"" | R. <|2| < R-+1}

Ap. ={yeRY | Re<|y|<R-+1} .
If this is not the case, for any m € N, m > Ry there exists v(m) € N such that

JI (9w mid) dwdy+ [ vntony =
Sm

Am

for any n € N, n > v(m). We can assume that v(m) is nondecreasing. Therefore
for any integer m > Ry there exists an integer v(m) such that

ol + [ Vo) dy >
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> // (IV0n [ + m?02) dady + / V(y)r(on) dy >
T B

> (m — Ro)e
for any n > v(m), where T,,, = {z = (z,y) € RV | Ry < 2] < m} and B, =
{y € RN | Ry < |y| < m}, which contradicts the fact that ||v,,| is bounded.
We may assume that |v,| — 0 strongly in L (RY) with p < 2N/(N — 1) and
thus |y(v,)| — 0 strongly in LY. _(RM).

loc

Let & € C“(Rf“) be a symmetric function, namely &.(x,gy) = & (x,y) for
all g € O(N), z > 0, y € RY. Moreover assume that £.(z) = 0 if 2| < R. and
€(z) = 1if 2] > R. + 1 and &(z) € [0,1] for all z € R, Set w,, = &v,. We
apply now Young’s inequality with p = ¢ = 2r/(2r — 1) and h = W, f = |y(v,)/?,
9= 1y(wa)l” = [y(wn)|’:

ID(vn) — D(wn)| <

<[] W= )@ hE) W = hw) @ ) @] drdy -
=[] W= b @)l =~ )@ )6+

+Hy(wn) (@) 1y (wn) )N — [y(wn) (@) [y (wn) (y)I°] dady <

<[ We=nh@)@F [He)WI = b)) drdy+
] W= b)) [he) @ = )@l dedy <

< 2//RNXRN Wz — y)lv(va) (@) [[7 () (W)]° — [y(wn) (y)|?| dzdy <

6
< 20W 1 (0 3y a1y [0 0)” = @)Ly 501y = 0(1)

since |y(v,)|? — |7(wy,)|? — 0 strongly in legc/(zrfl)(RN). Here and in the following

C' denotes some positive constant independent of n, not necessarily the same one.
Similarly

‘/ (W 5 ()" ) =2 (0 (a)
- / (W b)) )y ) ()

7
< 20|W|7" |’Y(Un)|2r9/(27>71) ||’7(vn)|9 - |’7(wn)|9|gr/(%,1) =o(1).

Therefore,

[T (v )wy, — I' (wp)wy| < C//S (Vo[> + m*v?) da dy—l—/A V(y)y(vn)? dy+o(1) .

e

<

Set u, = (1 — &)v,. Analogously we have

1 (v )un — 1" (un )Jun| < C (IVun|? + m*up) dedy+ [ V(y)y(un)® dy+o(1) .
Se

e

Therefore

(64) I/(U")’LLn = 0(5) + 0(1)
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and
(6.5) I'(wp)wy, = O(g) + o(1) .
From (6.4)), we derive that I(u,) = [(6 —1)/20]D(u,) + O(e) + o(1) > O(e) + o(1).
Consider ¢, > 0 such that I’ (¢, w,)(t,w,) = 0 for any n, namely
£200-1) _ [lwnl? + Jen V(y)y(wn)* dy
" D(wn) '

From (6.5)), we have that ¢, = 14+ O(e)+0(1). Therefore from the characterization
of E, we have

c+o(l) = I(vy) = I(up) + I(wy) + O(e) > I(wy) + O(e) + o(1) >
> I(thwn) + O(e) +0(1) > E, + O(e) + o(1) .

Asn — 400, e = 0, we derive that ¢ > E, which is a contradiction. Hence, ¢ =0
and v, — 0 strongly in H*(RY ™).

g
Lemma 6.6. Let {v,}, be a sequence in H'(RY 1) such that v, — v weakly in
HYRY™). The following hold:
(i) D' (va)u — D' (v)u for all w € HY(RY ).
(#9) After passing to a subsequence, there exists a sequence {Up}y, in Hl(Rerl)
such that v, — v strongly in H' (Rf*l),

D(vy,) — D(v,, — vp,) — D(w) mR,
D' (v,) — D' (v, — ) = D'(v)  in HY(RY ).

Proof. We omit the proof.
O

Proposition 6.7. The functional I : Hl(RfH) — R satisfies the Palais-Smale
condition (PS). at each ¢ < By, where Voo := liminf |, V().

Proof. Let v, € H'(RY 1) satisfy

I(v,) 2 ¢c< Ey, and I'(v,)—0

strongly in the dual space H—*(RY ™). Since {v,}, is bounded in H*(RY ™) it
contains a subsequence such that v, — v weakly in H*(RY*") and ~(v,) — 7(v)
in LP(RY) for any p € [2,2N/(N — 1)].

By Lemma 6.6, v solves (6.1) and, after passing to a subsequence, there exists a
sequence {U, },, in H*(RY ™) such that u, := v, — ¥, — 0 weakly in H'(RY*1),

I(vy) — I(uyn) — I(v) inR,

I'(v,) — I'(up) = 0 strongly in H~H(RY ) .
Hence, I(v) = [(6 —2)/26]D(v) > 0,
I(up) > c—I(v)<c , and I'(u,)—0

strongly in H~! (]Rf H). By Lemma 6.5 a subsequence of {uy, }, converges strongly
to 0in H! J(VRg "'1). This implies that a subsequence of {v, },, converges strongly to
vin HY(RY ™).

O
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6.3. Mountain Pass Geometry. Let us consider the limit problem
—Av+m?v =0 in ]Rfle

(6.6) .

Ox
where Vo := liminf ||, V(z) > 0. By Theorem 6.4, the first mountain pass value
Ey_ of the functional Jy_ associated to problem (6.6) is attained at a positive
function wo, € HY(RY ™), which is symmetric weo(, gy) = weo(z,y) for all g €
O(N), x > 0, y € RY. Moreover, since V., > 0, we are allowed to choose o = 0,
and there exists C' > 0 such that

(6.7) 0 < Weo(,y) < Ce ™MV Hul?

= —Voov+ (W x |v]?)|v]* 20 in RN = aRerl

for all (z,y) € [0, +00) x RN In particular, ¥(we) is radially symmetric in RY and
0 < Y(we)(y) < Ce™

for any y € RY. As in Theorem 6.4, a bootstrap procedure shows that w., €
C>([0, +00) x RY).

Lemma 6.8. We have
(6.8) [Vweo(2)] = O(e™™2)  as  |z| = 00 .
Proof. We consider the equation
V=A+m2u+ Veu= (W |u\9) lul®2u in RY

satisfied by weo. For any index ¢ = 1,2,--- , N we write v; = Ows/Jy; and observe
that v; satisfies

V=A +m2 v + Vaov; = (W % w2 0wl + (0 — 1)(W *w? )Wl 2y,
or, equivalently,

2. . NA+1
—Av; + mv; =0 in Ry

Ov; .
— av = —Voov; + 0(W x 07wl + (0 — D)W * ¥ )l 20, in RY |
x

The differentiation of the equation is allowed by the regularity of the solution
Weo, see [9, Theorem 3.14]. Moreover, wy, € LP(Rfﬂ) for any p > 1, because it
is bounded and decays exponentially fast at infinity. By elliptic regularity, ws, €
WQ’p(RfH) for any p > 1, and in particular v; € Lp(RfH) for any p > 1.
An interpolation estimate shows that w? lv; € LP (Rf 1) for any p > 1. Then
the convolution W * (w'v;) € L®(RY™), and the term (W * (w5 tv;))wl ! €
L2(RYT1) by the summability properties of weo. The term (W x w? w20, €
L2(RY*) trivially.

Now the proof of [9, Theorem 3.14] shows that v;(z,y) — 0 as x + |y| — +o00. A
comparison with the function e=™V**+1¥* a5 in [9, Theorem 5.1] shows the validity
of (6.8).

O

Fix ¢ € (0,(2m — k)/(2m + k)). For R > 0, we consider a symmetric cut off
function &g € C®°(RY ™), namely &r(x, gy) = Er(z,y) for all g € O(N), z > 0,
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y € RN such that ér(z) = 0 if [2| > R and £g(2) = 1if 2] < R(1 —¢) and
€r(z) €[0,1] for all z € RY 1.
Let us define w!*(2) := weo (2)€R(2), for any z € RY L.

Lemma 6.9. As R — oo,

(6.9) ‘// Venel? = |V
R+

(6.10) }D(woo) _ D(wR)| — O(RN—le—é‘m(l—z—:)R) .

_ O(RN71672m(175)R) ,

Proof. The proof of (6.9) is standard. Indeed, using (6.8) and cylindrical coor-
dinates in Rf +1

// VP2 — [V 2
Rf*l

< C// |Vweo|* <
{zeRY T | (1—e)R<|2]}

<C // e 22l gz <
{zeRY T | (1—e)R<|2(}

< CIRN71672m(175)R )

To prove (6.10), we recall that W = Wy + Wy € L™(RN) 4+ L>°(RY). The difference
D(Y(woo)) — D(v(w?)) can be split in two parts, the one with W; and the one with
Ws. The former can be estimated as follows:

ID(v(weo)) = D(v(w™))| <

< /RN n |7 (woo) (@)1 (wee) )N = (@) (@) Iy (™) (1)|°| Wiz — y) dady <

< 2/ Wiz — y)(wee) (@) [1(wee) W)I” = Iy (™) ()I°] dzdy <
RN xRN

0
<2 H|7(w0<>)|€ - h/(wR)‘QHQT/(QT_l) HV(WOO)HQTO/(%‘—D HW1HT <

oo (2r—1)/2r
<C (/ tN=1g—m[2r0/(2r—1)]t dt) — CyRN-1e—0m(1-o)R
(1-e)R

The latter is simpler, since we use directly the L>-norm of W5.
O

For s € RV, set R, := [(k + 2m)/4m]|s|. Since k € (0,2m), it results that
R € (0,]s]). Hence |s| — Rs — 400, as |s| = 4+o0o. With this notation, we define
the function

R
wS

(2) == woo(@,y — 8)€r. (x,y — 5)
where z = (z,y) € RVN*L.
Lemma 6.10. There exist gy, do € (0,00) such that

I(t(wf)) < By, — dge ! forallt>0,

provided that |s| > 0o
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Proof. For u € HY(RY ') we have by (7.12) that max,>o I(tu) = I(t,u) if and
only if

1/(20—2)
Julf? + / V() (u)? dy
ty = RY
u D(u)
Indeed
Jul?+ [ Vi dy >
(6.11)

> (1,E)/ |vu|2+m(m4/0)/ 2> 0.
m RY+! R+

So, since wf — wy in Hl(Rf“) as |s| — oo, and taking into account that
Iy (weo) = maxy>o Iy, (t(weo)) there exist 0 < t; < to < 400 such that

Rsyy — R
max I(t(w,)) = max I(t(w,™))

for all large enough |s|.

Let t € [t1,te]. Write V =V T -V~ where V*(z) = max{V(z),0} and V™ (z) =
max{—V(z),0}, and remark that the assumption V,, > 0 implies V(z) = V()
whenever |z is sufficiently large. Assumption (V2) yields therefore

L oo <e [ vigsaeet) e <

ly|<Rs

= /y<R5(VOO —coe M) (y(wo))? (y) dar <

< [ Ve a6’

(ot [ eGP dy ) et
lyl<1
for |s| large enough.

Therefore, using Lemma 6.9, we get

10@")) = 5 o™ )]+ 5 /R V() (tr(wn))* dy — 5 D(tlt) <

1 5 1 ) 1
<c o] Y o] o] - =D oo )
<ol +5 [ Vee (9(6))” dy = 55 Ditwc)

_Ce—k\s\ _’_O(Ré\f—le—?m(l—E)Rs) <

< m>ag< Iy (twso) — do e rlsl = Ey,_ —dy e ksl
t>
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for sufficiently large |s|, because our choices of ¢ and Ry guarantee that 2m(1 —
€)Rs > kls|.
O

6.4. Proof of theorem 6.1. The proof of Theorem 6.1 is now immediate. The Eu-
ler functional I satisfies the geometric assumptions of the Mountain Pass Theorem
on H 1(]Rf'“). Since it also satisfies the Palais-Smale condition, as we showed
in the previous sections, we conclude that I possesses at least a critical point
v e HYRYT). In addition,

I(v) =c=inf max I(y(t)),

yel 0<t<1

where I' = {y € C((0, 1], H'(RY™)) | 7(0) <0, I(+(1)) < 0}.

To prove that v > 0, we notice that, reasoning as in (6.11), the map t — I(tw)
has one and only one strict maximum point at ¢ = 1 whenever w € H 1(Rf Hisa
critical point of I. Since I(Jw|) < I(w) for all w € Hl(Rf’H), and

I(tw]) < I(tw) < I(w) forevery t >0, t £1,

we conclude that
c<supl(tv]) <I(v)=c.
t>0

We claim that |v| is also a critical point of I. Indeed, otherwise, we could deform
the path ¢ — t|v| into a path v € I such that I(v(t)) < ¢ for every ¢ > 0, a
contradiction with the definition of c.

6.5. Further properties of the solution. We collect in the next statement some
additional features of the weak solution found above.

Theorem 6.11. Let u be the solution to equation (6.1) provided by Theorem 6.1.
Then u € C®°(RN) N LIRN) for every ¢ > 2. Moreover,

0 < u(y) < Ce ™l

Proof. The regularity of u can be established by mimicking the proofs in Section
3 of [9].
The potential function V' is harmless, being bounded from above and below.
To prove the exponential decay at infinity, we introduce a comparison function
Wg(z,y) = Cre~™VZ+WE " for every (z,y) € Rf“ ,

and we will fix R > 0 and Cgr > 0 in a suitable manner. We also introduce the
notation

Bgf{my ) € RN | x2+|y\2<R}
ng{my ) e R x2—|—|y\2>R}

{0 Y) GGRNH | |y|>R}
It is easily seen that
—AWg + szR >0 in QE

_OWg
ox

=0 onFE.
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Call w(z,y) = Wg(z,y) — v(z,y), and remark that —Aw + m?w > 0 in QF. If
Cr =emtt max,p+ v, then w > 0 on §Bj, and limg ¢ |y 400 w(z,y) = 0. We claim
that w > 0 in the closure @
If not, inf@w < 0, and the strong maximum principle provides a point (0, o) €
I'p such that
w(0,y0) = inf w < w(x,y) for every (x,y) € Qf .
%

For some 0 < A < m, we introduce z(z,y) = w(z,y)e*".
As before, limg |y —+oc 2(%,y) = 0 and z > 0 on OBF;. Since

7]
0< —Aw+m?w=e > (fAz +2X a—z + (m? — /\2)7;)
x
the strong maximum principle applies and yields that infr, z = inf_r 2 < z(x,y)
R

for every (z,y) € Qf. Therefore z(0,y0) = infr, z = infr, w < 0. Hopf’s lemma
now gives

ow

_67(07310) - )‘w(ovyo) <0.
But this is impossible. Indeed
ow _
— 5 (0:90) = =V (50)(0,90) = (W [ol")|0(0,90)”~*v(0, o) ,
and hence
ow

=5 (0:80) =20 (0,50) = =Xv(0,90) =V (y0)v(0, o) = (W[v|) [1(0, 90) "~ (0, o) -

Recall that v(0,y0) < 0 and A > 0; if we can show that
~V(y0)v(0,40) = (W * [v]”)[0(0, )"~ >v(0,y0) > 0.,
we will be done. First of all, we recall that (see [9, p. 70]
lim (W [o]”)[0(0,)|°20(0,y) = 0,

ly|—+o0

since limyy| oo W(y) = 0. So we pick R > 0 so large that [(W x [v|?)]v(0,10)|7 2
v(0, y0)| is very small. Choosing R even larger, we can also assume that V(yg) > 0,
since Voo > 0. Hence —V (y0)v(0,50) — (W * |v|?)|v(0, 40)|?~2v(0,30) > 0, and the
proof is finished.
To summarize, we have proved that, whenever = + |y| is sufficiently large, then
U(xvy) < WR(‘T7y) )
and hence the validity of (7.10).

7. SEMICLASSICAL ANALYSIS

The semiclassical limit (¢ — 0%) for the pseudo-relativistic Hartree equation
0 1
(7.1) i5£:<\/752A+m2fm)erVde(ﬁ*W\Q)dJ , zeR3
x
was studied in the very recent paper [7]. Here ¢ : R x R® — C is the wave

field, m > 0 is a physical constant, ¢ is the semiclassical parameter 0 < ¢ < 1,
a dimensionless scaled Planck constant (all other physical constant are rescaled to
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be 1), V is bounded external potential in R®. The pseudo-differential operator

vV—e2A + m? is simply defined in Fourier variables by the symbol /g2[£]|% + m?2.
Remark 7.1. Equation (7.1) corresponds to (1.1) with ¢ =1 and ¢ = k.

Equation (7.1) has interesting applications in the quantum theory for large sys-
tems of self-interacting, relativistic bosons with mass m > 0. As recently shown by
Elgart and Schlein [14], equation (7.1) emerges as the correct evolution equation
for the mean-field dynamics of many-body quantum systems modelling pseudo-
relativistic boson stars in astrophysics. The external potential, V' = V(z), accounts
for gravitational fields from other stars. In what follows, we will assume that V is
a smooth, bounded function. The pseudo-relativistic Hartree equation can be also
derived coupling together a pseudo-relativistic Schrodinger equation with a Poisson
equation, i.e.

2% = (V=erasm? —m) v+ vy - Uy,

ot
—AU = [y
More generally, we will focus on the generalized pseudo-relativistic Hartree equation
(7.2) V=e2A+m? u+ Vu = (I * [uP) |ulP~?u , in RN,
where m > 0,2 <p< %, V : RN — R is an external scalar potential,

Ia<y>:‘;|7¢fa (yr#£0) , aec(0,N)

is a convolution kernel and cy , is a positive constant; for our purposes we can
choose ¢y = 1. For N = 3, a = p = 2, equation (7.2) becomes the pseudo-
relativistic Hartree equation with Coulomb kernel

1
V—e?A+m2u+Vu= (W * |u|2>u , inR?
Yy
Replacing u(y) by /20 =Ply(ey), equation (7.2) becomes equivalent to following
Hartree equation

(7.3) V=A+m2u+Vo(y)u=(Io*|ulP) [uff?u , inRY.
where V. (y) = V(ey). In what follows we will assume that
(V) V : R¥Y — R is a continuous and bounded function such that Vi, =
infgx V' > —m and there exists a bounded open set O C RY with the
property that
Vo=inf V < min V.
o) o0
Let us define
M={yeO [ V(y) =V} .
We will establish the existence of a single-spike solution concentrating around a
point close to M. Precisely, our main result is the following.

Theorem 7.2. Retain assumption (V) and assume that 2 <p < 2N/(N — 1) and
(N—=1)p— N < a < N. Then, for every sufficiently small ¢ > 0, there exists a
solution u. € H'?(RN) of equation (7.3) such that u. has a local mazimum point
Ye satisfying

lim dist(ey., M) =0,

e—0
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and for which

us(y) < Crexp (—=Caly — yel)
for suitable constants C1 > 0 and Cy > 0. Moreover, for any sequence {e,}n with
en — 0, there exists a subsequence, still denoted by the same symbol, such that

there exist a point yo € M with €py., — Yo, and a positive least-energy solution
U € HY2RN) of the equation

V-A+m2U + VU = (I, «UP)UP~!
for which we have
te, (¥) =U (Y — ¥,) + Ru(y)
where limy, 4 oo || R || g1/2 = 0.

To prove the main result, the nonlocal problem (7.3) in RY is replaced by a local
Neumann problem in the half space Rf *1 as above. Critical points of the Euler
functional associated to the local Neumann problem are then found by means of
a variational approach introduced in [1, 2] (see also [5]) for nonlinear Schrédinger
equations and extended in [8] to deal with non-relativistic Hartree equations.

More precisely, for any ¢ > 0, given u € S(RY), there exists one and only one
function v € § (Rﬁ *1) such that

—2Av+m?v=0  inRY™!
v(0,y) = u(y) for y € RN = oRY .
Setting
Ov
Tsu(y) = —€ %(an) )
we easily see that the problem

{ —2Aw+mPw=0 in R{X+1

w(0,y) = Tru(y) for y € ORY T = {0} x RN ~ RV
is solved by w(z,y) = —¢(dv/0x)(x,y). From this we deduce that
ow

TE(Té'u)(y) = —¢€ (Oa y) = 52 %(073/) = (7E2Ay1} + mQU) (07y) )

o
and hence T, o T, = (752Ay +m?), namely T, is a square root of the Schrodinger
operator —e2A, +m? on RN = 8]1%5"‘1.
From the previous construction, we can replace the nonlocal problem (7.3) in R
with the local Neumann problem in the half space Rﬁ +1
—&2Av(x,y) + m2u(z,y) =0 in RYH!
v
e 2
ox
Setting v (z,y) = €*/20=Py(ex,ey) and Vi(y) = V(ey), we are led to the local
boundary-value problem

—Av. +m?v. =0 in RY T

(0,y) = =V(y)v(0,y) + (L *[0(0,) ") [0(0,5)P~?v(0,y)  fory € RN .

B Ov,

5 (04) = =Ve()ve(0,y) + (Lo * ve (0, )7 [0 (0, y)[P?v.(0,y) for y € RN .
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It follows easily that the functional €. : H — R defined by

1 9 m? 9
E:(v) = 3 Jones [Vo|* dz dy + 5 o v°dx dy+
+ +

+% /RN Ve(z)y(v)? dy — % /RN (Lo * |[y(0)[P) [y (v) P dy

is of class C!, and its critical points are (weak) solutions to problem (7.3).

7.1. Compactness properties for the limiting problem. For a > —m, the
equation

(7.4) V=A+m2u+au= (I * |ulP) JulP~>u
plays the role of a limiting problem for (7.3). Its Euler functional L, : H — R is
defined (via the local realization of Section 2) by

1
Lo(v) = 5 /RNH (Vo] + m?v|*) dady+
+

a 1
+35 / y()* dy — o~ / (Lo * [y(0)[P) [y (0) [P dy -
2 RN 2p RN
We define the ground-state level
mg =inf {L,(v) | L (v) =0, ve H\ {0}}

and the set S, of elements v € H \ {0} such that v > 0, L,(v) = m,, and for every
x> 0:

(7.5) yrrelgﬁ v(x,y) =v(z,0) .

Proposition 7.3. The set S, is non-empty for any a > —m.

Proof. The proof is indeed standard, and we will be sketchy. First of all, we
invoke [10, Lemma 2.1] to deduce that ground states of L, correspond to ground
states of the functional £, : H'/2(RY) — R defined as

=3 [ (\\/W — )

1
2 Jpw
We claim that £, possesses a ground state. We fix a > —m and consider the
minimization problem associated to (7.6)

inf /RN
uwEH/2(RN)\{0} 1/p
([, taxtupy i)
]RN

Since vm? — A —m > 0 in the sense of functional calculus and a +m > 0, it
follows easily that m, > 0. As in [24, Proof of Proposition 2.2] we can show that
My is attained. Since the quotient in (7.7) is homogeneous of degree zero, as in the
local case we see that any minimizer of m, is, up to a rescaling and a translation,

+(a+ m)lulQ) -
(7.6)

(Lo [ul?) ful” .

2

(m2 — A2 —mu| + (a+m)ul?

(7.7) g =
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a ground state for (7.6). Therefore the claim is proved, and in particular S, # 0.
It is easy to check that ground states are non-negative, and, as in [9, Theorem 5.1],

actually strictly positive.
O

Remark 7.4. By [22, Formula (A.3)], the quotient to be minimized in (7.7) de-
creases under polarization. This implies, reasoning as in [24, Section 5] that ground
states are radially symmetric around a point of RY.

For U € S,, we write E, = L,(U). By an immediate extension of [27, Lemma
3.17], the map a — E, is strictly increasing and continuous. The following is the
main result of this section.

Proposition 7.5. The set S, is compact in H, and for some C > 0 and any
0 € (=Viin,m) N[0, +00) we have
(7.8) v(z,y) < Ce”M=OWV@H? pmow
for every v € S,.
Proof. If v € S,, it follows easily from [9, Theorem 5.1] or [6, Theorem 7.1] that
v decays exponentially fast at infinity and (7.8) holds. Moreover, since
1 1

ma = Lo(v) = (5 ) %) (IVel3 +m?lol3) .

S, is bounded in H. We claim that S, is also bounded in LOO(Rf'H).

Indeed, by [9, Theorem 3.2] it follows that y(v) € LI(RY) for any ¢ € [2, o],
then also g(-) = —a(v) + (Lo * [¥(0)[") [y (v)P~2y(v) € LYRY) for ¢ € [2,00].
Following [3], we let u(z,y) = [ v(t,y)dt. It follows that u € H'((0,R) x RY)
for all R > 0. Arguing as in [9, Proposition 3.9], we can deduce that u is a weak
solution of the Dirichlet problem
{ —Au+miPu=g in Rf"‘l

7.9
(7.9) u=0 for y € RV .

where g(z,y) = g(y) for every x > 0 and y € RY. We sketch the proof for
the sake of completeness. Pick an arbitrary function n € C§° (]Rf 1) and write
wi(z,y) = n(z +t,y) for any ¢t > 0. Then

+oo +o0o
/ / / Vou(z,y) - Vnlx +t,y) dy dx dt =
0 0 RN

+oo “+o00
=/ / Vo(z,y) - Vn(s,y) dyds dz =
0 T RN

400 s
[ Vet Tats.y) dy s ds =
0 0 RN

_/OM/RNV (/Osv(x,y)dz) - Vn(s,y) dyds

and this readily implies that

/ (Vv -Vwy + m2th) dxdy = / gwg dy .
]RZJrl RN
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An integration with respect to ¢ from 0 to +oo gives
/ (Vu'VnerQunfgn) dedy=0,
R+

and hence the validity of (7.9) is proved.
Moreover for any given R > 0 we can define u,qq € H'((—R, R) x RY) and

odd € Ny LU((—R, R) x RY) by

u(z,y) ifx>0 9(y) ifx>0
Uodd =

—u(—z,y) ifz<O0, —9(y) ifr<o0.

godd($7 y) = {

It is easy to check as before that
—Atoad + M Uodd = Godd in RVt

Since goaa € LI((—R, R) x RY) for any g € [2, +oc[, R > 0, we can invoke standard
regularity results to conclude that

Uodd € W21q((7Ra R) X RN)

for every ¢ > 2 and every R > 0, and hence uoqq € CHP(RVN*1), u € CHA(RYT!)
and v = OJu/dr € COP(RY'!) by Sobolev’s Embedding Theorem. Therefore
g € CO8/=1)(RN) and Schauder estimates yield u € 02’6/@*1)(]&1"'1) and
UNS Cl’ﬁ/(p_l)(Rf“). Moreover, the C1#-norm of v can be estimated by the
Li-norm of g, which immediately implies that S, is a bounded subset of L (Rf .

Next, we claim that lim|(g,,)|— oo v(#,y) = 0 uniformly with respect to v € S,.
We assume by contradiction that this is false: there exist a number 6 > 0, a
sequence of points (., yn) € ]Rf +1 and a sequence of elements v, € S, such that
Ty + |yn| = +00 but v, (2, y,) > 6 for every n. Let us write z, = (z,,yn), and
call 9,,(2) = vp(2 + 2zp) for z = (z,y) € Rf“. By the previous arguments, {0y, }n
is a bounded sequence in H N L™ (Rf Jrl). Moreover, up to a subsequence, we can
assume that v, — v, ¥,, — ¥ in H and locally uniformly in Rf 1 Asin [8, page
989], both v and ¥ weakly solve (7.4). We now show that they are non-trivial
weak solutions. The conclusion is obvious for @, since ¥,,(0) = v,(2,) > d, so that
9(0) > 6. We consider instead v, and remark that [9, Equation 3.16] implies

sup |vn(z,y)| < Cly(va)|2 €™
yeRN

for some universal constant C' > 0. Hence § < v,(2y,) < |[y(vn)|2 €™, and the
boundedness of v(v,,) in L? yields the boundedness of {z,}, in R. Without loss of
generality, we can assume that z,, — & € [0, +00). Therefore, by (7.5),

_ _ )
Un(l‘,O) > 'Un(xayn) > 'Un(xnayn) + 0(1) > 5
by locally uniform convergence, and we conclude that v is also nontrivial.
Now, for every n € N,

La(oa) = (5 — o / (IVon|? +m?v7) dwdyﬂt/ Y(n)?dy | =ma
2 2p RY+1 RN

and
Lo(v)>mg , Lg(®) >mg .
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If R > 0 satisfies 2R < x,, + |yn|, then
mg = La(vn) >

1 1
> | - — — | liminf / Vo, |? + 7712'1),21 dx dy+
(2 2p) n—-+oo B(0,R) (| n‘ )

'Hl/ 7(”n)2 dy+
B(0,R)N({0} xRN)

1 1
— — — ) liminf Vi, |? 2p2) dx d
+<2 2p> lim inf /B(O,R)( Uy|® +m?0;) dxdy+

+a/ Y(0n)? dy >
B(0,R)N({0}xRN)

> (1 _ i) / (IV + m?%) de dy+
“\2 2p B(0,R)

+a/ v(9)? dy) =
B(0,R)N({0} xRN)

= Lo(v) + La(0) + 0(1) = 2mq + o(1)
as R — +4oo. This contradiction proves that

(7.10) lim  v(x,y) =0 uniformly with respect to v € S, .
[(@,y)|—+o0

From [9, page 70] it follows immediately that

lim I, *|y(w)[’(y) =0 , uniformly wr.t. ve€ S, .
ly|—+o0

Pick R, > 0, independent of v € S,, such that |y| > R, implies

L+ @) P ()] [y (0)(@)P 2 < 2

As a consequence,
—Av+m?v=0 in Rf“
19}
_afzg_%v in {0} x {|jy| > R.}

As in [9, Theorem 5.1] or [6, Theorem 7.1], and recalling the uniform decay at infin-
ity of (7.10), it follows that v decays exponentially fast at infinity, with constants
that are uniform with respect to v € S,,.

We are ready to conclude: let {v,}, be a sequence from S,. Our previous
arguments show that {v,}, converges — up to a subsequence — weakly to some
v € H, and this limit v is also a solution to equation (7.4). Fix

> {1 N }
7 > max y
N@2-p)+p
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and split I, as I} + I2, where I} € L"(RY) and I? € L>°(RY). This induces a

as

decomposition of the non-local term N(v) = N1 (v) + N2(v) as

Nw) = -

=% Jow (Lo * [y (0)[P) [y (0) [P dy

N = 5o [P )P dy

1 2 p p
~ 5 [, Eeh@P) by,

We obtain immediately that

o 2 22 _ _
0= ngrfoo ([Rf“ (|Vvn|® + m*v]) dxdy N(vn)>

N2 (v)

(7.11) = / (Vo] + m*v?) dzdy — N(v) .

RYT!
We complete the proof by showing that lim, . N(v,) = N(v). Now, by the
Hardy-Littlewood-Sobolev inequality (see [20, Theorem 4.3])

INH(wn) = N (v)] <

< /RN x (@ =) [y (wn) @) P 1y (va) @) = [y(0) (@) Plr(0) (9)|?| dxdy =

= /szxnw Lo(z = ) 7 (0a) (@) Py (a) )P = [y(vn) (@) Py (0) (1) P+

() (@) [Py () ()P = [y (v) (@) [Py () (y)[P| dody <
< / I (x = )|y (o) (@) P [y (o) @)P = [ () (W)[P] da dy+
RN xRN
+ /]RNxRN Iz = )y @) )P [y (0n) (@)]P = Iy (v)(2)[?| dody =

= 2/ Lo(z = y)y(wa) (@) P [1(0a) W) = [y (0) ()] da dy <
RN xRN

< 20 ale Y(0n) [y ar—1y 1V (0R) P = V()P0 -1y = 0(1)

since |y(v,)|P — |y(v)[P? — 0 strongly in Lifc/(wfl)(RN) by the choice of . On the
other hand,

IN?(vn) = N*(v)] <

< Hfi\loo/RNxRN Iy (on) (@) [Py (on) ()7 = [y (0) (@)[P [y (0) () [7] dee dy



122 Simone Secchi

and the conclusion follows as before. Since lim,,—, . N(v,) = N(v), equation (7.11)

yields lim,, s 4 o [|vn]|? = |[v]|?, and the proof is complete.
O

7.2. The penalization scheme. For
1
0= 10 dist(M,R¥\ O) and S € (0,6)

we fix a cut-off ¢ € Cg°(RY ™) such that 0 < ¢ < 1 everywhere, ¢(z,y) = 1 if
z+ |yl < B, and p(z,y) = 0 if = + [y > 28. Setting pe(z,y) = p(cz,ey), for any
U € Sy, and any point yo € M” we define
U (2,y) = pe (xyy - %) U (x,y - %)
We also define, for all £ > 0,
) 0 if y € O,
Xe\Y) =

: e~O/n ify ¢ O,

and

(2p+1)/2
Qe(v) = (/RN xey(v)* dy — 1)

+
for v € H. Finally, let

F.(v) =& () +Q(v) , veH.
We want to find a solution, for £ > 0 sufficiently small, near the set
Xe={U% | yoe M’ and U € Sy, } .
We define the (trivial) path ¢.(s) = sUY° for every s € [0, 1].
Lemma 7.6. There exists T > 0 such that T-(¢-(T)) < =2 for all € sufficiently

small. Moreover,

liy e T (0.(5) = B

where we recall that Ev, = Ly, (U) for U € Sy,.

Proof. Indeed, by our definition of the penalization term Q., by a simple change
of variables and by the exponential decay of U at infinity,

Fs(ws(s)) = gs(ws(s)) =

_i s)[? s 5)? i $))?—
=3 /Rf“ Ve (s)” + =5 /M“%() +5 /RNVEW(%( )
s
T (Lo [y (e (s)P) [y (We(s))IP =

1 2 m? 2 1 2 2
5 |y |VU|? + 5 U+ Voy(U)? +0o(1) | s>~
]R+“ Rfﬂ RN

_ (/RN (Lo  [UP) U + 0(1)) %
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where o(1) — 0 as ¢ — 0 uniformly with respect to s. The conclusion follows easily.
O

We are ready to introduce our mini-max scheme. For ¢ > 0 sufficiently small,
we define the set of paths

P ={p € C([0,T], H) | ¢(0) =0, %(T) = ¢=(T) = TUL} ,

where T" > 0 is the number we found in Lemma 7.6. To this set we associate the
min-max level

Ce= jnf max Le(i(s)) -

By well-known arguments (see for instance [5, Proposition 3.2] for a proof in a local
setting that extends smoothly to our case) it is possible to prove that
Ell_I)I(l) CE = EVO .
For o € R define the sublevel
I'Y={veH|T.(v)<a}.

Proposition 7.7. Let d > 0 be small enough, and let {¢;}; be such that
lim; s oo &5 = 0 and let {v,} C X2 be such that
i Tolon) S B 1l T ) =0,
Then there exist - up to a subsequence - {g;}; C RY, a point § € M and U € Sy,
such that ' o
Aim lejg; — gl =0
imloe, = e, (oo = 3)U G = 3)] =0
Proof. We omit the very long proof.
O

7.3. Critical points of the penalized functional. We are now ready to show
that the penalized functional ' possesses a critical point for every ¢ > 0 sufficiently
small.

Lemma 7.8. For d > 0 sufficiently small, there exist positive constants g and w
such that |T.(v)| > w for every v € TP= N (Xg \ Xg/2) and € € (0,¢).

Proof. If not, for d > 0 so small that Proposition 7.7 applies, there exist sequences
{gj}; with lim; e; = 0 and {v., }; with v, € ng \Xedj/2 satisfying
i Ty () < By and i T (0,) = 0.
Hence Proposition 7.7 applies and provides points y., € RY, 7 € M and a ground
state U € Sy, such that

lim |ejy; —§| =
Aim lejy; =gl =0

Jimlve, —@e, (=) UG- —93)] =0
The definition of X, implies lim;_, | dist (ve;, Xc;) = 0, and this contradicts the

. /2
assumption v, ¢ ij/ .

g



124 Simone Secchi

Let now d > 0 be chosen so that Lemma 7.8 applies.

Proposition 7.9. For ¢ > 0 sufficiently small, the functional T'. has a critical
point v. € XINTPD.

Proof. Pick Ry > 0 so large that O C ({0} x RY) N B(0,Ry) and t.(s) €
H}(B(0, R/¢)) for any s € [0,T], R > Ry and ¢ > 0 sufficiently small. We write
D, = maxo<s<7 ' (¥<(s)). By Lemma 7.6, there exists a € (0, Ey,) such that, for
sufficiently small € > 0,

T-(¢(s)) > D: —a implies v.(s) € X¥/*N H}(B(0,R/e)) .
We claim that, for sufficiently small £ > 0 and R > Ry, there is a sequence {vF}, C
X4 n I'Pe 0 HY(B(0, R/e)) such that TL(vE) — 0 is HE(B(0, R/¢)) as n — +oc.

Arguing by contradiction, we assume that for sufficiently small € > 0 there exists

a number ag(e) > 0 such that
Te(v)] > ar(e)
d/2

on X' “NT'P-nH}(B(0, R/e)). With a slight abuse of notation, we will identify any
v € H}(B(0, R/¢)) with its extension to H as the null function outside B(0, R/e).

Applying Lemma 7.8, we find a number w > 0, independent of ¢ > 0, such that
IT”(v)| > w for v € T'Pe N (X2 \ XS/Q). By a classical deformation argument that

starts from 1), there exist some p € (0,a) and a path ¢ € C([0,T], H) satisfying
W(s) = te(s) forve(s) TP | W(s) € XI for yu(s) ¢ IP7°

and

(7.12) T.(¢(s)) <D.—p  forevery s €[0,T].

Let ¢ € Cg°(RY™) be a cut-off function such that ((z,y) = 1 for 0 < z < § and

y € 0% ((z,y) =0 for x > 25 and y ¢ O, {(-,-) € [0,1], and V(| < 2/5. For

U(s) € XZ we denote 91 (s) = C1(s) and ¢a(s) = (1 — ¢)9(s), where ¢(z,y) =

((ex,ey). We remark that we understand the dependency on ¢ in the notation of
11 and 5. Observe that

Le(¥(s)) = Te(¥1(5)) + Te(va(s)) + Qe(¥(s)) — Qe(¥1(5)) — Qe(vha(s))—

1

"2 Jan (I * |y ((8))[P) [y (1 (s))|P+

+% RN(I“ [y (o1 () P) [y (a () [P+
1 ) p
T /RN(IQ* Y (2() ")y (2 () [P -

The elementary inequality (h+k — 1)y > (h— 1) + (k — 1)4 valid for A > 0 and
k > 0 immediately implies that

Q:e(1(s)) = Q= (¥1(s)) + Q= (h2(s))
and, similarly to (6.7), we find that

(7.13) / o, Oy < O
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On the other hand, writing x =
(@1 ()IP = (Lo [y (2(3))[P) [y (¥

/ ﬁzg/ (Lo # Y ((8)P) Iy () [P~
RN 020 x (RN\02°)

Lo * Y@ (NP = Lo * [y($1(s))IP)
2(s))[P for simplicity,

—%/ (Lo * () Py ()P
(023\OZ)x (RN\O9)

and from (7.13) via interpolation we deduce that

(7.14) lim (Lo * [Y((s)P) Iy (¥ ()P = O

=700z x &N\ 02)

(15 I (I * HEP) @) =0.
70 J(02\02) x (RV\O?)

Equations (7.14) and (7.15) yield

lim [ (Lo y((s))P) Iy (0 () ~ /RN (Lo # [y (1 () )y (9 (s)) P =

e—=0 Jr

- /RN (Lo * [y (2 (s))P) [y (h2(s)) [P = 0,
and hence, as ¢ — 0,

Te(¥(s)) 2 Te(¢hi(s)) + Te(ha(s)) +o(1) -
By similar arguments,

Te(va(s)) =

1

~5 Io(x = y) |y (¥2(s) (@) [P |y (2(s) (y) [P dx dy > o(1) ,
D JRN\O.)x (RN\O.)

and we finally conclude that

[e(¢(s)) = Te(¢h1(s)) + o(1)

as € — 0. If we define

1(s)(=z, if x > 0 and 0%
%wx@m—{w(x v ez 0mdye

0 if v >0andy¢ 0%,

we immediately see that T (11 (s)) > T-(1(s)), and 1 € ®, because 0 < a < Ey;.
Now [13, Proposition 3.4] implies that, as e — 0,
>
OrSnsaSXT Fa(w(s)) = EVO + 0(1) )
and this contradicts (7.12).

For a fixed ¢ sufficiently small and for R >> 1, we consider a sequence {v},, C
X2 (TP 0 HY(B(0, R/e)) such that T.(vE) — 0 is HL(B(0, R/e)) as n — +oo.
The boundedness of {vF},, in H}(B(0, R/¢)) and the Sobolev embedding theorem
imply that vE — v® strongly in LY(B(0, R/¢)) for any ¢ < 2N/(N—1). Since {v},
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is a Palais-Smale sequence, a standard argument shows that v/* — v strongly in
H}(B(0, R/¢)). Hence the limit v is a weak solution to the problem

—AvR 4+ m*ft =0 in B(0, E)
€

with
ot R R p\ [..R p—2. R
=5 (0y) = =Ve(@)v™(0,9) + (Lo [07(0,)") [0 (0, )" ~*0" (0, y)+
(2p-1)/2
+(2p+1) </ xw(vR)Qdy71> x=0"(0,y)
RN +

for y € RN with |y| = R/e.

Since v® € X4 N TP n HIB(0,R/e)), we deduce that both {|[v?|}z and
{T.(vF)}x are uniformly bounded for ¢ > 0 sufficiently small. Hence also {Q.(v?)}g
is uniformly bounded for ¢ > 0 sufficiently small. Now a Moser iteration scheme
like [9, Theorem 3.2] yields that {vf} g is bounded in L° uniformly for ¢ > 0 suf-
ficiently small. Taking into account that {Q.(vT)}x is uniformly bounded in L>
and

(T * (0, )7) [07(0, )P~ < 3 (Ve + )" (0,)]

when |y| > 2R/e, we can perform a comparison argument as in [9, Theorem 5.1]
and derive

iz, y)| < Ce—m(/@*+lyl? —2Ro)

We assume, without loss of generality, that {vf'} g weakly converges to some v, in
H as R — 400 that solves

2 < N+
—Ave. + m v, =0 in R_,_*

with
v, _
=22 0,) = ~Ve(u)ee(0,9) + (Lo [oc(0, )P) e (0, )P0 (0, )+
(2p—1)/2
s ([ vara-1) " v
RN +
for y € RV.

8. SOME PERSPECTIVES

A major generalization of the pseudorelativistic Hartree equation consists in,
roughly speaking, putting a potential inside the square root. For example we can
replace the operator v—A + m? with /—A + V(-), where the potential function
V is such that —A + V is a positive operator.

Quite similarly, we may also replace the standard Laplacian —A with a magnetic
Laplacian (—iV — A)? for some magnetic potential A : RV — RY. Needless to say,
it looks rather delicate to develop a good analytic framework for these x-dependent
nonlocal differential operators, because it is unclear if they can be represented by a
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symbol in the theory of pseudodifferential operators. In the literature at least three
different definitions of the fractional operator

V(=iV — A)2 4 m?

were proposed, see [17]. A possible starting point for a PDE analysis of this
magnetic pseudorelativistic operator could be the case of a linear potential A, i.e.
A(z) = Az for some constant matrix A.
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