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A survey on pseudorelativistic Hartree equation

Simone Secchi1

To Francesca, once more

Abstract. We present a survey on recent results about the pseudorelativistic Hartree

equation governed by the non-local operator
p
�+m

2 in RN .

1. Introduction

Let us consider a system of N identical bosons with relativistic dispersion rela-
tion and with a mean field Coulomb interaction. This system is described in the
subspace L2

s(R3N ) of L2(R3N ) consisting of all functions symmetric with respect to
permutations. The Hamiltonian function of the system is

HN =
N
X

j=1

q

�~2c2�xj +m2c4 +
⌫

N

X

i<j

|xi � xj |�1 .

The constant ⌫ can be either positive or negative, corresponding to a repulsive or
an attractive interaction, respectively. We refer to [21] for more information on the
physical motivation. As proved in [14], the macroscopic dynamics of this system
can be described, in the limit N ! +1, by a single nonlinear relativistic Hartree
equation,

(1.1) i
@'

@t
=
p

�~2c2�+m2c4 '�m'+ Ve↵(')' ,

where

Ve↵(') = ⌫

Z

R3

�(|x� y|)|'(t, y)|2 dy

and �(|x � y|) = |x � y|�1. From time to time we will assume without loss of
generality that ~ = 1 = c, and we will focus on the attractive case ⌫ < 0.

It was proved in [19] that equation (1.1) is locally well-posed in the fractional
Sobolev space Hs(R3) with s � 1/2, and it is global in time for L2–small initial
data. Blow-up results were proved in [16].

Solitary wave solutions are functions that solve the stationary equation
p

��+m2 '�m'+ Ve↵(')' = �'
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for some � 2 R. In the paper [22], Lieb and Yau proved that stationary solutions
with prescribed “mass”

R

R3

|'|2 = M exist, provided that M < Mc, a suitable
threshold called Chandrasekhar limit mass. By [15][Theorem 2.1], [18, Theorem
1], such solutions lie in Hs(R3) for all s � 1/2, are strictly positive and decay
exponentially fast at infinity: for every given 0 < � < min {m, ⌫}, there exists a
constant C > 0 such that |'(x)|  Ce��|x| for all x 2 R3. All these results depend
strongly on the choice of the interaction �(|x� y|) = |x� y|�1, which makes many
computations explicit.

More general cases were studied only in recent years. In this survey we want to
o↵er the reader some insight about the pseudo-relativistic Hartree equation from a
modern viewpoint.

2. A common variational framework

The Hamiltonian

H0 =
p

��+m2

can be defined for all f 2 L2(R3) as the inverse Fourier transform of the L2-function

p 7!
p

|p|2 +m2f̂(p) ,

where f̂ denotes the Fourier transform of f . To H0 we associate a quadratic form
Q by setting

Q(f, g) =

Z

R3

p

|p|2 +m2 f̂(p)ĝ(p) dp .

The domain of Q is the fractional Sobolev space

H1/2(R3) =

⇢

f 2 L2(R3) |
Z

R3

(1 + |p|) |f̂(p)|2 dp < +1
�

.

This setting is very elegant, but it soon becomes too abstract if we want to do
some hard analysis in the spirit of PDE theory. A more convenient approach was
suggested by the seminal paper [4], where a Dirichlet-to-Neumann extension was
proposed for the homogeneous fractional Laplacian (��)s, 0 < s < 1.

We take any function u 2 S(R3), the space of rapidly decreasing functions, and
we introduce

v(x, y) =
1

(2⇡)3/2

Z

R3

eip·yû(p)e�
p

|p|2+m2 x dp

for x > 0 and y 2 R3. It is readily seen that v solves the Dirichlet boundary value
problem

8

<

:

�@2xv ��yv +m2v = 0 in R4
+ = (0,+1)⇥ R3

v(0, y) = u(y) for y 2 R3 = @R4
+ .

We point out that @2x +�y is the Laplacian in the variables (x, y) 2 R4
+.

If we set

Tu(y) = �@v
@x

(0, y) ,

i.e. Tu is the outer normal derivative of v at the boundary, then

Tu(y) =
1

(2⇡)3/2

Z

R3

eip·y
p

|p|2 +m2 û(p) dp ,
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namely T = H0 on the dense domain S(R3). As a consequence, the (formal)
equation

H0u = g in R3

turns out to be equivalent to the Neumann problem
8

<

:

�@2xv ��yv +m2v = 0 in R4
+ = (0,+1)⇥ R3

v(0, y) = g(y) for y 2 R3 = @R4
+ ,

whose solution can be (formally) identified as critical points of the Euler functional

I : H1(R4
+) ! R

v 7! 1

2

Z

R4

+

�

|rv(x, y)|2 + |v(x, y)|2
�

dx dy �
Z

R3

g(y)�(v)(y) dy .

Here � : H1(R4
+) ! H1/2(R3) is the Sobolev trace operator, see for example [28]

for more details on the theory of traces. We collect here only the most relevant
results.

Proposition 2.1. The map � : H1(R4
+) ! H1/2(R3) satisfies the estimate

(2.1) k�(v)kpLp(RN )  pkvkp�1

L2p�2(RN+1

+

)

�

�

�

�

@v

@x

�

�

�

�

L2(RN+1

+

)

for all v 2 H1(R4
+).

Proof. It su�ces to prove the estimate for v 2 H1(R4
+) \ C1

0 (RN+1
+ ). We

compute
Z

RN

|v(0, y)|p dy =

Z

RN

dy

Z 0

�1

@

@x
|v(x, y)|p dx 

 p

Z

RN+1

+

|v(x, y)|p�1

�

�

�

�

@v

@x
(x, y)

�

�

�

�

dx dy 

 p

 

Z

RN+1

+

|v(x, y)|p�1 dx dy

!1/2 
Z

RN+1

+

�

�

�

�

@v

@x
(x, y)

�

�

�

�

2

dx, dy

!1/2

and deduce that

kv(0, ·)kpLp(RN )  pkvkp�1

L2p�2(RN+1

+

)

�

�

�

�

@v

@x

�

�

�

�

L2(RN+1

+

)

.

The right-hand side is finite as long as 2  2p�2  2(N+1)/[(N+1)�2] = (2N+
2)/(N�1), or 2  p  2N/(N�1). We conclude by density of H1(R4

+)\C1
0 (RN+1

+ )

that (2.1) holds for all v 2 H1(RN+1
+ ).

⇤
As a consequence of (2.1) we record the following.

Corollary 2.2. For all � > 0, all 2  p  2N/(N � 1) and all v 2 H1(RN+1
+ )

there results
Z

RN

|�(v)|p  �p2

4

Z

RN+1

+

|v|2(p�1) +
1

�

Z

RN+1

+

�

�

�

�

@v

@x

�

�

�

�

2

dx dy
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3. Existence of ground states

In this section we will present a survey of recent results on the existence of
ground states for the more general equation

(3.1)
p

��+m2 u = µu+ ⌫|u|p�2u+ �
�

W ⇤ u2
�

u in RN ,

with N � 2. The symbol ⇤ denotes the standard convolution of two functions:
f ⇤ g(x) =

R

RN f(x� y)g(y) dy. The following result was obtained in [9].

Theorem 3.1 (Coti Zelati and Nolasco, 2011). Let

2 < p <
2N

N � 1
, µ < m , min{⌫,�} � 0

but ⌫ + � > 0. Assume that

W 2 Lr(RN ) + L1(RN )

for some r > N/2, W � 0, lim|x|!+1 W (x) = 0 and W is radially symmetric.

Then equation (3.1) has at least a positive solution u 2 C1(RN ) such that

0 < u(y)  Ce��|y| for any |y| � R ,

where 0 < � < m� µ for µ � 0, and � = m for µ < 0.

The proof of Theorem 3.1 is based on variational methods. By the Dirichlet-to-
Neumann extension seen in Section 2, we only have to find nontrivial critical points
of the functional I : H1(RN+1

+ ) ! R defined by

I(v) =
1

2

Z

RN+1

+

�

|rv|2 +m2|v|2
�

dx dy�

�
Z

RN

✓

µ

2
|�(v)|2 + ⌫

p
|�(v)|p + �

4
(W ⇤ �(v)2)�(v)2

◆

dy .

It follows from the following Proposition that I 2 C1(H1(RN+1
+ )).

Proposition 3.2. Assume that W is as in Theorem 3.1. Then

(3.2)

Z

RN

�

W ⇤ �(v)2
�

�(v)2 dy  CW kvkH1(RN+1

+

)

for some constant CW > 0. Furthermore,

(3.3)
�

�

�

W ⇤ �(v)2
�

�(v)
�

�

Lm(RN )
 CkWkLr((RN )k�(v)k3L↵(RN )

for all 2  ↵  2N/(N � 1), r > N/2 and 2N/(N + 4) < m < 2N/(N � 3).

Proof. It follows from Young’s inequality for convolutions that
�

�

�

W ⇤ �(v)2
�

�(v)2
�

�

L1(RN )
 kWkLr(RN ) k�(v)2k2Lq(RN )

provided that 1/r+2/q = 2. By the Sobolev embedding, �(v) 2 L2q(RN ) whenever
2q 2 [2, 2N/(N � 1)]. Under our assumption, W = W1 + W2 with W1 2 Lr(RN )
and W2 2 L1(RN ). As a consequence,

Z

RN

�

W ⇤ �(v)2
�

�(v)2 dy =

=

Z

RN

�

W1 ⇤ �(v)2
�

�(v)2 dy +

Z

RN

�

W2 ⇤ �(v)2
�

�(v)2 dy 
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 kW1kLr(RN )k�(v)k4L4r/(2r�1)(RN ) + kW2k1L (RN )k�(v)k4L2(RN ) 
 CW kvkH1(RN+1

+

)

for some suitable constant CW > 0 depending on W , since 2  4r/(2r � 1) <
2N/(N � 1). This proves (3.2).

Similarly,
Z

RN

�

�W ⇤ �(v)2|�(v)|
�

�

m
dy 

✓

Z

RN

�

�W ⇤ �(v)2
�

�

mq
◆1/q ✓Z

RN

|�(v)|mp

◆1/p



 C

✓

Z

RN

|W |r
◆m/r ✓Z

RN

|�(v)|2s
◆m/s✓Z

RN

|�(v)|mp

◆1/p

where 1/p + 1/q = 1 and 1 + (1/mq) = 1/r + 1/s. If we set mp = ↵ = 2s we get
1 + 1/m = 1/r + 3/↵ and therefore (3.3).

⇤
Moreover, every critical point v of I is a weak solution to the system

8

>

<

>

:

��v +m2v = 0 in RN+1
+

�@v
@x

= µv + ⌫|v|p�2v + �(W ⇤ v2)v on RN = @RN+1
+ .

The following space of symmetric function is introduced:

H1
# =

�

u 2 H1(RN+1
+ ) | u(x,Ry) = u(x, y) for all R 2 O(N)

 

.

Here O(N) stands for the set of rotations in RN , namely the set of orthogonal
N ⇥N matrices.

It is easily checked that I has the Mountain-Pass geometry ([9, Lemma 4.1]).
Furthermore

Proposition 3.3 ([9, Lemma 4.2]). The funcitonal I satisfies the Palais-Smale
condition in H1

#: every sequence {vn}n ⇢ H1
# such that I(vn) ! c and I 0(vn) ! 0

possesses a convergent subsequence.

Now, standard results in Critical Point Theory yield that there exists a critical
point v0 2 H1

# of I. Since I is invariant with respect to rotations in the y variable,
the Symmetric Criticality Principle by Palais [26] implies that v0 is also a critical
point of I in H1(RN+1

+ ). The variational characterization of the Mountain-Pass
Theorem says that

I(v0) = c# = inf
g2�

#

sup
0t1

I(g(t)) ,

where �# = {g 2 C([0, 1], H1
#) | g(0) = 0, I(g(1)) < 0}. Now we remark that, for

every critical point w of I H1(RN+1
+ ), the map s 7! I(sw) has exactly one strict

maximum point at s = 1. Moreover, I(|v|)  I(v) for all v 2 H1(RN+1
+ ). As a

result, for all s > 0, s 6= 1, we have I(s|v0|)  I(sv0) < I(v0).
The path s 7! s|v0| belongs to �# and hence

c#  sup
s>0

I(s|v0|)  I(v0) = c# .

If, by contradiction, |v0| is not a critical point of I, then we use the (pseudo)gradient
flow to deform the path s 7! s|v0| into a new path g 2 �# such that I(g(s)) < c#
for all s, and this is clearly impossible due to the definition of c#. Hence |v0| is a
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weak solution of (3.1), so that we can always assume that there exists a nonnegative
solution. The regularity of the solution is proved via a boostrap procedure, see [9,
Section 3], while the last part of Theorem 3.1 is proved by a suitable application of
the maximum principle in RN+1

+ , see [9, Theorem 5.1].

In another recent paper, Mugnai (see [25]) studied the pseudorelativistic Hartree
equation

(3.4)
p

��+m2 u� !u� �
�

W ⇤ u2
�

+
@F

@s
(x, u) = 0 in RN

where F = F (x, s) can depend explicitly on the x variable.

Theorem 3.4 (Mugnai). Assume that the following conditions hold:

(F1) F : RN ⇥ R ! [0,+1) is such that the partial derivative @F/@s is a
Carathéodory function, F (x, s) = F (|x|, s) for a.e. x 2 RN and every
s 2 R, and F (x, 0) = (@F/@s)(x, 0) = 0 for a.e. x 2 RN .

(F2) There exist constants C1 > 0, C2 > 0 and 2 < ` < p < 2N/(N � 1) such
that |(@F/@s)(x, s)|  C1|s|`�1+C2|s|p�1 for a.e. x 2 RN and every s 2 R.

(F3) There exists 2  k  4 such that 0  s(@F/@s)(x, s)  kF (x, s) for a.e.
x 2 RN and every s 2 R.

(W) W : RN ! [0,+1) is such that W (x) = W (|x|), W = W1 + W2 where
W1 2 Lr(RN ) for some r > N/2 and W2 2 L1(RN ).

The for every � > 0 and ! < m there exists a nontrivial solution u 2 H1/2(RN ) of
equation (3.4) which is radially symmetric. If, in addition, F (x, s) � F (|x|, s) for
a.e. x 2 RN and every s 2 R, then this solution is strictly positive.

The proof of this theorem, which we omit, is again based on the Dirichlet-to-
Neumann extension introduced in Section 2.

4. Existence of solutions with prescribed mass

When dealing with a pseudorelativistic Hartree equation, the most relevant vari-
ational problem from a physical point of view is the minimization of the action
functional

A(u) =
1

2

Z

RN

u
⇣

p

��+m2 �m
⌘

u dy+

+
⌫

p

Z

RN

|u|p dy � �

4

Z

RN

�

W ⇤ |u|2
�

u dy

under the constraint
Z

RN

|u|2 dy = M .

As we anticipated in the Introduction, the case ⌫ = 0 was studied in [22]. A very
recent generalization appears in [10]. We first recall a useful function space.

Definition 4.1. Let q � N . A (measurable) function f belongs to the weak Lq

space, written f 2 Lq
w(RN ), if

sup
↵>0

↵LN
��

x 2 RN | |f(x)| > ↵
 �

< +1 .

Here LN is the Lebesgue measure in RN . For f 2 Lq
w(RN ) we define

kfkq,w = sup
A

LN (A)1/r
Z

A
|f | ,
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where 1/q + 1/r = 1 and A denotes any set with finite Lebesgue measure.

The main result proved in [10] is the following.

Theorem 4.2 (Coti Zelati and Nolasco, 2013). Let W 2 Lq
w(RN ), where q � N �

2, and W (y) � 0 for all y 2 RN . Suppose that for some ↵ > 0: W (��1y) � �↵W (y)
for all 0 < � < 1 and all y 2 RN . Finally, assume that W is rotationally symmetric
and that lim|x|!+1 W (|x|) = 0.

Take ⌫ � 0, � > 0 and 2 + 2/q < p < 2N/(N � 1). Then:

• if ⌫ > 0 or ⌘ = 0 and q > N , then for all M > 0 there exists a strictly
positive minimizer u 2 H1/2(RN ) of A such that

R

RN |u|2 dy = M .
• If ⌫ = 0 and q = N , there is a critical value Mc > 0 such that for all
0 < M < Mc there is a strictly positive minimizer u 2 H1/2(RN ) of A such
that

R

RN |u|2 dy = M .

Moreover there exists µ > 0 such that u is a smooth, exponentially decaying at
infinity, solution of

⇣

p

��+m2 �m
⌘

u = �µu� ⌫|u|p�2u+ �(W ⇤ |u|2)u in RN

and u is radial if W = W (r) is a decreasing function of r > 0.

Remark 4.3. The existence of solitons in the range 2 < p  2 + 2/q seems to be
an open problem. Furthermore, a singular convolution kernel like W (x) = |x|�↵ is
allowed in Theorem 4.2 only if ↵ = N/q.

To prove Theorem 4.2 a few technical facts are needed.

Proposition 4.4 ([20]). The following weak Young inequality holds: for every
g 2 Lq

w(RN ), f 2 Lp(RN ) and h 2 Lr(RN ) where p, q, r 2 (1,+1) and 1/q +
1/p+ 2/r = 2, there results

Z

RN

Z

RN

f(y)g(y � z)h(y) dy dz  C(p, q, r)kgkq,wkfkLpkhkLr .

Lemma 4.5. Let W 2 Lq
w(RN ) with q � N . If 4q/(2q�1) < p  2N/(N �1) then

Z

RN

(W ⇤ |w|2)w dy  CkWkq,wkwk4�2p/q(p�2)
L2

kwk2p/q(p�2)
Lp .

In particular, if q = N , then
Z

RN

(W ⇤ |w|2)w dy  CkWkN,wkwk2L2

kwk2L2N/(N�1)

.

The proof is a straightforward consequence of Proposition 4.4 and the Hölder
inequality. Putting together these estimates, it follows that the functional

J(v) =
1

2

Z

RN+1

+

�

|rv|2 +m2|v|2
�

dx dy�

�
Z

RN

✓

m|�(v)|2 + ⌫

p
|�(v)|p + �

4
(W ⇤ �(v)2)�(v)2

◆

dy .

is of class C1 on H1(RN+1
+ ). The following Lemma connects the functionals J and

A.
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Lemma 4.6 ([10]). For u 2 H1(RN+1
+ ), let w = �(u) 2 H1/2(RN ), ŵ = F(w) and

v(x, y) = F�1
⇣

e�x
p

m2+|·|2 ŵ
⌘

.

Then v 2 H1(RN+1
+ ), kvkH1 = kukH1/2 , J(v)  J(u) and J(v) = A(w).

In [10] the following minimization problem is considered:

I(M) = inf {J(v) | v 2 MM} ,

where

MM =

⇢

v 2 H1(RN+1
+ ) |

Z

RN

|�(v)|2 = M

�

.

By a direct application of P.-L. Lions’ principle of concentration-compactness (see
[23]), the authors can prove that I(M) is always attained.

Proposition 4.7 ([10, Proposition 3.5]). For every M > 0 there exists a function

v 2 H1(RN+1
+ ) such that

J(v) = I(M) ,

Z

RN

|�(v)|2 = M ,

i.e. v is a minimizer for J in MM .

The proof of Theorem 4.2 can be now accomplished as follows. By the previous
Proposition, there exists a function u 2 H1(RN+1

+ ) that minimizes J on MM .
Therefore u can be assumed to be non-negative and of the form

u(x, y) = F�1
⇣

e�x
p

m2+|·|2 ŵ
⌘

where w = �(u) 2 H1/2(RN ). If W is a nonincreasing radial function, then w can
be assumed to be a radial nonincreasing function. Indeed let w⇤ be the spherically
symmetric decreasing rearrangement of w and define

u⇤(x, y) = F�1
⇣

e�x
p

m2+|·|2
cw⇤
⌘

.

Then J(u⇤) = A(w⇤). The properties of the symmetric drecreasing rearrangement
yield that J(u⇤) = A(w⇤)  A(w) = J(u) = I(M). Moreover there is a Lagrange
multiplier µ 2 R such that

8

>

<

>

:

��u+m2u = 0 in RN+1
+ ,

�@u
@x

+ µu = mu� ⌫|u|p�2u+ �(W ⇤ |u|2)u on RN .

It can be proved that µ > 0 by testing against u and remarking that J(u) < 0. We
refer to [10] for more details about the regularity properties of the weak solution.

5. Eigenvalues

In [12] Coti Zelati and Nolasco o↵ered a variational characterization of the eigen-
values and eigenvectors of the operator

H = H0 + V =
p

�c2�+m2c4 + V ,

where H0 is the relativistic (free) Hamiltonian operator and V ia real-valued po-
tential function. They assumed that
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(h1) V 2 L3
w(R3) + L1(R3), V 2 L1(R3 \BR

0

) for some R0 > 0 and

lim
R!+1

kV kL1(RN\B(0,R)) = 0 ; lim
R!+1

ess sup|x|>R V (x)|x|2 = �1

(h2) V is H0–form bounded with bound less than one, i.e. there exists a 2 (0, 1)
such that |h� | V �iL2 |  ah� | H0�iL2 for all � 2 H1/2(R3,C).

As a particularly important case, the Coulomb potential of a nucleus with Z protons

V (x) = �Ze2

|x|
is allowed in assumption (h2) by virtue of two inequalities, the first proved by Hardy
and the second proved by Kato and Herbst (see the references in [12]):

for all  2 H1(R3) :
�

�|x|�1 
�

�

L2

 2kr kL2  2

c~

�

�

�

p

�c2~2�+m2c4  
�

�

�

L2

for all  2 H1/2(R3) : h | |x|�1 iL2  ⇡

2
h |

p
��  iL2 

 ⇡

2c~ h |
p

�c2�+m2c4  iL2 .

As a consequence, (h2) is satisfied for all 0 < Z < 68 by Hardy and for all 0 < Z <
87 by Kato.

By considering the functional J : H1(R4
+,C) defined by

J(�) =

Z

R4

+

�

|@x�|2 + c2|ry�|2 +m2c4|�|2
�

dx dy +

Z

R3

h�(�) | V �(�)i dy

Coti Zelati and Nolasco proved the following results.

Theorem 5.1 ([12, Theorem 1 and Theorem 2]). Let m > 0 and (h1)–(h2) hold.
Then there exist �1  �2  · · ·  �k  · · · and �1, �2, · · · ,�k, · · · 2 H1(R4

+,C)
such that, for all k 2 N,

�k = J(�k) = inf
Xk

J

where

X1 =
�

� 2 H1(R4
+,C) | k�(�)kL2 = 1

 

and, for 1 < k 2 N,

Xk =
�

� 2 H1(R4
+,C) | k�(�)kL2 = 1, h�(�) | �(�i)iL2 = 0, i = 1, · · · , k � 1

 

.

Moreover {�k}k ⇢ �disc(H0 + V ) and

0 < �1  · · ·  �k  �k+1 ! inf �ess(H0 + V ) = mc2 as k ! +1 .

The functions 'k = �(�k) 2 H1/2(R3,C) are the eigenfunctions of the operator
H0 + V , and the functions �k 2 H1(R4

+,C) are weak solution of the Neumann
problem

8

>

<

>

:

�@2x�k +�y�k +m2c4�k = 0 in R4
+

@�k
@x

+ V 'k = �k'k on R3 .

Finally, for all 0  � <
p

m2c4 � �2k there exists R > 0 such that e(�/c)|y|'k 2
L2(R3 \BR).
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Here the symbol �disc and �ess denote, respectively, the discrete and the essential
spectrum of an operator. In the same paper, the following regularity result was
proved.

Theorem 5.2 ([12, Theorem 3]). Let �k 2 H1(R4
+,C) and 'k = �(�k) be the

functions given by Theorem 5.1 and R0 be given by assumption (h1). Then we
have

1. �k 2 W 1,q([0, r)⇥ (R3 \BR
0

)) for any q 2 [2,+1), r > 0;

2. �k 2 C0,↵([0,+1)⇥(R3\BR
0

)) for any ↵ 2 [0, 1] and 'k 2 C0,↵(R3\BR
0

);

3. if in addition V 2 L3
loc(U) for some U ⇢ R3 then for every V b U (i.e.

such that the closure of V is a compact subset of U) �k 2 W 1,p([0, r) ⇥ V)
for every p 2 [2,+1) and r > 0, and 'k 2 C0,↵(V) for every ↵ 2 [0, 1).

6. Ground states with potentials

In [6] the problem

(6.1)
p

��+m2 u+ V u =
�

W ⇤ |u|✓
�

|u|✓�2u in RN

was considered. Here N � 3, m > 0, V is an external potential and W � 0 is a
radially symmetric convolution kernel such that lim|x|!+1 W (|x|) = 0; moreover

(V1) V : RN ! R is a continuous and bounded function, and V (y) + V0 � 0 for
every y 2 RN and for some V0 2 (0,m).

(V2) There exist R > 0 and k 2 (0, 2m) such that

V (x)  V1 � e�k|x| for all |x| � R

where V1 = lim inf |x|!+1 V (x) > 0.

(W) W 2 Lr(RN )+L1(RN ) for some r > max

⇢

1,
N

N(2� ✓) + ✓

�

and 2  ✓ <

2N

N � 1
.

Theorem 6.1. Retain assumptions (V1), (V2) and (W). Then equation (6.1) has
at least a positive solution u 2 H1/2(RN ).

Remark 6.2. Theorem 6.1 applies for a large class of bounded electric potentials
without symmetric constraints and covers the physically relevant cases of Newton
or Yukawa type two body interaction, i.e. W (x) = 1/|x|� with 0 < � < 2, W (x) =
e�|x|/|x|.

The main idea exploits the same Dirichlet-to-Neumann extension that we intro-
duced in Section 2. We start by collecting some useful inequalities.

Writing W = W1 + W2 2 Lr(RN ) + L1(RN ) we can estimate the convolution
term as follows:
Z

RN

(W ⇤ |�(v)|✓)|�(v)|✓ =
Z

RN

(W1 ⇤ |�(v)|✓)|�(v)|✓ +
Z

RN

(W2 ⇤ |�(v)|✓)|�(v)|✓ 

(6.2)  |W1|r|�(v)|2✓2r✓/(2r�1) + |W2|1|�(v)|2✓✓  |W1|rkvk2✓ + |W2|1kvk2✓ .
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Since

r >
N

N(2� ✓) + ✓
and 2  ✓ <

2N

N � 1
,

there results

2r � 1

2✓r
=

1

✓
� 1

2✓r
>

1

✓
� N(2� ✓) + ✓

2✓N
=

N � 1

2N
,

and thus
2✓r

2r � 1
<

2N

N � 1
.

6.1. The limit problem. Let us consider the space of the symmetric functions

H] = {u 2 H1(RN+1
+ ) | u(x,Ry) = u(x, y) for all R 2 O(N)} .

Let us consider the functional J↵ : H] ! R defined by setting

J↵(v) =
1

2

ZZ

RN+1

+

�

|rv|2 +m2v2
�

dx dy +
1

2

Z

RN

↵�(v)2 dy�

� 1

2✓

Z

RN

(W ⇤ |�(v)|✓)|�(v)|✓ dy .

where W � 0 is radially symmetric, lim|x|!+1 W (|x|) = 0 and assumption (W )
holds. If ↵ > �m, we can extend the arguments in Theorem 4.3 [9], for the case
✓ = 2, and prove that the functional J↵ has a Mountain Pass critical point v↵ 2 H],
namely

J↵(v↵) = E↵ = inf
g2�]

max
t2[0,1]

J↵(g(t))

where �] = {g 2 C([0, 1];H]) | g(0) = 0, J↵(g(1)) < 0}. The critical point v↵
corresponds to a weak solution of

8

>

<

>

:

��v +m2v = 0 in RN+1
+

�@v
@x

= �↵v + (W ⇤ |v|✓)|v|✓�2v in RN = @RN+1
+ .

In the sequel, we need a standard characterization of the mountain-pass level E↵.
Let us define the Nehari manifold N↵ associated to the functional J↵:

N↵ =

⇢

v 2 H] |
ZZ

RN⇥RN

|rv|2 +m2v2 dx dy =

= �↵
Z

RN

�(v)2 dy +

Z

RN

�

W ⇤ |�(v)|✓
�

|�(v)|✓ dy
�

.

Lemma 6.3. There results

(6.3) inf
v2N↵

J↵(v) = inf
v2H]

max
t>0

J↵(tv) = E↵ .

Proof. The proof is straightforward, since J↵ is the sum of homogeneous terms;
we follow [29]. First of all, for v 2 H] we compute

J↵(tv) =
t2

2

✓

ZZ

RN⇥RN

|rv|2 +m2v2 dx dy + ↵

Z

RN

�(v)2 dy

◆

�

� t2✓

2✓

Z

RN

�

W ⇤ |�(v)|✓
�

|�(v)|✓ dy .
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Since ✓ � 2 and by using (7.12), it is easy to check that t 2 (0,+1) 7! J(tv)
possesses a unique critical point t = t(v) > 0 such that t(v)v 2 N↵. Moreover,
since J↵ has the mountain-pass geometry, t = t(v) is a maximum point. It follows
that

inf
v2N↵

J↵(v) = inf
v2H]

max
t>0

J↵(tv) .

The manifold N↵ splits H] into two connected components, and the component
containing 0 is open. In addition, J↵ is non-negative on this component, because
hJ 0
↵(tv), vi � 0 when 0 < t  t(v). It follows immediately that any path � : [0, 1] !

H] with �(0) = 0 and J↵(�(1)) < 0 must cross N↵, so that

E↵ � inf
v2N↵

J↵(v) .

The proof of (6.3) is complete.
⇤

Following completely analogous argument in Theorem 3.14 and Theorem 5.1 in
[9], we can state the following result.

Theorem 6.4. Let ↵ + m > 0 and (W ) holds. Then v↵ 2 C1([0,+1) ⇥ RN ),
v↵(x, y) > 0 in [0,1) ⇥ RN and for any 0  � 2 (�↵,m) there exists C > 0 such
that

0 < v↵(x, y)  Ce�(m��)
p

x2+|y|2 e��x

for all (x, y) 2 [0,+1)⇥ RN . In particular,

0 < v↵(0, y)  Ce��|y| for every y 2 RN

where 0 < � < m+ ↵ if ↵  0, and � = m if ↵ > 0.

6.2. The Palais-Smale condition. For any v 2 H1(RN+1
+ ) we denote

D(v) =
ZZ

RN⇥RN

W (x� y)|�(v)(x)|✓|�(v)(y)|✓dxdy .

Inequality (6.2) yields immediately

D(v)  Kkvk2✓

for every v 2 H1(RN+1
+ ).

Lemma 6.5. Let {vn}n be a sequence in H1(RN+1
+ ) such that vn * 0 weakly in

H1(RN+1
+ )

I(vn) ! c < EV1 and I 0(vn) ! 0

where V1 := lim inf |x|!1 V (x) > 0. Then a subsequence of {vn}n converges

strongly to 0 in H1(RN+1
+ ).

Proof. First of all, we recall (7.12), and we rewrite I(v) as

I(v) =
1

2

Z

RN+1

+

|rv|2+m2|v|2+ 1

2

Z

RN

(V + V0) �(v)
2� V0

2

Z

RN

�(v)2� 1

2✓
D(v) ,

so that V + V0 � 0 everywhere. Now,

c+ 1 + kvnk � I(vn)�
1

2
hI 0(vn), vni =

✓

1

2
� 1

2✓

◆

D(vn) ,
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which implies that, for some constants C1 and C2,

1

2✓
D(vn)  C1kvnk+ C2 .

But then, using (7.12),

c+ 1 � I(vn) �

� 1

2

Z

RN+1

+

|rvn|2 +
m2

2

Z

RN+1

+

|vn|2�

�V0

2

 

m

Z

RN+1

+

|vn|2 +
1

m

Z

RN+1

+

|rvn|2
!

� C1kvnk � C2 =

=
1

2

✓

1� V0

m

◆

Z

RN+1

+

|rvn|2 +
m(m� V0)

2

Z

RN+1

+

|vn|2 � C1kvnk � C2

and since m� V0 > 0 we deduce that {vn} is a bounded sequence in H1(RN+1
+ ).

A standard argument shows that kvnk is bounded in H1(RN+1
+ ) and

✓ � 1

2✓

✓

kvnk2 +
Z

RN

V (y)�(vn)
2 dy

◆

! c and
✓ � 1

2✓
D(vn) ! c .

Therefore c � 0. If c = 0, then

o(1) =

✓

kvnk2 +
Z

RN

V (y)�(vn)
2 dy

◆

�

�
✓

1� V0

m

◆

Z

RN+1

+

|rvn|2 +m(m� V0)

Z

RN+1

+

|vn|2 ,

and m� V0 > 0 yields that vn ! 0 strongly in H1(RN+1
+ ).

Assume therefore that c > 0. Fix ↵ < V1 such that c < E↵, and R0 > 0 such
that V (x) � ↵ if |x| � R0. Let " 2 (0, 1). Since {vn}n is bounded in H1(RN+1

+ )
there exists R" > R0 such that R" ! +1 as " ! 0 and, after passing to a
subsequence,

ZZ

SR"

�

|rvn|2 +m2v2n
�

dx dy +

Z

AR"

V (y)�(vn)
2 dy < " for all n 2 N .

where
SR" =

�

z = (x, y) 2 RN+1
+ | R" < |z| < R" + 1

 

AR" =
�

y 2 RN | R" < |y| < R" + 1
 

.

If this is not the case, for any m 2 N, m � R0 there exists ⌫(m) 2 N such that
ZZ

Sm

�

|rvn|2 +m2v2n
�

dx dy +

Z

Am

V (y)�(vn)
2 dy � "

for any n 2 N, n � ⌫(m). We can assume that ⌫(m) is nondecreasing. Therefore
for any integer m � R0 there exists an integer ⌫(m) such that

kvnk2 +
Z

RN

V (y)�(vn)
2 dy �



108 Simone Secchi

�
ZZ

Tm

�

|rvn|2 +m2v2n
�

dx dy +

Z

Bm

V (y)�(vn)
2 dy �

� (m�R0)"

for any n � ⌫(m), where Tm =
�

z = (x, y) 2 RN+1
+ | R0 < |z| < m

 

and Bm =
{y 2 RN | R0 < |y| < m}, which contradicts the fact that kvnk is bounded.

We may assume that |vn| ! 0 strongly in Lp
loc(RN ) with p < 2N/(N � 1) and

thus |�(vn)| ! 0 strongly in Lp
loc(RN ).

Let ⇠" 2 C1(RN+1
+ ) be a symmetric function, namely ⇠"(x, gy) = ⇠"(x, y) for

all g 2 O(N), x > 0, y 2 RN . Moreover assume that ⇠"(z) = 0 if |z|  R" and
⇠"(z) = 1 if |z| � R" + 1 and ⇠(z) 2 [0, 1] for all z 2 RN+1

+ . Set wn = ⇠"vn. We
apply now Young’s inequality with p = q = 2r/(2r � 1) and h = W , f = |�(vn)|✓,
g = |�(vn)|✓ � |�(wn)|✓:

|D(vn)� D(wn)| 


ZZ

RN⇥RN

W (x� y)
�

�|�(vn)(x)|✓|�(vn)(y)|✓ � |�(wn)(x)|✓|�(wn)(y)|✓
�

� dx dy =

=

ZZ

RN⇥RN

W (x� y)
�

�|�(vn)(x)|✓|�(vn)(y)|✓ � |�(vn)(x)|✓|�(wn)(y)|✓+

+|�(vn)(x)|✓|�(wn)(y)|✓ � |�(wn)(x)|✓|�(wn)(y)|✓
�

� dx dy 


ZZ

RN⇥RN

W (x� y)|�(vn)(x)|✓
�

�|�(vn)(y)|✓ � |�(wn)(y)|✓
�

� dx dy+

+

ZZ

RN⇥RN

W (x� y)|�(wn)(y)|✓
�

�|�(vn)(x)|✓ � |�(wn)(x)|✓
�

� dx dy 

 2

ZZ

RN⇥RN

W (x� y)|�(vn)(x)|✓
�

�|�(vn)(y)|✓ � |�(wn)(y)|✓
�

� dx dy 

 2C|W |r |�(vn)|✓2r✓/(2r�1)

�

�|�(vn)|✓ � |�(wn)|✓
�

�

2r/(2r�1)
= o(1) ,

since |�(vn)|✓� |�(wn)|✓ ! 0 strongly in L2r/(2r�1)
loc (RN ). Here and in the following

C denotes some positive constant independent of n, not necessarily the same one.
Similarly

�

�

�

�

Z

RN

⇣

W ⇤ |�(vn)|✓
⌘

|�(vn)|✓�2 �(vn)�(wn)�

�
Z

RN

⇣

W ⇤ |�(wn)|✓
⌘

|�(wn)|✓�2�(wn)�(wn)

�

�

�

�



 2C|W |r |�(vn)|✓2r✓/(2r�1)

�

�|�(vn)|✓ � |�(wn)|✓
�

�

2r/(2r�1)
= o(1) .

Therefore,

|I 0(vn)wn � I 0(wn)wn|  C

ZZ

S"

�

|rvn|2 +m2v2n
�

dx dy+

Z

A"

V (y)�(vn)
2 dy+o(1) .

Set un = (1� ⇠)vn. Analogously we have

|I 0(vn)un � I 0(un)un|  C

ZZ

S"

�

|run|2 +m2u2
n

�

dx dy+

Z

A"

V (y)�(un)
2 dy+o(1) .

Therefore

(6.4) I 0(un)un = O(") + o(1)
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and

(6.5) I 0(wn)wn = O(") + o(1) .

From (6.4)), we derive that I(un) = [(✓� 1)/2✓]D(un)+O(")+ o(1) � O(")+ o(1).
Consider tn > 0 such that I 0(tnwn)(tnwn) = 0 for any n, namely

t2(✓�1)
n =

kwnk2 +
R

RN V (y)�(wn)2 dy

D(wn)
.

From (6.5)), we have that tn = 1+O(")+o(1). Therefore from the characterization
of E↵ we have

c+ o(1) = I(vn) = I(un) + I(wn) +O(") � I(wn) +O(") + o(1) �
� I(tnwn) +O(") + o(1) � E↵ +O(") + o(1) .

As n ! +1, "! 0, we derive that c � E↵ which is a contradiction. Hence, c = 0
and vn ! 0 strongly in H1(RN+1

+ ).
⇤

Lemma 6.6. Let {vn}n be a sequence in H1(RN+1
+ ) such that vn * v weakly in

H1(RN+1
+ ). The following hold:

(i) D0(vn)u ! D0(v)u for all u 2 H1(RN+1
+ ).

(ii) After passing to a subsequence, there exists a sequence {evn}n in H1(RN+1
+ )

such that evn ! v strongly in H1(RN+1
+ ),

D(vn)� D(vn � evn) ! D(v) in R ,

D0(vn)� D0(vn � evn) ! D0(v) in H�1(RN+1
+ ) .

Proof. We omit the proof.
⇤

Proposition 6.7. The functional I : H1(RN+1
+ ) ! R satisfies the Palais-Smale

condition (PS)c at each c < EV1 , where V1 := lim inf |x|!1 V (x).

Proof. Let vn 2 H1(RN+1
+ ) satisfy

I(vn) ! c < EV1 and I 0(vn) ! 0

strongly in the dual space H�1(RN+1
+ ). Since {vn}n is bounded in H1(RN+1

+ ) it

contains a subsequence such that vn * v weakly in H1(RN+1
+ ) and �(vn) * �(v)

in Lp(RN ) for any p 2 [2, 2N/(N � 1)].
By Lemma 6.6, v solves (6.1) and, after passing to a subsequence, there exists a

sequence {evn}n in H1(RN+1
+ ) such that un := vn � evn * 0 weakly in H1(RN+1

+ ),

I(vn)� I(un) ! I(v) in R ,

I 0(vn)� I 0(un) ! 0 strongly in H�1(RN+1
+ ) .

Hence, I(v) = [(✓ � 2)/2✓]D(v) � 0,

I(un) ! c� I(v)  c , and I 0(un) ! 0

strongly in H�1(RN+1
+ ). By Lemma 6.5 a subsequence of {un}n converges strongly

to 0 in H1(RN+1
+ ). This implies that a subsequence of {vn}n converges strongly to

v in H1(RN+1
+ ).

⇤
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6.3. Mountain Pass Geometry. Let us consider the limit problem

(6.6)

8

>

<

>

:

��v +m2v = 0 in RN+1
+

�@v
@x

= �V1v + (W ⇤ |v|✓)|v|✓�2v in RN = @RN+1
+

where V1 := lim inf |x|!1 V (x) > 0. By Theorem 6.4, the first mountain pass value
EV1 of the functional JV1 associated to problem (6.6) is attained at a positive
function !1 2 H1(RN+1

+ ), which is symmetric !1(x, gy) = !1(x, y) for all g 2
O(N), x > 0, y 2 RN . Moreover, since V1 > 0, we are allowed to choose � = 0,
and there exists C > 0 such that

(6.7) 0 < !1(x, y)  Ce�m
p

x2+|y|2

for all (x, y) 2 [0,+1)⇥RN . In particular, �(!1) is radially symmetric in RN and

0 < �(!1)(y)  Ce�m|y|

for any y 2 RN . As in Theorem 6.4, a bootstrap procedure shows that !1 2
C1([0,+1)⇥ RN ).

Lemma 6.8. We have

(6.8) |r!1(z)| = O(e�m|z|) as |z| ! 1 .

Proof. We consider the equation
p

��+m2 u+ V1u =
�

W ⇤ |u|✓
�

|u|✓�2u in RN

satisfied by !1. For any index i = 1, 2, · · · , N we write vi = @!1/@yi and observe
that vi satisfies

p

��+m2 vi + V1vi = ✓(W ⇤ !✓�1
1 vi)!

✓�1
1 + (✓ � 1)(W ⇤ !✓1)!✓�2

1 vi

or, equivalently,

��vi +m2vi = 0 in RN+1
+

�@vi
@x

= �V1vi + ✓(W ⇤ !✓�1
1 vi)!

✓�1
1 + (✓ � 1)(W ⇤ !✓1)!✓�2

1 vi in RN .

The di↵erentiation of the equation is allowed by the regularity of the solution
!1, see [9, Theorem 3.14]. Moreover, !1 2 Lp(RN+1

+ ) for any p > 1, because it
is bounded and decays exponentially fast at infinity. By elliptic regularity, !1 2
W 2,p(RN+1

+ ) for any p > 1, and in particular vi 2 Lp(RN+1
+ ) for any p > 1.

An interpolation estimate shows that !✓�1
1 vi 2 Lp(RN+1

+ ) for any p > 1. Then

the convolution W ⇤ (!✓�1
1 vi) 2 L1(RN+1

+ ), and the term (W ⇤ (!✓�1
1 vi))!✓�1

1 2
L2(RN+1

+ ) by the summability properties of !1. The term (W ⇤ !✓1)!✓�2
1 vi 2

L2(RN+1
+ ) trivially.

Now the proof of [9, Theorem 3.14] shows that vi(x, y) ! 0 as x+ |y| ! +1. A

comparison with the function e�m
p

x2+|y|2 as in [9, Theorem 5.1] shows the validity
of (6.8).

⇤
Fix " 2 (0, (2m � k)/(2m + k)). For R > 0, we consider a symmetric cut o↵

function ⇠R 2 C1(RN+1
+ ), namely ⇠R(x, gy) = ⇠R(x, y) for all g 2 O(N), x > 0,
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y 2 RN such that ⇠R(z) = 0 if |z| � R and ⇠R(z) = 1 if |z|  R(1 � ") and
⇠R(z) 2 [0, 1] for all z 2 RN+1

+ .

Let us define !R(z) := !1(z)⇠R(z), for any z 2 RN+1
+ .

Lemma 6.9. As R ! 1,

(6.9)

�

�

�

�

�

ZZ

RN+1

+

|r!1|2 �
�

�r!R
�

�

2

�

�

�

�

�

= O(RN�1e�2m(1�")R) ,

(6.10)
�

�D(!1)� D(!R)
�

� = O(RN�1e�✓m(1�")R) .

Proof. The proof of (6.9) is standard. Indeed, using (6.8) and cylindrical coor-
dinates in RN+1

+ ,
�

�

�

�

�

ZZ

RN+1

+

|r!R|2 � |r!1|2
�

�

�

�

�

 C

ZZ

{z2RN+1

+

| (1�")R<|z|}
|r!1|2 

 C1

ZZ

{z2RN+1

+

| (1�")R<|z|}
e�2m|z| dz 

 C1R
N�1e�2m(1�")R .

To prove (6.10), we recall that W = W1+W2 2 Lr(RN )+L1(RN ). The di↵erence
D(�(!1))�D(�(!R)) can be split in two parts, the one with W1 and the one with
W2. The former can be estimated as follows:

�

�D(�(!1))� D(�(!R))
�

� 


Z

RN⇥RN

�

��(!1)(x)|✓|�(!1)(y)|✓ � |�(!R)(x)|✓|�(!R)(y)|✓
�

�W1(x� y) dx dy 

 2

Z

RN⇥RN

W1(x� y)|�(!1)(x)|✓
�

�|�(!1)(y)|✓ � |�(!R)(y)|✓
�

� dx dy 

 2
�

�|�(!1)|✓ � |�(!R)|✓
�

�

2r/(2r�1)
k�(!1)k✓2r✓/(2r�1) kW1kr 

 C

 

Z 1

(1�")R
tN�1e�m[2r✓/(2r�1)]t dt

!(2r�1)/2r

= C2R
N�1e�✓m(1�")R .

The latter is simpler, since we use directly the L1-norm of W2.
⇤

For s 2 RN , set Rs := [(k + 2m)/4m]|s|. Since k 2 (0, 2m), it results that
Rs 2 (0, |s|). Hence |s| � Rs ! +1, as |s| ! +1. With this notation, we define
the function

!Rs
s (z) := !1(x, y � s)⇠Rs(x, y � s)

where z = (x, y) 2 RN+1.

Lemma 6.10. There exist %0, d0 2 (0,1) such that

I(t(!Rs
s ))  EV1 � d0e

�k|y| for all t � 0 ,

provided that |s| � %0
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Proof. For u 2 H1(RN+1
+ ) we have by (7.12) that maxt�0 I(tu) = I(tuu) if and

only if

tu =

0

B

B

@

kuk2 +
Z

RN

V (y)�(u)2 dy

D(u)

1

C

C

A

1/(2✓�2)

.

Indeed

(6.11)

kuk2 +
Z

RN

V (y)�(u)2 dy �

�
✓

1� V0

m

◆

Z

RN+1

+

|ru|2 +m(m� V0)

Z

RN+1

+

|u|2 > 0 .

So, since !Rs1 ! !1 in H1(RN+1
+ ) as |s| ! 1, and taking into account that

IV1(!1) = maxt�0 IV1(t(!1)) there exist 0 < t1 < t2 < +1 such that

max
t�0

I(t(!Rs
s )) = max

t
1

tt
2

I(t(!Rs
s ))

for all large enough |s|.
Let t 2 [t1, t2]. Write V = V +�V �, where V +(x) = max{V (x), 0} and V �(x) =

max{�V (x), 0}, and remark that the assumption V1 > 0 implies V (x) = V +(x)
whenever |x| is su�ciently large. Assumption (V2) yields therefore

Z

RN

V (y)(t�(!Rs
s ))2(y) dy  t2

Z

|y|Rs

V +(y + s)(�(!Rs))2(y) dy 

 t2
Z

|y|Rs

(V1 � c0 e
�k|y+s|)(�(!1))2(y) dx 


Z

RN

V1 (t�(!1))2 �

�
 

c0 t
2
1

Z

|y|1
e�k|y|(�(!1))2(y) dy

!

e�k|s|

for |s| large enough.
Therefore, using Lemma 6.9, we get

I(t(!Rs)s) =
1

2

�

�t(!Rs)s
�

�

2
+

1

2

Z

RN

V (y) (t�(!1))2 dy � 1

2✓
D(t!Rs

s ) 

 1

2
kt!1k2 + 1

2

Z

RN

V1 (t�(!1))2 dy � 1

2✓
D(t!1)�

�Ce�k|s| +O(RN�1
s e�2m(1�")Rs) 

 max
t�0

IV1(t!1)� d0 e
�|s| = EV1 � d0 e

�k|s|
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for su�ciently large |s|, because our choices of " and Rs guarantee that 2m(1 �
")Rs > k|s|.

⇤

6.4. Proof of theorem 6.1. The proof of Theorem 6.1 is now immediate. The Eu-
ler functional I satisfies the geometric assumptions of the Mountain Pass Theorem
on H1(RN+1

+ ). Since it also satisfies the Palais-Smale condition, as we showed
in the previous sections, we conclude that I possesses at least a critical point
v 2 H1(RN+1

+ ). In addition,

I(v) = c = inf
�2�

max
0t1

I(�(t)) ,

where � = {� 2 C([0, 1], H1(RN+1
+ )) | �(0) < 0, I(�(1)) < 0}.

To prove that v � 0, we notice that, reasoning as in (6.11), the map t 7! I(tw)
has one and only one strict maximum point at t = 1 whenever w 2 H1(RN+1

+ ) is a

critical point of I. Since I(|w|)  I(w) for all w 2 H1(RN+1
+ ), and

I(t|w|)  I(tw) < I(w) for every t > 0, t 6= 1 ,

we conclude that
c  sup

t�0
I(t|v|)  I(v) = c .

We claim that |v| is also a critical point of I. Indeed, otherwise, we could deform
the path t 7! t|v| into a path � 2 � such that I(�(t)) < c for every t � 0, a
contradiction with the definition of c.

6.5. Further properties of the solution. We collect in the next statement some
additional features of the weak solution found above.

Theorem 6.11. Let u be the solution to equation (6.1) provided by Theorem 6.1.
Then u 2 C1(RN ) \ Lq(RN ) for every q � 2. Moreover,

0 < u(y)  Ce�m|y| .

Proof. The regularity of u can be established by mimicking the proofs in Section
3 of [9].

The potential function V is harmless, being bounded from above and below.
To prove the exponential decay at infinity, we introduce a comparison function

WR(x, y) = CRe
�m

p
x2+|y|2 , for every (x, y) 2 RN+1

+ ,

and we will fix R > 0 and CR > 0 in a suitable manner. We also introduce the
notation

B+
R =

n

(x, y) 2 RN+1
+ |

p

x2 + |y|2 < R
o

⌦+
R =

n

(x, y) 2 RN+1
+ |

p

x2 + |y|2 > R
o

�R =
�

(0, y) 2 @RN+1
+ | |y| � R

 

.

It is easily seen that
8

>

<

>

:

��WR +m2WR � 0 in ⌦+
R

�@WR

@x
= 0 on �+

R .
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Call w(x, y) = WR(x, y) � v(x, y), and remark that ��w + m2w � 0 in ⌦+
R. If

CR = emR max@B+

R
v, then w � 0 on @B+

R and limx+|y|!+1 w(x, y) = 0. We claim

that w � 0 in the closure ⌦+
R.

If not, inf
⌦+

R

w < 0, and the strong maximum principle provides a point (0, y0) 2
�R such that

w(0, y0) = inf
⌦+

R

w < w(x, y) for every (x, y) 2 ⌦+
R .

For some 0 < � < m, we introduce z(x, y) = w(x, y)e�x.
As before, limx+|y|!+1 z(x, y) = 0 and z � 0 on @B+

R . Since

0  ��w +m2w = e��x
✓

��z + 2�
@z

@x
+ (m2 � �2)z

◆

the strong maximum principle applies and yields that inf�R z = inf
⌦+

R

z < z(x, y)

for every (x, y) 2 ⌦+
R. Therefore z(0, y0) = inf�R z = inf�R w < 0. Hopf’s lemma

now gives

�@w
@x

(0, y0)� �w(0, y0) < 0 .

But this is impossible. Indeed

�@w
@x

(0, y0) = �V (y0)v(0, y0)� (W ⇤ |v|✓)|v(0, y0)|✓�2v(0, y0) ,

and hence

�@w
@x

(0, y0)��v(0, y0) = ��v(0, y0)�V (y0)v(0, y0)�(W ⇤|v|✓)|v(0, y0)|✓�2v(0, y0) .

Recall that v(0, y0) < 0 and � > 0; if we can show that

�V (y0)v(0, y0)� (W ⇤ |v|✓)|v(0, y0)|✓�2v(0, y0) � 0 ,

we will be done. First of all, we recall that (see [9, p. 70]

lim
|y|!+1

(W ⇤ |v|✓)|v(0, y)|✓�2v(0, y) = 0 ,

since lim|y|!+1 W (y) = 0. So we pick R > 0 so large that
�

�(W ⇤ |v|✓)|v(0, y0)|✓�2

v(0, y0)
�

� is very small. Choosing R even larger, we can also assume that V (y0) > 0,
since V1 > 0. Hence �V (y0)v(0, y0) � (W ⇤ |v|✓)|v(0, y0)|✓�2v(0, y0) � 0, and the
proof is finished.

To summarize, we have proved that, whenever x+ |y| is su�ciently large, then

v(x, y)  WR(x, y) ,

and hence the validity of (7.10).
⇤

7. Semiclassical analysis

The semiclassical limit ("! 0+) for the pseudo-relativistic Hartree equation

(7.1) i"
@ 

@t
=
⇣

p

�"2�+m2 �m
⌘

 + V  �
✓

1

|x| ⇤ | |
2

◆

 , x 2 R3

was studied in the very recent paper [7]. Here  : R ⇥ R3 ! C is the wave
field, m > 0 is a physical constant, " is the semiclassical parameter 0 < " ⌧ 1,
a dimensionless scaled Planck constant (all other physical constant are rescaled to
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be 1), V is bounded external potential in R3. The pseudo-di↵erential operatorp
�"2�+m2 is simply defined in Fourier variables by the symbol

p

"2|⇠|2 +m2.

Remark 7.1. Equation (7.1) corresponds to (1.1) with c = 1 and " = ~.

Equation (7.1) has interesting applications in the quantum theory for large sys-
tems of self-interacting, relativistic bosons with mass m > 0. As recently shown by
Elgart and Schlein [14], equation (7.1) emerges as the correct evolution equation
for the mean-field dynamics of many-body quantum systems modelling pseudo-
relativistic boson stars in astrophysics. The external potential, V = V (x), accounts
for gravitational fields from other stars. In what follows, we will assume that V is
a smooth, bounded function. The pseudo-relativistic Hartree equation can be also
derived coupling together a pseudo-relativistic Schrödinger equation with a Poisson
equation, i.e.

8

<

:

i"
@ 

@t
=
⇣

p

�"2�+m2 �m
⌘

 + V  � U ,

��U = | |2

More generally, we will focus on the generalized pseudo-relativistic Hartree equation

(7.2)
p

�"2�+m2 u+ V u = (I↵ ⇤ |u|p) |u|p�2u , in RN ,

where m > 0, 2  p < 2N
N�1 , V : RN ! R is an external scalar potential,

I↵(y) =
cN,↵

|y|N�↵ (yx 6= 0) , ↵ 2 (0, N)

is a convolution kernel and cN,↵ is a positive constant; for our purposes we can
choose cN,↵ = 1. For N = 3, ↵ = p = 2, equation (7.2) becomes the pseudo-
relativistic Hartree equation with Coulomb kernel

p

�"2�+m2 u+ V u =

✓

1

|y| ⇤ |u|
2

◆

u , in R3

Replacing u(y) by "↵/2(1�p)u("y), equation (7.2) becomes equivalent to following
Hartree equation

(7.3)
p

��+m2 u+ V"(y)u = (I↵ ⇤ |u|p) |u|p�2u , in RN .

where V"(y) = V ("y). In what follows we will assume that

(V) V : RN ! R is a continuous and bounded function such that Vmin =
infRN V > �m and there exists a bounded open set O ⇢ RN with the
property that

V0 = inf
O

V < min
@O

V .

Let us define
M = {y 2 O | V (y) = V0} .

We will establish the existence of a single-spike solution concentrating around a
point close to M. Precisely, our main result is the following.

Theorem 7.2. Retain assumption (V) and assume that 2  p < 2N/(N � 1) and
(N � 1)p � N < ↵ < N . Then, for every su�ciently small " > 0, there exists a
solution u" 2 H1/2(RN ) of equation (7.3) such that u" has a local maximum point
y" satisfying

lim
"!0

dist("y",M) = 0 ,
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and for which

u"(y)  C1 exp (�C2|y � y"|)
for suitable constants C1 > 0 and C2 > 0. Moreover, for any sequence {"n}n with
"n ! 0, there exists a subsequence, still denoted by the same symbol, such that
there exist a point y0 2 M with "ny"n ! y0, and a positive least-energy solution
U 2 H1/2(RN ) of the equation

p

��+m2 U + V0U = (I↵ ⇤ Up)Up�1

for which we have

u"n(y) = U (y � y"n) + Rn(y)

where limn!+1 kRnkH1/2 = 0.

To prove the main result, the nonlocal problem (7.3) in RN is replaced by a local
Neumann problem in the half space RN+1

+ as above. Critical points of the Euler
functional associated to the local Neumann problem are then found by means of
a variational approach introduced in [1, 2] (see also [5]) for nonlinear Schrödinger
equations and extended in [8] to deal with non-relativistic Hartree equations.

More precisely, for any " > 0, given u 2 S(RN ), there exists one and only one
function v 2 S(RN+1

+ ) such that
(

�"2�v +m2v = 0 in RN+1
+

v(0, y) = u(y) for y 2 RN = @RN+1
+ .

Setting

T"u(y) = �" @v
@x

(0, y) ,

we easily see that the problem
(

�"2�w +m2w = 0 in RN+1
+

w(0, y) = T"u(y) for y 2 @RN+1
+ = {0}⇥ RN ' RN

is solved by w(x, y) = �"(@v/@x)(x, y). From this we deduce that

T"(T"u)(y) = �" @w
@x

(0, y) = "2
@2v

@x2
(0, y) =

�

�"2�yv +m2v
�

(0, y) ,

and hence T" � T" = (�"2�y +m2), namely T" is a square root of the Schrödinger
operator �"2�y +m2 on RN = @RN+1

+ .

From the previous construction, we can replace the nonlocal problem (7.3) in RN

with the local Neumann problem in the half space RN+1
+

8

>

<

>

:

�"2�v(x, y) +m2v(x, y) = 0 in RN+1
+

�" @v
@x

(0, y) = �V (y)v(0, y) + (I↵ ⇤ |v(0, ·)|p) |v(0, y)|p�2v(0, y) for y 2 RN .

Setting v"(x, y) = "↵/2(1�p)v("x, "y) and V"(y) = V ("y), we are led to the local
boundary-value problem
8

>

<

>

:

��v" +m2v" = 0 in RN+1
+

�@v"
@x

(0, y) = �V"(y)v"(0, y) + (I↵ ⇤ |v"(0, ·)|p) |v"(0, y)|p�2v"(0, y) for y 2 RN .
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It follows easily that the functional E" : H ! R defined by

E"(v) =
1

2

Z

RN+1

+

|rv|2 dx dy + m2

2

Z

RN+1

+

v2 dx dy+

+
1

2

Z

RN

V"(x)�(v)
2 dy � 1

2p

Z

RN

(I↵ ⇤ |�(v)|p) |�(v)|p dy

is of class C1, and its critical points are (weak) solutions to problem (7.3).

7.1. Compactness properties for the limiting problem. For a > �m, the
equation

(7.4)
p

��+m2 u+ au = (I↵ ⇤ |u|p) |u|p�2u

plays the rôle of a limiting problem for (7.3). Its Euler functional La : H ! R is
defined (via the local realization of Section 2) by

La(v) =
1

2

Z

RN+1

+

�

|rv|2 +m2|v|2
�

dx dy+

+
a

2

Z

RN

|�(v)|2 dy � 1

2p

Z

RN

(I↵ ⇤ |�(v)|p) |�(v)|p dy .

We define the ground-state level

ma = inf {La(v) | L0
a(v) = 0, v 2 H \ {0}}

and the set Sa of elements v 2 H \ {0} such that v > 0, La(v) = ma, and for every
x � 0:

(7.5) max
y2RN

v(x, y) = v(x, 0) .

Proposition 7.3. The set Sa is non-empty for any a > �m.

Proof. The proof is indeed standard, and we will be sketchy. First of all, we
invoke [10, Lemma 2.1] to deduce that ground states of La correspond to ground
states of the functional La : H1/2(RN ) ! R defined as

(7.6)

La(u) =
1

2

Z

RN

 

�

�

�

�

q

(m2 ��)1/2 �m u

�

�

�

�

2

+ (a+m)|u|2
!

�

� 1

2p

Z

RN

(I↵ ⇤ |u|p) |u|p .

We claim that La possesses a ground state. We fix a > �m and consider the
minimization problem associated to (7.6)

(7.7) ema = inf
u2H1/2(RN )\{0}

Z

RN

�

�

�

�

q

(m2 ��)1/2 �m u

�

�

�

�

2

+ (a+m) |u|2

✓

Z

RN

(I↵ ⇤ |u|p) |u|p
◆1/p

.

Since
p
m2 �� � m > 0 in the sense of functional calculus and a + m > 0, it

follows easily that ema > 0. As in [24, Proof of Proposition 2.2] we can show that
ema is attained. Since the quotient in (7.7) is homogeneous of degree zero, as in the
local case we see that any minimizer of ema is, up to a rescaling and a translation,
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a ground state for (7.6). Therefore the claim is proved, and in particular Sa 6= ;.
It is easy to check that ground states are non-negative, and, as in [9, Theorem 5.1],
actually strictly positive.

⇤
Remark 7.4. By [22, Formula (A.3)], the quotient to be minimized in (7.7) de-
creases under polarization. This implies, reasoning as in [24, Section 5] that ground
states are radially symmetric around a point of RN .

For U 2 Sa, we write Ea = La(U). By an immediate extension of [27, Lemma
3.17], the map a 7! Ea is strictly increasing and continuous. The following is the
main result of this section.

Proposition 7.5. The set Sa is compact in H, and for some C > 0 and any
� 2 (�Vmin,m) \ [0,+1) we have

(7.8) v(x, y)  Ce�(m��)
p

x2+|y|2 e��x

for every v 2 Sa.

Proof. If v 2 Sa, it follows easily from [9, Theorem 5.1] or [6, Theorem 7.1] that
v decays exponentially fast at infinity and (7.8) holds. Moreover, since

ma = La(v) =

✓

1

2
� 1

2p

◆

�

|rv|22 +m2|v|22
�

,

Sa is bounded in H. We claim that Sa is also bounded in L1(RN+1
+ ).

Indeed, by [9, Theorem 3.2] it follows that �(v) 2 Lq(RN ) for any q 2 [2,1],
then also g(·) = �a�(v) + (I↵ ⇤ |�(v)|p) |�(v)|p�2�(v) 2 Lq(RN ) for q 2 [2,1].
Following [3], we let u(x, y) =

R x
0 v(t, y) dt. It follows that u 2 H1((0, R) ⇥ RN )

for all R > 0. Arguing as in [9, Proposition 3.9], we can deduce that u is a weak
solution of the Dirichlet problem

(7.9)

(

��u+m2u = g in RN+1
+

u = 0 for y 2 RN .

where g(x, y) = g(y) for every x > 0 and y 2 RN . We sketch the proof for
the sake of completeness. Pick an arbitrary function ⌘ 2 C1

0 (RN+1
+ ) and write

!t(x, y) = ⌘(x+ t, y) for any t � 0. Then
Z +1

0

Z +1

0

Z

RN

rv(x, y) ·r⌘(x+ t, y) dy dx dt =

=

Z +1

0

Z +1

x

Z

RN

rv(x, y) ·r⌘(s, y) dy ds dx =

=

Z +1

0

Z s

0

Z

RN

rv(x, y) ·r⌘(s, y) dy dx ds =

=

Z +1

0

Z

RN

r
✓

Z s

0
v(x, y) dx

◆

·r⌘(s, y) dy ds

and this readily implies that
Z

RN+1

+

�

rv ·rwt +m2vwt

�

dx dy =

Z

RN

gwt dy .
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An integration with respect to t from 0 to +1 gives
Z

RN+1

+

�

ru ·r⌘ +m2u⌘ � g⌘
�

dx dy = 0 ,

and hence the validity of (7.9) is proved.
Moreover for any given R > 0 we can define uodd 2 H1((�R,R) ⇥ RN ) and

godd 2
T

q�2 L
q((�R,R)⇥ RN ) by

uodd =

(

u(x, y) if x � 0

�u(�x, y) if x < 0 ,
godd(x, y) =

(

g(y) if x � 0

�g(y) if x < 0 .

It is easy to check as before that

��uodd +m2uodd = godd in RN+1 .

Since godd 2 Lq((�R,R)⇥RN ) for any q 2 [2,+1[, R > 0, we can invoke standard
regularity results to conclude that

uodd 2 W 2,q((�R,R)⇥ RN )

for every q � 2 and every R > 0, and hence uodd 2 C1,�(RN+1), u 2 C1,�(RN+1
+ )

and v = @u/@x 2 C0,�(RN+1
+ ) by Sobolev’s Embedding Theorem. Therefore

g 2 C0,�/(p�1)(RN ), and Schauder estimates yield u 2 C2,�/(p�1)(RN+1
+ ) and

v 2 C1,�/(p�1)(RN+1
+ ). Moreover, the C1,�-norm of v can be estimated by the

Lq-norm of g, which immediately implies that Sa is a bounded subset of L1(RN+1
+ ).

Next, we claim that lim|(x,y)|!+1 v(x, y) = 0 uniformly with respect to v 2 Sa.
We assume by contradiction that this is false: there exist a number � > 0, a
sequence of points (xn, yn) 2 RN+1

+ and a sequence of elements vn 2 Sa such that
xn + |yn| ! +1 but vn(xn, yn) � � for every n. Let us write zn = (xn, yn), and
call ṽn(z) = vn(z + zn) for z = (x, y) 2 RN+1

+ . By the previous arguments, {ṽn}n
is a bounded sequence in H \ L1(RN+1

+ ). Moreover, up to a subsequence, we can

assume that vn * v, ṽn * ṽ in H and locally uniformly in RN+1
+ . As in [8, page

989], both v and ṽ weakly solve (7.4). We now show that they are non-trivial
weak solutions. The conclusion is obvious for ṽ, since ṽn(0) = vn(zn) � �, so that
ṽ(0) � �. We consider instead v, and remark that [9, Equation 3.16] implies

sup
y2RN

|vn(x, y)|  C|�(vn)|2 e�mx

for some universal constant C > 0. Hence �  vn(zn)  |�(vn)|2 e�mxn , and the
boundedness of �(vn) in L2 yields the boundedness of {xn}n in R. Without loss of
generality, we can assume that xn ! x̄ 2 [0,+1). Therefore, by (7.5),

vn(x̄, 0) � vn(x̄, yn) � vn(xn, yn) + o(1) � �

2

by locally uniform convergence, and we conclude that v is also nontrivial.
Now, for every n 2 N,

La(vn) =

✓

1

2
� 1

2p

◆

 

Z

RN+1

+

�

|rvn|2 +m2v2n
�

dx dy + a

Z

RN

�(vn)
2 dy

!

= ma ,

and

La(v) � ma , La(ṽ) � ma .
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If R > 0 satisfies 2R  xn + |yn|, then
ma = La(vn) �

�
✓

1

2
� 1

2p

◆

lim inf
n!+1

Z

B(0,R)

�

|rvn|2 +m2v2n
�

dx dy+

+a

Z

B(0,R)\({0}⇥RN )
�(vn)

2 dy+

+

✓

1

2
� 1

2p

◆

lim inf
n!+1

Z

B(0,R)

�

|rṽn|2 +m2ṽ2n
�

dx dy+

+a

Z

B(0,R)\({0}⇥RN )
�(ṽn)

2 dy �

�
✓

1

2
� 1

2p

◆

 

Z

B(0,R)

�

|rṽ|2 +m2ṽ2
�

dx dy+

+a

Z

B(0,R)\({0}⇥RN )
�(ṽ)2 dy

!

=

= La(v) + La(ṽ) + o(1) = 2ma + o(1)

as R ! +1. This contradiction proves that

(7.10) lim
|(x,y)|!+1

v(x, y) = 0 uniformly with respect to v 2 Sa .

From [9, page 70] it follows immediately that

lim
|y|!+1

I↵ ⇤ |�(v)|p(y) = 0 , uniformly w.r.t. v 2 Sa .

Pick Ra > 0, independent of v 2 Sa, such that |y| � Ra implies

|I↵ ⇤ |�(v)|p(y)| |�(v)(y)|p�2  a

2
.

As a consequence,
8

>

<

>

:

��v +m2v = 0 in RN+1
+

�@v
@x

 �a

2
v in {0}⇥ {|y| � Ra}

As in [9, Theorem 5.1] or [6, Theorem 7.1], and recalling the uniform decay at infin-
ity of (7.10), it follows that v decays exponentially fast at infinity, with constants
that are uniform with respect to v 2 Sa.

We are ready to conclude: let {vn}n be a sequence from Sa. Our previous
arguments show that {vn}n converges — up to a subsequence — weakly to some
v 2 H, and this limit v is also a solution to equation (7.4). Fix

r > max

⇢

1 ,
N

N(2� p) + p

�



A survey on pseudorelativistic Hartree equation 121

and split I↵ as I1↵ + I2↵, where I1↵ 2 Lr(RN ) and I2↵ 2 L1(RN ). This induces a
decomposition of the non-local term N(v) = N1(v) +N2(v) as

N(v) =
1

2p

Z

RN

(I↵ ⇤ |�(v)|p) |�(v)|p dy

N1(v) =
1

2p

Z

RN

�

I1↵ ⇤ |�(v)|p
�

|�(v)|p dy

N2(v) =
1

2p

Z

RN

�

I2↵ ⇤ |�(v)|p
�

|�(v)|p dy .

We obtain immediately that

0 = lim
n!+1

 

Z

RN+1

+

�

|rvn|2 +m2v2n
�

dx dy �N(vn)

!

=

(7.11) =

Z

RN+1

+

�

|rv|2 +m2v2
�

dx dy �N(v) .

We complete the proof by showing that limn!+1 N(vn) = N(v). Now, by the
Hardy-Littlewood-Sobolev inequality (see [20, Theorem 4.3])

�

�N1(vn)�N1(v)
�

� 


Z

RN⇥RN

I1↵(x� y) ||�(vn)(x)|p|�(vn)(y)|p � |�(v)(x)|p|�(v)(y)|p| dx dy =

=

Z

RN⇥RN

I1↵(x� y) ||�(vn)(x)|p|�(vn)(y)|p � |�(vn)(x)|p|�(v)(y)|p+

+|�(vn)(x)|p|�(v)(y)|p � |�(v)(x)|p|�(v)(y)|p| dx dy 


Z

RN⇥RN

I1↵(x� y)|�(vn)(x)|p ||�(vn)(y)|p � |�(v)(y)|p| dx dy+

+

Z

RN⇥RN

I1↵(x� y)|�(v)(y)|p ||�(vn)(x)|p � |�(v)(x)|p| dx dy =

= 2

Z

RN⇥RN

I1↵(x� y)|�(vn)(x)|p ||�(vn)(y)|p � |�(v)(y)|p| dx dy 

 2C|I1↵|r |�(vn)|
p
2rp/(2r�1) ||�(vn)|

p � |�(v)|p|2r/(2r�1) = o(1) ,

since |�(vn)|p � |�(v)|p ! 0 strongly in L2r/(2r�1)
loc (RN ) by the choice of r. On the

other hand,
�

�N2(vn)�N2(v)
�

� 

 kI2↵k1
Z

RN⇥RN

||�(vn)(x)|p|�(vn)(y)|p � |�(v)(x)|p|�(v)(y)|p| dx dy
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and the conclusion follows as before. Since limn!+1 N(vn) = N(v), equation (7.11)
yields limn!+1 kvnk2 = kvk2, and the proof is complete.

⇤

7.2. The penalization scheme. For

� =
1

10
dist(M,RN \O) and � 2 (0, �)

we fix a cut-o↵ ' 2 C1
0 (RN+1

+ ) such that 0  '  1 everywhere, '(x, y) = 1 if
x + |y|  �, and '(x, y) = 0 if x + |y| � 2�. Setting '"(x, y) = '("x, "y), for any
U 2 SV

0

and any point y0 2 M� we define

Uy
0

" (x, y) = '"
⇣

x, y � y0
"

⌘

U
⇣

x, y � y0
"

⌘

We also define, for all " > 0,

�"(y) =

(

0 if y 2 O"

"�6/µ if y /2 O"

and

Q"(v) =

✓

Z

RN

�"�(v)
2 dy � 1

◆(2p+1)/2

+

for v 2 H. Finally, let

�"(v) = E"(v) +Q"(v) , v 2 H .

We want to find a solution, for " > 0 su�ciently small, near the set

X" =
�

Uy
0

" | y0 2 M� and U 2 SV
0

 

.

We define the (trivial) path  "(s) = sUy
0

" for every s 2 [0, 1].

Lemma 7.6. There exists T > 0 such that �"( "(T )) < �2 for all " su�ciently
small. Moreover,

lim
"!0

max
s2[0,T ]

�"( "(s)) = EV
0

where we recall that EV
0

= LV
0

(U) for U 2 SV
0

.

Proof. Indeed, by our definition of the penalization term Q", by a simple change
of variables and by the exponential decay of U at infinity,

�"( "(s)) = E"( "(s)) =

=
s2

2

Z

RN+1

+

|r "(s)|2 +
m2s2

2

Z

RN+1

+

 "(s)
2 +

s2

2

Z

RN

V"�( "(s))
2�

�s2p

2p

Z

RN

(I↵ ⇤ |�( "(s))|p) |�( "(s))|p =

=

 

1

2

Z

RN+1

+

|rU |2 + m2

2

Z

RN+1

+

U2 +
1

2

Z

RN

V0�(U)2 + o(1)

!

s2�

�
✓

Z

RN

(I↵ ⇤ |U |p) |U |p + o(1)

◆

s2p

2p
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where o(1) ! 0 as "! 0 uniformly with respect to s. The conclusion follows easily.
⇤

We are ready to introduce our mini-max scheme. For " > 0 su�ciently small,
we define the set of paths

�" = { 2 C([0, T ], H) |  (0) = 0,  (T ) =  "(T ) = TUy
0

" } ,

where T > 0 is the number we found in Lemma 7.6. To this set we associate the
min-max level

C" = inf
 2�"

max
s2[0,T ]

�"( (s)) .

By well-known arguments (see for instance [5, Proposition 3.2] for a proof in a local
setting that extends smoothly to our case) it is possible to prove that

lim
"!0

C" = EV
0

.

For ↵ 2 R define the sublevel

�↵" = {v 2 H | �"(v)  ↵} .

Proposition 7.7. Let d > 0 be small enough, and let {"j}j be such that
limj!+1 "j = 0 and let {v"j} ⇢ Xd

"j be such that

lim
j!+1

�"j (v"j )  EV
0

, lim
j!+1

�0
"j (v"j ) = 0 .

Then there exist - up to a subsequence - {ỹj}j ⇢ RN , a point ȳ 2 M and U 2 SV
0

such that
lim

j!+1
|"j ỹj � ȳ| = 0

lim
j!+1

�

�v"j � '"j (·, ·� ỹj)U(·, ·� ỹj)
�

� = 0 .

Proof. We omit the very long proof.
⇤

7.3. Critical points of the penalized functional. We are now ready to show
that the penalized functional �" possesses a critical point for every " > 0 su�ciently
small.

Lemma 7.8. For d > 0 su�ciently small, there exist positive constants "0 and !

such that |�0
"(v)| � ! for every v 2 �D"

" \
⇣

Xd
" \Xd/2

"

⌘

and " 2 (0, "0).

Proof. If not, for d > 0 so small that Proposition 7.7 applies, there exist sequences

{"j}j with limj "j = 0 and {v"j}j with v"j 2 Xd
"j \X

d/2
"j satisfying

lim
j!+1

�"j (v"j )  EV
0

and lim
j!+1

�0
"j (v"j ) = 0 .

Hence Proposition 7.7 applies and provides points y"j 2 RN , ȳ 2 M and a ground
state U 2 SV

0

such that

lim
j!+1

|"jyj � ȳ| = 0

lim
j!+1

�

�v"j � '"j (·, ·� yj)U(·, ·� yj)
�

� = 0 .

The definition of X"j implies limj!+1 dist (v"j , X"j ) = 0, and this contradicts the

assumption v"j /2 Xd/2
"j .

⇤
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Let now d > 0 be chosen so that Lemma 7.8 applies.

Proposition 7.9. For " > 0 su�ciently small, the functional �" has a critical
point v" 2 Xd

" \ �D
" .

Proof. Pick R0 > 0 so large that O ⇢
�

{0}⇥ RN
�

\ B(0, R0) and  "(s) 2
H1

0 (B(0, R/")) for any s 2 [0, T ], R > R0 and " > 0 su�ciently small. We write
D" = max0sT �"( "(s)). By Lemma 7.6, there exists a 2 (0, EV

0

) such that, for
su�ciently small " > 0,

�"( "(s)) � D" � a implies  "(s) 2 Xd/2
" \H1

0 (B(0, R/")) .

We claim that, for su�ciently small " > 0 and R > R0, there is a sequence {vRn }n ⇢
Xd/2
" \ �D"

" \H1
0 (B(0, R/")) such that �0

"(v
R
n ) ! 0 is H1

0 (B(0, R/")) as n ! +1.
Arguing by contradiction, we assume that for su�ciently small " > 0 there exists

a number aR(") > 0 such that

|�0
"(v)| � aR(")

on Xd/2
" \�D"

" \H1
0 (B(0, R/")). With a slight abuse of notation, we will identify any

v 2 H1
0 (B(0, R/")) with its extension to H as the null function outside B(0, R/").

Applying Lemma 7.8, we find a number ! > 0, independent of " > 0, such that

|�0
"(v)| � ! for v 2 �D"

" \ (Xd
" \Xd/2

" ). By a classical deformation argument that
starts from  ", there exist some µ 2 (0, a) and a path  2 C([0, T ], H) satisfying

 (s) =  "(s) for  "(s) 2 �D"�a
" ,  (s) 2 Xd

" for  "(s) /2 �D"�a
"

and

(7.12) �"( (s)) < D" � µ for every s 2 [0, T ] .

Let ⇣ 2 C1
0 (RN+1

+ ) be a cut-o↵ function such that ⇣(x, y) = 1 for 0 < x < � and
y 2 O�, ⇣(x, y) = 0 for x � 2� and y /2 O2�, ⇣(·, ·) 2 [0, 1], and |r⇣|  2/�. For
 (s) 2 Xd

" we denote  1(s) = ⇣" (s) and  2(s) = (1 � ⇣") (s), where ⇣"(x, y) =
⇣("x, "y). We remark that we understand the dependency on " in the notation of
 1 and  2. Observe that

�"( (s)) = �"( 1(s)) + �"( 2(s)) +Q"( (s))�Q"( 1(s))�Q"( 2(s))�

� 1

2p

Z

RN

(I↵ ⇤ |�( (s))|p)|�( (s))|p+

+
1

2p

Z

RN

(I↵ ⇤ |�( 1(s))|p)|�( 1(s))|p+

+
1

2p

Z

RN

(I↵ ⇤ |�( 2(s))|p)|�( 2(s))|p .

The elementary inequality (h+ k � 1)+ � (h� 1)+ + (k � 1)+ valid for h � 0 and
k � 0 immediately implies that

Q"( (s)) � Q"( 1(s)) +Q"( 2(s))

and, similarly to (6.7), we find that

(7.13)

Z

RN\O"

|�( (s))|2 dy  C"6/µ .
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On the other hand, writing  = (I↵ ⇤ |�( (s))|p)|�( (s))|p � (I↵ ⇤ |�( 1(s))|p)
|�( 1(s))|p � (I↵ ⇤ |�( 2(s))|p)|�( 2(s))|p for simplicity,

Z

RN

 = 2

Z

O2�
" ⇥(RN\O2�

" )
(I↵ ⇤ |�( (s))|p)|�( (s))|p�

�2

Z

(O2�
" \O�

")⇥(RN\O�)
(I↵ ⇤ |�( (s))|p)|�( (s))|p

and from (7.13) via interpolation we deduce that

(7.14) lim
"!0

Z

O2�
" ⇥(RN\O2�

" )
(I↵ ⇤ |�( (s))|p)|�( (s))|p = 0

(7.15) lim
"!0

Z

(O2�
" \O�

")⇥(RN\O�
")
(I↵ ⇤ |�( (s))|p)|�( (s))|p = 0 .

Equations (7.14) and (7.15) yield

lim
"!0

Z

RN

(I↵ ⇤ |�( (s))|p)|�( (s))|p �
Z

RN

(I↵ ⇤ |�( 1(s))|p)|�( 1(s))|p�

�
Z

RN

(I↵ ⇤ |�( 2(s))|p)|�( 2(s))|p = 0 ,

and hence, as "! 0,

�"( (s)) � �"( 1(s)) + �"( 2(s)) + o(1) .

By similar arguments,

�"( 2(s)) �

� 1

2p

Z

(RN\O")⇥(RN\O")
I↵(x� y)|�( 2(s)(x)|p|�( 2(s)(y)|p dx dy � o(1) ,

and we finally conclude that

�"( (s)) � �"( 1(s)) + o(1)

as "! 0. If we define

 1
1(s)(x, y) =

(

 1(s)(x, y) if x > 0 and y 2 O2�

0 if x > 0 and y /2 O2� ,

we immediately see that �"( 1(s)) � �"( 1
1(s)), and  

1
1 2 �" because 0 < a < EV

0

.
Now [13, Proposition 3.4] implies that, as "! 0,

max
0sT

�"( (s)) � EV
0

+ o(1) ,

and this contradicts (7.12).
For a fixed " su�ciently small and for R � 1, we consider a sequence {vRn }n ⇢

Xd/2
" \ �D"

" \H1
0 (B(0, R/")) such that �0

"(v
R
n ) ! 0 is H1

0 (B(0, R/")) as n ! +1.
The boundedness of {vRn }n in H1

0 (B(0, R/")) and the Sobolev embedding theorem
imply that vRn ! vR strongly in Lq(B(0, R/")) for any q < 2N/(N�1). Since {vRn }n
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is a Palais-Smale sequence, a standard argument shows that vRn ! vR strongly in
H1

0 (B(0, R/")). Hence the limit vR is a weak solution to the problem

��vR +m2vR = 0 in B(0,
R

"
)

with

�@v
R

@x
(0, y) = �V"(y)v

R(0, y) +
�

I↵ ⇤ |vR(0, ·)|p
�

|vR(0, y)|p�2vR(0, y)+

+(2p+ 1)

✓

Z

RN

�"�(v
R)2 dy � 1

◆(2p�1)/2

+

�"v
R(0, y)

for y 2 RN with |y| = R/".
Since vR 2 Xd

" \ �D"
" \ H1

0 (B(0, R/")), we deduce that both {kvRk}R and
{�"(vR)}R are uniformly bounded for " > 0 su�ciently small. Hence also {Q"(vR)}R
is uniformly bounded for " > 0 su�ciently small. Now a Moser iteration scheme
like [9, Theorem 3.2] yields that {vR}R is bounded in L1 uniformly for " > 0 suf-
ficiently small. Taking into account that {Q"(vR)}R is uniformly bounded in L1

and
�

I↵ ⇤ |vR(0, ·)|p
�

|vR(0, y)|p�1  1

2
(V" +m)|vR(0, y)|

when |y| � 2R/", we can perform a comparison argument as in [9, Theorem 5.1]
and derive

|vR(x, y)|  Ce�m(
p

x2+|y|2 �2R
0

) .

We assume, without loss of generality, that {vR}R weakly converges to some v" in
H as R ! +1 that solves

��v" +m2v" = 0 in RN+1
+

with

�@v"
@x

(0, y) = �V"(y)v"(0, y) + (I↵ ⇤ |v"(0, ·)|p) |v"(0, y)|p�2v"(0, y)+

+(2p+ 1)

✓

Z

RN

�"�(v")
2 dy � 1

◆(2p�1)/2

+

�"v"(0, y)

for y 2 RN .
⇤

8. Some perspectives

A major generalization of the pseudorelativistic Hartree equation consists in,
roughly speaking, putting a potential inside the square root. For example we can
replace the operator

p
��+m2 with

p

��+ V (·), where the potential function
V is such that ��+ V is a positive operator.

Quite similarly, we may also replace the standard Laplacian �� with a magnetic
Laplacian (�ir�A)2 for some magnetic potential A : RN ! RN . Needless to say,
it looks rather delicate to develop a good analytic framework for these x-dependent
nonlocal di↵erential operators, because it is unclear if they can be represented by a
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symbol in the theory of pseudodi↵erential operators. In the literature at least three
di↵erent definitions of the fractional operator

p

(�ir�A)2 +m2

were proposed, see [17]. A possible starting point for a PDE analysis of this
magnetic pseudorelativistic operator could be the case of a linear potential A, i.e.
A(x) = Âx for some constant matrix Â.
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