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The Ljusternick-Schnirelmann Theory
applied to a Schrödinger-Poisson system

Gaetano Siciliano1

Abstract. This is a survey paper in which we present some existence and multiplicity

results for solutions of a Schrödinger-Poisson system in a bounded domain with homo-

geneous boundary conditions on both the unknowns. Depending on the values of the

parameters appearing in the system, di↵erent tools in classical Ljusternick-Schinirelmann

Theory are used.

1. Introduction

The classical Ljusternick-Schnirelmann Theory (LS Theory) concerns with the
existence and multiplicity of critical points of functions defined on compact mani-
folds, explored with a topological invariant called the LS category. However after
the “introduction” of the well-known Palais-Smale condition, the LS Theory has
been widely applied to functionals defined in infinite dimensional spaces, or mani-
folds, obtaining beautiful multiplicity results for the existence of solutions to certain
(so called “variational”) equations.

Moreover it has been observed that it deserve some generalizations, indeed an
axiomatic formulation of the LS Theory can be given and other indices appeared
in the mathematical literature. One of these, maybe for its simplicity and for the
wide range of applicability, is the Krasnoselskii genus, used to prove, e.g, the famous
Symmetric Mountain Pass Theorem of Ambrosetti and Rabinowitz.

In this note we review some results concerning the existence of multiple solutions
for a well-studied and interesting, both for a mathematical and physical point of
view, elliptic system by means of the LS Theory. The system under study is

(1.1)

8

>

<

>

:

��u+ u+ ��u = |u|p�2u in ⌦ ,

��� = u2 in ⌦ ,

u = � = 0 on @⌦ ,

where ⌦ is a (smooth and) bounded domain in R3, p 2 (2, 2⇤) and � > 0 is a
suitable parameter whose meaning will be soon explained.
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This equations appear studying the nonlinear Schrödinger equation which de-
scribes quantum (non relativistic) particles where the electromagnetic field gener-
ated by the motion is taken into account, so that the particle system is interacting
with its own electromagnetic field. This interaction can be described mathemati-
cally in the framework of the abelian gauge theories. Without entering in details
here, we refer the reader to [7] were the complete system is derived. In particular
looking for standing waves solutions  = u(x)ei!t, u(x) 2 R,! > 0 in the purely
electrostatic situation (i.e. the magnetic field is identically zero and the electric
field is static, �(x, t) = �(x)), after a suitable “normalization” of the constants we
arrive at system (1.1). The boundary conditions u = � = 0 on @⌦ can be inter-
preted by saying that the particle is constraint to “live” in ⌦. The parameter � > 0
is introduced motivated by some perturbation results (see e.g. [10, 18] in which the
case with ⌦ = R3 and � ! 0+ is considered). However it takes a role also in a
bounded domain as we will see.

Because of its importance in many di↵erent physical framework, the Schrödinger-
Poisson-Slater system (sometimes called Schrödinger-Maxwell system) has been
extensively studied in the past years: besides the results on bounded domains (see
e.g. [7, 16, 17, 20]), there are also many papers on R3 which treat di↵erent aspects
of the SP system, even with an additional external and fixed potential V (x). In
particular ground states, radially and non-radially solutions or semiclassical limit
and concentration of solutions are studied, see e.g. [3, 4, 8, 9, 11, 14, 15, 19, 24]
and the references therein.

In this paper we show as, depending on the values of the exponent p in the local
nonlinearity and the parameter �, the LS Theory combined with di↵erent methods
can be used to show the existence of solutions of (1.1). Indeed we will resume
some results proved in [17, 20, 21] based on the Krasnoselki genus, the Ljusternick-
Schnirelmann category, the monotonicity trick of Jeanjean and Struwe, suitable
mini-max schemes and the “photography” method of Benci and Cerami.

2. Statement of the results

The solutions of (1.1) will be found as critical points of a suitable functional
whose “shape” strongly depend on the values of � and p. For this reason it is
reasonable to expect that the existence and multiplicity of critical points of the
functional (that is, of solutions of the problem) is a↵ected by the values of these
parameters. Observe that the parameter � can be interpreted as the strength of the
interaction with the electric field, while p represents the strength of the nonlinearity.

The main results presented here are the following ones. It has to be noted that
some cases remain open.

Theorem 2.1. Let p 2 (2, 3]. Then for � su�ciently large system (1.1) has no
nontrivial solutions.

This is the unique result concerning nonexistence. The next ones deal with
existence and multiplicity.

Theorem 2.2. Let p 2 (2, 3). Then for � small enough system (1.1) has (at least)
two di↵erent positive nontrivial solutions.

We point out that the case p = 3 is critical, in some sense, for problem (1.1).
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Theorem 2.3. Let p 2 (3, 4]. Then for almost every value of � > 0 there exist
infinitely many (possibly sign changing) solutions of the problem.

Theorem 2.4. Let p 2 (4, 6). Then for every � > 0 problem (1.1) has infinitely
many (possibly sign changing) solutions.

We remark that in [17] a more general case of this theorem is treated.
It is also worth to point out that by means of the Topological Degree, it is possible

to show that for any p 2 (2, 6), the existence of a positive solution is guaranteed
for any � smaller then a certain value. Since the proof does not use variational
arguments, it is not presented here (see [20, Theorem 2.1]).

The next theorem gives a multiplicity result of positive solutions. This result
can be achieved by taking into account that the energy functional associated to the
problem is bounded below on a suitable manifold and the Palais-Smale condition
is satisfied.

Theorem 2.5. There exists a p̄ 2 (4, 2⇤) such that for every p 2 [p̄, 2⇤) and for
every � > 0 problem (1.1) has at least cat⌦̄ (⌦̄) positive solutions. Moreover if ⌦ is
not contractible in itself, the solutions are at least cat⌦̄ (⌦̄) + 1.

It is understood that p̄ does not depend on the strength of the interaction �.

The paper is organized as follow: in the next Section 3 we fix the notations,
recall some useful facts and introduce the functional setting of the problem. Later,
each theorem is proved in a separate section: see Sections 4, 5, 6, 7 and 8.

3. Some notations and preliminaries

Without loss of generality we assume in all the paper 0 2 ⌦. We denote by
| · |Lp(A) the Lp�norm of a function defined on the domain A. If the domain is
specified (usually ⌦) or if there is no confusion, we use the notation | · |p. Moreover
let H1

0 (⌦) be the usual Sobolev space whose (squared) norm is

kuk2 = |ru|22 + |u|22
and dual H�1(⌦). The letter c will be used indiscriminately to denote a suitable
positive constant whose value may change from line to line and we will use o(1) for
a quantity which goes to zero.

As we have already said, we approach problem (1.1) by variational methods.
First of all, for fixed u 2 H1

0 (⌦) let �u 2 H1
0 (⌦) be the unique (and positive)

solution of

��� = u2 in ⌦ , � = 0 on @⌦

(it is easily obtained with the Riesz Theorem) and let us recall that:

• for any ↵,� � 0, t > 0 let ut( · ) := t↵u(t�( · )). Then

�ut( · ) = t2(↵��)�u(t
�( · )) ;

• un * u in H1
0 (⌦) =)

R

⌦ �unu
2
n !

R

⌦ �uu
2;

• |r�u|2  c|ru|22 for some constant c > 0;

•
R

⌦ |r�u|2 =
R

⌦ �uu
2.
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For a proof of these facts see e.g. [19].

It is standard to check that the weak solutions of (1.1) are characterized as the
critical points of the C1 functional

(3.1) I�(u) =
1

2

Z

⌦
(|ru|2 + u2) +

�

4

Z

⌦
�uu

2 � 1

p

Z

⌦
|u|p

defined on the Sobolev space H1
0 (⌦); see e.g. [7].

Remark 1. Observe that the weak solutions found by means of the variational
method are indeed classical solutions, by standard regularity results.

In the functional I� two kinds of nonlinearities appear: the first one is nonlocal,
R

⌦ �uu
2, and concerns the interaction with the electric field. The second nonlin-

earity is
R

⌦ |u|p which is local. Physically speaking this represents the interaction
among many particles and is in competition with the nonlinearity generated by �u,
which actually couples the Schrödinger equation with the Poisson equation.

A fundamental tool to apply variational techniques is the so-called Palais-Smale
condition (PS for brevity). It is said that a functional I on a manifold M satisfies
the PS condition, if every sequence {un} such that

(3.2) {I(un)} is bounded and I 0(un) ! 0 ,

admits a converging subsequence. Sequences which satisfy (3.2) are called Palais-
Smale sequences. This condition will be fundamental in order to prove our theorems.
Indeed in the cases in which it holds the proofs are simpler and stronger results are
obtained, in comparison with Theorem 2.3 where the PS condition is not known to
hold.

4. Proof of Theorem 2.1

This proof is taken from [20]. Take a sequence �n ! +1 and (un,�n) solutions
of (1.1) for � = �n. Then

kunk2 + �n

Z

⌦
�nu

2
n =

Z

⌦
|un|p .

On the other hand, multiplying the second equation in (1.1) by |un| 2 H1
0 (⌦) and

integrating we get
Z

⌦
|un|3 =

Z

⌦
r�nr|un| 

1

2

Z

⌦
|run|2+

1

2

Z

⌦
|r�n|2  1

2
kunk2+

1

2

Z

⌦
|r�n|2 .

We combine both previous expressions:

1

2
kunk2 +

✓

�n � 1

2

◆

Z

⌦
�nu

2
n +

Z

⌦
|un|3 dx 

Z

⌦
|un|p .

In particular, for �n � 1/2, we have

(4.1)
1

2
kunk2 

Z

⌦
|un|p �

Z

⌦
|un|3 .

By (4.1) we conclude, since p  3, that {un} must be bounded as �n ! +1. So
we can assume that un * u. Standard regularity results imply that �n converges
strongly to a limit �, that satisfies ��� = u2. Now we distinguish two cases:

Case a) u 6= 0.
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Clearly, I 0�n
(un)[u] = 0, that is:
Z

⌦
runru+

Z

⌦
unu+ �n

Z

⌦
�nunu =

Z

⌦
|un|p�2unu .

As �n ! +1, we get a contradiction since
Z

⌦
runru+

Z

⌦
unu !

Z

⌦
|ru|2 +

Z

⌦
u2 ,

Z

⌦
�nunu !

Z

⌦
�u2 > 0 ,

Z

⌦
|un|p�2unu !

Z

⌦
|u|p .

Case b) u = 0.

By using the compactness of the embedding H1
0 (⌦) ,! Lp(⌦), we obtain

kunk2  kunk2 + �n

Z

⌦
�nu

2
n =

Z

⌦
|un|p ! 0 .

Therefore, un ! 0 strongly. Then

0 = kunk2 + �n

Z

⌦
�nu

2
n �

Z

⌦
|un|p � kunk2 �

Z

⌦
|un|p .

We now use Sobolev embedding to conclude: 0 � kunk2� ckunkp. Since kunk ! 0,
this readily implies that kunk = 0 for all n � n0. This finishes the proof.

5. Proof of Theorem 2.2

We present first a useful lemma.

Lemma 5.1. Assume p 2 (2, 3) and � > 0. Then the functional I� given in (3.1)
satisfies the following properties:

(1) I� is weakly lower semi-continuous and coercive.
(2) I� satisfies the Palais-Smale condition.

Proof. Take un * u; the compactness of the Sobolev embedding show that
Z

⌦
|un|p !

Z

⌦
|u|p ,

Z

⌦
�unu

2
n !

Z

⌦
�uu

2 .

Then, it follows that I� is w.l.s.c.

Let us now show that I� is coercive. By multiplying the second equation of (1.1)
by |u| we get: p

�

2

Z

⌦
|u|3  1

4

Z

⌦
|ru|2 + �

4

Z

⌦
|r�|2 ,

and hence

I�(u) �
1

4
kunk2 +

Z

⌦

 p
�

2
|u|3 � 1

p
|u|p

!

� 1

4
kuk2 � c .

To prove (2), take a Palais-Smale sequence {un} ⇢ H1
0 (⌦), hence

I�(un) is bounded and I 0�(un) ! 0 .

Let us write �n = �un . We show that {un} admits a converging subsequence. First,
since {I�(un)} is bounded, this implies that {un} is also bounded (by coercivity).
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Hence, up to subsequence, un * u; by the compactness of the Sobolev embedding,
we have that un ! u strongly in Lq for any q 2 (2, 6). We evaluate:

I 0�(un)[un � u] =

Z

⌦
runr(un � u) +

Z

⌦
un(un � u)+

+�

Z

⌦
�nun(un � u)�

Z

⌦
|un|p�2un(un � u) .

By using Holder inequality, we have:
Z

⌦
�nun(un � u)  |�n|3|un|3|un � u|3

and the above expression tends to zero as n ! +1. Moreover,
Z

⌦
|un|p�2un(un � u) ! 0 .

Then we conclude that un ! u strongly in H1
0 (⌦).

⇤
Now we can give the proof of Theorem 2.2
By Lemma 5.1, I� is bounded from below and attains its minimum. Moreover,

since I0 is unbounded from below, we can choose � small such that min I� < 0;
then, the minimizer is di↵erent from zero and corresponds to a nontrivial solution of
(1.1). Observe also that 0 is a local minimum of the functional I�, and I� satisfies
the PS condition. Then the Mountain Pass Theorem applies and I� admits another
critical point at a positive level.

In order to obtain the positivity of the solutions, it su�ces to observe that we
can apply the previous procedure to the functional

I+� (u) =
1

2
kuk2 + �

4

Z

⌦
�uu

2 � 1

p

Z

⌦
(u+)p .

In this way we obtain two di↵erent nontrivial critical points of I+� . Thanks to the
maximum principle, those solutions are positive and hence they solve (1.1).

6. Proof of Theorem 2.3

The main di�culty here is that we do not know whether the PS condition holds
or not. Hence, we cannot simply apply classical variational arguments and we will
use an argument which dates back to Struwe [22] (see also Jeanjean [13]). Basically,
we introduce a parameter µ in our problem and solve it for almost all values of this
parameter.

Consider a positive real parameter µ and define the functional:

(6.1) I�,µ(u) =
1

2
kuk2 + �

4

Z

⌦
�u2 � µ

p

Z

⌦
|u|p .

It is not di�cult to show that for every �, µ > 0 the functional I�,µ is unbounded
from below (see [20, Proposition 3.1]). We argue as follows. Let us fix k 2 N,
Jk = [1/k, k], take µ 2 Jk a real parameter, and I�,µ as given in (6.1). Take B ⇢ ⌦
a ball centered at zero (recall we are supposing that 0 2 ⌦). Take E1 ⇢ E2 ⇢ · · · ⇢
H1

0 (B) a nested sequence of subspaces, dim Ej = j, and consider H1
0 (B) ⇢ H1

0 (⌦)
via the trivial extension. Define Bj the unit ball in Ej , and Sj its boundary. Unless
otherwise stated, in what follows we consider j fixed and � = 1.
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For any u 2 Sj and t � 1, we take ut(x) = t2u(tx). Define T > 1 such that

(6.2) I1,1/k(ut) < 0 8 t � T, 8 u 2 Sj .

The choice of such T is always possible, see [20, proof of Proposition 3.1]. Define
h : Bj ! H1

0 (⌦), h(u) = us(kuk), where:

s(r) =

(

1 if r  1/T ,

Tr if r 2 (1/T, 1] .

We now define the min-max scheme by following [2, Theorem 2.11]. Let

�̃j = {g 2 C(Bj , H
1
0 (⌦)) : g is odd, injective and I1,1/k(g(Sj)) ⇢ (�1, 0]} .

Clearly, �̃j is not empty since h belongs to it. We now define the values:

b̃j,µ = inf
g2�̃j

max
u2Bj

I1,µ(g(u)) , µ 2 Jk .

Observe that b̃j,µ � � > 0 since g(Bj) always intersects a small sphere around zero,
and 0 is a local minimum of I1,µ.

By comparing our situation with that [2, Theorem 2.11], we see that condition
(I5) here does not hold, but such condition is used in [2] only to show that �̃j is
not empty. Moreover, condition (I3) (the Palais-Smale condition) is not known in
our case: we will overcome this di�culty again by using the monotonicity trick of
Struwe. Specifically, we are under the conditions of [3, Proposition 2.3 ]. Therefore,
there exists Ak,j ⇢ Jk such that:

(1) The set Jk \Ak,j has Lebesgue measure equal to zero.
(2) For any µ 2 Ak,j , there exists a bounded sequence {un} such that:

I1,µ(un) ! b̃j,µ , I 01,µ(un) ! 0 .

Now it is possible to pass to the limit of in n and find a critical point at level b̃j,µ
for any µ 2 Ak,j .

We now claim that b̃j,µ ! +1 as j ! +1. Indeed, I0,k  I1,µ, and if we define:

�̂j = {g 2 C(Bj , H
1
0 (⌦)) : g is odd, injective and I0,k(g(Sj)) ⇢ (�1, 0]} ,

we have that �̃j ⇢ �̂j . Therefore,

b̂j = inf
g2�̂j

max
u2Bj

I0,k(g(u))  b̃j,µ .

Since b̂j ! +1 (see [2], in particular Remark 3.19), we conclude the claim.
Therefore, for any µ 2 Ak = \1

j=1Ak,j , there exist infinitely many di↵erent
critical points for I1,µ. If we now take A = [1

k=2Ak, we have that (0,1) \ A has
zero Lebesgue measure. Finally, given any µ 2 A and any critical point u of I1,µ,
the function v = µ1/(p�2)u solves

8

>

<

>

:

��v + v + µ2/(2�p)�v = |v|p�2v in ⌦ ,

��� = v2 in ⌦ ,

v = � = 0 on @⌦ .

This concludes the proof.
⇤
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Remark 2. Observe that the method used in the proof works in the whole range
p 2 (3, 6); however for p 2 (4, 6) we have a better result with a simpler proof (see
the next Section).

7. Proof of Theorem 2.4

To prove our Theorem the Symmetric Mountain Pass Theorem is used, which is
strongly based on the notion of genus. Notice that the value of � > 0 is insignificant
in this case. Moreover we can take advantage now (p 2 (4, 6)) of the PS condition.

Lemma 7.1. The functional I� satisfies the Palais-Smale condition.

The proof of this fact is omitted, since a little bit technical. The interested
reader can see [17, Theorem 2], where a more general case is treated.

Now we are going to study the geometrical properties of I�. Of course I� is even
and I�(0) = 0. Furthermore we have

I�(u) 
1

2
kuk2 + ckuk4 � 1

p
kukpp

hence I�(u) ! �1, as kuk ! 1, on every finite dimensional subspace of H1
0 (⌦).

It is also easy to see that the functional has a strict local minimum in 0 and then
by the well known Symmetric Mountain Pass Theorem we deduce the existence of
infinitely many solutions.

8. Proof of Theorem 2.5

Also in this case the role of � > 0 is insignificant, so we will assume for simplicity
� = 1. On the other hand it is important to write explicitly the dependence on p:
so we will write Ip for our functional (3.1) (with � = 1).

The proof of Theorem 2.5 uses the LS category and is quite involved and tech-
nical. We give here the main ideas of the proof, which is, in turn based on some
ideas and the barycenter method of [5]. All the details of the proofs can be found
in [21].

First of all, since the functional is unbounded from above and from below on
H1

0 (⌦) to use the LS Theory we restrict the functional to a suitable manifold.
We use Br(y) for the closed ball of radius r > 0 centered in y. If y = 0 we simply

write Br.

8.1. The Nehari manifold. We recall here some known facts about the Nehari
manifold that will be used throughout the paper.

The Nehari manifold associated to (3.1) is defined by

Np =
�

u 2 H1
0 (⌦) \ {0} : Gp(u) = 0

 

where

Gp(u) := I 0p(u)[u] = kuk2 +
Z

⌦
�uu

2 � |u|pp .

On Np the functional (3.1) has the form

(8.1) Ip(u) =
p� 2

2p
kuk2 + p� 4

4p

Z

⌦
�uu

2 .

Sometimes we will refer to (8.1) as the constraint functional, also denoted with
Ip|Np .
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In the next Lemma we recall the basic properties of the Nehari manifold.

Lemma 8.1. We have

1. Np is a C1 manifold,
2. there exists c > 0 such that for every u 2 Np : c  kuk,
3. for every u 6= 0 there exists a unique t > 0 such that tu 2 Np,
4. the following equalities are true

mp = inf
u 6=0

max
t>0

Ip(tu) = inf
g2�p

max
t2[0,1]

Ip(g(t))

where

�p =
�

g 2 C([0, 1];H1
0 (⌦)) : g(0) = 0, Ip(g(1))  0, g(1) 6= 0

 

.

Then recalling that p > 4, we have

mp := inf
u2Np

Ip(u) > 0 .

Moreover the manifold Np is a natural constraint for Ip (given by (3.1)) in the sense
that any u 2 Np critical point of Ip|Np is also a critical point for the free functional
Ip (for a proof of these facts, see e.g. Section 6.4 in [1]). Hence the (constraint)
critical points we find are solutions of our problem since no Lagrange multipliers
appear.

It is also clear that the Nehari manifold well-behaves with respect to the PS
sequences:

Lemma 8.2. Let {un} ⇢ Np be a PS sequence for Ip|Np . Then it is a PS sequence

for the free functional Ip on H1
0 (⌦).

As we have seen (Lemma (7.1)) for p 2 (4, 2⇤) the free functional Ip given by
(3.1) satisfies the PS condition on H1

0 (⌦) (see e.g. [17]). The fact that the PS
condition follows also for the functional restricted to Np is standard.

In the following we will deal always with the restricted functional on the Nehari
manifold; this will be denoted simply with Ip.

As a consequence of the PS condition we deduce that

8 p 2 (4, 2⇤) : mp = min
Np

Ip = Ip(up) ,

i.e. mp is achieved on a function, hereafter denoted with up, in Np. Since up

minimizes the energy Ip, it will be called a ground state.
Observe that the sequence of minimizers {up}p2(4,2⇤) is bounded away from zero;

indeed, since up 2 Np,

(8.2) kupk2  |up|pp  Ckupkp

where C is a positive constant which can be made independent of p. Hence

9 c > 0 such that 8 p 2 (4, 2⇤) : 0 < c  kupk .

Remark 3. Turning back to (8.2), we have that {|up|p}p2(4,2⇤) is bounded away
from zero. Moreover, denoting with |⌦| the Lebesgue measure of ⌦, by the Hölder
inequality,

|up|p  |⌦|(2⇤�p)/2⇤p|up|2⇤
and so also {|up|2⇤}p2(4,2⇤) is bounded away from zero.
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Clearly, all we have stated until now is true also in the case � = 0. Moreover
also the case p = 2⇤ is covered for those results which do not require compactness
(in particular Lemma 8.1 and 8.2).

8.2. The limit cases. We consider in this subsection two limit cases related to
(1.1); the aim is to evaluate the limit of the sequence {mp}p2(4,2⇤) when p ! 2⇤.

The first case is the critical problem. Let us introduce the functional

I⇤(u) =
1

2
kuk2 � 1

2⇤
|u|2⇤2⇤

whose critical points are the solutions of

(8.3)

(

��u+ u = |u|2⇤�2u in ⌦

u = 0 on @⌦ .

It is known that the lack of compactness of the embedding of H1
0 (⌦) in L2⇤(⌦)

implies that I⇤ does not satisfies the PS condition at every level. This is due to the
invariance with respect to the conformal scaling

u( · ) 7�! uR( · ) := R1/2u(R( · )) (R > 1)

which leaves invariant the L2�norm of the gradient an the L2⇤�norm, i.e. |ruR|22 =
|ru|22 and |uR|2

⇤

2⇤ = |u|2⇤2⇤ . As a consequence, if

N⇤ = {u 2 H1
0 (⌦) : G⇤(u) = 0} , G⇤(u) = kuk2 � |u|2⇤2⇤

is the Nehari manifold associated, it can be proved that m⇤ := infN⇤ I⇤ is not
achieved and m⇤ = (1/3)S3/2, where S = infu2H1

0

(⌦),u 6=0 kuk2/|u|22⇤ is the best
Sobolev constant.

The value m⇤ turns out to be an upper bound for the sequence of ground states
levels {mp}p2(4,2⇤). The proof of the next lemma is technical, and will be omitted.
However it uses the identities

|uR|pp = R(p�2⇤)/2|u|pp and

Z

⌦
�uRu

2
R = R�3

Z

⌦
�uu

2 .

Lemma 8.3. We have lim supp!2⇤ mp  m⇤.

Note that by (8.1), the boundedness of {mp}p2(4,2⇤) implies the boundedness of
the ground state solutions, namely

(8.4) 9 c > 0 such that 8 p 2 (4, 2⇤) : kupk  c .

We need now another lemma.

Lemma 8.4. Let p 2 (4, 2⇤) and tp > 0 the unique value such that tpup 2 N⇤.
Then {tp} is bounded away from zero and lim supp!2⇤ tp  1.

Remark 4. Again note that Proposition 8.3, (8.4) and Lemma 8.4 hold also for
problem (1.1) with � = 0.

The other limit case we consider is that related to problem

(8.5)

(

��u+ u = |u|p�2u in ⌦ ,

u = 0 on @⌦ .

For any p 2 (4, 2⇤) let Ĩp(u) = (1/2)kuk2 � (1/p)|u|pp be the functional on H1
0 (⌦)

whose critical points solve (8.5).
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As usual, we can define Ñp = {u 2 H1
0 (⌦) \ {0} : kuk2 = |u|pp} on which the

functional is Ĩp(u) = [(p� 2)/2p]kuk2 and we denote with

m̃p := min
Ñp

Ĩp = Ĩp(ũp) .

By Remark 4 we have

(8.6) {kũpk}p2(4,2⇤) is bounded .

Moreover, if tp > 0 is such that tpup 2 Ñp, by (8.2) we get tp�2
p = kupk2/|up|pp  1

and so

m̃p  Ĩp(tpup) =
p� 2

2p
t2pkupk2  p� 2

2p
kupk2 < Ip(up) .

This means

(8.7) m̃p < mp .

Now we are ready to compute the limit of mp when p tends to 2⇤.

Proposition 8.5. For any bounded domain we have

lim
p!2⇤

mp = m⇤ .

Proof. By (8.7) and Lemma 8.3 it is su�cient to prove that

m⇤  lim inf
p!2⇤

m̃p .

Let tp > 0 the unique value such that tpũp 2 N⇤. Applying Lemma 8.4 (with � = 0)
we know lim supp!2⇤ tp  1. Finally, using (8.6) we derive

m⇤  I⇤(tpũp) =

✓

1

2
� 1

2⇤

◆

t2pkũpk2 =

= Ĩp(ũp)t
2
p +

✓

1

p
� 1

2⇤

◆

kũpk2t2p =

= m̃p t2p + o(1)

where o(1) ! 0 for p ! 2⇤. Hence the conclusion follows.
⇤

8.3. The barycenter map. In this subsection we introduce the barycenter map
that will allow us to compare the topology of ⌦ with the topology of suitable
sublevels of Ip; precisely sublevels with energy near the minimum level mp.

Before to proceed, some other notations are in order. For u 2 H1(R3) with
compact support, let us denote with the same symbol u its trivial extension out of
supp u. The barycenter of u (see [5]) is defined as

�(u) =

Z

R3

x|ru|2
Z

R3

|ru|2
2 R3 .

From now on, we fix r > 0 a radius su�ciently small such that Br ⇢ ⌦ and the sets

⌦+
r = {x 2 R3 : d(x,⌦)  r}

⌦�
r = {x 2 ⌦ : d(x, @⌦) � r}
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are homotopically equivalent to ⌦. In particular we denote by

(8.8) h : ⌦+
r ! ⌦�

r

the homotopic equivalence map such that h|⌦�
r
is the identity.

Let us introduce the space D1,2(R3) =
�

u 2 L2⇤(R3) : ru 2 L2
 

which can also
be characterized as the closure of C1

0 (R3) with respect to the (squared) norm

kuk2D1,2(R3) =

Z

R3

|ru|2 .

A function in H1
0 (⌦) can be thought as an element of D1,2(R3).

It will be useful the following “global compactness” result (see [23, Theorem
3.1]).

Theorem 8.6. Let {vn} be a PS sequence for I⇤ in H1
0 (⌦). Then there exist

a number k 2 N0, sequences of points {xj
n} ⇢ ⌦ and sequences of radii {Rj

n}
(1  j  k) with Rj

n ! +1 for n ! +1, there exist a positive solution v 2 H1
0 (⌦)

of (8.3) and non trivial solutions vj 2 D1,2(R3) (1  j  k) of

(8.9) ��u = |u|2⇤�2 in R3 ,

such that, a (relabeled) subsequence {vn} satisfies

vn � v �
k
X

j=1

vjRn
( · � xj

n) ! 0 in D1,2(R3)

I⇤(vn) ! I⇤(v) +
k
X

j=1

Î(vj)

where Î : H1
0 (R3) ! R is given by

Î(u) =
1

2

Z

R3

|ru|2 � 1

2⇤

Z

R3

|u|2⇤ .

Basically the theorem states that if the PS condition fails, it is due to the solu-
tions of (8.9). For what concerns Î, it is known that it achieves its minimum on
functions of type

(8.10) UR(x� a) =
(3R2)1/4

(R2 + |x� a|2)1/2 R > 0, a 2 R3

and the minimum value is exactly Î(UR( ·�a)) = (1/3)
R

R3

|rU |2 = m⇤, namely the

infimum of I⇤. On the other hand, the value of Î on solutions of (8.9) which do not
belong to the family (8.10) is greater than 2m⇤. As a consequence, if the sequence
{vn} of Theorem 8.6 is a PS sequence for I⇤ at level m⇤, we deduce I⇤(v) = 0, k = 1
and v1 = U . Furthermore, since v is a solution of (8.3) and I⇤ is positive on the
solutions, necessarily v = 0 and so Theorem 8.6 gives

vn � URn( · � xn) ! 0 in D1,2(R3) .

Now we have the fundamental

Proposition 8.7. There exists " > 0 such that if p 2 (2⇤ � "2⇤), it follows

u 2 Np and Ip(u) < mp + " =) �(u) 2 ⌦+
r .
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Proof. The proof is by contradiction. Assume that there exist sequences "n ! 0,
pn ! 2⇤ and un 2 Npn such that

(8.11) Ipn(un)  mpn + "n and �(un) /2 ⌦+
r .

Then, by Proposition 8.5

(8.12) Ipn(un) ! m⇤

and {un} is bounded in H1
0 (⌦). Let tn > 0 such that tnun 2 N⇤. By Lemma 8.4

we may assume (up to subsequence) that tn ! t0 2 (0, 1] and we evaluate

Ipn(un)� I⇤(tnun) =

✓

1

2
� 1

pn

◆

kunk2 + �
pn � 4

4pn

Z

⌦
�unu

2
n dx�

�
✓

1

2
� 1

2⇤

◆

t2nkunk2 �

�
✓

1

2
� 1

pn

◆

kunk2 �
✓

1

2
� 1

2⇤

◆

t2nkunk2 =

=

✓

1

2
� 1

pn

◆

kunk2
�

1� t2n
�

�
✓

1

pn
� 1

2⇤

◆

t2nkunk2 =

= o(1)

which gives

m⇤  I⇤(tnun)  Ipn(un) + o(1) .

By (8.12), I⇤(tnun) ! m⇤ for n ! +1. The Ekeland’s variational principle implies
that there exist {vn} ⇢ N⇤ and {µn} ⇢ R such that

ktnun � vnk ! 0

I⇤(vn) =
1

3
kvnk2 ! m⇤

I 0⇤(vn)� µnG0
⇤(vn) ! 0

and Lemma 8.2 (in the case � = 0) ensures that {vn} is a PS sequence for the free
functional I⇤ at level m⇤. By the arguments after Theorem 8.6,

vn � URn( · � xn) ! 0 in D1,2(R3)

where {xn} ⇢ ⌦, Rn ! +1 and we can write

vn = URn( · � xn) + wn

with a remainder wn such that kwnkD1,2(R3) ! 0. It is clear that tnun = vn +
tnun � vn; so, renaming the remainder again wn, we have

tnun = URn( · � xn) + wn .
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Now writing x 2 R3 as x = (x1, x2, x3), the i�th coordinate of the barycenter of
un satisfies

�(un)iktnunk2D1,2(R3) =

Z

R3

xi|rURn(x� xn)|2 dx+

+

Z

R3

xi|rwn(x)|2 dx+ 2

Z

R3

xirURn(x� xn)rwn(x) dx .

The aim is to localize the sequence of barycenters, so we pass to the limit in the
above expression evaluating ktnunk2D1,2(R3) and the right hand side. After straight-

forward computations (see [21, Proposition 4.2]) we find

(8.13) �(un)
i =

xi
n

Z

R3

|rU(y)|2 dy + o(1)

kUk2D1,2(R3) + o(1)
.

Since {xn} ⇢ ⌦, (8.13) implies that definitively �(un) 2 ⌦̄ which is in contrast with
(8.11) and proves the proposition.

⇤

8.4. Concluding the proof. Here we complete the proof of our theorem but first
we need a slight modification to the previous notations. We add a subscript r (r > 0
and small as before) to denote the same quantities defined in the previous sections
when the domain ⌦ is replaced by Br; namely integrals are taken on Br and norms
are taken for functional spaces defined on Br. Hence

Np,r =

⇢

u 2 H1
0 (Br) : kuk2H1

0

(Br)
+

Z

Br

�uu
2 = |u|pLp(Br)

�

and, for u 2 Np,r

Ip,r(u) =
p� 2

2p
kuk2H1

0

(Br)
+

p� 4

4p

Z

Br

�uu
2 ,

mp,r = min
Np,r

Ip,r = Ip,r(up,r) .

Moreover let

Imp,r
p = {u 2 Np : Ip(u)  mp,r}

which is non empty since mp < mp,r.
Define also, for p 2 (4, 2⇤) the map  p,r : ⌦�

r ! Np such that

 p,r(y)(x) =

(

up,r(|x� y|) if x 2 Br(y)

0 if x 2 ⌦ \Br(y)

and note that we have

�( p,r(y)) 2 Br(y) and  r,p(y) 2 Imp,r
p .

Moreover, since mp + kp = mp,r where kp > 0 and tends to zero if p ! 2⇤ (see
Proposition 8.5), in correspondence of " > 0 provided by Proposition 8.7, there
exists a p̄ 2 [4, 2⇤) such that for every p 2 [p̄, 2⇤) it results kp < "; so if u 2 I

mp,r
p

we have

Ip(u)  mp,r < mp + " ,
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at least for p near 2⇤. Hence the following maps are well-defined:

⌦�
r
 p,r�! Imp,r

p
h���! ⌦�

r

where h is given by (8.8). Since the composite map h �� � p,r is homotopic to the
identity of ⌦�

r ,

catImp,r
p

(Imp,r
p ) � cat⌦�

r
(⌦�

r )

(see e.g. [12]) and our choice of r gives cat⌦�
r
(⌦�

r ) = cat⌦̄(⌦̄). In conclusion, we

have found a sublevel of Ip on Np with category greater than cat⌦̄(⌦̄). Since, as
we have already said, the PS condition is verified on Np, applying the Ljusternik-
Schnirelmann Theory we get the existence of at least cat⌦̄(⌦̄) critical points for Ip
on the manifold Np which give rise to solutions of (1.1).

Whenever cat⌦̄⌦̄ > 1 the existence of another solution is obtained with the same
arguments of [6]. Since by hypothesis ⌦ is not contractible in itself, by the choice
of r it results cat⌦+

r
(⌦�

r ) > 1, namely ⌦�
r is not contractible in ⌦+

r . This redly

implies that  p,r(⌦�
r ) can not be contractible in I

mp,r
p , but on the other hand is

contractible in a bigger sublevel I
Mp
p for a suitable Mp > mp,r; see [21] for all the

details. Since the PS condition is satisfied, this implies the existence of another
critical point with critical level between mp,r and Mp.

It remains to prove that these solutions are positive. Note that we can apply all
the previous machinery replacing the functional (3.1) with

I+p (u) =
1

2

Z

⌦
(|ru|2 + u2) +

1

4

Z

⌦
�uu

2 � 1

p

Z

⌦
(u+)p

obtaining again at least cat⌦̄(⌦̄) (or cat⌦̄(⌦̄) + 1) nontrivial solutions. Finally the
maximum principle ensures that these solutions are positive, hence they solve (1.1).
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