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Liouville theorems for critical points of the p-Ginzburg-Landau type
functional

Bofeng CHEN', Tian CHONG2, Yuxin DoNG® and Wei ZHANG?

Abstract. In this paper, we consider the smooth map from a Riemannian manifold to
the standard Euclidean space and the p-Ginzburg-Landau energy (p > 1). Under suitable
curvature conditions on the domain manifold, some Liouville type theorems are established
by assuming either growth conditions of the p-Ginzburg-Landau energy or an asymptotic
condition at the infinity for the maps. In the end of paper, we obtain the unique constant
solution of the constant Dirichlet boundary value problems on starlike domains.

1. INTRODUCTION

One of the important problems for harmonic maps or generalized harmonic maps
is to study their Liouville type results. (cf. [9, 10, 20, 13]). It is well known that
the stress-energy tensor is a useful tool to investigate the energy behavior and
some vanishing results of related energy functional. Most Liouville results have
been established by assuming either the finiteness of the energy of the map or
the smallness of the whole image of the domain manifold under the map. In [13],
Z.R. Jin has shown several interesting Liouville theorems for harmonic maps from
complete manifolds with assumptions on the asymptotic behavior of the maps at
infinity.

Let Q C R? be a smooth bounded simply connected domain. Consider the
following functional defined for maps u € H(Q, C):
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Ginzburg-Landau introduced this Functional in the study of phase transition prob-
lems and it plays an important role ever since, especially in superconductivity, su-
perfluidity and XY-magnetism (see details for [15, 17, 21]). A lot of papers devote
to the asymptotic behavior of minimizers u, of E(u, ) in H as ¢ — 0. It was shown
in those cases that u. converges strongly to a harmonic map ug on any compact
subset away from the zeros. Readers can refer to [2, 3, 4, 22] for the progress in this
field. In the past decades, p-Ginzburg-Landau functionals have been introduced.
In [11, 16], the authors investigated the convergence of a p-Ginzburg-Landau type
functional when the parameter goes to zero.

In this paper, we consider a smooth map w : (M™, g) — (R", h) from a Riemann-
ian manifold to the standard Euclidean space and the following p-Ginzburg-Landau
energy

dulP 1
ELaw = [ P2,

where p > 1 and € is any small positive number. To generalize the Liouville type
results for harmonic maps to the critical points of p-Ginzburg-Landau energy func-
tional, we introduce the stress energy tensor Sﬁ 5 associated with the p-Ginzburg-
Landau functional E%; (u). It is easy to show that any critical point of the p-
Ginzburg-Landau functional satisfies the conservation law, that is, div Sgﬁ = 0.
Using a basic integral formula linked naturally to the conservation law enables us
to establish some monotonicity formulae for these critical points of the p-Ginzburg-
Landau energy functional. Consequently, several Liouville type results can be de-
duced from these monotonicity formulae under suitable growth conditions on the
energy. We also build a Liouville type result under the condition of slowly divergent
energy.

Next we want to generalize Jin’s results in [13] to the critical point of the p-
Ginzburg-Landau energy functional. The methods we use for proving the result is
very similar to Jin’s. Firstly, we may use the stress-energy tensor to establish the
monotonicity formula which gives a lower bound for the growth rates of the energy.
Secondly, we use the asymptotic assumption of the map at infinity to obtain the
upper energy growth rates. Under suitable conditions on u and the Hessian of the
distance functions of the domain manifolds, one may show that these two growth
rates are contradictory unless the critical point is constant. In this way, we establish
some Liouville theorems for the critical points of the p-Ginzburg-Landau energy
functional with the asymptotic property at infinity from some complete manifolds.

In addition to establishing Liouville type results, the monotonicity formulae may
be used to investigate the constant Dirichlet boundary value problem as well. We
obtain the unique constant solution of the constant Dirichlet boundary value prob-
lem on starlike domains for the critical point of p-Ginzburg-Landau energy func-
tional.

2. p—GINZBURG—LANDAU ENERGY FUNCTIONAL AND STRESS-ENERGY TENSOR

Let u: (M™,g) — (R™, h) be a smooth map from a Riemannian manifold to the
standard Euclidean space. We consider the following p-Ginzburg-Landau energy

|du|P 1

Byo) = [ S (= P,
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where p > 1 and € is any small positive number. Let {u;}(|t| < k) with ug = v and

i
ot
Lemma 2.1. The first variation formula for p-Ginzburg-Landau energy functional

1
| Frutu == [ @ilaul =) + 50 Py, ) oy
t=0 M €

Proof. Let {e;}I, be a local orthonormal frame of 7M. Since the target mani-
fold is Standard Euclidean space, we can perform the following calculations

d P _ 0 |du|P 9 1 .-
o) = [ gl [ (et = e

= /]\/] |du|P*2 ;(V%dut(el) s dut(ei)>‘t Od’Ug

be a one parameter variation, we have the following lemma.
t=0

1

0
L 1— lwl? 7‘ 24
2en M( Je )8t t:O‘Ut‘ Vg

BES 0
_ /M |duf?~2 ;(Veidut(a), dus(e)| _ dv,
1 2
——/ (1 —|ul*)v-udy,
en M

Ui 1
= dulP~2 Ve, v, du(e;)) dv ——/ 1—|u?)v-udv
[ a3 dute) v, = - [ (1=l

i=1

1
= —/ (div(|dulP~2du) , v) dv, — —n/ (1 — |u|?)v - udv,
M € JMm

1
= —/ (div(|du|P~2du) + — (1~ lul?)u,v) do, .
M €
]

Definition 2.1. w is called a critical point of p-Ginzburg-Landau energy functional
if
1

1—|uP)u=0.

o

div(|du|P~2du) +

1
When p = 2, above equation is reduced to Au + —(1 — lu|?)u = 0.
€
In [BE], Baird-Eells introduced the stress-energy tensor associated with the usual
energy and proved that harmonic maps satisfy the conservation law. We can also

define the stress-energy tensor Sﬁ 1L7 associated with the p-Ginzburg-Landau energy

functional Eg 1 (u) and prove that the critical points satisfy the conservation law,
ie. divSSL = 0.

Definition 2.2. Let u: (M™,g) — (R™, h) be a smooth map from a Riemannian
manifold to the standard Euclidean space. The stress-energy tensor of u is the
symmetric 2-tensor on M given by

GL _ [|du|p 1
u,p

+ @(1 — |u|2)2}g — \du|p_2u*h .
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1
. GL _ . —2 2
Theorem 2.1. div S,/ (X) = —(div(|dulP™*du) + o (1 —|ul*)u, du(X)), for any
X e I(TM).

Proof. For any 2-tensor field W € I'(T*M ® T* M), the divergence of W is
defined by
(2.1) (div W)(X) = Emj(VQf W)(ei, X)
i=1
where {e;}, is an local orthonormal basis of M. Then we have
div S§L(X) = i [Ve, S5k (es, X)| — SEh(ei, Ve, X)
i=1

_ f:e, { ['CW @(1 - |u|2)2} (er, X>}
S e {ldu 2 du(er) . du(X))}

i=1

m

_ [““;'p + i(1 - |u|2)2] > (e, Ve, X)

4en <
=1

+|dulP~2 Z(du(ei) , du(Ve, X))

|du| - p— 2
= i i X
[ ’ +4En ;e (JdulP=2)(du(e;) , du(X))
—Z|du|p AVe,dule;), du(X)) = " |dulP~*(du(e;) , Ve, du(X))
i=1 =1

HlduP72 Y (dule;) , du(Ve, X))

=1

—(div(|dulP2du) + 6%(1 ~ uP)u, du(X)) .

Definition 2.3. We say that u satisfies the conservation law if div Sg’:f) =0.

Corollary 2.1. Ifu: (M™,g) — (R™,h) is a critical point of p-Ginzburg-Landau
enerqgy functional, then u satisfies the conservation law, i.e., div SGL =0.

For any vector field X € T'(T'M), let 0x denote the dual one form of X, that is,
(2.2) 0x(Y)=9(X,Y) , VY eI(TM).
The covariant derivative of fx is given by
(VMOx)(Y, Z2) = (V¥ 0x)(Z) = (V¥ X, Z) ,

for any X,Y,Z € T(TM). If X = VM) is the gradient of some smooth function 1)
on M, then Ox = dyp and VMOx = Hess,(v)).
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Let W € I(T*M ® T*M) be any symmetric 2-tensor. By a direct computation,
we have

div(ixW) = (divW)(X) + (W, VM0x)
1
= (diwW)(X) + (W, Lxg) ,
where ixW € A'(M) denotes the interior product by any X € I'(TM).

In terms of the Stoke’s formula we get

Lemma 2.2. Let D be any bounded domain of M with C' boundary. Denote
by v the unit outward normal vector field along 0D. For any symmetric 2-tensor
W eTl(T*M @ T*M) and any vector field X € T'(TM), we have

/ (ixW)(v) ds, — / (W, VMox) + (div W)(X) dv,
oD D
and
| 1 .
/ (ixW)(v) ds, — / S W Lxg) + (divW)(X) o, .
oD D

Applying Lemma 2.2 to Sfﬁ

mulae:

, we immediately obtain the following integral for-

/8 . ST (X, v)dsg = /D (SGL VOx) + (div ST (X) dvg
and
1 .
/6 SSHX)ds, = /D S(SCE . Licg) + (div STE)(X) v

If w is a critical point of p-Ginzburg-Landau energy functional, by Corollary 2.1 we
obtain

/ SSL(X,v)dsg = / (SGL . Vox) dv,
oD D

1
(2.3) — [ 5655, Lxg)dv,

For applications of the stress-energy tensor, the readers may refer to [5, 6, 7,
23]. In next section, we will use the similar method to establish the monotonicity
formulae.

3. MONOTONICITY FORMULAE AND LIOUVILLE TYPE RESULTS UNDER GROWTH
CONDITIONS.

From now on, we always assume that (M™, g) is a complete Riemannian manifold
with a pole zg. A pole o € M is a point such that the exponential map from
the tangent space to M at xzg into M is a diffeomorphism. We will establish
monotonicity formulae on these mainfolds.

Denote by r(x) the distance function relative to the pole xg. For any « € M, let
Ai(z) < Xo(x) < -+ < A () be the eigenvalues of Hessy(r?) at z.

Theorem 3.1. Assume that w : (M™,g9) — (R™,h) is the critical point of p-
Ginzburg-Landau energy functional. If there exists a constant o > 0 such that

1™
(Pl) i(izzl/\ifp)\m) >0,
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then

du|P 1 dulP 1
[ Do, [ L o,
B, (zo) P 4e < By, (z0) p 4e

= I

Py I
for any 0 < p1 < ps.

1
Proof. Set D = Br(zg) = {z € M|r(z) < R} andX—§V 2:7'—5. Since u is
r

a critical point, use (2.3) we have

(3.1) / SUG;,%(X, v)ds, :/ (SSII)‘, Lxg)dv, ,
dBr(z0) Br(zo) 2

0
where v = o is the unit outward normal vector field of Bg(zo).
T

Let {e;}*, be an orthonormal frame of (M, g). Moreover, we can assume that

Hessy(r?) becomes a diagonal matrix with respect to {e;}7;.

(Sep s %LX9> <S§p , Hessy(r?))
- % (% * ﬁ(l - W)Q) (9, Hessy(r?)) — %Idulp”(u*h, Hessy(r?)
= % <@ + ﬁ(l - |u\2)2> .il glei,ej) - Hessy(r?)(ei, e5)
=
—%\CZUIP‘2 i w*h(e;,e;) - Hessy(r?)(ei e;)
ij=1

\%

1/ |dul? 2=y L

3 ( » + — i —( [u)®) Eﬁ i 2|clu| A

1 (|dul? 1 |du|P o9

_ L R g 1 _ m
2< p +4€ ) A ( P 46"( [ul")” ) pA

(32) = % (‘d%'p 4 ﬁu - |u|2)2> (Z A p)\m) :

On the other hand,

\%

0 du? 1 9
GL < .
LBR(%U)SUP( 67'71/) @0 = /BBR(wo) ( D * 4en (1= ful*) )g(rar’y) dsg

\dulP o 0
- R b—(1—
/{)BR(IO)( oL = e 5
_pd f |dul? 1 22
i (/m(zo)( et g (1 eP) )dsg)dr
d

|dul?
3.3) =R—
( dR BR(GEU)( p

) dsg

1
+ 46"(1 — |u|2)2) dvg .
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It follows from (3.1), (3.2) and (3.3) that
da

— |u®)?) dv
07 Jppon 1 4en( [ul*)?) dvg
(3.4) / ZA o) (L)) an,
BR(IU) p 46” !
By condition (P), we obtam
d |dul? 1 22 / |dul” 1 242
— +—(1—|u dvg > o —t—(1—u dvy .
i f, ey 2o [ (i) i

Integrating the above formula on [p1, po], finally, we can get

dul|P 1 d
[ Do, [ L Lo,
By (zo) P A€ < By P A€

Py 2

O

Next we list some vanishing results which are immediate applications of the
monotonicity formulae.

Theorem 3.2. Under the same condition of Theorem 3.1 and

|du| 212
+ —(1—ul)*dvy, = o(r?) ,
/B,,.(wo) p 4677 ‘ J

then du = 0, that is, u is a constant.

Proof. By Theorem 3.1, for any 0 < p < r, we have the following inequality

1 dulP 1 1 d
7/ e (L= [uf*)? dvy < 7/ e n(l = [ul®)? dv, .
P7 B, (xy) P e T JBo(zo) P de

Letting r — 400, under the the assumption, we may conclude

dulf 1
/ [du + (1= [uf?)?dv, = 0.
Bp(w[)) p 4e

Since p is arbitrary, then du = 0.

Next we will introduce some comparison theorems in Riemannian geometry.

Lemma 3.1 (cf.[7, 8, 19]). Let (M,g) be a complete Riemannian manifold with a
pole xo and let r be the distance function relative to xg. Denote by K, the radial
curvature of M.

(i) If —a® < K, < —f82 with a >0, 3> 0, then
B coth(Br)lg — dr @ dr] < Hessy(r) < acoth(ar)[g — dr ® dr] .
B
i) If ——— < K, < ———— ) A > < B 2
(i) If A1 = & s g with e >0, A>0,0< B < 2¢,
then
B

— 2 < Hessg(r) <
r

A/2€

[g —dredr].
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(iii) If — ¢ g Y tha>0, 0% c0,5], th
i T2 S K S yg witha20, 4l then
1+ v1—4b? 1+ +v1+4a?
%[g—dr@dr]SHessg(T)S%[g—dr(}bdr].
T r

Proof. The case (i) and (#4) are standard results in Riemannian geometry.
Indeed by Example 2.25 in [8] and Theorem 27 in [18], we can obtain (). The
readers can also see [14] and [19] for details. In [12] , the authors have generalized
the work of [8] and [19]. Using Theorem 1.1 in [12], we can get case (iiz). The case
(7) is discussed in [7].

0

Lemma 3.2. Let (M,g) be a complete Riemannian manifold with a pole xo and
let v be the distance function relative to xg. Assume that there exist two positive
functions hi(r) and ha(r) such that

hi(r){g — dr @ dr] < Hessy(r) < ho(r)[g —dr @ dr] and rhe(r) > 1,
then
(3.5) D A= PAm > 2{1 + (m — 1)rha(r) — prha(r)} .
i=1
Combing Lemma 3.1 and Lemma 3.2, we can obtain the following.

Lemma 3.3. Let (M,g) be a complete Riemannian manifold with a pole xg and

let r be the distance function relative to xg. Denote by K, the radial curvature of
M.

(i) If —a®> <K, <—-p% witha>0,8>0 and (m— 1) —pa >0, then
m o
Z)\ifp/\mZQ(mpr).

i

A <K, < B
(1 +r2)l+e =77 = (1 472)14e

B
1+ (m-1)(1- 2—5) —pet/? >0, then

(i) If — withe >0, A>0,0< B < 2¢ and

ZAi—pkm > 2[1+(m—1)(1_ 2%) _eA/2sp} .

2 b2 1
(iii) If _117«2 <K <o witha> 0,17 € [0,5] and 2+ (m— 1)1+

V1—4b%) —p(1+v1+4a?) > 0, then
14+ V1 — 42 _
2

- P
zi:)\i—pAmZQ[l—i-l-(m—l) GV1+4a?] .
Corollary 3.1. Let u: (M, g) — (R", h) be a critical point of p-Ginzburg-Landau
energy functional from a Riemannian manifold with a pole xo to a standard Eu-

clidean space. Assume that the radial curvature K, of M satisfies one of the fol-
lowing three conditions:

(i) —a? < K, < —p% witha >0, >0 and (m —1)8 — pa > 0;
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g A B )
('LZ) 7WSK’”§W>O w2th€,A20,0§B<2€and
B
1+ (m—1)(1- =) —pet/* > 0;
2e
(i) o <K, < U with a >0, b* € [0 1} and 2+ (m — 1)(1+
1+72 =" 7 1472 - 4
V1—4b?) —p(l1 +V1+4a?) >0
Then
dul|P 1 du|? 1
[ Do, [ L a2,
By (wo) P d€ B P e
Py - 3
for any 0 < p1 < pa, where
(mfp%) for K, satisfies (i)
B
c={414+(m-1)(1- 2—) — pet/% for K, satisfies (ii)
€
2 —p+ (m—1)(1++v1—4b2) — py/1 + 4a?

5 for K, satisfies (iii)

Corollary 3.1 yields immediately the following vanishing result.

Theorem 3.3. Suppose that u : (M, g) — (R™, h) is a critical point of p-Ginzburg-
Landau energy funcional. Let r be the distance function relative to xo. If the radial
curvature K, of M satisfies one of the three conditions in Corollary 3.1 and

|du| 242
+ — ( — |ul*)* dvy = o(r?) ,
/; (z0) p den J

where o is given by Corollary 3.1. Then du = 0, that is, u is constant.

Definition 3.1. EEL(U) is said to have slowly divergent energy if there exists a
positive continuous function ¢ (r) such that

/+°° dr oo
R, (1)

du

‘ p| +47n(1_|u|2)2

3.6 lim dv, < 00 .
(36) B oo T @) d

Theorem 3.4. Let u: (M,g) — (R", h) be the critical point of p-Ginzburg-Landau
energy functional. If r(x) satisfies the condition (Py) and ES*(u) has slowly di-
vergent energy, then u is a constant map and uw(M) C S™1.

for some R; > 0, and

Proof. From Theorem 3.1, we obtain

d |du| 212
— — |u dv
dR Br(z0) P 4En( ‘ | ) ) g

du
/ Z Ai p)\maac | | + 47( - |U‘2)2) dUg .
BR(IO)
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If w is not a constant map contained in S™~!, there exists constants Ry > 0 and
Cy > 0 such that

P 1
[ LR, > ¢
Br(zo) P de
for any R > Ry. Thus
aCy

‘du|p 1 212
—+—(1—=|u ds > — s VRZR .
/BBRW T g0 ) as, > T 0

Since EE L(u) has slowly divergent energy, then

dul|P 1
Wl 4 L )2
lim P < dvg

R—00 J B (w0) Y(r(x))

~ 4R / dufr 1 b
- [ AR el o 1 )2 ds
/o V(R) JoBn(zo) P dem | 7

* 4R / dulp 1 .
S — U L1 ) ds
ro V(R) JoBr@e) P 46"( [ul)" dsq

 dr
> oG — =
=7 /R r(r)

It is in contradiction to (3.6).

4. LIOUVILLE THEOREM UNDER THE ASYMPTOTIC CONDITIONS

In [13], Jin established several Liouville theorems for harmonic maps between
some Riemanian manifold under some asymptotic condition of the maps at infinity.
In particular, he proved that for any harmonic map f : (R™, go) — (N™, h) (m > 3),
if f(z) - Py € N™ as |z| — 400, then f must be a constant map. In this section,
using a similar technique or idea, we can derive a Liouville theorem for the critical
points of the p-Ginzburg-Landau energy. To generalize this result to our case it
is necessary to give more strictly asymptotic condition at infinity. We begin with
evaluating the lower bounder of the energy.

Proposition 4.1. Assume that v : (M™,g) — (R", h) is a critical point of the
p-Ginzburg-Landau energy functional from a Riemannian manifold with a pole ¢
to a standard Euclidean space. r(x) is the distance function relative to the pole xg.
If it satisfies the condition (P;) and u(M) is not contained in S, then

|dul? 1 212 o
— + — (1 —|u[")*dvy > C(u)R” , R— o0
Br(zo) P de

where C(u) is a positive constant only depending on u.

Proof. Since u satisfies the conditions in Theorem 3.1, we obtain
dulP 1 dulP 1
[ e, [ L
Bp(wo) P de < 7 Br(@o) p de
pa - Ra




Liouville theorems for critical points of the p-Ginzburg-Landau type functional 11

for any 0 < p < R. Note that u(M) is not contained in S™~!, there exist some
p > 0 such that

dulp 1
/ [du + (1= [uf?)?dv, > 0.
B/)(wo) p 4e

Denoted by

dul|P 1
/ el L a2y a,
By (z0) p de

C(u) =
) =
then
dulP 1
/ [l L ), > )R
Br(zo) P 4en
|

By Corollary 3.1, and using the above proposition , we easily obtain the following
corollary.

Corollary 4.1. Let u: (M,g) — (R™ h) be a critical map of p-Ginzburg-Landau
energy functional from a Riemannian manifold with a pole xo to a standard Eu-
clidean space. Assume that the radial curvature K, of M satisfies one of the fol-
lowing three conditions:

(i) —a? < K, <% witha>0, >0 and (m —1)8 — pa > 0;

. A B ‘
(’L’L) —WSKTSW>O w1th€,A20,0§B<25&nd

B
L (m=1)(-3) — pet/?e > 0;

2 2

1
1) —— < < 3 > 2 — —
() 72 < K, < 52 with a > 0, b~ € [0,4} and 2+ (m —1)(1+

V1—4b?) —p(1 + V14 4a?) > 0.

If u(M) is not contained in S"~*, then

|dul? 1 22 o
—+ — (1 —|ul*)*dvg > C(w)R° , as R— o
Br(zo) P den

where C(u) is a positive constant only depending on u, and

(m— p%) for K, satisfies (i)
B A/2e . ..
c={¢14+(m-1)01- 2—) — pe for K, satisfies (ii)
5
2 — - 1)(1 1—4b%) — 1+ 4a?
pt(m=1{+ \g ) —pV1+da for K, satisfies (iii)

Next, we will show that if u is the critical map of the 2-Ginzburg-Landau energy
functional and it is uniformly bounded, the condition (P;) may be replaced by

(Py): The left hand side of the inequality in (P;) is nonnegative on the whole M
and there exists an Ry > 0 such that (P;) holds for r(z) > Ry.

To prove this assertion, we start with the following lemmas.
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Lemma 4.1. Suppose that w : (M™,g9) — (R™ h) is a critical map of the 2-
Ginzburg-Landau energy functional and u is uniformly bounded. If u is constant in
an open set of M, then u is constant on M.

Proof. From the Euler-Largrange equation, we have
1
Au+ —(1—|uP)u=0.
6TL

Since u is bounded, using unique continuation theorem in [1], one can deduce that
u is constant on M.

O

Lemma 4.2. Assume that u satisfies (131) If du is not identically zero, then
E§T(u) = 4o00.

Proof. By co-area formula, we have

|dul® 1 2)2
—(1— d
| G g PR g
oo dr / |dul? 1 1
= —r ( +—(1—[u*?) ds
/0' r B, (o) 2 4em |Vr| g

oo g dul? 1
:/'glw/ Al L= ) ds,
0 T E)Br(zo) 2 46

If ES(u) < 400, we can choose a sequence {r;} such that

: |dul® 1 2\2
4.1 1 i —_— 1-— ds, = 0.
(4.1) i /E)B”(m 5+ 4671( [ul®) ds,
Since r(z) satisfies (P1), by (3.4) we obtain
d dul? 1
r el L a2 o,
d’f’ BT(TO)\BRO(ZO) 2 46
dul> 1
20/ ™ L1 )2 doy
B;(z0)\Brq (%0) 2 de
that is
dul? 1 dul? 1
o a2 [ ey L)
9B, (z0) 2 de B?'(mo)\BRo (wo) 2 de

Let r = r; tend to infinity in above inequality, it follows from (4.1) that

dul? 1
/ [dul + (1= [uf?)2 dv, = 0.
M\Bry(z0) 2  4€

It follows from Lemma 4.1 that du = 0 on M which contradicts with the condition.
Therefore ES*(u) = +oo.

g

Proposition 4.2. Assume that v : (M™,g) — (R™,h) is a critical point of the
2-Ginzburg-Landau energy functional and u is uniformly bounded . If r(x) satisfies
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(Py) and w(M) is not contained in S™1, then

|du\2 1 212
(- > o
L g Yy 2 O

where R is sufficiently large and C(u) is a positive constant only depending on u.

Proof. Taking D = Br(xo)\Br,(z0) and X = rg = %Vrz, by (2.3) we get

ar

/ ng(X, V) dsg —/ ng(X, v)dsg

OBr(z0) dBR, (o)
= / < S§L.vox > dv,
Br(z0)\Br, (20)
1, — |du|? 1
>/ GO~ 2] (5 = ) vy
Br(z0)\Brg(%0) 2 ; e 2 den !

Denoting / szgﬁu(X, v)ds, by H(Ryp), then (3.3) and condition (Py)
9BRrg (z0)

yield
|dul? 1 212
—(1— ds, —2H
R 0Br(zo) 2 4€n( el")" s (o)
|dul?

1
=27 b (= ) doy
Br(z0)\Br, (z0) 2 den

It also can be written as

d dul? 1 2H
R*{/ | ul + 7(1 o |u‘2)2 d’Ug + (RO)}
AR\ JBp@o\Bry(zo) 2 4€
du|? 1 2H
ZU{/ Idul” +7n(1*‘u|2)2dvg+ﬂ}'
Br(z0)\Br (o) 2 de g

From Lemma 4.2, we know that E$*(u) = +oo. Therefore, when R is sufficiently
large, we get

dul? 1
/ U >0,
Br(zo)\Bro(zo) 2  4€

2H (Ro)

Then

d dul? 1 2H(R
7{/ | u| + 7(1 _ ‘u|2)2 d’Ug + ( 0)}
dR Bgr(z0)\BRrg (z0) 2 de v

/ |dul> 1 2H (Ry)
Br(z0)\BR (z0) 2 den

2

=S

(1 [uf?)? dv, +

Fixing some Ry < R < R and integrating the above formula on [R, R], we get

2H(Ro)\ .0
oR° }R ’

|du|2 1 2\2 )
+ — (1 = [u[*)"dvy > { H(Ro, R)
/BR(xg) 2 4e ! {
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where
dul? 1 2H(R
/ | ;" o (1= [uf)? do, + 2H(Ro)
H(R()?R) _ Bg(x0)\Brg (z0) ia o
R
2H(R _

When R — 40, % can be controlled by H(Ry, R). Consequently

o a

dul? 1
/ ™ L R dv, > CRe
BR(ZO) 2 46

where C'(u) is a constant depending on the map wu.
O

Next we will use the assumption for the map at infinity to derivative an upper
bound for the growth rate. The condition that we will assume for u is as follow:

(P2) There exists a positive constant 7 less than ¢ in (P;) such that

_ [t d
max h2(u(z), Py) < 7"”/ i1 i for r(x)>1.
, 0

r(z)=r (’9Bs (1‘0))

Theorem 4.1. Let u: (M,g) — (R" h) be a critical point of p-Ginzburg-Landau
energy functional. Suppose that |du|P=2 is uniformly bounded and r(z) satisfies the
condition (P1). If u(z) — Py € S~ and u satisfies the condition (Ps), the u must
be a constant map.

Proof. Suppose the critical point u is not constant, then by Proposition 4.1, the

o . |dul? 1
energy of u must be infinite. That is, +—
Br(zo) P de

(1 — Jul*)*dvy, — 400
as r(x) — +oo.

n
Since Py = (c1,¢a,++ ,Cas- " 1 Cn) € S*L, then Zci = 1. It is clear that we
a=1

can choose a orthogonal matrix A such that APy = By = (C1,C2y + ,Cay " 4 Cn)s
Co # 0, for each @« = 1,2,---n. Clearly if u is the critical point of p-Ginzburg-
Landau energy functional, then Aw is also the critical point. Hence without loss of
generality we may assume that u(z) — py € S™~ !, where py = (c1,¢2, " ,Ca,
Cn)y Ca 0, =1,2,---n.

Now the assumption that u(z) — Py as r(z) — +oo implies that there exists
an Ry > 0 and a neighbourhood U of Py such that for r(z) > Ry, u(z) € U and
Ug # 0 for any a =1,2,--- | n.

For w € C2(M \ Bg, (20),U), we consider the variation u+tw : M — R" defined
as follows:

u(q) q € Bg, (z0) ,
(u+tw)(q) q € M™\Bg,(z0)

for sufficiently small ¢. Since u is the critical point of p-Ginzburg-Landau energy
functional, we have

(u+tw)(q) = {

d

dt ‘t:oEpGL(u +iw) =0
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that is,
az | dup- 22”: e - Zuk Z“M Aty =0
M\ B, (20) O0x; Ox; 6”
u2 _ 62

Choose w(z) = ¢(r(z))u(z) in (4.2) for ¢(t) € C°(Ry,0), U = kak we
obtain
J duf? Z 90 T (0 (a) — (1= 3 uDdo(r(a)) 3 oy

M\ B, (20) z; oz en =1 k=1 l
(4.3) = / |~ Z ”a“’“ 2L

M™\Bp, (z0) O; Oz

By a standard approximation argument, (4.3) holds for Lipschitz functions ¢ with
compact support.
For 0 < 6 < 1, define

1 t<1;

1—t
po(t) = L+ —— 1<t<1+0;

0 t>146.
In (4.3), choose the Lipschitz function ¢(r(x)) to be

o) =S (1= (L)) L Re2m and Ry=2R.

Then the first term on left hand side of (4.3) becomes

" 8uk Buk
dulP—2 ij 2ok d
/Mm\BR1(aL'0)| N Z Oz; ax 9(r(@)) dvg
- ouy, auk r(x)
= dup 2 ij R N dw
/Bazm \Bm(m' | Z Oz 3% —el R’y )] dvy

n

+/ |dulP~ 22 ij Qi Ot 3Uk 0y
Br(0)\Br, (w0) Ox; 0

|du|P~ 22 ij Oun Oy, 9( (w))dvg.

4.4 —
(4.4) Ox; Oz R

v
Br(i+0)(0)\Br(zo0)

The second term on left hand side of ( .3) becomes

1 n n
B — 1= u)p(r(x)) Uy, dv
/Mm\Bﬁl(Eo) en ( kZ:l k) kZ::l ’
1 n
=— —(1— 1- Sp wily dv
/BRz (IO)\BRI(mO) e ( ; ) [ 1 Z g
1 n n
- o= i ug g dv
/BR(ZO)\BRQ(%) en ( Z k) Z g

k=1 k=1
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1 = )\ o= -
(4.5) —/ —(1- u?) g (—=2 Upty dvg .
Br(1+0)(#0)\Br(zq) ¢ ( ; k) ( R )l; !

We can also compute the right hand side of (4.3) as follows

/ |du\p ZZ zgauk'v 8¢(r(m)) d’Ug
M™\ B, (z0) Ox;

n a‘pl 77

NS T
Bry (%0)\Br, (%0) =1 Ox; 81’j
n

51% ~ Br(x)
0 +7/ jdul”™* > g7 == dv, .
Ro Br(1+6)(0)\Br(zo) Z 6:6]' g

Set

Ouy, 6Uk r(x)
D(R :/ dulP~ 2 ij Y%k "IN do
(Fr) BRQ(IO)\BRI(ZO)| | Z Ox; 83:] — ¢ R, )] dvg

( ) ~
- — 1 — u 1 — gpl Uy, dv
/BRZ(TO)\BRI(TO) Z F Ry )} Z ’

n dp1 (
O
g,
Br, (20)\Br, (%0) 1 ox; S
Substitute (4.4), (4.5) and (4.6) into (4.3), then letting § — 0, we have

n

8uk 8uk 1 " 2 ~ ~
|dulP~ 2 i 2ok TR — 1-— uy, ugty dvy + D(Ry)
/BR(ZO)\BRz(TO) Z Ox; Ox; € ( Z ) ; g

k=1
" Ou
_ ki~

(4.7 :/ |dulP=2 Y vl ds,

dBR(xo) kzzl O

i or i :

where V' = — and v =v is the outer normal vector field along Bg,(zo).

T X

2_ 2

~ uj,
Note that u, =

. Thus Oy, _ =(1+ Ck)auk Then (4.7) becomes
Upe amj u,C O0x;j

Ouy, Ou c? 1
dul?~ 22 s 7, (L ) + (L= ) dvy + D(Ry)

/BR(ww\BRQ (o) Ow; Ox;

Ouy,
(4.8) :/ |du|P~2 Zukds
9Br(zo) Z .

Indeed,

Ouy, i “Ouy , ;O Or_  , 0
Z oz, T Z<3xz de'® dyy ~ Oz, Upde’ @ ayk> '
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Therefore

K2

" Ouy .
|duP~2y " vy, ds
/333(960) ; Oz !

o= Oup O O _ . D
= dulP~2 dr' ® — , —updr' @ —)ds
/3312(950)| | ;<3$i oy ” Ox; Gyk> !

01 OUE s 0 or _ . . 0
< dulP7?| =t det @ —| | —Tpdr’ @ — | ds
/833(10) duf”™| Ox; 33/1@’ ‘31‘3' r 3%‘ g

8uk ad 2
< du|P—2| —dx; @ —| ds
\//aBR(ZQ) dul?| Ox; Oy ["ds

or ) 0 p
X dulP=2| —updr* ® — ds
\//(’)BR(IU) el |8l‘j Y, [ dss

= / |dulP dsg / \du|P*2(Zﬁi) dsg
OBR (o) OBR (o)

k=1

n

1 ~
a9 <[ s s, [ () ds,.
OBR(x0) € OBRr(wo)

k=1

Next, for any R > Ry we let
1
G(R) = / duf? + L (1 |uf?) dv, + D(Ry) .
Br(z0)\Bry (o) €

Then
1
G = [ P (- P ds,
dBr(z0) €
2

Hence from (4.8), (4.9) and the fact that 1+ C—g >1 forany a =1,2,--- ,n,

«

G2(R) < G/(R) / dup=2 3" ds,
OBRr (o) h—1

On the other hand, we have the following estimate.

1
G(R) - D(R) = [ dul?” + = (1~ [u?)? do,
Br(z0)\Br, (z0) €
dulP 1
_ p/ || dvg+4/ L1 Py v,
Br(z0)\BRry(z0) P BR(TO)\BRZ(IU)4E
dulp 1
> min{p,4} du] +—(1- ‘“|2)2] dvg
Br(wo)\Bry (o) P A€
dul|P 1
=Cpa |dul + (1- \u|2)2] dvg .

Br(zo)\Bry(z0) P 4€"
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Since EST (u) is infinity, there exists R > Ry, G(R) > 0 for any R > R.

Set J(R) :/ |du\p72Zdesg. Then
9BR(z0) —

G*(R) < G'(R)J(R) .
For any R < R < Ry, we have
R4 G/ 7,,
dr
R (r)

JAE 2
e >y 0

G(R)
— /OO dT M
r J(r)
Note the fact that |du|[P~2 is uniformly bounded. Using the condition (P,) and
u(z) = Py as r(z) = +o00, we get

J(r) :/ |dulP=2y " 43 ds
9B, (z0) ; g

< / |du|P~27(r) ds,
OB, (z0)

< Cr(r) - vol (0B, (x0)) »

When Ry — 400, we get G(R) <

where C is a constant only depending on u and 7(r) is chosen in such a way that

1. 7(r) is nonincreasing on (R, +00) and 7(r) — 0 as r — +00;

3. 7(r) < Cpyr® /T M’

where Cp, is a constant only depending on Py. Then we can derive

/+°° dr >/+°° dr _ 1 /+°° dr J 1
r J0) T Jr Cr(r)wol(8B,(x0)) ~ Cr(R) Jr  vol(9B,(x0)) ~ CLR7’

where C7 = C- Cp,. Hence G(R) < C1R? for any R > R. By the definition of
G(R), we have

|du\ 2,2
+ — (1 —ul?)*dv
/;R(wo) p 46” | ‘ !

e 1

s DR dul? 1
< Gpr DR +/ [ L )2 a,
p,4 Cp,4 Br,(zo) P 4e

={CR"" + %}R" ,
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where C(u) is constant only depending on u. Since ¢ < o, it contradicts with
Proposition 4.1.
O

In [19], the authors give the volume growth estimates under Ricci curvature
conditions. Hence, applying the results to the following cases, the right side of the
inequality in condition (P3) can be expressed as a polynomial.

Corollary 4.2. Let u: (M, g) — (R" h) be a critical point of p-Ginzburg-Landau
energy functional. Suppose that |duP~2 is uniformly bounded. Assume that the
radial curvature K, of M satisfies the following condition
A B .
7WSK’F§W wlth5>07

B
where A > 0,0 < B < 2¢ and 1—|—(m—1)(1—2—)—]96‘4/25 > 0. Ifu(x) = Py € S71

3

as r(x) = +oo, and

max h%(u(z), Py) < Y
r(z)=r T (m— 2)wpme(m=1A/ 2
then u must be a constant map. Here wy, is the (m — 1)-volume of the unit sphere
in R™ and 7 is any positive constant such that o < [1 +(m— 1)(1 — %) feA/QEp] .
Proof. For the condition on the radial curvature K, it follows that
Ric(x) > — M~ VA
(1+72(2)) c
for any x € M. Then a direct calculation yields
oo Ar A
|
By the volume comparison theorem (cf. Corollary 2.17 in [PRS]), we obtain
Vol(8B, () < wyelM—DA/2epm=1
where wy, is the (m — 1)-volume of the unit sphere in R™, and thus
r vol(0B,(x0))
for R > 1. Using Corollary 4.1 and Theorem 4.1, we can get the result.
d

Corollary 4.3. Let u: (M, g) — (R", h) be a critical point of p-Ginzburg-Landau
energy functional. Suppose that |duP~2 is uniformly bounded. Assume that the
radial curvature K, of M satisfies the following condition

2 2
S
1472 14 r2
1
witha >0, b € [0,~] and 24 (m —1)(1+ V1 —4b?) — p(1 + /1 +4a?) > 0.

4
Ifu(z) = Py € 8" 1 as r(x) = +o0 and

max h*(u(x), Py) < Crf (DA
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14+ V1 +4a? ~
then u must be a constant map. Here A’ = % and o is any positive
- 1++vV1—4b?
constant such that & < [1— 222 +(m-1)—— * 5 ‘; 1+ 4a?].

Proof. For the condition on the radial curvature K, it follows that

) (m — 1)a?
R >

iel@) 2 =3
for any © € M. We can also use the volume comparison theorem (cf. Corollary
2.17 in [19]), then

vol(aBR(mo)) < CR(m=1A' ,
1++1+4a? Th
—

where C is suitable constant and A’ =

+oo d?" -1 ’
< (m—1)A"—1
(/R vol (0B (x)) ) < CR

for R > 1. Using Corollary 4.1 and Theorem 4.1, we can get the result.
d

If the Riemannian manifold (M, g) is the standard Euclidean space (R™, h), the
1 m
eigenvalues of Hess,(r?) are all 2. When p = 2, 5(2 Ai = 2X\) = m — 2. Thus

we have the following result.

Corollary 4.4. Letu: (R™,h) — (R™, h) be a critical point of 2-Ginzburg-Landau
energy functional. If u(z) — Py € S"~ as r(x) — 400, u must be a constant map
contained in S™L.

Proof. Since (M, g) is the standard Euclidean space, from the proofs in Theorem

4.1, we obtain
oo g C 1 ~
> - fi R>R
o dw i e o B2

where C,,, is a positive constant only depending on m and 7(r) satisfies the following
conditions

1. 7(r) is nonincreasing on (R, +00) and 7(r) — 0 as r — +00;

2. 7(r) > max {Zuk}

r(z)=r

Then

|dul? 1 22 C(u) -2
1-— dv, < mee
/BR(m 2 e (LTl e SOOI+ )R

5. CONSTANT DIRICHLET BOUNDARY-VALUE PROBLEMS

Definition 5.1. A bounded domain D C M with C! boundary D is called starlike
if there exists an interior point xg € D such that

0

(o Von 20
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where v is the unit outer normal to 9D, and the vector field is the unit vector

Tz

field such that for any € D\{zo} UdD is the unit vector tangent to the

" O,
unique geodesic joining xg to x and pointing away from xg.

Theorem 5.1. Suppose M satisfies the same condition of Theorem 3.1 and D C M
is a bounded starlike domain with C* boundary. Ifu: (M, g) — (R"™,h) is a critical
point of The p-Ginzburg-Landau energy functional and u|aD C S"~1 is constant,
then u|p is constant.

0
Proof. Set X = "o where r = r,,. From the proof of Theorem 3.1, we have

r
1 |du|P 1
5.1 SgL, SL d>/——
( ) /D<u,p’2 Xg> UQ—UD P +4€n
Since ulpp € S ! is constant, then |u|?> = 1 and for any n € T(8D), du(n) = 0.

Thus

0 |dul|P , O _ 0
GL¢,. “ — I _ p—2 v
/Z}D Sy (rar,u) dsg /aD r{ » <8r , V) — |dul <du(8r) , du(u))} dsg

(1= [uf*)? du, .

_ |dul? ﬁ _ p—2 ﬁ 2
= [ SR — b vl s,

)
r

p
0 1-p
(5.2) = /aDr|du|p<E, II>T dsg .
Note that D is starlike, by (2.3) and (5.2)
1
(5.3) / (Sh, ) SLxghdu, <0
D 2

From (5.1) and (5.3), we have

|dul? 1 22
2 —a- dvg = 0.
[ ma-era,

Therefore u is constant.
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