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Gradient estimates for Dirac-Harmonic maps with curvature term

Qun Chen
1 and Youfeng Guan

2

Abstract. In this paper, we derive a gradient estimate and Liouville theorem for

Dirac-harmonic maps with curvature term.

1. Introduction

Let (M, g) be a Riemannian spin manifold, denote ⌃M the spin bundle on M .
Let (N, h) be another Riemannian manifold, � : M ! N a map. On the twisted
bundle ⌃M ⌦ ��1

TN , there is a Hermitian product h·, ·i and a connection r
induced from those on ⌃M and ��1

TN . Denote /D := ei · rei the Dirac
operator along the map �, 8 2 �(⌃M ⌦ ��1

TN), where {ei, i = 1, 2, · · · ,m} is
a local orthonormal frame on M . Dirac-harmonic maps ([2, 3]) are critical ponints
(�, ) of the following functional:

(1.1) L(�, ) =
1

2

Z

M

[kd�k2 + h , /D i] .

This functional comes from the nonlinear supersymmetric sigma model of quantum
field theory (see [9]), the only di↵erence is that in physics, the components of the
field  take values in the Grassmannian algebra of infinitely dimension while in
(1.1) the components of  are just the usual spinors in spin geometry, leaving the
model in the category of geometric variational problems.

The Euler-Lagrange equations for L are given by

(1.2)
⌧(�) =

1

2
h ↵

, ei · �iRN (✓↵, ✓�)�⇤(ei) ,

/D = 0 ,

where R
N (X,Y ) := [rN

X
,rN

Y
]�rN

[X,Y ]
, 8X,Y 2 �(TN) is the curvature operator

of N , {✓↵} a local frame of TN ,  =  ↵ ⌦ ✓↵ and ⌧(�) := (rT
⇤
M⌦�

�1
TN

ei
d�)(ei)

is the tension field of �.
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In [5], the authors derived Liouville theorems for Dirac-harmonic maps, namely,
all solutions (�, ) of (1.2) from the Euclidean space R

n (n � 3), the hyperbolic
space H

n (n � 3) and the Riemannian Schwarzchild space Sn (n � 3) to any
Riemannian manifolds with finite energy must be (Constant, 0).

In fact, the supersymmetric sigma model in superstring theory includes an addi-
tional curvature term in (1.1) (see [9]). In [5], the authors introduced the following
functional:

(1.3) Lc(�, ) =
1

2

Z

M

[kd�k2 + h , /D i � 1

6
R↵��⇣h ↵

, �ih �
, ⇣i] .

Critical points (�, ) of Lc are called Dirac harmonic maps with curvature term.
The Euler-Lagrange equations for the action functional Lc are given by

(1.4)

⌧(�) =
1

2
h ↵

, ei · �iRN (✓↵, ✓�)�⇤(ei)

� 1

12
�⇤(rTN

R
N )↵��⇣h ↵

, �ih �
, ⇣i ,

/D =
1

3
R( , ) .

Due to the new nonlinear terms in the equations, (1.4) is more subtle than (1.2).
A Liouville theorem for these kind of maps was also established in [5].

On the other hand, gradient estimates for harmonic functions was developed by
S.T. Yau in his seminal paper [14], later, it was extended to the case of harmonic
maps by Cheng [6] and Choi [8]. The method of gradient estimates has become a
fundamental tool for the existence and uniqueness problems of di↵erential equations
on manifolds. In [4], extending Cheng and Choi’s results, the authors obtained a
gradient estimate and Liouville theorem for Dirac-harmonic maps. Later, Branding
[1] proved a gradient estimate for the nonlinear supersymmetric sigma model.

The aim of the present paper is to extending results in [4] to the case of Dirac-
harmonic maps with curvature term, we will prove a gradient estimate (Theorem
2.1) with concise and clear dependence on the curvatures of both domain and
target manifolds, which enables us to derive a Liouville theorem (Theorem 3.1) as
an application.

2. Gradient estimates

In the sequel, we assume that (M, g) is a complete non-compact Riemannian spin
manifold. In this section, we derive a gradient estimate for Dirac-harmonnic maps
with curvature term from M into a regular ball on arbitrary Riemannian manifold
(N, h).

2.1. Preliminaries. We first recall the following Weitzenböck formula for a map
� (see e.g. [11]).

Proposition 2.1. For a smooth map � : M ! N ,

(2.1)

1

2
�kd�k2 = krd�k2 + hrei⌧(�),�⇤(ei)i+ h�⇤(Ric

M (ei)),�⇤(ei)i

�R
N (�⇤(ei),�⇤(ej),�⇤(ei),�⇤(ej)) ,

where {ei} is a local orthonormal frame on M .
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For a harmonic spinor field along a map �, we also have the similar Weitzenböck
formula (cf. [3], Proposition 3.4).

Proposition 2.2. Let M and N be Riemannian manifolds, � : M ! N , and
 =  ↵ ⌦ ✓↵ 2 �(⌃M ⌦ ��1

TN). Then

(2.2)

1

2
�k k2 = kr k2 � h /D2

 , i+ 1

4
SMk k2

�1

2
R↵��⇣hei · ↵

, ej · �i��

i
�
⇣

j
,

here {ei} and {✓↵} are the local orthonormal frame on M,N , respectively. SM is
the scalar curvature of M .

Now we recall the following Kato-Yau inequalities in [4], which generalize both
the result for harmonic maps in [13] and the result for harmonic spinors in [10].

Proposition 2.3 (Kato-Yau inequality). Let E be any Dirac bundle on M with
dimension m. Then for any cross-section  2 �(E) and � > 0, we have

(2.3) kr k2 �
✓
1 +

1

m� 1 + �

◆
krk k2 � 1

�
k /D k2 ,

provided that  6= 0.
In particular, for any map � : M ! N and � > 0, we have

(2.4) krd�k2 � (1 +
1

m� 1 + �
)krkd�kk2 � 1

�
k⌧(�)k2 .

Lemma 2.1. Assume that the pair (�, ) is a smooth solution of (1.4). Suppose
that the Ricci curvature of M satisfies RicM � � for some nonnegative constant
, the sectional curvature secN and the curvature tensor R

N of N satisfy �b2 
secN  b1, krR

Nk  b3 and kr2
R

Nk  b4 respectively, where bi are constants
with b2 � b1 > 0, b3 � 0, b4 � 0. Then

(2.5)

|hrei⌧(�),�⇤(ei)i|  b3 C(m,n)k k2kd�k3

+b2 C(m,n)k k2kd�kkrd�k+ b2 C(m,n)k kkr kkd�k2

+b4 C(m,n)k k4kd�k2 + b3 C(m,n)k k3kr kkd�k
for some constant C(m,n) > 0 depending only on m and n.

Proof. From the first equation in (1.4), we have

hrei⌧(�),�⇤(ei)i =
1

2

⌦
h ↵

, ek · �i(r�⇤(ei)R
N )(✓↵, ✓�)�⇤(ek),�⇤(ei)

↵

+
1

2

⌦
h ↵

, ek · �iRN (✓↵, ✓�)(reid�)(ek),�⇤(ei)
↵

+
1

2

⌦
hrei 

↵
, ek · �iRN (✓↵, ✓�)�⇤(ek),�⇤(ei)

↵

+
1

2

⌦
h ↵

,rei(ek · �)iRN (✓↵, ✓�)�⇤(ek),�⇤(ei)
↵

� 1

12
h(r�⇤(ep)(rR

N )↵��⇣)h ↵
, �ih �

, ⇣i,�⇤(ep)i

�1

3
h(rR

N )↵��⇣h ↵
, �ih �

,rep( 
⇣)i,�⇤(ep)i ,
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thus (2.5) follows.
⇤

Lemma 2.2. If (�, ) is a smooth solutions of (1.4), then

(2.6) k /D2
 k  b3C(m,n)k k3kd�k+ b2C(m,n)k k2kr k ,

for some constant C(m,n) > 0 depending only on m and n.

Proof. By the second equation in (1.4), it is easy to see that

k /D2
 k  C(m,n)

�
krRkk k3kd�k+ kRNkk k2kr k

�
,

so (2.6) holds.
⇤

2.2. Gradient estimates. Combined with (2.5) and Weitzenböck formula (2.1),
one can get that

1

2
�kd�k2 � krd�k2 � b3C(m,n)k k2kd�k3 � b2C(m,n)k k2kd�kkrd�k

�b2C(m,n)k kkr kkd�k2 � b4C(m,n)k k4kd�k2

�b3C(m,n)k k3kr kkd�k � kd�k2 � (1� 1

p
)b1kd�k4 .

Applying Cauchy-Schwarz inequality, it follows that, for any constant �1 > 0 de-
pending only on m,n,

1

2
�kd�k2 � (1� �1)krd�k2 � b

2

2

�1
C(m,n)k k4kd�k2

�b
2

3

b1
C(m,n)2p(p+ 1)k k4kd�k2

� b1

2p(p+ 1)
kd�k4 � b

2

2

b1
C(m,n)2p(p+ 1)k k2kr k2

� b1

2p(p+ 1)
kd�k4

�b4C(m,n)k k4kd�k2 � b
2

3

b1
C(m,n)k k4kd�k2

�b1C(m,n)k k2kr k2

�kd�k2 � (1� 1

p
)b1kd�k4 .

Since b2 � b1 > 0 and �1 depending only on m,n, we obtain

(2.7)

1

2
�kd�k2 � (1� �1)krd�k2 � (b2

2
+

b
2

3

b1
+ b4)C(m,n)k k4kd�k2

�b
2

2

b1
C(m,n)k k2kr k2 � kd�k2 � (1� 1

p+ 1
)b1kd�k4 .
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By using (2.6) and Weitzenböck formula (2.2), we estimate
1

2
k k4 as follows:

1

2
�k k4 = k k2�k k2 + krk k2k2

� 2k k2kr k2 + krk k2k2 + SM

2
k k4 � b

2

2
C(m,n)k k4kd�k2

�2h /D2
 , ik k2

� 2k k2kr k2 + krk k2k2 � m

2
k k4 � b

2

2
C(m,n)k k4kd�k2

�b3C(m,n)k k6kd�k � b2C(m,n)k k5kr k .

Applying Cauchy-Schwarz inequality,

(2.8)

1

2
�k k4 � 2k k2kr k2 + krk k2k2 � m

2
k k4

�b
2

2
C(m,n)k k4kd�k2

�b3C(m,n)k k4kd�k2 � b3C(m,n)k k8

�1

2
k k2kr k2 � b

2

2
C(m,n)k k8

=
3

2
k k2kr k2 + krk k2k2 � m

2
k k4

�(b2
2
+ b3)C(m,n)k k4kd�k2 � (b3 + b

2

2
)C(m,n)k k8 .

Putting Kato-Yau inequality (2.4) into (2.7), when � = 1. Set �1 =
3

4 + 4m
such

that (1� �1)(1 +
1

m
) = 1 +

1

4m
, then

(2.9)

1

2
�kd�k2 � (1 +

1

4m
)krkd�kk2 � (b2

2
+

b
2

3

b1
+ b4)C(m,n)k k4kd�k2

�b
2

3
C(m,n)k k8 � b

2

2

b1
C(m,n)k k2kr k2

�kd�k2 � (1� 1

p+ 1
)b1kd�k4 .

As for
1

2
�k k4, because of kr k2 � 1

m
krk kk2,

(2.10)

1

2
�k k4 � (1 +

1

4m
)krk k2k2 + 1

2
k k2kr k2 � m

2
k k4

�(b2
2
+ b3)C(m,n)k k4kd�k2 � (b3 + b

2

2
)C(m,n)k k8 .

Now we fix the constant C0 = C(m,n) in the above inequalities (2.9) (2.10). Set

C1 =

s
2b2

2

b1
C0 , e1 = C1k k2 , e :=

q
kd�k2 + e

2

1
=
q
kd�k2 + C

2

1
k k4 ,
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then

1

2
�e

2 =
1

2
�kd�k2 + 1

2
�C

2

1
k k4

�
�
1 +

1

4m

�
krkd�kk2 +

�
1 +

1

4m

�
C

2

1
krk k2k2

�
�
b
2

3
+

b
2

2
b3

b1
+

b
4

2

b1

�
C(m,n)k k8

�
�
b
2

2
+

b
2

3

b1
+ b4 +

b
4

2

b1
+

b
2

2
b3

b1

�
C(m,n)k k4kd�k2

�kd�k2 � m

2
k k4 �

�
1� 1

p+ 1

�
b1kd�k4

�
�
1 +

1

4m

�
(krkd�kk2 + C

2

1
krk k2k2)

�
�
b
2

2
+

b
2

3

b1
+ b4 +

b
4

2

b1
+

b
2

2
b3

b1
+ b

2

3

�
C(m,n)k k4e2

�
�
1 +

m

2

�
e

2 �
�
1� 1

p+ 1

�
b1kd�k2e2 .

Since krek2  krkd�kk2 + kre1k2, we have

(2.11)

�e = e
�1
�1
2
�e

2 � krek2
�

� 1

4m

krek2
e

�
�
b
2

2
+

b
2

3

b1
+ b4 +

b
4

2

b1
+

b
2

2
b3

b1
+ b

2

3

�
C(m,n)k k4e

�
�
1 +

m

2

�
e�

�
1� 1

p+ 1

�
b1kd�k2e .

Let r(x) be the distance function from the point x0 in M . Define a function on
the geodesic ball Ba(x0) by

F = (a2 � r
2)f = (a2 � r

2)
e

B � � ,

where B : N ! R
+ is a function which we will be defined later. Clearly, the

function F vanishes on the boundary Ba(x0), then F must achieve its maximum at
an interior point x

⇤ when e 6= 0. In addition, the distance function r is a smooth
near the point x

⇤, therefore we may assume that the distance function r is twice
di↵erentiable near the point x⇤ (cf. [7]). By the maximum principle, we have

(2.12) rF (x⇤) = 0 ,

(2.13) �F (x⇤)  0 .

Now we recall the Laplacian Comparison Theorem [12], for some constant C(m) >
depending only on m,

(2.14) �r
2  C(m)(1 +

p
 r) .
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Lemma 2.3. At the point x⇤, we have the following estimate

(2.15)

1

4m

kr(B � �)k2
(B � �)2 � �(B � �)

B � �

�4r
kr(B � �)k

(a2 � r2)(B � �) � b̃ C(m,n)k k4

�
�
1� 1

p+ 1

�
b1kd�k2 �

�
1 +

m

2

�


�C(m)(1 +
p
 r)

a2 � r2
� 8r2

(a2 � r2)2
 0 .

Here b̃ = b
2

2
+

b
2

3

b1
+ b4 +

b
4

2

b1
+

b
2

2
b3

b1
+ b

2

3
.

Proof. We first have

(2.16) rf =
re

B � � � er(B � �)
(B � �)2 ,

and

(2.17) �f =
�e

B � � � f�(B � �)
B � � � 2hr(B � �),rfi

B � � .

By using (2.11) and setting µ =
1

4m
, b̃ = b

2

2
+

b
2

3

b1
+ b4 +

b
4

2

b1
+

b
2

2
b3

b1
+ b

2

3
, we get

(2.18)

�f � µ
krek2
e(B � �) � b̃ C(m,n)k k4f �

�
1 +

m

2

�
f

�
�
1� 1

p+ 1

�
b1kd�k2f � f�(B � �)

B � � � 2hr(B � �),rfi
B � � .

Applying Cauchy-Schwarz inequality, we also have that

(2.19)

�2hr(B � �),rfi
B � � = �(2� 2µ)

hr(B � �),rfi
B � �

�2µ
hr(B � �),rfi

B � �

= �(2� 2µ)
hr(B � �),rfi

B � � � 2µ
hr(B � �),rei

(B � �)2

+2µ
fkr(B � �)k2

(B � �)2

� �(2� 2µ)
hr(B � �),rfi

B � � � µ
krek2
e(B � �)

+µ
fkr(B � �)k2

(B � �)2 .

So we have

�f

f
� �(2� 2µ)

hr(B � �),rfi
B � � + µ

kr(B � �)k2
(B � �)2 � �(B � �)

B � �

�b̃ C(m,n)k k4 �
�
1 +

m

2

�
�

�
1� 1

p+ 1

�
b1kd�k2 .
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At the point x
⇤, since F achieves its maximum, as a consequence rF (x⇤) = 0

and �F (x⇤)  0. By the definition of F , one has that

rr
2

a2 � r2
=

rf

f
,

and

� �r
2

a2 � r2
+
�f

f
� 2hrr

2
,rfi

f(a2 � r2)
 0 .

It follows that
�f

f
� �r

2

a2 � r2
� 2krr

2k2
(a2 � r2)2

 0 .

Using krr
2k = 2r and (2.14), we then have

0 � �f

f
� C(m)(1 +

p
 r)

a2 � r2
� 8r2

(a2 � r2)2
,

i.e.

0 � �(2� 2µ)
hr(B � �),rfi

B � � + µ
kr(B � �)k2
(B � �)2 � �(B � �)

B � �

�b̃C(m,n)k k4 � (1 +
m

2
)� (1� 1

p+ 1
)b1kd�k2

�C(m)(1 +
p
 r)

a2 � r2
� 8r2

(a2 � r2)2
.

Since

�(2� 2µ)
hr(B � �),rfi

f(B � �) = �(2� 2µ)2r
hr(B � �),rri
(a2 � r2)(B � �)

� �(2� 2µ)2r
kr(B � �)k

(a2 � r2)(B � �) ,

we conclude that

µ
kr(B � �)k2
(B � �)2 � �(B � �)

B � � � 4r
kr(B � �)k

(a2 � r2)(B � �) � b̃ C(m,n)k k4

�(1� 1

p+ 1
)b1kd�k2 �

�
1 +

m

2

�
� C(m)(1 +

p
 r)

a2 � r2
� 8r2

(a2 � r2)2
 0 .

⇤

Theorem 2.1 (Gradient Estimate). Suppose the Ricci curvature of M satisfies
RicM � � for some nonnegative constant , the sectional curvature secN and
curvature tensor R

N satisfy �b2  secN  b1, krR
Nk  b3 and kr2

R
Nk  b4

respectively, where bi are constants with b2 � b1 > 0, b3 � 0, b4 � 0. If (�, ) is
a solution of (1.4), � : M ! By0(R) ⇢ N

n
, R < ⇡/(2

p
b1), then for any x0 2 M

and any positive constant a, we have

(2.20) sup
Bx0 (

a
2 )

kd�k  C(m,n)p
b1 cos2(

p
b1 R)

 
1 + a

p


a
+

r
b

b1
sup

Bx0 (a)

k k2
!

.

Here b = b1b
2

2
+ b

2

3
+ b4b1 + b

4

2
+ b

2

2
b3 + b

2

3
b1 + b

3/2

1
b3, and C(m,n) is a constant

depending only on the dimensions m and n.
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Proof. Choose B(y) =
p
b1 cos

�p
b1 ⇢(y)

�
in the function f =

e

B � � , then

�(B � �)  (HessB) � �kd�k2 + k(rB) � �k k⌧(�)k

 �b
3/2

1
cos(

p
b1 ⇢ � �) kd�k2 + b1 C(m,n)(b2k k2kd�k+ b3k k4)

 �b
3/2

1
cos(

p
b1 ⇢ � �) kd�k2 +

1

(p+ 1)(p+ 2)
b1B � �kd�k2

+
1

B � � (p+ 1)(p+ 2)b1b
2

2
C(m,n)k k4 + b1b3C(m,n)k k4 .

Putting this inequalities into (2.15), then we have

b1

p+ 2
kd�k2� 4rb1

(a2 � r2)B � �kd�k

 b̃ C(m,n)k k4 +
�
1 +

m

2

�


+
C(m)(1 +

p
 r)

a2 � r2
+

8r2

(a2 � r2)2

+
b1b

2

2

(B � �)2C(m,n)k k4+ b1b3

B � �C(m,n)k k4


�
1 +

m

2

�
+

C(m)(1 +
p
 r)

a2 � r2
+

8r2

(a2 � r2)2

+
1

(B � �)2 (b1b
2

2
+ b

3/2

1
b3 + b̃b1)C(m,n)k k4 .

Namely,

b1

p+ 2
e
2 � 4rb1

(a2 � r2)B � �e 
�
1 +

m

2

�
+

C(m)(1 +
p
 r)

a2 � r2
+

8r2

(a2 � r2)2

+
1

(B � �)2 (b1b
2

2
+ b

3/2

1
b3 + b̃b1)

⇥C(m,n)k k4 .

From the definition of F , we know that

(2.21)

b1(B � �)2
p+ 2

F
2(x⇤)� 4rb1F (x⇤)


✓�

1 +
m

2

�
+

C(m)(1 +
p
 r)

a2 � r2
+

8r2

(a2 � r2)2

+
1

(B � �)2 (b1b
2

2
+ b

3/2

1
b3 + b̃b1)C(m,n)k k4

◆
(a2 � r

2)2 .

For the RHS of (2.21), denote b = b1b
2

2
+ b

3/2

1
b3 + b̃b1 and

I :=

✓�
1 +

m

2

�
+

C(m)(1 +
p
 r)

a2 � r2
+

8r2

(a2 � r2)2
+

1

(B � �)2 bC(m,n)k k4
◆

⇥(a2 � r
2)2 .
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We have the following estimate

I  a
2

✓✓�
1 +

m

2

�
+

1

(B � �)2C(m,n)bk k4
◆
a
2 + C(m)(1 +

p
 a) + 8

◆

 C(m,n) b1
(B � �)2 a

2

 
1 +

p
 a+

r
b

b1
k k2a

!2

.

It is elementary that if Ax
2 �Bx� C  0 with A,B,C all positive, then

x  B

A
+

r
C

A
.

So we can conclude that

F (x⇤)  C(m,n)a

b1 cos2(
p
b1 R)

 
1 +

p
 a+

r
b

b1
sup

Bx0 (a)

k k2a
!

.

This proves Theorem 2.1.
⇤

3. Liouville Theorem

Now using the gradient estimate, we can get a Liouville type theorem for Dirac-
harmonic maps with curvature term.

Theorem 3.1 (Liouville Theorem). Assume that M is complete with nonnegative
Ricci curvature and the scalar curvature is bounded below by a positive constant ✏,
suppose the sectional curvature secN and curvature tensor R

N of N satisfy �b2 
secN  b1 and krR

Nk  b3, kr2
R

Nk  b4 respectively, where bi are constants
with b2 � b1 > 0, b3, b4 � 0. Then there is a constant � > 0 such that for any
smooth solution (�, ) of (1.4) satisfying �(M) ⇢ By0(R) ⇢ N,R < ⇡/(2

p
b1) and

k k < �, we have � ⌘ constant and  ⌘ 0.

Proof. By using Weitzenböck formula (2.2) and (2.6), we can get that

1

2
�k k2 � kr k2 + ✏

4
k k2 � b

2

2
C(m,n)k k2kd�k2 � b3C(m,n)k k4kd�k

�b2C(m,n)k k3kr k

� kr k2 + ✏

4
k k2 � b

2

2
C(m,n)k k2kd�k2 � b3C(m,n)k k4kd�k

�1

2
kr k2 � b

2

2
C(m,n)k k6

�
✓
✏

4
� b

2

2
C(m,n)kd�k2 � b3C(m,n)k k2kd�k

�b
2

2
C(m,n)k k4

◆
k k2.

Here C(m,n) is a positive constant depending only on m,n. It is obvious that this
theorem is valid when M is compact. Now we assume that M is non-compact.
Suppose k k < �, then according to Theorem 2.1,

kd�k  C(m,n)
p
b �

2

b1 cos2(
p
b1 R)

.



Gradient estimates for Dirac-Harmonic maps with curvature term 33

Therefore,

1

2
�k k2 �

 
✏

4
� bb

2

2
C(m,n)

b
2

1
cos4(

p
b1 R)

�
4 �

p
b b3C(m,n)

b1 cos2(
p
b1 R)

�
4 � b

2

2
C(m,n)�4

!
k k2 .

If we choose � such that

✏

4
� bb

2

2
C(m,n)

b
2

1
cos4(

p
b1 R)

�
4 �

p
b b3C(m,n)

b1 cos2(
p
b1 R)

�
4 � b

2

2
C(m,n)�4 = 0 ,

then k k2 is a bounded subharmonic function on M .
Now for any positive number c, let u = (k k2 + c)�1/2, then

(3.1)

�u = �1

2
(k k2 + c)�3/2�k k2 + 3

4
(k k2 + c)�5/2krk k2k2

= �1

2
(k k2 + c)�3/2�k k2 + 3(k k2 + c)1/2kruk2

 �C0

2
(k k2 + c)�3/2k k2 + 3(k k2 + c)1/2kruk2 .

Since the Ricci curvature of M is nonnegative, the Omori-Yau maximum principle
holds (cf. [7, 14]), that is, for any ⌘ > 0, there exists a point p 2 M such that at p,

u < inf u+ ⌘ , kruk < ⌘ , �u > �⌘ .

It follows from k k  � and (3.1) that

C0

2
k k2 < ⌘

⇣
inf(k k2 + c)�

1
2 + 4⌘

⌘
(k k2 + c)2 < ⌘

�
�
�1 + 4⌘

�
(�2 + c)2 .

Let ⌘ ! 0, we obtain sup k k = 0.
Since Theorem 2.1, we have kd�k = 0. Therefore � is a constant.

⇤

References

[1] V. Branding, Energy estimates for the supersymmetric nonlinear sigma model and appli-
cations, Potential Anal., 45(4)(2016), 737–754.

[2] Q. Chen, J. Jost, J. Li & G. Wang, Regularity theorems and energy identities for Dirac-
harmonic maps, Math. Z., 251(1)(2005), :61–84.

[3] Q. Chen, J. Jost, J. Li & G. Wang, Dirac-harmonic maps, Math. Z., 254(2)(2006), 409–
432.

[4] Q. Chen, J. Jost & L. Sun, Gradient estimates and Liouville theorems for Dirac-harmonic
maps, J. Geom. Phys., 76(2014), 66–78.

[5] Q. Chen, J. Jost & G. Wang, Liouville theorems for Dirac-harmonic maps, J. Math.
Phys., 48(11)(2007), 113517, 13 pp. .

[6] S.Y. Cheng, Liouville theorem for harmonic maps, in Geometry of the Laplace operator,
Proc. Sympos. Pure Math., Univ. Hawaii, Honolulu, Hawaii, 1979), Proc. Sympos. Pure
Math., XXXVI, 147–151, Amer. Math. Soc., Providence, R.I., 1980.

[7] S.Y. Cheng & S.T. Yau, Di↵erential equations on Riemannian manifolds and their geo-
metric applications, Comm. Pure Appl. Math., 28(3)(1975), 333–354.

[8] H.I. Choi, On the Liouville theorem for harmonic maps, Proc. Amer. Math. Soc.,
85(1)(1982), 91–94.

[9] Quantum fields and strings: a course for mathematicians, Vol. 1, 2, Material from the

Special Year on Quantum Field Theory held at the Institute for Advanced Study, Prince-
ton, NJ, 1996?1997, P. Deligne, P. Etingof, D.S. Freed, L.C. Je↵rey, D. Kazhdan, J.W.
Morgan, D.R. Morrison & E. Witten Editors,. American Mathematical Society, Provi-
dence, RI, Institute for Advanced Study (IAS), Princeton, NJ, 1999.



34 Qun Chen and Youfeng Guan

[10] P.M.N. Feehan, A Kato-Yau inequality and decay estimate for eigenspinors, J. Geom.
Anal., 11(3)(2001), 469–489.

[11] J.Jost, Riemannian geometry and geometric analysis, Universitext, Springer, Heidelberg,
sixth edition, 2011.

[12] P. Li, Geometric analysis, Cambridge Studies in Advanced Mathematics, 134, Cambridge
University Press, Cambridge, 2012.

[13] R. Schoen & S.T. Yau, Harmonic maps and the topology of stable hypersurfaces and
manifolds with non-negative Ricci curvature, Comment. Math. Helv., 51(3)(1976), 333–
341.

[14] S.T. Yau, Harmonic functions on complete Riemannian manifolds, Comm. Pure Appl.
Math., 28(1975), 201–228.


