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The stability of �(5)-harmonic maps

Xiaoyuan Han
1
, Yingbo Han
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Abstract. In this paper, we introduce the notion of �(5)-harmonic maps between

Riemannian manifolds. We obtain the first and second variation formulas of the �(5)-

energy functional E�(5)
. Then, we introduce the notion of �(5)-SSU manifolds and provide

some examples of �(5)-SSU manifolds. Finally, by using the extrinsic average variational

method in the calculus of variations and the second variation formula, we prove that

the maps from compact �(5)-SSU manifold or into compact �(5)-SSU manifold which are

stable �(5)-harmonic maps must be constant.

1. Introduction

Harmonic maps which appear in a broad spectrum of contexts in mathematics
and physics, have had wide-ranging consequences and influenced developments in
other fields (see, e.g. [1, 2, 3, 13] ). A harmonic map u : (M, g) ! (N, h) between
Riemannian manifolds can be viewed as a critical point of the energy functional,
given by the integral of a half of the first elementary symmetric function �1 of the
eigenvalues of the pullback metric tensor u

⇤
h relative to the metric g. Similarly,

�-harmonic maps in [7] and �(3)-harmonic maps in [4] were introduced as a critical
point of �-energy functional and �(3)-energy functional, given by a quarter of the
second elementary symmetric function �2 and a sixth of the third elementary sym-
metric function �3 of the eigenvalues of the pullback metric tensor u⇤

h relative to
the metric g, respectively. In [8, 9], Kawai and Nakauchi show nonconstant stable
�-harmonic map either from S

m(m � 5) to any manifold or from the compact

minimal submanifold of Sm+p with Ricg >
3

4
mg to any manifold is non-existent,

and they also proved nonconstant stable �-harmonic map either from any compact
Riemannian manifold to S

n(n � 5) or from any compact Riemannian manifold to

the compact minimal submanifold of Sn+p with Ricg >
3

4
ng is non-existent. In [7],
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by using the extrinsic average variational method in the calculus of variations, Han
and Wei generalized the results of Kawai and Nakauchi, found �-SSU manifolds,
and proved that this manifolds can be neither the domain nor the target of any
nonconstant stable �-harmonic maps. After defining a p-superstrongly unstable
(p-SSU) manifold. By using the extrinsic average variational method in the cal-
culus of variations, in [5], Feng-Han-Wei find �S,p-SSU manifolds and prove that
any stable �S,p-harmonic map from or into a compact �S,p-SSU manifold (to or
from a compact manifold) must be constant. In [4], Feng-Han-Jiang-Wei prove the
maps from compact �(3)-SSU manifold or into compact �(3)-SSU manifold which
are nonconstant stable �(3)-harmonic maps is non-existence.

In this paper, we extend the study of harmonic maps, �-harmonic maps and
�(3)-harmonic maps and study the geometric properties of �(5)-harmonic maps.
We give the definition of �(5)-harmonic maps. In fact, �(5)-harmonic map is a
critical point of the �(5)-energy functional, given by the integral of a tenth of the
fifth elementary symmetric function �5 of the eigenvalues of the pullback metric
tensor u⇤

h relative to the metric g.
Let u : (Mm

, g) ! (Nn
, h) be a smooth map between two Riemannian manifolds

(Mm
, g) and (Nn

, h). Let {ei}mi=1
be a local orthonormal frame of (Mm

, g). We
give the definition of �(5)-harmonic map in the following.

Definition 1.1. Let d(5)u be a 1-from with values in the pullback bundle u
�1

TN

given by

d(5)u(X)

=
mX

i,j,k,l=1

h
�
du(X), du(ei)

�
h
�
du(ei), du(ej

�
h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�
du(el)

for any smooth vector field X on (Mm
, g). The �(5)-energy is defined by

(1) E�(5)
(u) =

Z

M

kd(5)uk2

10
dvg ,

where kd(5)uk2 is given by

kd(5)uk2 =
mX

i1=1

h
�
d(5)u(ei1), du(ei1)

�

=
mX

i1,i2,··· ,i5=1

h
�
du(ei1), du(ei2)

�
h
�
du(ei2), du(ei3)

�
h
�
du(ei3), du(ei4)

�

⇥h
�
du(ei4), du(ei5)

�
h
�
du(ei5), du(ei1)

�

=
mX

i1,i2,··· ,i5=1

h
�
du(ei1), du(ei2)

�
· · ·h

�
du(ei5), du(ei1)

�
.

Definition 1.2. A smooth map u is called a �(5)-harmonic map if it is a critical
point of the �(5)-energy functional E�(5)

with respect to any smooth compactly
supported variation of u.

We recall

Definition 1.3. A Riemannian manifoldM
m, with the Riemannian metric h , iM ,

is said to be superstrongly unstable (SSU) if there exists an isometric immersion of
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M
m in R

q, with second fundamental form B, such that for all unit tangent vectors
v 2 Tx(Mm) the following symmetric linear operator QM

x

hQM

x
(v), viM =

mX

i=1

⇣
2
⌦
B(v, ei), B(v, ei)

↵
Rq �

⌦
B(v, v), B(ei, ei)

↵
Rq

⌘

is negative definite. Also M is said to be p-superstrongly unstable (p-SSU) for p � 2
if the following functional

Fp,x(v) = (p� 2)
⌦
B(v, v), B(v, v)

↵
Rq +

⌦
Q

M

x
(v), v

↵
M

is negative valued, where {ei}mi=1
is a local orthonormal frame on M

m.

The notion of �(5)-SSU is defined as follows.

Definition 1.4. A Riemannian manifold M
m is said to be �(5)-superstrongly un-

stable (�(5)-SSU) if there exists an isometric immersion of Mm in R
q, with second

fundamental form B, such that for every unit tangent vector v 2 Tx(Mm) the
following functional is always negative valued

F�(5)x
(v) =

mX

i=1

⇣
10
⌦
B(v, ei), B(v, ei)

↵
Rq �

⌦
B(v, v), B(ei, ei)

↵
Rq

⌘
,

where {ei}mi=1
is a local orthonormal frame on M

m.

The content of this chapter is arranged as follows: In Section 1, we present some
basis materials. In Section 2, we give the first and second variation formulas of the
functional E�(5)

and define of the �(5)-harmonic map. In Section 3, we provide
some examples of �(5)-SSU manifolds. In Section 4, by using the extrinsic average
variational method in the calculus of variations and the second variation formula,
we prove that the maps from compact �(5)-SSU manifold which are stable �(5)-
harmonic maps must be constant. In Section 5, by using the similar method to
Theorem 4.1, we prove that the maps into compact �(5)-SSU manifold which are
stable �(5)-harmonic maps must be constant.

2. The First and Second Variation Formula

In this section, we will give the first and second variation formulas of the �(5)-
energy functional.

Definition 2.1. Let u : (Mm
, g) ! (Nn

, h) be a smooth map between Riemannian
manifolds (Mm

, g) and (Nn
, h). The �(5)-tension field of u is defined by

⌧�(5)
(u) = div

�
d(5)u

�
=

mX

k=1

�
rekd(5)u

�
(ek) .

In the following, we will obtain the first variation formula for the �(5)(u)-energy
E�(5)

(u). Let r and Nr denote the Levi-Civita connections of M and N re-

spectively. Let er be the induced connection on u
�1

TN defined by erXW =
Nrdu(X)W , where X is a tangent vector of M and W is a section of u

�1
TN .

We will obtain the following result:
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Theorem 2.2 (The first variation formula). Let u : (Mm
, g) ! (Nn

, h) be a smooth
map, and let ut : (Mm

, g) ! (Nn
, h) be a compactly supported variation such that

u0 = u and set V =
@

@t
ut

���
t=0

. Then we have

(2)
d

dt
E�(5)

(ut)
���
t=0

= �
Z

M

h
�
V, ⌧�(5)

(u)
�
dvg .

Proof. Let  : (�", ") ⇥M ! N be a smooth map defined by  (t, x) = ut(x),
where (�", ") ⇥ M is equipped with the product metric. We extend the vector

fields
@

@t
on (�", ") and X on M naturally to (�", ") ⇥M , and denote those also

by
@

@t
, X. Then V = d 

✓
@

@t

◆���
t=0

. We also use the same notations r and er for

the Levi-Civita connection on (�", ")⇥M and the induced connection on  �1
TN

respectively.
By directly computing, we have

@

@t

kd(5)utk2

10
=

1

10

@

@t
kd(5)utk2

=
mX

i1,i2,··· ,i5=1

h
�er @

@t
d (ei1), d (ei2)

�
h
�
d (ei2), d (ei3)

�
· · ·

⇥h
�
d (ei5), d (ei1)

�

=
mX

i1=1

h

✓
erei1

d 

✓
@

@t

◆
, d(5) (ei1)

◆

=
mX

i1=1


ei1h

✓
d 

✓
@

@t

◆
, d(5) (ei1)

◆
� h

✓
d 

✓
@

@t

◆
, erei1

d(5) (ei1)

◆�
.

Here we use er @
@t
d (ei1) � erei1

d 

✓
@

@t

◆
= d 

✓
@

@t
, ei1

�◆
= 0 in the third e-

quality. Let Xt be a compactly supported vector field on M such that g(Xt, Y ) =

h

✓
d 

✓
@

@t

◆
, d(5) (Y )

◆
for any vector field Y on M . Then we have

@

@t

kd(5)utk2

10

=
mX

i1=1


ei1h

✓
d 

✓
@

@t

◆
, d(5) (ei1)

◆
� h

✓
d 

✓
@

@t

◆
, erei1

d(5) (ei1)

◆�

=
mX

i1=1


ei1g(Xt, ei1)� h

✓
d 

✓
@

@t

◆
, erei1

d(5) (ei1)

◆�

(3) = divXt � h

✓
d 

✓
@

@t

◆
, div

�
d(5) 

�◆
.

From (3) and Green’s theorem, we have

d

dt
E�(5)

(ut)
���
t=0

= �
Z

M

h
�
V, ⌧�(5)

(u)
�
dvg .
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This completes the proof.
⇤

By using the definition of �(5)-harmonic maps and Theorem 2.2, we have the
following.

Proposition 2.3. A smooth map u : (Mm
, g) ! (Nn

, h) is a �(5)-harmonic map
if and only if u is a solution of the Euler-Lagrange equation for the �(5)-energy
functional E�(5)

(u), that is,

⌧�(5)
(u) = div

�
d(5)u

�
=

mX

k=1

�
rekd(5)u

�
(ek) = 0 .

In the following, we calculate the second variation of the functional E�(5)
(u),

and obtain the following results:

Theorem 2.4 (The second variation formula). Suppose u : (Mm
, g) ! (Nn

, h) is
a �(5)-harmonic map for the functional E�(5)

and us,t : Mm ! N (�" < s, t < ")
is a compactly supported two-parameter variation such that u0,0 = u and set V =
@

@t
us,t

���
s,t=0

, W =
@

@s
us,t

���
s,t=0

. Then we have

@
2

@s@t
E�(5)

(us,t)
���
s,t=0

=

Z

M

mX

i1,i2,i3,i4,i5=1

h
�
R

N
�
V, du(ei1)

�
W,d(5)u(ei1)

�
dvg

+

Z

M

mX

i1,i2,i3,i4,i5=1

h

⇣
erei1

V, erei5
W

⌘
h
�
du(ei1), du(ei2)

�

⇥h
�
du(ei2), du(ei3)

�
h
�
du(ei3), du(ei4)

�
h
�
du(ei4), du(ei5)

�
dvg

+

Z

M

mX

i1,i2,i3,i4,i5=1

h

⇣
erei1

V, du(ei5)
⌘

⇥
h
h

⇣
erei1

W,du(ei2)
⌘
+ h

⇣
du(ei1), erei2

W

⌘i

⇥h
�
du(ei2), du(ei3)

�
h
�
du(ei3), du(ei4)

�
h
�
du(ei4), du(ei5)

�
dvg

+

Z

M

mX

i1,i2,i3,i4,i5=1

h

⇣
erei1

V, du(ei5)
⌘

⇥
h
h

⇣
erei2

W,du(ei3)
⌘
+ h

⇣
du(ei2), erei3

W

⌘i

⇥h
�
du(ei1), du(ei2)

�
h
�
du(ei3), du(ei4)

�
h
�
du(ei4), du(ei5)

�
dvg

+

Z

M

mX

i1,i2,i3,i4,i5=1

h

⇣
erei1

V, du(ei5)
⌘

⇥
h
h

⇣
erei3

W,du(ei4)
⌘
+ h

⇣
du(ei3), erei4

W

⌘i

⇥h
�
du(ei1), du(ei2)

�
h
�
du(ei2), du(ei3)

�
h
�
du(ei4), du(ei5)

�
dvg



76 Xiaoyuan Han, Yingbo Han and Yan Wang

+

Z

M

mX

i1,i2,i3,i4,i5=1

h

⇣
erei1

V, du(ei5)
⌘

⇥
h
h

⇣
erei4

W,du(ei5)
⌘
+ h

⇣
du(ei4), erei5

W

⌘i

(4) ⇥h
�
du(ei1), du(ei2)

�
h
�
du(ei2), du(ei3)

�
h
�
du(ei3), du(ei4)

�
dvg ,

where R
N denotes the curvature tensor of N .

We put

I(V, V ) =
@
2

@s@t
E�(5)

(us,t)
���
s,t=0

.

A �(5)-harmonic map is called stable if I(V, V ) � 0 for any compactly supported
vector field V along u.

Proof. Let  : (�", ")⇥(�", ")⇥M ! N be a smooth map defined by  (s, t, x) =
us,t(x), where (�", ") ⇥ (�", ") ⇥ M is equipped with the product metric. We

extend the vector fields
@

@t
,

@

@s
on (�", ") and X on M naturally to (�", ") ⇥

(�", ") ⇥ M , and denote those also by
@

@t
,

@

@s
, X. Then V = d 

✓
@

@t

◆���
s,t=0

,

W = d 

✓
@

@s

◆���
s,t=0

. We also use the same notations r and er for the Levi-

Civita connection on (�", ")⇥ (�", ")⇥M and the induced connection on  �1
TN

respectively. We use {ei}mi=1
to denote a locally orthonormal frame on M and fix

any point x0 2 M such that reiej

��
x0

= 0 for any i, j. Using (2) and Proposition
2.3, we have

@
2

@s@t
E�(5)

(us,t)
���
s,t=0

= � @

@s

Z

M

h

⇣
d 
⇣
@

@t

⌘
, ⌧�(5)

us,t

⌘���
s,t=0

dvg

= �
mX

i1=1

@

@s

Z

M

h

✓
d 

✓
@

@t

◆
, erei1

d(5)us,t(ei1)

◆ ���
s,t=0

dvg

= �
Z

M

X

i1

h

✓
d 

✓
@

@t

◆
, er @

@s

erei1
d(5)us,t(ei1)

◆ ���
s,t=0

dvg

= �
Z

M

mX

i1=1

h

✓
d 

✓
@

@t

◆
, erei1

er @
@s
d(5)us,t(ei1)

◆ ���
s,t=0

dvg

�
Z

M

mX

i1=1

h

✓
d 

✓
@

@t

◆
, R

N

✓
d 

✓
@

@s

◆
, d (ei1)

◆
d(5)us,t(ei1)

◆���
s,t=0

dvg

= �
Z

M

mX

i1=1

ei1

✓
h

✓
d 

✓
@

@t

◆
, er @

@s
d(5)us,t(ei1)

◆◆ ���
s,t=0

dvg

+

Z

M

mX

i1=1

h

✓
erei1

d 

✓
@

@t

◆
, er @

@s
d(5)us,t(ei1)

◆���
s,t=0

dvg
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(5) �
Z

M

mX

i1=1

h

✓
d 

✓
@

@t

◆
, R

N

✓
d 

✓
@

@s

◆
, d (ei1)

◆
d(5)us,t(ei1)

◆���
s,t=0

dvg .

The second term in the right-hand side of (5),

mX

i1=1

h

⇣
erei1

d 

✓
@

@t

◆
, er @

@s
d(5)us,t(ei1)

⌘

=
mX

i1,i2,i3,i4,i5=1

h

⇣
erei1

d 
⇣
@

@t

⌘
, er @

@s

⇣
h
�
d (ei1), d (ei2)

�

⇥h
�
d (ei2), d (ei3)

�
h
�
d (ei3), d (ei4)

�
h
�
d (ei4), d (ei5)

�
d (ei5)

⌘⌘

=
mX

i1,··· ,i5=1

h

⇣
erei1

d 

✓
@

@t

◆
, erei5

d 
⇣
@

@s

⌘⌘
h
�
d (ei1), d (ei2)

�

⇥h
�
d (ei2), d (ei3)

�
h
�
d (ei3), d (ei4)

�
h
�
d (ei4), d (ei5)

�

+
mX

i1,··· ,i5=1

h

⇣
erei1

d 

✓
@

@t

◆
, d (ei5)

⌘

⇥
h
h

⇣
erei1

d 
⇣
@

@s

⌘
, d (ei2)

⌘
+ h

⇣
d (ei1), erei2

d 
⇣
@

@s

⌘⌘i

⇥h
�
d (ei2), d (ei3)

�
h
�
d (ei3), d (ei4)

�
h
�
d (ei4), d (ei5)

�

+
mX

i1,··· ,i5=1

h

⇣
erei1

d 

✓
@

@t

◆
, d (ei5)

⌘

⇥
h
h

⇣
erei2

d 
⇣
@

@s

⌘
, d (ei3)

⌘
+ h

⇣
d (ei2), erei3

d 
⇣
@

@s

⌘⌘i

⇥h
�
d (ei1), d (ei2)

�
h
�
d (ei3), d (ei4)

�
h
�
d (ei4), d (ei5)

�

+
mX

i1,··· ,i5=1

h

⇣
erei1

d 

✓
@

@t

◆
, d (ei5)

⌘

⇥
h
h

⇣
erei3

d 
⇣
@

@s

⌘
, d (ei4)

⌘
+ h

⇣
d (ei3), erei4

d 
⇣
@

@s

⌘⌘i

⇥h
�
d (ei1), d (ei2)

�
h
�
d (ei2), d (ei3)

�
h
�
d (ei4), d (ei5)

�

+
mX

i1,··· ,i5=1

h

⇣
erei1

d 

✓
@

@t

◆
, d (ei5)

⌘

⇥
h
h

⇣
erei4

d 
⇣
@

@s

⌘
, d (ei5)

⌘
+ h

⇣
d (ei4), erei5

d 
⇣
@

@s

⌘⌘i

(6) ⇥h
�
d (ei1), d (ei2)

�
h
�
d (ei2), d (ei3)

�
h
�
d (ei3), d (ei4)

�
.

The integrand for the first term in the right-hand side of (5) is

mX

i1=1

ei1

⇣
h

⇣
d 

✓
@

@t

◆
, er @

@s
d(5)us,t(ei1)

⌘⌘
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=
mX

i1,i2,i3,i4,i5=1

ei1

⇣
h

⇣
d 

✓
@

@t

◆
, er @

@s

�
h
�
d (ei1), d (ei2)

�

⇥h
�
d (ei2), d (ei3)

�
h
�
d (ei3), d (ei4)

�
h
�
d (ei4), d (ei5)

�
d (ei5)

�⌘⌘

=
mX

i1,··· ,i5=1

ei1

⇣
h

⇣
d 

✓
@

@t

◆
, erei5

d 
⇣
@

@s

⌘⌘
h
�
d (ei1), d (ei2)

�

⇥h
�
d (ei2), d (ei3)

�
h
�
d (ei3), d (ei4)

�
h
�
d (ei4), d (ei5)

�⌘

+
mX

i1,··· ,i5=1

ei1

⇣
h

⇣
d 

✓
@

@t

◆
, d (ei5)

⌘

⇥
h
h

⇣
erei1

d 
⇣
@

@s

⌘
, d (ei2)

⌘
+ h

⇣
d (ei1), erei2

d 
⇣
@

@s

⌘⌘i

⇥h
�
d (ei2), d (ei3)

�
h
�
d (ei3), d (ei4)

�
h
�
d (ei4), d (ei5)

�⌘

+
mX

i1,··· ,i5=1

ei1

⇣
h

⇣
d 

✓
@

@t

◆
, d (ei5)

⌘

⇥
h
h

⇣
erei2

d 
⇣
@

@s

⌘
, d (ei3)

⌘
+ h

⇣
d (ei2), erei3

d 
⇣
@

@s

⌘⌘i

⇥h
�
d (ei1), d (ei2)

�
h
�
d (ei3), d (ei4)

�
h
�
d (ei4), d (ei5)

�⌘

+
mX

i1,··· ,i5=1

ei1

⇣
h

⇣
d 

✓
@

@t

◆
, d (ei5)

⌘

⇥
h
h

⇣
erei3

d 
⇣
@

@s

⌘
, d (ei4)

⌘
+ h

⇣
d (ei3), erei4

d 
⇣
@

@s

⌘⌘i

⇥h
�
d (ei1), d (ei2)

�
h
�
d (ei2), d (ei3)

�
h
�
d (ei4), d (ei5)

�⌘

+
mX

i1,··· ,i5=1

ei1

⇣
h

⇣
d 

✓
@

@t

◆
, d (ei5)

⌘

⇥
h
h

⇣
erei4

d 
⇣
@

@s

⌘
, d (ei5)

⌘
+ h

⇣
d (ei4), erei5

d 
⇣
@

@s

⌘⌘i

(7) ⇥h
�
d (ei1), d (ei2)

�
h
�
d (ei2), d (ei3)

�
h
�
d (ei3), d (ei4)

�⌘
.

Let X1, X2, X3, X4, X5, X6, X7, X8 and X9 be compactly supported vector
fields on M and Y be any vector field on M . We have

g(X1, Y ) =
mX

i2,i3,i4,i5=1

h(V, erei5
W )h

�
du(Y ), du(ei2)

�
h
�
du(ei2), du(ei3)

�

⇥h
�
du(ei3), du(ei4)

�
h
�
du(ei4), du(ei5)

�
,

g(X2, Y ) =
mX

i2,i3,i4,i5=1

h
�
V, du(ei5)

�
h
�erY W,du(ei2)

�
h
�
du(ei2), du(ei3)

�

⇥h
�
du(ei3), du(ei4)

�
h
�
du(ei4), du(ei5)

�
,
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g(X3, Y ) =
mX

i2,i3,i4,i5=1

h
�
V, du(ei5)

�
h
�
du(Y ), erei2

W
�
h
�
du(ei2), du(ei3)

�

⇥h
�
du(ei3), du(ei4)

�
h
�
du(ei4), du(ei5)

�
,

g(X4, Y ) =
mX

i2,i3,i4,i5=1

h
�
V, du(ei5)

�
h
�erei2

W,du(ei3)
�
h
�
du(Y ), du(ei2)

�

⇥h
�
du(ei3), du(ei4)

�
h
�
du(ei4), du(ei5)

�
,

g(X5, Y ) =
mX

i2,i3,i4,i5=1

h
�
V, du(ei5)

�
h
�
du(ei2), erei3

W
�
h
�
du(Y ), du(ei2)

�

⇥h
�
du(ei3), du(ei4)

�
h
�
du(ei4), du(ei5)

�
,

g(X6, Y ) =
mX

i2,i3,i4,i5=1

h
�
V, du(ei5)

�
h
�erei3

W,du(ei4)
�
h
�
du(Y ), du(ei2)

�

⇥h
�
du(ei2), du(ei3)

�
h
�
du(ei4), du(ei5)

�
,

g(X7, Y ) =
mX

i2,i3,i4,i5=1

h
�
V, du(ei5)

�
h
�
du(ei3), erei4

W
�
h
�
du(Y ), du(ei2)

�

⇥h
�
du(ei2), du(ei3)

�
h
�
du(ei4), du(ei5)

�
,

g(X8, Y ) =
mX

i2,i3,i4,i5=1

h
�
V, du(ei5)

�
h
�erei4

W,du(ei5)
�
h
�
du(Y ), du(ei2)

�

⇥h
�
du(ei2), du(ei3)

�
h
�
du(ei3), du(ei4)

�
,

g(X9, Y ) =
mX

i2,i3,i4,i5=1

h
�
V, du(ei5)

�
h
�
du(ei4), erei5

W
�
h
�
du(Y ), du(ei2)

�

⇥h
�
du(ei2), du(ei3)

�
h
�
du(ei3), du(ei4)

�
.

Hence, when s, t = 0, (7) becomes

mX

ei1=1

�
ei1g(X1, ei1) + ei1g(X2, ei1) + ei1g(X3, ei1) + · · ·+ ei1g(X9, ei1)

�

(8) = div(X1) + div(X2) + div(X3) + · · ·+ div(X9) .

By Green’s theorem and the integral of (8) vanishes. The theorem follows from (5)
-(8).

⇤

3. Examples of �(5)-SSU manifolds

In this section, we obtain some examples of �(5)-SSU manifolds.

Theorem 3.1. Let Mm ⇢ R
m+1, (m � 10) be the compact hypersurface. Assuming

that the principal curvatures �i of M
m satisfy 0 < �1  �2  · · ·  �m and

9�m <

m�1X

i=1

�i. Then M is �(5)-SSU.
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Proof. Similar to the proof of Theorem 5.1 in [6] from the definition of the
�(5)-SSU. We have

mX

i=1

⇣
10
⌦
B(v, ei), B(v, ei)

↵
Rq �

⌦
B(v, v), B(ei, ei)

↵
Rq

⌘

 �i

 
10�m �

mX

i=1

�i

!
= �i

 
9�m �

m�1X

i=1

�i

!
< 0 .

This completes the proof.
⇤

Using theorem 3.1 we have

Corollary 3.2. The standard sphere S
m is �(5)-SSU if and only if m > 10.

Proof. Since S
m is a compact convex hypersurface in R

m+1. By Theorem 3.1
and its principle curvatures satisfy

�1 = �2 = · · · = �m = 1 .

That is, m > 10. This completes the proof.
⇤

Corollary 3.3. The graph of f(x) = x
2

1
+ · · · + x

2

m
, x = (x1, · · · , xm) 2 R

m is
�(5)-SSU if and only if m > 10.

Lemma 3.4 ([12]). A Euclidean hypersurface M is p-SSU if and only if its principle
curvatures satisfy

0 < �1  �2  · · ·  �m and (p� 1)�m <

m�1X

i=1

�i .

Theorem 3.5. Every �(5)-SSU manifold M is p-SSU for any 2  p  10.

Proof. By definition, �(5)-SSU manifold satisfy

F�(5)x
(v) =

mX

i=1

⇣
10
⌦
B(v, ei), B(v, ei)

↵
Rq �

⌦
B(v, v), B(ei, ei)

↵
Rq

⌘
< 0

for all unit tangent vector v 2 Tx(M). It follows that

Fp,x(v) = (p� 2)
⌦
B(v, v), B(v, v)

↵
Rq +

⌦
Q

M

x
(v), v

↵
M

= (p� 2)
⌦
B(v, v), B(v, v)

↵
Rq

+
mX

i=1

⇣
2
⌦
B(v, ei), B(v, ei)

↵
Rq �

⌦
B(v, v), B(ei, ei)

↵
Rq

⌘

 (p� 2)
mX

i=1

⌦
B(v, ei), B(v, ei)

↵
Rq

+
mX

i=1

⇣
2
⌦
B(v, ei), B(v, ei)

↵
Rq �

⌦
B(v, v), B(ei, ei)

↵
Rq

⌘

=
mX

i=1

⇣
p
⌦
B(v, ei), B(v, ei)

↵
�
⌦
B(v, v), B(ei, ei)

↵⌘
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(9) 
mX

i=1

⇣
10
⌦
B(v, ei), B(v, ei)

↵
�
⌦
B(v, v), B(ei, ei)

↵⌘
< 0 .

Thus, M is p-SSU for any 2  p  10.
⇤

Theorem 3.6. Every compact �(5)-SSU manifold M is 10-connected, i.e.,

⇡1(M) = ⇡2(M) = · · · = ⇡10(M) = 0 .

Proof. Because all compact p-SSU manifolds are [p]-connected (cf. Theorem 3.10
in [11]) and p = 10. By the previous theorem, the result follows.

⇤
Theorem 3.7. The dimension of any compact �(5)-SSU manifold M is greater
than 10.

Proof. Assuming thatm  10, thenM is not a 10-SSU manifold. By the previous
theorem, M is not a �(5)-SSU manifold. Thus, the dimension of any compact �(5)-
SSU manifold M is greater than 10. This completes the proof.

⇤
Theorem 3.8. Let fM 2 R

q is a compact convex hypersurface and its principal
curvatures satisfy

0 < �1  �2  · · ·  �q�1 .

If
⌦
Ric

M (v), v
↵
>

9

10
k�

2

q�1

then M is �(5)-SSU, where M 2 fM is a compact connected minimal k-submanifold
and v is any unit tangent vector to M .

Proof. Let B, B1 and eB denote the second fundamental form of M 2 R
q, M 2 fM

and fM 2 R
q, respectively. According to Gauss equation, we obtain

B(X,Y ) = B1(X,Y ) + eB(X,Y )µ ,

where µ is the unit normal field of fM 2 R
q. By the definition of minimal subman-

ifold, we have

kX

i=1

B(ei, ei) =
kX

i=1

B1(ei, ei) +
kX

i=1

eB(ei, ei)µ =
kX

i=1

eB(ei, ei)µ ,

where {ei}ki=1
is a local orthonormal frame on M . Let eB(ei, ej) = �i�ij .

Hence,

kX

i=1

⇣
10
⌦
B(v, ei), B(v, ei)

↵
�
⌦
B(v, v), B(ei, ei)

↵⌘

= �10
⌦
Ric

M (v), v
↵
+

kX

i=1

⇣
10
⌦
B(v, v), B(ei, ei)

↵
�
⌦
B(v, v), B(ei, ei)

↵⌘

= �10
⌦
Ric

M (v), v
↵
+

kX

i=1

9
⌦
B(v, v), B(ei, ei)

↵
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= �10
⌦
Ric

M (v), v
↵
+ 9

kX

i=1

⌦ eB(v, v), eB(ei, ei)
↵

 �10
⌦
Ric

M (v), v
↵
+ 9

kX

i=1

�i�q�1

(10)  �10
⌦
Ric

M (v), v
↵
+ 9k�2

q�1
< 0 ,

where in the first equality we use Gauss equation. This completes the proof.
⇤

4. Stable �(5)-harmonic maps from �(5)-SSU manifolds

In this section, we first recall some definitions and facts of submanifolds, which
will be used in the following results(cf. [7]).

We assume Mm is isometrically immersed in the Euclidean space Rq. Let r and
r denote the standard flat connection on R

q and the Riemannian connection on
M respectively, and B is the second fundamental form of Mm in R

q. These are
related by

rXY = rXY +B(X,Y ) ,

where X,Y are smooth vector fields on M . If T?
M is the normal bundle of the M

in R
q, ⌘ is a smooth section of T?

M . Then the tensors A and B are related by

hA⌘
X,Y i = hB(X,Y ), ⌘i ,

where A
⌘
X is the Weingarten map.

For each x 2 M , let {e↵}q↵=m+1
denote an orthonormal basis for the normal

space T
?
Mx to M at x. Define the Ricci tensor Ric

M : Tx(M) ! Tx(M) by

Ric
M (v) =

mX

i=1

R(v, ei)ei .

Then the Guass curvature equation implies

Ric
M =

qX

↵=m+1

trace
�
A

↵
�
A

↵ �
qX

↵=m+1

A
↵
A

↵
,

where v 2 Tx(M).

Theorem 4.1. Let u : (Mm
, g) ! (Nn

, h) be a �(5)-harmonic map, and let
(Mm

, g) be a compact �(5)-SSU manifold and (Nn
, h) be a Riemannian manifold.

Then all stable �(5)-harmonic map u is constant.

Proof. Now we choose an orthonormal basis {ei}qi=1
of Rq, such that {ei}mi=1

are
tangent to M

m, {e↵}q↵=m+1
are normal to M

m and reiej

��
x0

= 0, where x0 is a
fixed point of Mm. Meanwhile, we take a fixed orthonormal basis of Rq denoted
by {EA}qA=1

, and set

(11) VA =
mX

i=1

v
i

A
ei , v

i

A
= hEA, eii , v

↵

A
= hEA, e↵i ,
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where h· , ·i denotes the canonical Euclidean inner product. Then du(VA) 2
�(u�1

TN) and

(12)
qX

A=1

v
i

A
v
j

A
= �ij , i, j = 1, · · · ,m

(13) reiVA =
qX

↵=m+1

mX

j=1

B
↵

ij
v
↵

A
ej ,

(14) ereidu(VA) =
qX

↵=m+1

mX

k=1

v
↵

A
B

↵

ik
du(ek) +

mX

k=1

v
k

A
ereidu(ek) ,

where B
↵

ij
is the components of the second fundamental form B of Mm in R

q.

Now let u : M ! N be �(5)-harmonic map. By using the condition div
�
d(5)(u)

�

= ��
�
d(5)(u)

�
= 0, and (12), we have

qX

A=1

Z

M

h(�du)(VA), d(5)(VA)i dvg

=
mX

i,j=1

qX

A=1

Z

M

h(�du)(vi
A
ei), d(5)(v

j

A
ej)i dvg

=
mX

i,j=1

qX

A=1

Z

M

v
i

A
v
j

A
h(�du)(ei), d(5)u(ej)i dvg

=
mX

i=1

Z

M

h(�du)(ei), d(5)u(ei)i dvg

(15) =
mX

i=1

Z

M

D
�du(ei), �d(5)u(ei)

E
dvg = 0 .

By using the Weitzenböck formula, we have

(16) �
mX

k=1

R
N
�
du(X), du(ek)

�
du(ek)+du

�
Ric

M (X)
�
=
�
�du

�
(X)+

�
r2

du
�
(X) ,

where X is any smooth vector field on (Mm
, g), and

�
r2

du
�
=

mX

i=1

�
reireidu �

rreiei
du
�
with respect to the variational vector field du(VA) along u. We choose

i, j, k, l, p 2 {1, · · · ,m}, ↵,� 2 {m+ 1, · · · , q}. Thus
X

A

I
�
du(VA), du(VA)

�

= �
Z

M

mX

i=1

h
�
du
�
Ric

M (ei)
�
, d(5)u(ei)

�
dvg

+

Z

M

mX

i=1

h
��
r2

du
�
(ei), d(5)u(ei)

�
dvg
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+

Z

M

X

i,j,k,l,p,A

h
�ereidu(VA), erepdu(VA)

�
h
�
du(ei), du(ej)

�

⇥h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�
dvg

+

Z

M

X

i,j,k,l,p,A

h
�ereidu(VA), du(ep)

�

⇥
h
h
�ereidu(VA), du(ej)

�
+ h
�
du(ei), erej

⇥h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�
dvg

+

Z

M

X

i,j,k,l,p,A

h
�ereidu(VA), du(ep)

�

⇥
h
h
�erejdu(VA), du(ek)

�
+ h
�
du(ej), erekdu(VA)

�i

⇥h
�
du(ei), du(ej)big)h

�
du(ek), du(el)

�
h
�
du(el), du(ep)

�
dvg

+

Z

M

X

i,j,k,l,p,A

h
�ereidu(VA), du(ep)

�

⇥
h
h
�erekdu(VA), du(el)

�
+ h
�
du(ek), ereldu(VA)

�i

⇥h
�
du(ei), du(ej)

�
h
�
du(ej), du(ek)

�
h
�
du(el), du(ep)

�
dvg

+

Z

M

X

i,j,k,l,p,A

h
�ereidu(VA), du(ep)

�

⇥
h
h
�ereldu(VA), du(ep)

�
+ h
�
du(el), erepdu(VA)

�i

(17) ⇥h
�
du(ei), du(ej)

�
h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�
dvg .

At x0, we compute

X

i

h
�
du
�
Ric

M (ei)
�
, d(5)u(ei)

�

=
X

i

qX

↵=m+1

h
�
du
��
trace

�
A

↵
�
A

↵ �A
↵
A

↵
�
(ei)
�
, d(5)u(ei)

�

=
X

i,↵

h
�
du
�
trace

�
A

↵
�
A

↵(ei)
�
, d(5)u(ei)

�

(18) �
X

i,↵

h
�
du
�
A

↵
A

↵(ei)
�
, d(5)u(ei)

�

and
mX

i=1

h
��
r2

du
�
(ei), d(5)u(ei)

�

=
X

i,j,k,l,p

h
��
r2

du
�
(ei), du(ep)

�
h
�
du(ei), du(ej)

�

⇥h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�



The stability of �(5)-harmonic maps 85

=
X

i,j,k,l,p,a

h
��
reareadu

�
(ei), du(ep)

�
h
�
du(ei), du(ej)

�

⇥h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

=
X

i,j,k,l,p,a

ea

h
h
�
readu(ei), du(ep)

�
h
�
du(ei), du(ej)

�

⇥h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�i

�
X

i,j,k,l,p,a

h
�
readu(ei),readu(ep)

�
h
�
du(ei), du(ej)

�

⇥h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

�
X

i,j,k,l,p,a

h
�
readu(ei), du(ep)

�

⇥
h
h
�
readu(ei), du(ej)

�
+ h
�
du(ei),readu(ej)

�i

⇥h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

�
X

i,j,k,l,p,a

h
�
readu(ei), du(ep)

�

⇥
h
h
�
readu(ej), du(ek)

�
+ h
�
du(ej),readu(ek)

�i

⇥h
�
du(ei), du(ej)

�
h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

�
X

i,j,k,l,p,a

h
�
readu(ei), du(ep)

�

⇥
h
h
�
readu(ek), du(el)

�
+ h
�
du(ek),readu(el)

�i

⇥h
�
du(ei), du(ej)

�
h
�
du(ej), du(ek)

�
h
�
du(el), du(ep)

�

�
X

i,j,k,l,p,a

h
�
readu(ei), du(ep)

�

⇥
h
h
�
readu(el), du(ep)

�
+ h
�
du(el),readu(ep)

�i

(19) ⇥h
�
du(ei), du(ej)

�
h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�

and
X

i,j,k,l,p,A

h
�ereidu(VA), erepdu(VA)

�
h
�
du(ei), du(ej)

�

⇥h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

=
X

A,↵,�,i,j,k,l,p,a,b

h

⇣
v
↵

A
B

↵

ia
du(ea) + v

a

A
ereidu(ea), v

�

A
B

�

pb
du(eb) + v

b

A
erepdu(eb)

⌘

⇥h
�
du(ei), du(ej)

�
h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

=
X

A,↵,�,i,j,k,l,p,a,b

h
v
↵

A
v
�

A
B

↵

ia
B

�

pb
h
�
du(ea), du(eb)

�
+ v

a

A
v
b

A
B

↵

ia
h
�
du(ea), erepdu(eb)

�

+v
a

A
v
�

A
B

�

pb
h
�ereidu(ea), du(eb)

�
+ v

a

A
v
b

A
h
�ereidu(ea), erepdu(eb)

�i
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⇥h
�
du(ei), du(ej)

�
h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

=
X

↵,i,j,k,l,p,a,b

h
B

↵

ia
B

↵

pb
h
�
du(ea), du(eb)

�
+ h
��
reidu

�
(ea),

�
repdu

�
(ea)

�i

⇥h
�
du(ei), du(ej)

�
h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

=
X

↵,i,j,k,l,p,a

h
h
�
du
�
A

↵(ei)
�
, du
�
A

↵(ep)
��

+ h
��
readu

�
(ei),

�
readu

�
(ep)

�i

(20) ⇥h
�
du(ei), du(ej)

�
h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

and

X

i,j,k,l,p,A

h
�ereidu(VA), du(ep)

�

⇥
h
h
�ereidu(VA), du(ej)

�
+ h
�
du(ei), erejdu(VA)

�i

⇥h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

=
X

A,↵,�,i,j,k,l,p,a,b

h
�
v
↵

A
B

↵

ia
du(ea) + v

a

A
ereidu(ea), du(ep)

�

⇥
h
h
�
v
↵

A
B

↵

ia
du(ea) + v

a

A
ereidu(ea), du(ej)

�

+h
�
du(ei), v

�

A
B

�

jb
du(eb) + v

b

A
erejdu(eb)

�i

⇥h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

=
X

A,↵,�,i,j,k,l,p,a,b

h
v
↵

A
B

↵

ia
h
�
du(ea), du(ep)

�
+ v

a

A
h
�ereidu(ea), du(ep)

�i

⇥
h
v
↵

A
B

↵

ia
h
�
du(ea), du(ej)

�
+ v

a

A
h
�ereidu(ea), du(ej)

�

+v
�

A
B

�

jb
h
�
du(ei), du(eb)

�
+ v

b

A
h
�
du(ei), erejdu(eb)

�i

⇥h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

=
X

↵,i,j,k,l,p,a

B
↵

ia
B

↵

ia
h
�
du(ea), du(ep)

�
h
�
du(ea), du(ej)

�
h
�
du(ej), du(ek)

�

⇥h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

+
X

i,j,k,l,p,a

h
�ereidu(ea), du(ep)

�
h
�ereidu(ea), du(ej)

�
h
�
du(ej), du(ek)

�

⇥h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

+
X

↵,i,j,k,l,p,a,b

B
↵

ia
B

↵

jb
h
�
du(ea), du(ep)

�
h
�
du(ei), du(eb)

�

⇥h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

+
X

i,j,k,l,p,a

h
�ereidu(ea), du(ep)

�
h
�
du(ei), erejdu(ea)

�
h
�
du(ej), du(ek)

�

⇥h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�
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=
X

↵,i,j,k,l,p

h
�
du
�
A

↵(ei)
�
, du(ep)

�
h
�
du
�
A

↵(ei)
�
, du(ej)

�
h
�
du(ej), du(ek)

�

⇥h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

+
X

i,j,k,l,p,a

h
��
readu

�
(ei), du(ep)

�
h
��
readu

�
(ei), du(ej)

�
h
�
du(ej), du(ek)

�

⇥h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

+
X

↵,i,j,k,l,p

h
�
du
�
A

↵(ei)
�
, du(ep)

�
h
�
du
�
ei), du

�
A

↵(ej)
��
h
�
du(ej), du(ek)

�

⇥h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

+
X

i,j,k,l,p,a

h
��
readu

�
(ei), du(ep)

�
h
�
du(ei),

�
readu

�
(ej)

�
h
�
du(ej), du(ek)

�

(21) ⇥h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

and
X

i,j,k,l,p,A

h
�ereidu(VA), du(ep)

�

⇥
h
h
�erejdu(VA), du(ek)

�
+ h
�
du(ej), erekdu(VA)

�i

⇥h
�
du(ei), du(ej)

�
h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

=
X

A,↵,�,i,j,k,l,p,a,b

h
h
�
v
↵

A
B

↵

ia
du(ea), du(ep)

�
+ v

a

A
h
�ereidu(ea), du(ep)

�i

⇥
h
h
�
v
�

A
B

�

jb
du(eb), du(ek)

�
+ h
�
v
b

A
erejdu(eb), du(ek)

�

+h
�
du(ej), v

�

A
B

�

kb
du(eb)

�
+ h
�
du(ej), vbA erekdu(eb)

�i

⇥h
�
du(ei), du(ej)

�
h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

=
X

↵,i,j,k,l,p,a,b

B
↵

ia
B

↵

jb
h
�
du(ea), du(ep)

�
h
�
du(eb), du(ek)

�
h
�
du(ei), du(ej)

�

⇥h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

+
X

↵,i,j,k,l,p,a

B
↵

ia
B

↵

kb
h
�
du(ea), du(ep)

�
h
�
du(ej), du(eb)

�
h
�
du(ei), du(ej)

�

⇥h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

+
X

i,j,k,l,p,a,b

h
��
readu

�
(ei), du(ep)

�
h
��
readu

�
(ej), du(ek)

�
h
�
du(ei), du(ej)

�

⇥h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

+
X

i,j,k,l,p,a

h
��
readu

�
(ei), du(ep)

�
h
�
du(ej),

�
readu

�
(ek)

�
h
�
du(ei), du(ej)

�

⇥h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

=
X

A,i,j,k,l,p

h
�
du
�
A

↵(ei)
�
, du(ep)

�
h
�
du
�
A

↵(ej)
�
, du(ek)

�
h
�
du(ei), du(ej)

�



88 Xiaoyuan Han, Yingbo Han and Yan Wang

⇥h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

+
X

A,i,j,k,l,p

h
�
du
�
A

↵(ei)
�
, du(ep)

�
h
�
du(ej), du

�
A

↵(ek)
��
h
�
du(ei), du(ej)

�

⇥h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

+
X

i,j,k,l,p,a

h
��
readu

�
(ei), du(ep)

�
h
��
readu

�
(ej), du(ek)

�
h
�
du(ei), du(ej)

�

⇥h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

+
X

i,j,k,l,p,a

h
��
readu

�
(ei), du(ep)

�
h
�
du(ej),

�
readu

�
(ek)

�
h
�
du(ei), du(ej)

�

(22) ⇥h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

and
X

i,j,k,l,p,A

h
�ereidu(VA), du(ep)

�

⇥
h
h
�erekdu(VA), du(el)

�
+ h
�
du(ek), ereldu(VA)

�i

⇥h
�
du(ei), du(ej)

�
h
�
du(ej), du(ek)

�
h
�
du(el), du(ep)

�

=
X

A,↵,�,i,j,k,l,p,a,b

h
h
�
v
↵

A
B

↵

ia
du(ea), du(ep)

�
+ v

a

A
h
�ereidu(ea), du(ep)

�i

⇥
h
h
�
v
�

A
B

�

kb
du(eb), du(el)

�
+ h
�
v
b

A
erekdu(eb), du(el)

�

+h
�
v
�

A
B

�

lb
du(eb), du(ek)

�
+ h
�
v
b

A
ereldu(eb), du(ek)

�i

⇥h
�
du(ei), du(ej)

�
h
�
du(ej), du(ek)

�
h
�
du(el), du(ep)

�

=
X

↵,i,j,k,l,p,a,b

B
↵

ia
B

↵

kb
h
�
du(ea), du(ep)

�
h
�
du(eb), du(el)

�
h
�
du(ei), du(ej)

�

⇥h
�
du(ej), du(ek)

�
h
�
du(el), du(ep)

�

+
X

↵,i,j,k,l,p,a,b

B
↵

ia
B

↵

lb
h
�
du(ea), du(ep)

�
h
�
du(eb), du(ek)

�
h
�
du(ei), du(ej)

�

⇥h
�
du(ej), du(ek)

�
h
�
du(el), du(ep)

�

+
X

i,j,k,l,p,a

h
�ereidu(ea), du(ep)

�
h
�erekdu(ea), du(el)

�
h
�
du(ei), du(ej)

�

⇥h
�
du(ej), du(ek)

�
h
�
du(el), du(ep)

�

+
X

i,j,k,l,p,a

h
�ereidu(ea), du(ep)

�
h
�ereldu(ea), du(ek)

�
h
�
du(ei), du(ej)

�

⇥h
�
du(ej), du(ek)

�
h
�
du(el), du(ep)

�

=
X

A,↵,i,j,k,l,p

h
�
du
�
A

↵(ei)
�
, du(ep)

�
h
�
du
�
A

↵(ek)
�
, du(el)

�
h
�
du(ei), du(ej)

�

⇥h
�
du(ej), du(ek)

�
h
�
du(el), du(ep)

�
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+
X

A,↵,i,j,k,l,p

h
�
du
�
A

↵(ei)
�
, du(ep)

�
h
�
du
�
A

↵(el)
�
, du(ek)

�
h
�
du(ei), du(ej)

�

⇥h
�
du(ej), du(ek)

�
h
�
du(el), du(ep)

�

+
X

i,j,k,l,p,a

h
��
readu

�
(ei), du(ep)

�
h
��
readu

�
(ek), du(el)

�
h
�
du(ei), du(ej)

�

⇥h
�
du(ej), du(ek)

�
h
�
du(el), du(ep)

�

+
X

i,j,k,l,p,a

h
��
readu

�
(ei), du(ep)

�
h
��
readu

�
(el), du(ek)

�
h
�
du(ei), du(ej)

�

(23) ⇥h
�
du(ej), du(ek)

�
h
�
du(el), du(ep)

�

and
X

i,j,k,l,p,A

h
�ereidu(VA), du(ep)

�

⇥
h
h
�ereldu(VA), du(ep)

�
+ h
�
du(el), erepdu(VA)

�i

⇥h
�
du(ei), du(ej)

�
h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�

=
X

A,↵,�,i,j,k,l,p,a,b

h
�
v
↵

A
B

↵

ia
du(ea) + v

a

A
ereidu(ea), du(ep)

�

⇥
h
h
�
v
�

A
B

�

lb
du(eb), du(ep)

�
+ h
�
v
b

A
ereldu(eb), du(ep)

�

+h
�
du(el), v

�

A
B

�

pb
du(eb)

�
+ h
�
du(el), vbA erepdu(eb)

�i

⇥h
�
du(ei), du(ej)

�
h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�

=
X

↵,i,j,k,l,p,a,b

B
↵

ia
B

↵

lb
h
�
du(ea), du(ep)

�
h
�
du(eb), du(ep)

�
h
�
du(ei), du(ej)

�

⇥h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�

+
X

↵,i,j,k,l,p,a,b

B
↵

ia
B

↵

pb
h
�
du(ea), du(ep)

�
h
�
du(el), du(eb)

�
h
�
du(ei), du(ej)

�

⇥h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�

+
X

i,j,k,l,p,a

h
�ereidu(ea), du(ep)

�
h
�ereldu(ea), du(ep)

�
h
�
du(ei), du(ej)

�

⇥h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�

+
X

i,j,k,l,p,a

h
�ereidu(ea), du(ep)

�
h
�
du(el), erepdu(ea)

�
h
�
du(ei), du(ej)

�

⇥h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�

=
X

A,↵,i,j,k,l,p

h
�
du
�
A

↵(ei)
�
, du(ep)

�
h
�
du
�
A

↵(el)
�
, du(ep)

�
h
�
du(ei), du(ej)

�

⇥h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�

+
X

A,↵,i,j,k,l,p

h
�
du
�
A

↵(ei)
�
, du(ep)

�
h
�
du(el), du

�
A

↵(ep)
��
h
�
du(ei), du(ej)

�
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⇥h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�

+
X

i,j,k,l,p,a

h
��
readu

�
(ei), du(ep)

�
h
��
readu

�
(el), du(ep)

�
h
�
du(ei), du(ej)

�

⇥h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�

+
X

i,j,k,l,p,a

h
��
readu

�
(ei), du(ep)

�
h
�
du(el),

�
readu

�
(ep)

�
h
�
du(ei), du(ej)

�

(24) ⇥h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�
.

From (17) to (24) and Green’s theorem, we have
X

A

I
�
du(VA), du(VA)

�

= �
Z

M

X

i,↵

h
�
du(trace(A↵)A↵(ei)), d(5)u(ei)

�
dvg

+

Z

M

X

i,↵

h
�
du(A↵

A
↵(ei)), d(5)u(ei)

�
dvg

+

Z

M

X

i,j,k,l,p,↵

h
�
du(A↵(ei)), du(A

↵(ep))
�
h
�
du(ei), du(ej)

�

⇥h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�
dvg

+

Z

M

X

i,j,k,l,p,↵

h
�
du(A↵(ei)), du(ep)

�

⇥
⇥
h
�
du(A↵(ei)), du(ej)

�
+ h
�
du(A↵(ej)), du(ei)

�⇤

⇥h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�
dvg

+

Z

M

X

i,j,k,l,p,↵

h
�
du(A↵(ei)), du(ep)

�

⇥
⇥
h
�
du(A↵(ej)), du(ek)

�
+ h
�
du(A↵(ek)), du(ej)

�⇤

⇥h
�
du(ei), du(ej)

�
h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�
dvg

+

Z

M

X

i,j,k,l,p,↵

h
�
du(A↵(ei)), du(ep)

�

⇥
⇥
h
�
du(A↵(ek)), du(el)

�
+ h
�
du(A↵(el)), du(ek)

�⇤

⇥h
�
du(ei), du(ej)

�
h
�
du(ej), du(ek)

�
h
�
du(el), du(ep)

�
dvg

+

Z

M

X

i,j,k,l,p,↵

h
�
du(A↵(ei)), du(ep)

�

⇥
⇥
h
�
du(A↵(el)), du(ep)

�
+ h
�
du(A↵(ep)), du(el)

�⇤

(25) ⇥h
�
du(ei), du(ej)

�
h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�
dvg .

Because the matrix h
�
du(ei), du(ej)

�
is symmetric, we can take a local orthonormal

basis {ei}mi=1
such that h

�
du(ei), du(ej)

�
= �

2

i
�ij , i, j = 1, · · · ,m. Then we have
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X

i,↵

h
�
du(trace(A↵)A↵(ei)), d(5)u(ei)

�

=
X

i,j,k,l,p,↵

h
�
du(trace(A↵)A↵(ei)), du(ep)

�
h
�
du(ei), du(ej)

�

⇥h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

=
X

i,j,k,l,p,↵,a,b

⌦
A

↵(ea), ea
↵⌦
A

↵(ei), eb
↵
h
�
du(eb), du(ep)

�

⇥h
�
du(ei), du(ej)

�
h
�
du(ej), du(ek)

�

⇥h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

=
X

i,j,k,l,p,a,b

⌦
B(ea, ea), B(ei, eb)

↵
�
2

b
�bp�

2

i
�ij�

2

j
�jk�

2

k
�kl�

2

l
�lp

(26) =
X

i,j

�
10

i

⌦
B(ei, ei), B(ej , ej)

↵

and
X

i,↵

h
�
du(A↵

A
↵(ei)), d(5)u(ei)

�

=
X

i,j,k,l,p,↵

h
�
du(A↵

A
↵(ei)), du(ep)

�
h
�
du(ei), du(ej)

�
h
�
du(ej), du(ek)

�

⇥h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

=
X

i,j,k,l,p,↵,a,b

⌦
A

↵(ei), eb
↵⌦
A

↵(eb), ea
↵
h
�
du(ea), du(ep)

�
h
�
du(ei), du(ej)

�

⇥h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

=
X

i,j,k,l,p,a,b

⌦
B(ei, eb), B(eb, ea)

↵
�
2

a
�ap�

2

i
�ij�

2

j
�jk�

2

k
�kl�

2

l
�lp

(27) =
X

i,j

�
10

i

⌦
B(ei, ej), B(ei, ej)

↵

and X

i,j,k,l,p,↵

h
�
du(A↵(ei)), du(A

↵(ep))
�
h
�
du(ei), du(ej)

�

⇥h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

=
X

i,j,k,l,p,↵,a,b

⌦
A

↵(ei), ea
↵⌦
A

↵(ep), eb
↵
h
�
du(ea), du(eb)

�

⇥h
�
du(ei), du(ej)

�
h
�
du(ej), du(ek)

�

⇥h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

=
X

i,j,k,l,p,a,b

⌦
B(ei, ea), B(ep, eb)

↵
�
2

a
�ab�

2

i
�ij�

2

j
�jk�

2

k
�kl�

2

l
�lp
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=
X

i,j

�
8

i
�
2

j

⌦
B(ei, ej), B(ei, ej)

↵


X

i,j

⇣4
5
�
10

i
+

1

5
�
10

j

⌘⌦
B(ei, ej), B(ei, ej)

↵

(28) =
X

i,j

�
10

i

⌦
B(ei, ej), B(ei, ej)

↵

and X

i,j,k,l,p,↵

h
�
du(A↵(ei)), du(ep)

�

⇥
⇥
h
�
du(A↵(ei)), du(ej)

�
+ h
�
du(A↵(ej)), du(ei)

�⇤

⇥h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

=
X

i,j,k,l,p,↵,a,b

⇥⌦
A

↵(ei), ea
↵ ⌦

A
↵(ei), eb

↵

⇥h
�
du(ea), du(ep)

�
h
�
du(eb), du(ej)

�

+
⌦
A

↵(ei), ea
↵ ⌦

A
↵(ej), eb

↵

⇥h
�
du(ea), du(ep)

�
h
�
du(eb), du(ei)

�⇤

⇥h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

=
X

i,j,k,l,p,a,b

h⌦
B(ei, ea), B(ei, eb)

↵
�
2

a
�ap�

2

b
�bj

+
⌦
B(ei, ea), B(ej , eb)

↵
�
2

a
�ap�

2

b
�ib

i
�
2

j
�jk�

2

k
�kl�

2

l
�lp

=
X

i,j

�
10

i

⌦
B(ei, ej), B(ei, ej)

↵
+ �

2

i
�
8

j

⌦
B(ei, ej), B(ei, ej)

↵


X

i,j

⇣
�
10

i

⌦
B(ei, ej), B(ei, ej)

↵
+
⇣1
5
�
10

i
+

4

5
�
10

j

⌘

⇥
⌦
B(ei, ej), B(ei, ej)

↵⌘

(29) =
X

i,j

2�10

i

⌦
B(ei, ej), B(ei, ej)

↵

and X

i,j,k,l,p,↵

h
�
du(A↵(ei)), du(ep)

�

⇥
⇥
h
�
du(A↵(ej)), du(ek)

�
+ h
�
du(A↵(ek)), du(ej)

�⇤

⇥h
�
du(ei), du(ej)

�
h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

=
X

i,j,k,l,p,↵,a,b

⌦
A

↵(ei), ea
↵
h
�
du(ea), du(ep)

�

⇥
h⌦
A

↵(ej), eb
↵
h
�
du(eb), du(ek)

�

+
⌦
A

↵(ek), eb
↵
h
�
du(eb), du(ej)

�i

⇥h
�
du(ei), du(ej)

�
h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�
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=
X

i,j,k,l,p,a,b

h⌦
B(ei, ea), B(ej , eb)

↵
�
2

a
�ap�

2

b
�bk

+
⌦
B(ei, ea), B(ek, eb)

↵
�
2

a
�ap�

2

b
�bj

i
�
2

i
�ij�

2

k
�kl�

2

l
�lp

=
X

i,j

⇣
�
2

i
�
8

j

⌦
B(ei, ej), B(ei, ej)

↵
+ �

4

i
�
6

j

⌦
B(ei, ej), B(ei, ej)

↵⌘


X

i,j

h⇣1
5
�
10

i
+

4

5
�
10

j

⌘
+
⇣2
5
�
10

i
+

3

5
�
10

j

⌘i⌦
B(ei, ej), B(ei, ej)

↵

(30) =
X

i,j

2�10

i

⌦
B(ei, ej), B(ei, ej)

↵

and
X

i,j,k,l,p,↵

h
�
du(A↵(ei)), du(ep)

�

⇥
⇥
h
�
du(A↵(ek)), du(el)

�
+ h
�
du(A↵(el)), du(ek)

�⇤

⇥h
�
du(ei), du(ej)

�
h
�
du(ej), du(ek)

�
h
�
du(el), du(ep)

�

=
X

i,j,k,l,p,↵,a,b

⌦
A

↵(ei), ea
↵
h
�
du(ea), du(ep)

�

⇥
h⌦
A

↵(ek), eb
↵
h
�
du(eb), du(el)

�

+
⌦
A

↵(el), eb
↵
h
�
du(eb), du(ek)

�i

⇥h
�
du(ei), du(ej)

�
h
�
du(ej), du(ek)

�
h
�
du(el), du(ep)

�

=
X

i,j,k,l,p,a,b

h⌦
B(ei, ea), B(ek, eb)

↵
�
2

a
�ap�

2

b
�bl

+
⌦
B(ei, ea), B(el, eb)

↵
�
2

a
�ap�

2

b
�bk

i
�
2

i
�ij�

2

j
�jk�

2

l
�lp

=
X

i,j

⇣
�
4

i
�
6

j

⌦
B(ei, ej), B(ei, ej)

↵
+ �

6

i
�
4

j

⌦
B(ei, ej), B(ei, ej)

↵⌘


X

i,j

h⇣2
5
�
10

i
+

3

5
�
10

j

⌘
+
⇣3
5
�
10

i
+

2

5
�
10

j

⌘i⌦
B(ei, ej), B(ei, ej)

↵

(31) =
X

i,j

2�10

i

⌦
B(ei, ej), B(ei, ej)

↵

and X

i,j,k,l,p,↵

h
�
du(A↵(ei)), du(ep)

�

⇥
⇥
h
�
du(A↵(el)), du(ep)

�
+ h
�
du(A↵(ep)), du(el)

�⇤

⇥h
�
du(ei), du(ej)

�
h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�

=
X

i,j,k,l,p,↵,a,b

⌦
A

↵(ei), ea
↵
h
�
du(ea), du(ep)

�

⇥
h⌦
A

↵(el), eb
↵
h
�
du(eb), du(ep)

�

+
⌦
A

↵(ep), eb
↵
h
�
du(el), du(eb)

�i
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⇥h
�
du(ei), du(ej)

�
h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�

=
X

i,j,k,l,p,a,b

h⌦
B(ei, ea), B(el, eb)

↵
�
2

a
�ap�

2

b
�bp

+
⌦
B(ei, ea), B(ep, eb)

↵
�
2

a
�ap�

2

l
�lb

i
�
2

i
�ij�

2

j
�jk�

2

k
�kl

=
X

i,j

⇣
�
6

i
�
4

j

⌦
B(ei, ej), B(ei, ej)

↵
+ �

8

i
�
2

j

⌦
B(ei, ej), B(ei, ej)

↵⌘


X

i,j

h⇣3
5
�
10

i
+

2

5
�
10

j

⌘
+
⇣4
5
�
10

i
+

1

5
�
10

j

⌘i⌦
B(ei, ej), B(ei, ej)

↵

(32) =
X

i,j

2�10

i

⌦
B(ei, ej), B(ei, ej)

↵
.

From (25) to (32), we have
X

A

I
�
du(VA), du(VA)

�

(33) 
Z

M

X

i,j

�
10

i

�
10
⌦
B(ei, ej), B(ei, ej)

↵
�
⌦
B(ei, ei), B(ej , ej)

↵�
dvg .

If u is not a constant, then we have
X

A

I
�
du(VA), du(VA)

�
< 0

in M . Hence, u is a constant. This completes the proof.
⇤

5. Stable �(5)-harmonic maps into �(5)-SSU manifolds

In this section, we obtain the following result.

Theorem 5.1. Let u : (Mm
, g) ! (Nn

, h) be a �(5)-harmonic map, and suppose
(Nn

, h) is a compact �(5)-SSU manifold and (Mm
, g) is any compact manifold.

Then all stable �(5)-harmonic map u is constant.

Proof. Now we take an orthonormal frame field {"i}qi=1
of Rq such that {"a}na=1

are tangent to N
n, {"↵}q↵=n+1

are normal to N
n and r"a"b

��
u(x0)

= 0, where x0 is

a fixed point of Nn and we take a local orthonormal frame field {ei}mi=1
of M .

Meanwhile, we take a fixed orthonormal basis of R
q denoted by {EA}qA=1

and
B

↵

ab
=
⌦
B("a, "b), "↵

↵
denote the components of the second fundamental form B of

N
n and set

(34) VA =
nX

a=1

v
a

A
"a , v

a

A
=
⌦
EA, "a

↵
,

(35) v
↵

A
=
⌦
EA, "↵

↵
,

(36) r"aVA =
qX

↵=n+1

nX

b=1

v
↵

A
B

↵

ab
"b ,

where h·, ·i denotes the canonical Euclidean inner product.
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Set du(ei) =
X

a

u
a

i
"a, then the product matrix (ua

i
)> ·(ua

i
) is an n⇥n symmetric

matrix given by

(37)

 
mX

i=1

u
a

i
u
b

i

!

a,b=1,··· ,n

,

where (ua

i
)> is the transpose of (ua

i
). Next we choose a local orthonormal basis

{"a}na=1
such that

(38)
mX

i=1

u
a

i
u
b

i
= �

2

a
�ab .

Suppose that i, j, k, l, p 2 {1, · · · ,m}, a, b, c, d, e, f, r, s, t, x, y, z 2 {1, · · · , n} and
↵,� 2 {n + 1, · · · , q}. With respect to the variational vector field VA, by the
second variation formula, we have

X

A

I(VA, VA)

=

Z

M

h
�
R

N
�
VA, du(ei)

�
VA, d(5)u(ei)

�
dvg

+

Z

M

h

⇣
ereiVA,

erepVA

⌘
h
�
du(ei), du(ej)

�
h
�
du(ej), du(ek)

�

⇥h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�
dvg

+

Z

M

h

⇣
ereiVA, du(ep)

⌘ h
h
�ereiVA, du(ej)

�
+ h
�
du(ei), erejVA

�i

⇥h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�
dvg

+

Z

M

h

⇣
ereiVA, du(ep)

⌘ h
h
�erejVA, du(ek)

�
+ h
�
du(ej), erekVA

�i

⇥h
�
du(ei), du(ej)

�
h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�
dvg

+

Z

M

h

⇣
ereiVA, du(ep)

⌘ h
h
�erekVA, du(el)

�
+ h
�
du(ek), erelVA

�i

⇥h
�
du(ei), du(ej)

�
h
�
du(ej), du(ek)

�
h
�
du(el), du(ep)

�
dvg

+

Z

M

h

⇣
ereiVA, du(ep)

⌘ h
h
�erelVA, du(ep)

�
+ h
�
du(el), erepVA

�i

(39) ⇥h
�
du(ei), du(ej)

�
h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�
dvg .

Hence, at x0, we have
X

h
�
R

N
�
VA, du(ei)

�
VA, d(5)u(ei)

�

=
X

h
�
R

N
�
VA, du(ei)

�
VA, du(ep)

�
h
�
du(ei), du(ej)

�

⇥h
�
du(ej), du(ek)

�
h
�
du(ek), du(el)

�
h
�
du(el), du(ep)

�

=
X

h
�
R

N
�
v
a

A
"a, u

b

i
"b

�
v
c

A
"c, u

d

p
"d

�
h
�
u
e

i
"e, u

f

j
"f

�
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⇥h
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u
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�
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�
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From (37) to (49), we have
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Since N is a �(5)-SSU manifold, we know that if u is not a constant, then
X

A

I(VA, VA) < 0 .

Hence, u is a constant. This completes the proof.
⇤
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