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The stability of ®)-harmonic maps

Xiaoyuan HAN!, Yingbo HAN? and Yan WaNG?

Abstract. In this paper, we introduce the notion of ®(5)-harmonic maps between
Riemannian manifolds. We obtain the first and second variation formulas of the ®s)-
energy functional Fg . Then, we introduce the notion of ®5)-SSU manifolds and provide
some examples of ®(5)-SSU manifolds. Finally, by using the extrinsic average variational
method in the calculus of variations and the second variation formula, we prove that
the maps from compact ®(5)-SSU manifold or into compact ®5)-SSU manifold which are
stable ®(5)-harmonic maps must be constant.

1. INTRODUCTION

Harmonic maps which appear in a broad spectrum of contexts in mathematics
and physics, have had wide-ranging consequences and influenced developments in
other fields (see, e.g. [1, 2, 3, 13] ). A harmonic map u : (M, g) — (N, h) between
Riemannian manifolds can be viewed as a critical point of the energy functional,
given by the integral of a half of the first elementary symmetric function o; of the
eigenvalues of the pullback metric tensor u*h relative to the metric g. Similarly,
®-harmonic maps in [7] and ®s)-harmonic maps in [4] were introduced as a critical
point of ®-energy functional and ®(s)-energy functional, given by a quarter of the
second elementary symmetric function oy and a sixth of the third elementary sym-
metric function o3 of the eigenvalues of the pullback metric tensor u*h relative to
the metric g, respectively. In [8, 9], Kawai and Nakauchi show nonconstant stable
®-harmonic map either from S™(m > 5) to any manifold or from the compact

minimal submanifold of S™*? with Ric, > g to any manifold is non-existent,

and they also proved nonconstant stable ®-harmonic map either from any compact
Riemannian manifold to S™(n > 5) or from any compact Riemannian manifold to

the compact minimal submanifold of S"*? with Ricy > e is non-existent. In [7],
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by using the extrinsic average variational method in the calculus of variations, Han
and Wei generalized the results of Kawai and Nakauchi, found ®-SSU manifolds,
and proved that this manifolds can be neither the domain nor the target of any
nonconstant stable ®-harmonic maps. After defining a p-superstrongly unstable
(p-SSU) manifold. By using the extrinsic average variational method in the cal-
culus of variations, in [5], Feng-Han-Wei find ®g,-SSU manifolds and prove that
any stable ®g,-harmonic map from or into a compact ®g ,-SSU manifold (to or
from a compact manifold) must be constant. In [4], Feng-Han-Jiang-Wei prove the
maps from compact ®3)-SSU manifold or into compact ®3)-SSU manifold which
are nonconstant stable ®3)-harmonic maps is non-existence.

In this paper, we extend the study of harmonic maps, ®-harmonic maps and
®(3)-harmonic maps and study the geometric properties of ®(5)-harmonic maps.
We give the definition of ®(5)-harmonic maps. In fact, ®(5)-harmonic map is a
critical point of the ®(5)y-energy functional, given by the integral of a tenth of the
fifth elementary symmetric function o5 of the eigenvalues of the pullback metric
tensor u*h relative to the metric g.

Let w: (M™,g) — (N™, h) be a smooth map between two Riemannian manifolds
(M™,g) and (N™, h). Let {e;}/*, be a local orthonormal frame of (M™,g). We
give the definition of ®s)-harmonic map in the following.

Definition 1.1. Let d(s5)u be a 1-from with values in the pullback bundle u ITN
given by
d(s)U(X )

= Z h(du(X), du(e;))h(du(e;), du(e;)h(du(e;), du(ey))h(du(ey), du(e;))du(e;)

i3,k =1
for any smooth vector field X on (M™, g). The ®s-energy is defined by

lldgs)ul®
1 Egp . (u :/ —— dv, ,
( ) ()( ) o 10 g
where ||d(syu|? is given by
ldyull> = > h(dsule:,), dules,))

i1=1
m

= Z h(du(eh)7du(e,;2))h(du(ei2),du(eis))h(du(eis),du(eu))
U (dules, ), dulen))h(duler,), duer, )
= Z h(du(eil), du(eiz)) .. -h(du(eis)7 du(eil)) .

11,82, ,i5=1

Definition 1.2. A smooth map u is called a ®(5)-harmonic map if it is a critical
point of the ®sy-energy functional Eg, with respect to any smooth compactly
supported variation of u.

‘We recall

Definition 1.3. A Riemannian manifold M™, with the Riemannian metric { , ),
is said to be superstrongly unstable (SSU) if there exists an isometric immersion of
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M™ in R?, with second fundamental form B, such that for all unit tangent vectors
v € Ty (M™) the following symmetric linear operator QY

m

<Qi:w(v)7 U>M = Z (2<B(Uv ei)v B(Uv 6i)>Rq - <B(Uv U)v B(ei7 6i)>Rq>
i=1
is negative definite. Also M is said to be p-superstrongly unstable (p-SSU) for p > 2
if the following functional

FP,I(U) = (p - 2)<B(Ua U)v B(U7 U)>]Rq + <Q;]pw(v)a U>M
is negative valued, where {e;}"; is a local orthonormal frame on M™.
The notion of ®5)-SSU is defined as follows.

Definition 1.4. A Riemannian manifold M™ is said to be ®(s)-superstrongly un-
stable (®(5)-SSU) if there exists an isometric immersion of M™ in RY, with second
fundamental form B, such that for every unit tangent vector v € T,(M™) the
following functional is always negative valued

m

Fo . (v) = Z (10<B(v,ei),B(v,e¢)>]Rq - <B(v7v),B(ei,ei)>Rq) ,

i=1
where {e;}1, is a local orthonormal frame on M™.

The content of this chapter is arranged as follows: In Section 1, we present some
basis materials. In Section 2, we give the first and second variation formulas of the
functional Eg,, and define of the ®(s)-harmonic map. In Section 3, we provide
some examples of ®(5)-SSU manifolds. In Section 4, by using the extrinsic average
variational method in the calculus of variations and the second variation formula,
we prove that the maps from compact ®5)-SSU manifold which are stable ®s)-
harmonic maps must be constant. In Section 5, by using the similar method to
Theorem 4.1, we prove that the maps into compact ®5)-SSU manifold which are
stable ®s)-harmonic maps must be constant.

2. THE FIRST AND SECOND VARIATION FORMULA

In this section, we will give the first and second variation formulas of the ®s)-
energy functional.

Definition 2.1. Let u : (M™,g) — (N™, h) be a smooth map between Riemannian
manifolds (M™, g) and (N, h). The ®s-tension field of u is defined by

T‘I’(s)( ) le d(5)u Z Vekd(s)u )
k=1

In the following, we will obtain the first variation formula for the ®5)(u)-energy
Eg, (u). Let V and NV denote the Levi-Civita connections of M and N re-
spectlvely Let V be the induced connection on u='TN defined by VXW =

Vdu(X)W, where X is a tangent vector of M and W is a section of v~ !TN.
We will obtain the following result:
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Theorem 2.2 (The first variation formula). Letw : (M™,g) — (N™, h) be a smooth
map, and let ug : (M™,g) — (N™, h) be a compactly supported variation such that

ug = u and set V = —ut’ . Then we have
ot =0
d
(2) %Elp(s) (ut) o = — y h(V, To s, (u)) dvg .

Proof. Let W : (—¢,e) x M — N be a smooth map defined by ¥(¢,z) = u:(z),
where (—e,e) x M is equipped with the product metric. We extend the vector

0
fields pri (—€,¢€) and X on M naturally to (—¢,¢) x M, and denote those also

. We also use the same notations V and V for

0 0
bya,X Thchfd\Il(at)

the Levi-Civita connection on (75, €) X M and the induced connection on W~*TN
respectively.
By directly computing, we have

2||d(5)ut||2 10

at 10 10 3¢ eyl
= Y h(Vad¥(e,),dU(e;,))h(d¥(e;,), d¥(e;,)) - -
1,09, ,ig=1

xh(dW(e;,), dW(e;,))

:i <Ve”d\I/ <§t> des \If(e,l)>

) i e (19 (2 twien)) - (4 (2) ﬁeild@weh))] |

Here we use V.o d¥(e;,) — Ve, d¥ 93 _ = d¥ 0 = 0 in the third e-
o1 ” ot ¢

quality. Let X; be a compactly supported vector field on M such that g(X;,Y) =
h <d\I/ < > ,d(s)\I/(Y)> for any vector field Y on M. Then we have
ot

9 |ldywl?
ot 10

i { < <6> d(sﬂ’@n)) h (d\II (g) Ve, d(5)\IJ(e“)>}
5 s+ (2) o)
(3) —divX, —h (d\IJ (g ) dlv(d(5)\11)) .

From (3) and Green’s theorem, we have

d
7 o /M h(V, T 5 (u)) dvg .

Eq>(5) (ut)
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This completes the proof.
O

By using the definition of ®s)-harmonic maps and Theorem 2.2, we have the
following.

Proposition 2.3. A smooth map u : (M™,g) — (N",h) is a ®)-harmonic map
if and only if u is a solution of the Euler-Lagrange equation for the ®s)-energy
functional Eg  (u), that is,

Tq>(5)( ) le d(5)u Z vekd(5)u ): 0.
k=1

In the following, we calculate the second variation of the functional Eg , (u),
and obtain the following results:

Theorem 2.4 (The second variation formula). Suppose u : (M™,g) — (N™,h) is
a ®5y-harmonic map for the functional Eg, and usy: M™ — N (—€ < s,t < ¢)
is a compactly supported two-parameter variation such that ugo = u and set V =

0 0

—Ug , W= —us . Then we have
ot ot s,t=0 0s o+ s,t=0
82
= _Es.
dsot T® (us,1) 5,6=0

m

= /M Z (RN(V’ du(eil))md(B)u(eh)) dvg

/ B (Ve Vi Ve, W) (dules, ), du(er,))

xh(du(eh), du(eiS))h(du(eis), du(e“))h(du(eu), du(ei5)) dvg

/ (ch V, du(eiS))

x [h (Veil W, du(%)) th (du(eil), Ve, W)]

Xh(du(eh) du(eiS))h(du(eis), du(e“))h(du(eu), du(ei5)) dvg

/M Z h(Ve”Vdu( ))

i1,i2,i3,14,35=1
x [h (v% W, du(ei3)> +h (du(ei2), V.., W)]
Xh(du(eil) du(ei,))h(due,), du(e;,))h(du(e;,), dule;,)) dvg

/ h (Vell v, du(eis)>

x[n (v% W, du(eu)) +h (dufer,), Ve, W)
xh(du(e;, ), du(e;,))h(du(es,), du(ei,))h(du(es, ), du(e;,)) dvg
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D SRR

11,12,13,%4,i5=1
X [h (%% W, du(ei5)> +h (du(e,-4), Ve, W)]
(4) xh(du(es, ), du(ei,))h(du(es,), du(ei,)) h(du(es, ), du(e;,)) dvg ,
where RY denotes the curvature tensor of N.

We put
82
I - A E E] .
V.V) dsot *® (1) 5,t=0
A ®(5y-harmonic map is called stable if I(V, V') > 0 for any compactly supported

vector field V' along u.

Proof. Let W : (—e,e)x(—¢,e)x M — N be a smooth map defined by ¥(s,t,z) =
ust(x), where (—¢,e) x (—e,e) x M is equipped with the product metric. We

extend the vector fields % 55 " (—e,e) and X on M naturally to (—e,e) X
s
o 0 0
(—g,e) x M, and denote those also by % 75’ X. Then V = dV¥ (&) o120’

We also use the same notations V and V for the Levi-

0
W= v (),

Civita connection on (—¢,¢€) x (—¢,¢) x M and the induced connection on ¥~!TN
respectively. We use {e;}, to denote a locally orthonormal frame on M and fix

any point zo € M such that Veiej|m0 = 0 for any 4, j. Using (2) and Proposition
2.3, we have
82
0s0t
dvg

o ad
8 [ ((2) i)
=t M
== S h(av 9) g.% d(syus,i(ei,) ‘ dv
ot ) ¥ as en OISR T
:7/ ih AW 9 %e. %6d(5)ust(ei) ’ dv
M ot ’ 1 Bs ’ * s,t=0 g
_/ (0w (2) 5 (aw (2 AV(er)) diyuailes) )| dv
M (T ot)’ ds)’ WO Rt 0T

o ~
a) »V%d({i)us,t(eil)))

m . a _
+/M Z h <Ve,;1 dw <a> ,V%d@us,t(eil)) .

E‘I’(s) (us,t)

s,t=0

s,t=0
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/M Z h (d\If ( ) RN (d\l/ (%) ,d\If(eil)> d(s)us,t(eil))

The second term in the right-hand side of (5),

dv, .
s,t=0 g

Zm: h(v dv ( a> Va d<5)us,t(ei1))
_ Z h(V dw(%),v o (h(d\If(e“) d¥(e;,))

i1,12,13,14,i5=1

< (dW (es,), AW (e;,) ) h (A (es,), AW (e, )h(d\Il(eu),d\I/(eis))d\II(e,-5)))

m

)
_ v d\p( > h(d¥(es,), d¥(es,))
)

i1,~ =1

Xh(d\I/ €iy), d¥(ei,)) h(dV (e;,), d¥(e;, )h(d\Il(ei4),d\I/(ei5))

+ i h(v d@(i) d\I/(eis))

<i5=1

x[h(Veld ( ) d\Il(eD))+h(d\1/(ei1),§ei2d\ll(%))}
xh(dV(e;,),d¥(ei,))h(d¥(e;,), d¥(e;,))h(dV(e;,), d¥(e;,))

+ i (v AU (aa) au(e;,))

x[h(v dqx(g) d\I/(eZS)) +h(d\1!(ei2),§elsd\11(§))}

S

x<h(d¥(e;,), d¥(es,))h(d¥ (e, ), d¥(e;,) ) h(d¥(es,), dU(e;,))
+ Zm:_ h(v AV (;) d\Il(eis))
x [h(%eigdq/<%),d\1/(ei4)) n h(d\I/(eia), V.., dw(%))}
xh(d¥(ei,), d¥(ei,))h(d¥(es,), d¥(esy)) R (d¥(es,), d¥(es,))
+ Z, h(v qv (5) d\II(els))
X [h(%%dqf(%),dweis)) n h(d@(ei4)7§ei5dw(%))}
(6) xh(d¥(e;,),d¥(ei,))h(d¥(es,), d¥(ei,))h(dY (e;,), d¥(e;,)) -

The integrand for the first term in the right-hand side of (5) is

> e (0w () 9 g doyunste)))

i1=1
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| Zm: i, ((d (% ﬁeisdw(%))h(dweh),dqz(eh))

- £ o (2)
[T v (), av(en)) +h(aw(es), Vo yav (51))]
X(dW(e), dW(es,) ) h(dW(ei,), AW (ei,)) (AW (es,), dD(es,)) )
5 e (3) )
i1, is=1

(Tt (L), awien)) + (@), Topav (L))

fo(d\I/(enLd\I’(eiQ))h(d‘I’(ei:s)vd‘I'(eizt))h(d‘P(e“)’dll[(e“)))
+ | Z €iy (h(d‘l/ (%) ,d‘l’(eis))
s sts=1 o

x [h(%eis d\p(%) , d\I/(em)) + h(d\I/(ei3), V.., dv (%))]

Xh(d\p((fil), d\IJ(ew))h(d\I/(ew), d\IJ(eiB))h(d\I/(eu), d\I/(els)))

+ile (n(aw <%> [d¥(e;,))

x [h(%emdw(aﬁ),dw%)) n h(d\I/(em),%eisd‘l/(%))]

Xh(d\lf(ez‘l )7 d\I/(ezZ))h(d\Il(ew), d\Il(em))h(d\Il(em), d\I/(€L4))) .

Let X1, X5, X3, X4, X5, X4, X7, Xg and X9 be compactly supported vector

fields on M and Y be any vector field on M. We have

g(X1,Y) = > h(V,Ve, W)h(du(Y), du(e;,))h(due,), du(e;,))
12,13,14,i5=1

xh(du(es,), du(e;,))h(du(e;,), du(e,)) ,

9(Xo2,Y) = Z h(V, oz'u(e,»s))h(%yI/V7 du(ei,))h(du(e,), du(es,))

i2,13,14,i5=1

xh(du(es,), du(e;,))h(du(e;,), du(e;,)) ,
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o zm: (i) h(du(Y), Ve, W)h(du(es,), du(es, )
(), dules ) duten) dutes))

- Zm: 1h(V, du(ei,))h(Ve,, W, du(es,)) b (du(Y), dule,))
(o) e e, ). dute)

9(Xs5,Y) = ij (V2 dues) ). Foo, W (Y ), )
(o) e e, ) dute)

- Zm: 1h(V, du(ei,))h(Ve,, W, du(es,) ) h(du(Y), du(es,))
(o) o)t ) dute)

9(Xn,Y) = Em: 1h(V,du(ei5))h(dU(eis)a66174W)h(du(y)’du(ei2))
b du(en) du(en ) h{du(en ) du(es )

XM= Y (Y2 dues (e, V. dues ), dues)
(e ) o)t ). dute)

9(Xo.Y) = Emi (V. due ) h(duen,) e, W)((Y), dues,)

xh(du(eb), du(ei3))h(du(ei3), du(em)) .

Hence, when s,t = 0, (7) becomes

m
Z (e 9(X1,ei,) + € g(Xa,ei,) + e, 9(Xs,5,) + - + €5, 9(Xo, €3,))
ei1=1

By Green’s theorem and the integral of (8) vanishes. The theorem follows from (5)

-(8)-
O

3. EXAMPLES OF ®(5)-SSU MANIFOLDS

In this section, we obtain some examples of ®(5)-SSU manifolds.

Theorem 3.1. Let M™ C R™ %! (m > 10) be the compact hypersurface. Assuming
that the principal curvatures A; of M™ satisfy 0 < Ay < Ao < -+ < A\, and

m—1
I < D Ai. Then M is ®(5)-SSU.

=1
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Proof. Similar to the proof of Theorem 5.1 in [6] from the definition of the
®(5)-SSU. We have

m

Z (10<B(v,ei),B(v,ei)>Rq — <B(v,v),B(ei,ei)>Rq)

=1
m m—1
<\ <10>\m Z&) =\ (9>\m - Z AZ-) <0.
=1 i=1

This completes the proof.

Using theorem 3.1 we have
Corollary 3.2. The standard sphere S™ is ®(5y-SSU if and only if m > 10.

Proof. Since S™ is a compact convex hypersurface in R™*!. By Theorem 3.1
and its principle curvatures satisfy

M=X=-=A,=1.

That is, m > 10. This completes the proof.
O

Corollary 3.3. The graph of f(z) = 23 + -+ 22, & = (x1, -+ ,Tm) € R™ is
®5)-SSU if and only if m > 10.

Lemma 3.4 ([12]). A Fuclidean hypersurface M is p-SSU if and only if its principle
curvatures satisfy

m—1
0<M <A< <An and (P—DAn < Y A
=1

Theorem 3.5. Every ®)-SSU manifold M is p-SSU for any 2 < p < 10.
Proof. By definition, ®5)-SSU manifold satisfy

m

Fig, (0) = Y (10(B(v, ), B(v,e0))g, — (B(o,v), Bles, 1))z, ) < 0

i=1
for all unit tangent vector v € T,,(M). It follows that
Fpa(v) = (p = 2)(B(v,v), B(v,v))p, + (Q (v),v),,
= (p - 2)<B(U7 U), B(’U, U)>Rq

m

+Z (2<B(v,ei),B(v,ei)>Rq — <B(v,v), B(ei,ei)>Rq)
<(p-2) Z (B(v,e;), B(v, ei)>Rq

o
Il
—
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m

@ <3 (0B Be) - (Bl Blewe) <0

Thus, M is p-SSU for any 2 < p < 10.

Theorem 3.6. Every compact ®5)-SSU manifold M is 10-connected, i.e.,
7T1(M) = 7T2(M) == 7I'10(M) =0.

Proof. Because all compact p-SSU manifolds are [p]-connected (cf. Theorem 3.10
n [11]) and p = 10. By the previous theorem, the result follows.
O

Theorem 3.7. The dimension of any compact ®(5)-SSU manifold M is greater
than 10.

Proof. Assuming that m < 10, then M is not a 10-SSU manifold. By the previous
theorem, M is not a ®(5)-SSU manifold. Thus, the dimension of any compact ®s)-

SSU manifold M is greater than 10. This completes the proof.
O

Theorem 3.8. Let M € RY is a compact convex hypersurface and its principal
curvatures satisfy
O< A <Al < Aot

If

. 9
(Ric™ (v),v >>ﬂﬁ%1

then M is ®5y-SSU, where M € M isa compact connected minimal k-submanifold
and v is any unit tangent vector to M.

P@f. Let B, By and B denote the second fundamental form of M € RY , M e M
and M € R?, respectively. According to Gauss equation, we obtain

B(X,Y) =B (X,Y)+ B(X,Y)u,

where p is the unit normal field of M € RY. By the definition of minimal subman-
ifold, we have
k k

k k
ZB(ei,ei) = ZBl(ei,ei) + Zg(ei,ei)u = Zg(ei,ei)u ,

i=1 i=1

where {e;}%_, is a local orthonormal frame on M. Let E(ei7 €j) = Xidsj.
Hence,

Zk: ( B(v,e:), B(v,e:)) = (B(v,v), Bles, €i)>)

=1

k
= —10<ch Z (10<B (v,v), Blei, ;) — <B(v,v),B(ei,ei)>)
k

710<ch +Z9<B v,0) e,,ei)>



82 Xiaoyuan Han, Yingbo Han and Yan Wang

k
—1O<RicM(U), U> +9 Z <§(v, v), é(ei, ei)>

IA

k
—10(Ric™ (v),0) + 9> Aidg1
i=1

(10) < =10{Ric™ (v),v) + 9k}, <0,

where in the first equality we use Gauss equation. This completes the proof.
O

4. STABLE ®(5)-HARMONIC MAPS FROM ®(5)-SSU MANIFOLDS

In this section, we first recall some definitions and facts of submanifolds, which
will be used in the following results(cf. [7]).

We assume M™ is isometrically immersed in the Euclidean space R?. Let V and
V denote the standard flat connection on RY and the Riemannian connection on
M respectively, and B is the second fundamental form of M™ in R?. These are
related by

VxY =VxY + B(X,Y),

where X,Y are smooth vector fields on M. If T M is the normal bundle of the M
in RY, 7 is a smooth section of 7M. Then the tensors A and B are related by

<A71X’ Y> = <B(X7Y)777> )

where A7X is the Weingarten map.
For each x € M, let {ey}?_,,,, denote an orthonormal basis for the normal
space T M, to M at z. Define the Ricci tensor Ric™ : T, (M) — T,(M) by

m

RicM (v) = ZR(v,ei)ei .

i=1

Then the Guass curvature equation implies

q q
RicM = Z trace(Aa)Aa— Z AYA”

a=m+1 a=m+1

where v € T,,(M).

Theorem 4.1. Let u : (M™,g) — (N",h) be a ®(5)-harmonic map, and let
(M™,g) be a compact ®5y-SSU manifold and (N™,h) be a Riemannian manifold.
Then all stable ®(5)-harmonic map u is constant.

Proof. Now we choose an orthonormal basis {e;}?_; of R%, such that {e;}™; are
tangent to M™, {eq}&_,, 41 are normal to M™ and Veiej|w0 = 0, where 9 is a
fixed point of M™. Meanwhile, we take a fixed orthonormal basis of R? denoted
by {Ea}%_,, and set

m
(11) Va = Zvilei ) vil = <EAaei> ) U?l = <EA76(¥> )
i=1
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where (-, -) denotes the canonical Euclidean inner product. Then du(Va) €
I'(u™!TN) and

q
(12) szvizéij7i7j:17"'am
A=1
q m
(13) VeVa= Y, Y Bivie,
a=m+1 j=1
~ g m m ~
(14) Ve, du(Va) = Z ZvﬁBﬁCdu(ek) + va‘veidu(ek) ,
a=m+1 k=1 k=1

where B} is the components of the second fundamental form B of M™ in RY.
Now let u : M — N be ®5)-harmonic map. By using the condition div (d(5)(u))
= —0(d(5)(u)) =0, and (12), we have
q

/ (Adu) (Va), desy(Va)) do,
A=1

I
NgE
MQ

/ Adu 'UAez d(5)(”ixej)> dv.‘]

M

A=1

-

h
Il
—

MQ

/ o'y vl ((Adu)( (1), d(syule;)) dvg

((Adu)(e;), d(syule;)) dvg

(15)

Il
||M3 \\Mg TM3

\\>

5du (es) 5d(o)u(ez)> dvg =0.
By using the Weitzenbock formula, we have

- i RN (du(X), du(ey,))du(er) +du(Ric™ (X)) = (Adu)(X)+(V3du)(X) ,
where X is any smooth vector field on (M™, g), and (V2du) = z’”: (Ve,Ve,du —
Vveiei du) with respect to the variational vector field du(Vy4) alorilzglu. We choose
i3,k Lpe{l,---,m}, e, €{m+1,---,q}. Thus

> I(du(Va), du(Va))
A
= f/MZh(du(RicM(ei)),d(5)u(ei))dvg

+ /M ; h((VQdu) (e), d(5)u(ei)) dvg
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+ /M S B(Sedu(Va), Ve, du(Va) h(du(e:), dule;))

.5,k,0,p, A

xh(du(e;), du(ex))h(du(er), du(e)))h(dule;), du(ey)) dug

X [h(%eidu(vA), du(e;)) + h(du(e;), Ve,
Xh(du(ej), du(ek))h(du(ek), du(el))h(du(el), du(ep)) dvg

[ W(Vedu(Va), duley)
M i Gk Lp,A
[Ty V), du(en)) + h{autey), Feu(va)]
xh(du(e;), du(e;)big)h(du(er), du(e)) h(du(er), du(e,)) dug

n /M " h(Ve,du(Va), dule,))

i,J,k,1,p, A

X [h(%ek du(Vya), dU(el)) + h(du(ek)» 6ez du(VA))}
xh(du(e;), du(e;))h(du(e;), du(er))h(du(e;), du(ey)) dug

—&-/M Z h(ﬁeidu(VA)vdu(ep))

,5,k:0,p, A

x [h(%eldu(VA), du(e,)) + h(du(er), ipdu(VA))}
(17) xh(du(e;), du(e;))h(du(e;), du(er))h(duler), du(e;)) dug .
At xg, we compute

Z h (du (RicM (61‘)) ,d(s) u(ei))

= Z Z h(du((trace(A*) A% — A*A%)(e;)), d(syu(es))

1 a=m-+1

= Z h(du(trace(A*)A%(e;)), d(5ule;))

(18) —~ Z h(du(AA*(e;)), d(syule;))
and

Z h((V2du)(e;), d(syu(e;))

= Z h((V2du)(e;), du(e,)) h(du(e;), du(e;))
i,5,k,Lp

xh(du(e;), du(ex))h(du(er), du(e;))h(du(er), du(ey))
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= Z h((Ve, Ve du)(e;), duley))h(du(e;), du(e;))

,5,k.l.p,a

xh(du(e;), du(ex))h(du(er), du(e)))h(du(er), dulep))
= Z €a [h(veadu(e,‘)7 du(ep))h(du(e;), du(e;))

i.5,k,L,p,a

xh(du(e;), du(ex))h(du(er), du(e)))h(du(e;), du(ep))}
- Z h(Ve,du(e;), Ve, du(e,))h(du(e;), du(e;))

,5,k,l.p,a

xh(du(e;), du(er))h(du(er), du(e)))h(du(e;), duley))
— Z h(Ve,du(e;), du(ey))

,5,k.l.p,a

X [h(veadu(ei), du(e;)) + h(du(e;), Veadu(ej))}
xh(du(e;), du(ex))h(du(er), du(e)))h(du(er), duley))
— > (Ve,dule;), du(ey))

i,73,k,l,p,a

X [h(Veudu(ej), du(er)) + h(du(e;), Ve, du(ek))}

xh(du(e;), du(e;))h(duler), du(e;))h(du(e;), duley))
— Z h(Veadu(ei),du(ep))

i,5,k,l,p,a

X [h(veadu(ek), du(el)) + h(du(ek), Veadu(el))}
xh(du(e;), du(e;))h(du(e;), du(er))h(du(e;), du(ey))
— Z h(Ve,du(e;), du(ey))

%,5,k,l.p,a

X [h(Veudu(el), du(ep)) + h(du(e), Veudu(ep))}

(19) xh(du(e;), du(e;))h(du(e;), du(ex))h(du(er), du(e;))
and

> W(Ve,du(Va), Ve, du(Va))h(du(e;), du(e;))

i,4,k,1,p, A
xh(du(e;), du(ex))h(du(er), du(e;))h(du(er), duley))
h (vfﬂ{Bngu(ea) + vj@eidu(ea), vﬁbedu(eb) + vﬁ%epdu(eb))

A,a,B,4,5,k,1,p,a,b

xh(du(e;), du(e;))h(du(e;), du(ex))h(duler), du(er)) h(du(er), du(e,))

Z [vﬁvﬁB&Bﬁbh(du(eG), du(ey)) + vjv%Bﬁlh(du(eG), 6% du(e))
Ao, B,i,5,k,l,p,a,b

+v%viB§bh(6eidu(ea), du(es)) + vjv%h(%eidu(ea), ﬁepdu(eb))}
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xh(du(e;), du(e;))h(du(e;), du(er))h(duler), du(e;))h(du(e;), dule,))
> [BaBuh(dules), duler)) + h((Ve,du)(ea), (T, du) (ea)) |

a,i,5,k,l,p,a,b

Xh(du(ei), clu(ej))h(du(ej)7 du(ek))h(du(ek), du(el))h(du(el), du(ep))

= Y [plau(a%(en), du(4°(e))) + h((Ve,du) (er), (Ve,du) (ey)) ]

a,i,j,k,l,p,a

xh(du(e;), du(e;))h(du(e;), du(er))h(duler), du(e))h(du(e;), du(ey))

> h(Ve,du(Va), du(ey))

i,7,k,l,p,A
X [h(v du(Va), du(e;)) + h(du(e;), Ve, du(VA))}
xh(du(e;), du(ex))h(du(er), du(e;))h(du(er), duley))

Z h(vi By, du(e,) + vi%eldu(eu), duep))
A,a,B,1,5,k,1,p,a,b

X [h(va%du(ea) + Uj%eidu(ea), du(e;))
+h(du(e;), vibedu(eb) + v%%ej du(eb))}
xh(du(e;), du(ex))h(du(ey), du(er)) h(du(er), du(e,))

Z {viBglh(du(ea), du(ep)) + Ujh(%eidu(ea), du(ep))}
A,a,B,1,4,k,l,p,a,b

X [vaﬁlh(du(ea), du(ej)) + UZh(%eidu(eQ),du(ej))
+0f BOh(du(es), du(ey)) + ohyh(dules), V. du(eb))}
xh(du(e;), du(ex))h(du(er), du(e;))h(du(er), du(ey))
Z B%Bﬁ‘lh(du(ea),du(ep))h(du(ea),du(ej))h(du(ej),du(ek))

a,i,7,k,l,p,a

xh(du(e )du(el))h(du(el),du(ep))
+ > h o)y du(e,) ) h(Ve,du(es), dule;))h(du(e;), du(er,))

4,7,k,l,p,a

xh(du(ey), du(e;))h(du(e;), du(ey))
+ Z By, BSyh(du(eq), du(ep)) h(du(e;), du(ey))

a,i,5,k,l,p,a,b

xh(du(e;), du(er))h(du(e), du(er)) h(du(er), du(e,))
+ Z V Jdu(e,), du(ep))h(du(e )V du(eq))h(dule;), dule))

4,7,k,l,p,a

xh(du(ey), du(e;))h(du(e;), du(ey))
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= Z h(du(A*(e;)), dulep))h(du(A%(e;)), du(e;))h(du(e;), duler))

a,i,5,k,0,p

xh(du(er), du(e;))h(du(e;), du(ep))
+ Z h((Ve,du)(e;), du(ep))h((veadu) (e:), du(e;))h(dul(e;), duler))

,3,k,l,p,a

xh(du(ey), du(e;))h(du(e;), duley))
+ Z h(du(A%(e;)), dulep))h(du(e;), du(A%(e;))) h(dule;), du(er))

a,i,5,k,l,p

xh(du(er), du(e;))h(du(e;), du(ep))
+ Z h((Ve,du)(ei), du(ey))h(du(e;), (Ve,du)(e;)) h(dule;), du(ey))

i,5,k,l,p,a
(21) xh(du(er), du(e;))h(du(e;), du(ep))
and
> h(Ve,du(Va), du(ey))
i,4,k,L,p, A
X [h(%ejdu(VA), du(er,)) + h(du(e;), ﬁekdu(VA))}
xh(du(e;), du(e;))h(duler), du(e)))h(du(er), du(ey))
= Z [h(v%Bﬁldu(eG),du(eP)) + v“Ah(%eidu(eQ), du(ep))}
A,a,B,1,5,k,l,p,a,b

X {h(vibedu(eb), du(er)) + h(v%%ejdu(eb), du(er))
+h(du(e;), vﬁB,fbdu(eb)) + h(du(e;), vgﬁek du(eb))}
xh(du(e;), du(e;))h(duler), du(e;))h(du(er), du(ey))
= Z By, BSyh(du(eq), du(ep))h(du(es), du(er)) h(du(e;), du(e;))

ik, lp,a,b

xh(du(er), du(e;))h(du(er), du(ep))
+ Z B Bph(du(eq), du(ep))h(du(e;), du(ep)) h(du(e;), du(e;))

a,i,5,k,0l,p,a

xh(du(ex), du(e))h(du(er), du(e,))
+ Z h((veadu) (e5), du(ep))h((vea du)(e;), du(ek))h(du(ei), du(ej))

,3,k,1,p,a,b

xh(du(er), du(e;))h(du(er), du(ep))
+ Z h((Ve,du)(e;), duley))h(du(e;), (Ve,du)(ex))h(du(e;), du(e;))

©,3,k,l,p,a

xh(du(er), du(e;))h(du(er), du(ey))
= Z h(du(A%(e;)), du(ep))h(du(A*(e;)), duler))h(du(e;), du(e;))

Aingikslp
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xh(du(ey), du(e;))h(du(e;), du(ey))
+ Z h(du(A*(e;)), dule,))h(du(e;), du(A%(ex))) h(dule;), du(e;))
Ai,5,k,lp
xh(du(er), du(e;))h(du(e;), duley))
+ Z h((Ve,du)(ei), duey))h((Ve,du)(e;), du(er))h(dule;), du(e;))

i,4,k,l,p,a

xh(du(ey), du(e;))h(du(e;), du(ey))
+ Z h((Ve,du)(e;), du(ep))h(du(e;), (Ve,du)(er))h(du(e;), du(e;))

i,7,k,l,p,a
(22) xh(du(er), du(e;))h(du(e;), dulep))
and
> h(Ve,du(Va), du(e,))
i,5,k,l,p,A

x [h(%ekdu(vA), du(er)) + h(du(er), %du(vA))]

Xh(du(ei), alu(ej))h(alu(ej)7 du(ek))h(du(el), du(ep))
= Z [h(vaﬁldu(ea),du(el,)) + vjh(ﬁezdu(ea),du(ep))}
A,a,B,1,5,k,l,p,a,b

X [h(viB,fbdu(eb), du(er)) + h(vfﬁl%ckdu(eb), du(e))
—&—h(vf‘Bg)du(eb), du(er)) + h(v%%eldu(eb), du(ek))}

xh(du(e;), du(e;))h(du(e;), du(er))h(du(e;), du(ey))
= > BuByh(du(en), duley))h(du(es), duer))h(dule;), du(e;))

a,i,5,k,l,p,a,b

xh(du(e;), du(er))h(du(e;), dulep))
+ Z By, Biyh(du(eq), du(e,)) h(du(ey), duley))h(du(e;), du(e;))

a,t,j,k,l,p,a,b

xh(du(e;), du(ex))h(du(er), du(ey))
+ Z h( Ve Jdu(eq) du(ep))h(ﬁekdu(ea),du(el))h(du(ei),du(ej))

i,7,k,l,p,a
(du(e;), duler))h(du(er), du(e,))
+ Z h( Ve, du(e,), du(e ))h(%eldu(ea),du(ek))h(du(ei),du(ej))
gok,l
h(du(ej) du(er))h(du(er), du(ey))
= Z h(du(A*(e;)), duley))h(du(A%(er)), duler)) h(dule;), du(e;))
A,ai,5,k,0,p
xh(du(e;), du(er))h(du(e;), duley))

3‘»

X
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+ Z h(du(A%(ei)), dulep))h(du(A%(er)), duler))h(du(e;), du(e;))

Aaigklp

xh(du(e;), du(ex))h(du(er), du(ep))
+ Z (Ve du)(e;), du(ep))h((Ve, du) (ex), du(er) ) h(du(e;), du(e;))

i,7,k,l,p,a
xh(du(e;), du(ex))h(du(e;), du(e,))
b Y B((Tesdu) e dulen)h{(V.du) e, dufes) h{dues, duley))

i,7,k,l,p,a
(23) xh(du(e;), du(ex))h(du(er), du(ey))

and

Z h(%eidU(VA)a du(ep))

W7,k L,p, A
X [h(%eldu(VA), du(ep)) + h(du(e), 6epdu(VA))}
xh(du(e;), du(e;))h(du(e;), du(er))h(du(ey), du(e;))
Z h(vi B du(e,) + v‘j‘%eidu(ea), du(ep))

Asa,Byi,4,k,1,p,a,b

X [h(vﬁBledu(eb), du(ep)) + h(vfl‘%eldu(eb),du(ep))

+h(du(e), vﬁBﬁbdu(eb)) + h(du(er), vgﬁ%du(eb))}
xh(du(e;), du(e;)) h(du(e;), du(er))h(du(ey), du(e;))
Z B Biyh(du(eq), du(ey)) h(du(ey), du(ep))h(du(e;), du(e;))

a,4,5,k,0,p,a,b

xh(du(e;), du(er))h(du(er), du(e;))
+ Z Bi, Boyh(du(eq), du(ey)) h(du(er), du(ey)) h(du(e;), du(e;))

a,i,3,k,1,p,a,b

xh(du(e;), du(er))h(du(er), du(e;))
+ Z V Jdu(egq) du(e,,))h(%eldu(ea),du(ep))h(du(ei),du(ej))

i,7,k,l,p,a
xh(du(e;), du(er))h(du(er), du(e;))
+ Z h(%eidu(ea),du(ep))h(du(el),66pdu(ea))h(du(ei),du(ej))

,5,k,0,p,a

xh(du(e;), du(er))h(du(er), du(e;))
= Z h(du(A%(ei)), dulep))h(du(A%(er)), du(ep))h(du(e;), du(e;))

A,a,i,g.k,lp

xh(du(e;), du(er))h(du(er), du(e;))
+ Z h(du(A*(e;)), du(ey))h(du(er), du(A%(ep))) h(dule;), dule;))

A,ai,5,k,Lp
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xh(du(e;), du(er))h(du(er), du(e;))
+ Z h((Ve,du)(ei), du(ep))h((Ve,du)(er), du(e,)) h(du(e;), du(e;))

i,7,k,l,p,a

xh(du(e;), du(ex))h(du(er), du(e;))
+ Z h((Ve,du)(ei), dulep))h(du(er), (Ve,du)(ep)) h(du(e;), du(e;))

i,7,k,l,p,a

(24) xh(du(e;), du(ex))h(du(er), du(e;)) -

From (17) to (24) and Green’s theorem, we have

Z I(du(Va),du(Va))

/ Zh (du(trace(A*)A%(e;)), dsyule;)) dug

’L(,Y

+ /A ; Za h(du(A® A% (e;)), desyule;)) dvg

+ /M > h(du(A%(es)), du(A*(ey))) h(dule;), du(e;))

i,7,k,l,p,

xh(du(e;), du(ek))h(d (ex), du(er)) h(du(e;), du(ep)) dvg
/M Z h(du(A%(e;)), du(ep))

x [k (du(A“(el)),du(ej)) + h(du(A%(e;)), du(e;))]
xh(du(e;), du(er))h(du(er), du(e;))h(du(er), du(ey)) dug

/ S h(du(A%(e:)), dufey))

ZJklpa

x [h(du(A*(e;)), du(er)) + h(du(A%(ex)), du(e;))]

xh(du(el) du(ej))h(du(ek),du(el))h(du(el),du(ep)) dvg
/M Z h(du(A*(e;)), du(ep))

[h(du(AO‘(ek))7 du(er)) + h(du(A%(er)), du(er))]

xh(du(e;), du(e;))h(du(e;), du(er))h(du(e;), du(e,)) dvg

/M Z h(du(A*(e;)), du(ep))

i,7,k,l,p,
x [h(du(A*(e;)), du(ep)) + h(du(A%(ep)), duler))]
(25)  xh(du(e;),du(e;))h(du(e;), du(er))h(du(er), du(e;)) dug .

Because the matrix h(du(e;), du(e;)) is symmetric, we can take a local orthonormal
basis {e;}/, such that h(du(e;),du(e;)) = A20;5, 4,5 = 1,--- ,m. Then we have



(26)

and
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Z h(du(trace(A*) A% (e;)), disyule;))

7,0

= Z h(du(trace(A)A(e;)), du(ep,)) h(du(e;), du(e;))

i,J,k,0,p,c

xh(du(e;), du(ex))h(du(er), du(e;))h(du(er), du(ey))
Z <Ao‘(ea),ea><Ao‘(ei),eb>h(du(eb),du(ep))

,3,k,l,p,c,a,b

xh(du(e;), du(e;))h(du(e;), du(er))

xh(du(er), du(e;))h(du(er), du(ey))
Z <B(€a7 ea), B(eh eb)>)\§65p/\22(5”A?éjk)\iékl/\lzélp

,3,k,1,p,a,b

= Y _N%Blei.ei), Blej.e)))

i,J

> h(du(A A (er), disyules)

(e

Z h(du(A*A(e;)), du(ep))h(du(e;), du(e;))h(du(e;), duler))

i,4,k,0,p,a

xh(du(er), du(e;))h(du(er), du(ey))
Z (A% (es), ep) (A (ep), €a)h(duleq), dulep))h(du(e;), du(e;))

,3,k,l,p,c,a,b

xh(du(e;), du(er))h(du(e), du(er)) h(du(er), du(e,))

> (Bleiser), Blew, €a) )N20apAi0ii N30 \p ki A O
4,7,k,l,p,a,b

(27) = ZA}0<B(ei,ej),B(ei,ej)>

and

,J

> h(du(A%(e:)), du(A(ep))) h(dule;), dule;))

i,5,k,0,p,c

xh(du(e;), du(ex))h(du(er), du(e;))h(du(er), du(ey))
Z <Ao‘(ei),ea><A°‘(ep),eb>h(du(ea),du(eb))

,3,k,l,p,a,a,b

xh(du(e;), du(e;))h(du(e;), du(er))

xh(du(er), du(e;))h(du(er), du(ep))
Z <B(€i7 ea), B(ep, eb)>)\Z(5ab)\@26ij)\ilsjk/\i(;kl)\?(slp

,3,k,l,p,a,b

91
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_ sz,w (eire5), Bleiej))
D Y [CCRARECN)
]

= Do N(Blene;), Bleirey)

Y h(du(A%(e:), dulep))

i,7,k,l,p,
x [h(du(A%(e;)), du(e;)) + h(du(A%(e;)), du(e;))]
xh(du(e;), du(er))h(du(er), du(e)))h(du(er), duley))

Z [<Aa(€i)’€a> <Aa(€i),€b>

B4,k lp,cr,ab
xh(du(eq), du(ep))h(du(es), du(e;))
+<A“(ez ea><A €j), eb>
xh(du(eq), du(ey))h(du(ey), du(e;))]
xh(du(e;), du(ex))h(du(er), du(e)))h(du(er), duley))

Z |:<B €i7ea)7B €i76b)>)\§6ap)\§6bj
i,5,k,l,p,a,b

+<B 61 Ea) B(ej eb)>)\25ap)\25ib} )\25jk)\i5kl)\125lp
= Z)\lo (ei,ej), Blei, e;) >—|—/\2/\8< (ei ej), Blei, ej))

< Z (/\10 (eire5), Bleiyej)) + (g)‘}o + %’\Jl'o)
x(B(e;, e;), B(es, 63)>)

= 22)\10 (e €e5), Blei, €j))

Y h(du(A%(e:), dulep))

,5,k,0,p, 0

X [h(du(A%(e;)), duler)) + h(du(A*(ex)), du(e;))]
xh(du(e;), du(e;)) h(duler), dule;)) h(du(e;), du(ey))
= D (A%e) ea)h(dulea), duley))

4,7,k,l,p,c,a,b
[<Aa ), eo)h(duley), du(ey))

+{A%(ey, eb>h(du(eb) du(e ))}
xh(du(e;), du(e;))h(duler), du(e)))h(du(er), du(ey))
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- ¥ [<B(ei,ea),B(ej,eb»)\i(sap)\g(sbk

4,7,k,l,p,a,b
+(Bless €a), Bler, €))\20up N300 | N2, A 20 AP 0y

= > (XA (Beiseg), Bleisey)) + XX(Bleisej), Bleise;))
< IZ [( AL 4 ,\10) (g)\l10+g,\}o)}<B(ei,ej),B(ei7ej)>

(30) = 22)\10 (eire5), Blei,ej))

Y h(du(A%(e:), dulep))

i,7,k,l,p,c
x [h(du(A*(er)), du(er)) + h(du(A"‘(el)) du(er))]
xh(du(e;), du(e;))h(du(e;), du(er))h(du(e;), du(ey))
= Z <A°‘(el), a>h(du(ea),du(ep))

i,7,k,l,p,a,a,b
x[ (A% (er), e)h(dules), duler)
+<A“ eb>h du (ep) du(ek))]
xh(du(e;), du(e;)) h(du(e;), du(ex)) h(du(er), du(ey))
- ¥ [<B(ei,ea),B(ek,eb)>)\u5ap)\b5bl

i,3,k,l,p,a,b
+(B(es, eq), Bler, eb)>x25apx25bk] A28, X268, 020,

= Z (/\?)\?<B(ei,ej) Blei,e; >+/\6)\4<B(6i,€j),B(€i,e]‘)>)
< 2]: [(%A;o + g,\}o) + (E,\}O L 5)\;0)} (Bless o), Blesse)

0]

(31) = 22A30<B(6i7€j)a3(6i»€j)>

and

Y h(du(A%(e)), duley))

,5,k,0p,c

x [h(du(A%(e;)), du(ep)) + h(du(A%(ey)), du(er))]
xh(du(e;), du(e;)) h(du(e;), du(er))h(du(ey), du(e;))

= Y (A%er) ea)h(duleq), dulep))

4,7,k,l,p,c,a,b
x| (A (e, e >h(d (e), duep))
+<A €p)s eb>h( du(eb))}
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xh(du(e;), du(e;))h(du(e;), du(er))h(duler), du(e;))

= Z [(B(ei, ea), B(er, €)Y A20apAiOup

,7,k,l,p,a,b
+(Bleis a), Blep, ) )X28ap N0 | \201; X264 \300
= Z (A?AﬂB(eH 6]'), B(Ei, 6j)> + )\?)\3<B(6“ 6]'), B(EZ‘, 6j)>)
,J

S+ ) (ot i

IN

(32) = ZQ/\}O<B(ei7ej),B(ei,ej)>.
From (25) to (32), we have
> I(du(Va), du(Va))

A

(33) < /MZ)\110(10<B(6i,ej),B(ei,ej)> — <B(ei,ei),B(ej,ej)>) dvg .

If u is not a constant, then we have

> I(du(Va),du(Va)) <0
A

in M. Hence, u is a constant. This completes the proof.

5. STABLE ®(5-HARMONIC MAPS INTO ®(5)-SSU MANIFOLDS

In this section, we obtain the following result.

Theorem 5.1. Let u : (M™,g) — (N", h) be a ®y-harmonic map, and suppose
(N™,h) is a compact ®)-SSU manifold and (M™,g) is any compact manifold.

Then all stable ®(5)-harmonic map u is constant.

Proof. Now we take an orthonormal frame field {;}_; of R? such that {e,}"_,

are tangent to N, {eq}¢_,,; are normal to N™ and Veasb‘u(%)

=0, where zg is

a fixed point of N™ and we take a local orthonormal frame field {e;}; of M.

Meanwhile, we take a fixed orthonormal basis of R? denoted by {F4}%_, and
By, = <B(Ea, Ep), 5a> denote the components of the second fundamental form B of

N™ and set
(34) VA = nglga ) v% = <EA7EUL> I
a=1
(35) /U,(Z = <EA7804> )
q n
(36) Ve, Va= > ) viBahes,

a=n+1b=1

where (-, ) denotes the canonical Euclidean inner product.
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Set du(e;) Z ule,, then the product matrix (u¢) " - (u¢) is an n x n symmetric

a
matrix given by

m
(37) <Z u;’ui-’> :
=1 a,b=1,---,n

where (u¢)T is the transpose of (u?). Next we choose a local orthonormal basis
{e4}1_; such that

(38) Zu ul = A26,, .
Suppose that i,j,k,l,p € {1,--- ,m},a,b,c,d,e, f,r,s,t,x,y,2 € {1,---,n} and

a,B € {n+1,---,q}. With respect to the variational vector field Vy, by the
second variation formula, we have

> I(Va, Va)
A
= /Mh (RN (Va, du(e;))Va, disyu(es)) dvg

+ /M h (ﬁeiVA, ﬁePVA> h(du(e;), du(e;))h(du(e;), du(er))
Xh(du er), du(er) )h(du ), du(e, ) dvg

—l—/M h (V Va, du(e, ) [h V Va,du ej)) + h(du(ei),%ejVA)]
xh(du(e;), du(er))h(du(er), du(e;))h(du(er), du(ey)) dug

+/Mh (V Va, du(e, ) [h Ve, Va,du(er)) + h(du(q),%ekVA)}
xh(du(e;), du(e;))h(duler), dule)) h(du(e;), du(e,)) dvg

—i—/M (V Va,du(ep) ) [ VekVA,du (er)) + h(du(ek),ﬁelVA)}
Xh(du e;), du(e; )h(du ), du(eg ) (du(el),du(ep)) dvg

—I—/M h (V Va, du(e, ) [h VGZVA,du ep)) + h(du(el),ﬁePVA)]

(39) Xh(du(ei),du(ej))h(du(ej),du(ek))h(du(ek),du(el)) dvg .

Hence, at xq, we have

Zh VA7du €; )VA,d(5)u(el )
= Zh VA7du (€))Va, du(ep)) h(du(e;), du(e;))
xh(du(e;), du(ex )h(du(ek) du(er))h(du(er), du(ep))

)
= Zh (RN ( vAsa,uzab)vjac,uped) (ug €€,U;€f)
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Xh(ugsmu‘fcss)h(uZEf,ufsT)h<uf’5y, uf,sz)
= Zv%vjufuf ukukul Ful g uy,
xh(RN (eq,e0)ec,€q) hl(ee, e5)h(er, €5)h(er, €0)h(ey, €2)
= Z )\2)\2)\2)\2)\2 RN(EQ,Eb)Ea, Ed)
X5bc5f’r5st§wy6dz6cf6r56tw5yz
= Z )\(lzoh(RN(EtM Eb)gav Eb)

= Z)\}lo (<B(Ea,sb),B(5a,sb)> - <B(5a,sa),B(5b,5b)>)

h (6eiVA, ﬁepVA) h(du(ei)7 du(ej))h(du(ej),du(ek))
xh(du(er), du(e;))h(du(e;), du(ep))
= Zu h Ve VA,VEbVA)h(u se,u]faf)h(u Emukas)
xh(uket,ul ex)h(ujey, uie.)

= Zuaub h UABacsL,UAdesd)u ufurukukul u; up6Lf5755tz5yz
= Z AiA?X;’.)\iAfSaeafréstézydbzécdﬁefém5m5 B2 Biy
=Y \'BgBg,

= ST AY(B(ea, &), Blea,r))

xh(du(er), du(er))h(duler), du(e,))

= Zu h VEQVA,upsb (u Ve VA,uJEf)h(u emukss)
xh(ukst,ul Ex)h(ul Ey, Uy EZ)

= Zu?h(vf{Bg‘cec,uZab)h(u UABedEd,UJfEf)
XUSURURUT U SO o0t Oy

= ZB BZulug f Tukukul ulu UpOcbOdfOrsOtalyz

Soh (v Voa, du( e,,)) h (v Vo, du e])> h(due;), du(er,))
)
)h

=3 AINFAINZAZ 00 pr0at Oy ObzOcbaf OrsOraly Bos B,

aced
= Z)\Q/\b (€ayEb), (5a75b)>
< Z < A0 4 )\;O> (B(easeb), B(ca,€p))
= Z)\‘IL(’(B(sa,eb),B(sa,sb)}

S h (ﬁeiVA, du(ep)) h (du(ei), V., VA) h(du(e;), du(ex))
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xh(du(ey), du(e;))h(du(e;), du(ey))
= > ufh(Ve,Va,ubeo) h(ufec, ul Ve, Va) h(ufer, uje.)
xh(ufer, ufes)h(ufey, uie:)
= Z uh(v BS.ec, ugsb)h(u ey U UAdeEd)
xu’fuzw;cufu}"’u;éméméyz

= ZB Bfgufug u g ul uf ubus 6o OeadysOia by
=3 AZNFAINZ AT 0ac0 fr04t0yObzOcbOeadradiady= B By
= ZA3A§<B(5G,5b),B(€a,sb)>
< 3030+ ) (Blenen). B )

(43) = > M(B(ea,b), Ba, )

and
h (ﬁeiVA, du(ep)) h (du(ej), ﬁekVA) h(du(e:), du(e;))

xh(du(er), du(e;))h(du(e;), du(ey))

= Zu?h(VSHVA,ugsb)h(ugv'ECVA,ugEd)h@ Er,ujas)
xh(ubey, ufes)h(ufey, uie)

= Zuqh Ui{Bg‘ese,ugsb)h(u UABLfo,Uk&i)
Xuj uSuguf ul ug 00100y

W uCuSudut

= ZB BcfuZ zuju]ukukul u?u u 5eb6fd57‘36t16yz
= Z/\3)\3/\3/\iA%Sarécsédﬁmy&,ﬁ b0 £d0rs0tz0y=Bae By

= Z/\4)\ <B EayEb), B(£aa£b)>
< Z( )\10+ /\ >< (Eaagb)vB(EmEb»
(44) =Y N(B(ea &), Blea, )

e h (6eiVA,du(ep)) h (ﬁej Va, du(ek)) h(du(e:), du(e;))
xh(du(er), du(e)) h(du(er), duley))
= Zu“h Ve, Va,u Eb)h(u§sc,uﬁVstA)h(uzsmuJE )
xh(ubey, ufes)h(ufey, uie)
= Zu‘.’h vf{Ba"ese,uf)eb)h(u“fec,uzvf‘Bffsf)

xujuf ukul u; upérgéméyz

= ZB Bdfua us Sukufcul ulu u 6Eb5cf5m5tz5yz

97
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=3 AIAIAIAZ AL arOesOat Oy ObzOct O OrsOrady- Bo B
= ZAiAg<B(5a,sb),B(5a,sb)>
< Z (%)\;0 + g)\},o> (Bl(ea,eb), B(eas b))

(45) = Z)\m (eareb), B(cas b))

and
h(%eiVA,du(ep)) (VekVA,du(el)) (du(e;), du(e;))
xh(du( i) u(ek)) (du(el),du(ep))
= Zu?h(VsuVA,upab)h(ukvscvmufsd)h(ufse,ufef)
Xh(u;ENuiss)h(ufst,uzsx)
= Zu‘?h vf{Bg‘yay,qub)h(ukvAB az,ufsd)
furukulu OefOrsOtn

= ZBO‘ B% uluf f ukukul ulu U 5yb52d5 £0rs0t

ayczzz

Xugu

= AZAFAZAIAL e rOesOuat ObaOybOzade £ Orsdra By B

= Z)\6/\b (2a-€b), B(Eas b))
< Z ( A0 )\ ) (B(easeb), B(ca,€p))
(46) = Y MNYB(ea20), B(ea,e1))

h (%VA, du(ep)> h (du(ek) VEIVA> h(du(e:), du(e;))
xh(du(e;), du(ex))h(du(er), du(ep))
= Zu h VEQVA,u eb)h(ukec,ul Ve, Va)
xh(ujsr,ukss)h(ulat,upsw)
= Z ulh (VGBS ey, ubey) h(ufec, ufvy BY €.
><u¢u4u7fu‘,iufu“6€f5m§m

= ZB BS uiu f Tukukul ulu UpOyb0zdlefOrsOta

h(ufee, uley)

=3 AZAFAZAIA el frOcsOarObaOybOcz e £ Orsbin Bey BY,
= Z)\G)\b (2a-€0), B(Eas b))
< Z (g)&lo + %Al%O) (Bl(ea,eb), B(2a, b))

(47) = > A(B(ea,b), Bea, b))
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and
h (%eiVA,du(ep)> (du(el), ﬁepVA> h(du(e;), du(e;))
xh(du(e;), du(ex))h(du(er), du(e;))
= uth(Ve,Va,ubey)h(uf Ve, Va, ulleq) h(usee, uley)
xh(ujsr,ukes)h(uket,ufex)
= Zu‘-lh viBgysy,uZEb)h(ulvﬁB sz,udsd)
Xueufu ukukul F0efOrsOty

= ZBO‘ B% ulu f ukukul ulu u 5yb52d(5€f5rs(5tz

ayczzz

= 3 AZNINIAZAZG,40 0, Ot DBaByaade OOt B B
= Z)‘S)\Q Eaagb (Eaagb)>

< Z ( A0 4 /\ ) (B(ga,p), B(€as b))
(48) = Z)\é()(B(ea,sb),B(su,gb»

and
h (682.‘/147 du(ep)) (VEZVA7 du(ep)) h(du(ei), du(ej))
xh(du(e;), du(er))h(du(er), du(e;))
_ Zu h( VsuVAﬂtg b)h (ulgc,ugvstA)h(ufsc,ufsf)

xh(uje,, ujes)h(uler, ufes)

= Zu‘-lh vﬁnysy,ugsb)h(ulemu UABﬂ :)

Xueufu ukukul 7 0efOrsOts

= ZB B uduiud uiugufuf ufubuls pe.de p0rsOia
=3y )\i/\?c/\g)\i)\g6ae(5fr5st5:cc(5bd6yb5cz66f57’s(5t;rB:yB((ilz
— Z/\Z/\%<B(Ea,5b),3(5a755)>
< Z( AL 4 >\ )< (€a€), B(Ea, b))

(49) = > MB(ea, ), B(as b)) -

From (37) to (49), we have

> I(Va, Va)
A

(50) < / Z)\io (10<B(€a,€b),B(5a75b)> - <B(5a75a),B(5b7€b)>) d’Ug :
M a,b
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Since N is a ®(5)-SSU manifold, we know that if u is not a constant, then

D I(Va,Va) <0.
A

Hence, u is a constant. This completes the proof.
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