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Serrin problem, constant flow property and isoparametric foliations

Alessandro SAvo!

Abstract. The study of overdermined elliptic problems in Euclidean space has been
a very active field of research since many decades ago. In this survey paper we discuss
overdetermined PDE’s in the more general framework of Riemannian manifolds, and re-
mark how the existence of isoparametric foliations of the manifold give rise to new domains
supporting solutions to several overdetermined PDE’s. Then we show that for a particular
overdetermined parabolic problem (the constancy of the heat flow across the boundary),
the existence of a solution is actually equivalent to the existence of an isoparametric fo-
liation. The results exposed here are based on the recent articles [29], [30], [31]. The
main theme of these works is in fact the link between overdetermined PDE’s and the
isoparametric theory.

1. INTRODUCTION

An overdetermined problem gives rise to the following question:

e can we identify the geometry of a domain 2 in a Riemannian manifold assuming
the existence of a solution u of a certain PDE such that both w and its normal
derivative are constant on the boundary of Q7

Here is a class of overdetermined problems:

Au = F(u) on
0
u:cha—;\b]:cQ on 0N .

We try to derive some geometric information in the general framework of Riemann-
ian manifolds, not just in Euclidean space.

In this paper we first focus, for simplicity of exposition, on a famous overdeter-
mined problem, first solved by Serrin [32] in 1971. It states that the only bounded
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Fuclidean domains admitting a solution to the overdetermined PDE:

Av =1 on §,

(1) v
v=0, ——=c¢ on 9N
ON
are balls. Such domains are often called “harmonic”, because the mean value lemma
holds, in the following sense: the mean value of a harmonic function on ) equals
its mean value on 0).

The literature on overdetermined PDE’s is vast and interesting. Other important
examples include the Pompeiu problem (see the survey paper by Zalcman [35]) and
also the Schiffer problem, which are still open, even in R™. See [12], [13], [33].

Serrin problem on manifolds, isoparametric tubes. Serrin’s theorem admits
a generalization to the hyperbolic space and the hemisphere (see [22]). However,
on the whole sphere, there are plenty of “exotic” domains admitting a solution to
(1). This was first observed by Berenstein for a related problem and then Karlovitz
[18] for Clifford tori; later on Shklover [33] showed that any domain bounded by a
connected isoparametric hypersurface in 8™ is harmonic.

In this survey paper we first discuss Serrin problem on general Riemannian man-
ifolds, and isolate a class of bounded domains, called isoparametric tubes, which
generalize the class of spherical domains bounded by isoparametric hypersurfaces
and which always host solutions to (1). These domains are foliated by parallel
hypersurfaces having constant mean curvature, eventually collapsing to a minimal
submanifold of possibly higher codimension. Precisely, the compact Riemannian
manifold 2 with smooth boundary 0f2 is called an isoparametric tube if there exists
a smooth, compact submanifold P of € such that:

a) Q is a tube of radius R around P, that is
Q={z:d(z,P) <R}
b) Each equidistant from P, say
Se={zxeQ:d(x,P)=t} , te(0,R],

is a smooth hypersurface having constant mean curvature.

The submanifold P is called the soul of 2. It can be shown that it is always minimal.

Next we ask whether the condition of €2 being harmonic is actually equivalent
to € being an isoparametric tube. The answer is negative, which means that a
classification of harmonic domains, even in a space as symmetric as the round
sphere S, is still an open problem.

The constant flow property. Then we consider another overdetermined (para-
bolic) problem, which is stronger than Serrin’s, and is of its own interest. Precisely,
consider the function u(t, x), which is the temperature at the point z € €, at time
t > 0, assuming that the initial temperature distribution is constant, equal to 1,
and that the boundary is kept at zero temperature at all times (Dirichlet bound-
ary conditions). Then w(¢,x) is the unique solution of the initial-boundary value
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problem:

Au(t,x)—i—%(t,z)zo forall z€Q,t>0
(2) u(0,z) =1 for all x € Q
u(t,y) =0 for all y € 9Q and for all ¢t >0

u(t,-) is positive for all t. Note that:
u(t.o) = [ kit dy
Q

0

where k(t, x,y) is the Dirichlet heat kernel of 2. The normal derivative a—;(t, y) is
the heat flow at time ¢, at the boundary point y € 99Q.
e We say that € has the constant flow property if, at every fixed time ¢t > 0, the
heat flow is a constant function of y € 91, that is,

ou
3 — (¢t — (t
Q o lty) = (t)
for a smooth function v of time ¢ only.

The condition we just introduced gives rise to an overdetermined problem, which
is stronger than Serrin’s, in the sense that

e any domain with the constant flow property is necessarily harmonic, that is,
admits a solution to (1).

The existence of domains with the CF property is guaranteed by the following fact:
Theorem 1. Fvery isoparametric tube has the constant flow property.

One can hope to be able to give a classification under this stronger condition. In
fact, this is true at least when the ambient Riemannian manifold is analytic, which
provides the converse of Theorem 1 (see [30]).

Theorem 2 (Savo [30]). Let Q be a smooth, bounded domain in complete ana-
lytic manifold M. Assume that it has the constant flow property. Then Q is an
isoparametric tube around a minimal submanifold of M.

In the body of the text we provide the ideas behind the proof, part of which is
based on previous results by the author concerning the asymptotic behavior of the
heat flow for small times.

Variational aspects and recent results. Overdetermined PDE’s often come out
of a variational problem. Let V' be a smooth vector field defined in a neighborhood
U of the domain 2 in M. Define a one-parameter domain deformation f. : Q@ — M
by:

(4) fe(x) = exp,(eV(x)) .
For e small enough, f. restricts to a diffeomorphism:
fe: Q= f(Q)=Q..

We call Q. the one-parameter deformation of £ associated to the vector field V.
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Given a geometric functional F = F(Q2) depending smoothly on the domain Q we
define its first variation DF (2, V') along V as follows:
d
DF(Q,V)=—| F(Q).
de|
We will say that Q is critical for the functional F if
DF(Q,V)=0

for all deformations of Q hence, for all vector fields V. However, to have a mean-
ingful geometric problem one should (and we will) impose that the deformation f,
is volume preserving:

1€2] = 192]

for € small enough. To preserve volume, the vector field V' must satisfy the condition

o) [ ww=o.
o0
Let v be the torsion function of the domain €2, unique solution of

Av=1 on Q,
(6)
v=20 on 0f2

The functional:

Qo / Vo2
Q

o It is well-known that the critical points of the torsional rigidity (under volume pre-
serving deformations) are precisely the harmonic domains, that is, domains which
support a solution to the Serrin problem (9).

is called torsional rigidity of Q.

Given the function u(t, z) defined in (2), the integral

Holt) = /Q u(t, ) dug ()

is called the heat content of Q at time ¢. It measure the total heat inside (2 at
time t, provided that the initial temperature is constant, equal to 1, and that the
boundary is subject to absolute refrigeration at all times. The heat content has
been amply studied, in particular, in connection with the following aspects: its
asymptotic behaviour for small times (see [1], [2], [27], [28], [14], [15]), comparison
theorems of isoperimetric nature ([3]) and its relation with the Dirichlet spectrum
and the Brownian motion ([21], [20]).

In the recent paper [31], the author computed the first variation of the heat content
and showed that the critical domains for this functional are precisely those which
have the constant flow property. This provides a variational interpretation of this
condition and then, thanks to the rigidity theorem above, a classification when the
metric is analytic. The word critical means really critical under volume preserving
deformations.

Theorem 3 (Savo [31]). Let Q be a smooth bounded domain in a complete Rie-
mannian manifold (M, g). The following are equivalent:

a) Q is critical for the heat content Hq(t) at every fized time t > 0.
b) Q is critical for the k-th exit time moment Ty (), for all k > 1.
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¢) Q has the constant flow property.

If the ambient Riemannian manifold M is (real) analytic, then a), b) and c) are in
turn all equivalent to:
d) Q is an isoparametric tube over a closed, minimal submanifold of M.

A few words on the functional Tj(€2). The torsion function v has also a proba-
bilistic intepretation, as the mean exit time associated to the Brownian motion of
Q. It is then is part of a hierarchy of exit time functions Ej, defined inductively as
follows. We set Fy = 1 and, for k£ > 1, we let E} be the unique solution of

{ AE, = kE),_1

(7)
E,=0 on 0N .

Note that Fj is just the torsion function. The k-th exit time moment of the bounded
domain € is now defined as

The sequence
m*(Q2) = {T1(Q),T2(Q), - }

is known as the exit time moment spectrum of ). These invariants have been studied
in the papers [6], [7], [17],[16], [20], [21].

Conclusion. The main scope of this paper is to stress that in some cases the
existence of solutions to a certain overdetermined PDE forces the existence of an
isoparametric foliation of the domain.

This phenomenon is not evident when working in the Euclidean space because,
(thanks to the classical Alexandrov theorem) there is only one foliation of R™ by
compact, embedded, constant mean curvature hypersurfaces: the foliation by geo-
desic spheres. Therefore, the only bounded isoparametric tubes of R™ are geodesic
balls.

Conversely, isoparametric tubes will host solutions to many overdetermined PDE’s
and they form a class of domains which, in many respects, generalize properties
of geodesic balls in constant curvature space forms and revolution manifolds with
boundary.
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2. SERRIN PROBLEM

Torsion function. Consider the torsion function v = v(x), unique solution of the
boundary value problem (9). In probability, v also represents the mean exit time
function.

0
For a generic domain, (97]1\}] will not be constant on the boundary. If we add this extra
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assumption we then get an overdetermined problem, often called Serrin problem:
Av =1 on ,

(9) ov
v=0, O—NZC on Of).

Harmonic domains. Domains for which a solution to (9) exists will be called
harmonic, because of the following mean-value property, for which we provide the
easy proof.

Proposition 4. A domain Q supports a solution to (9) if and only if the mean-
value of any harmonic function h on Q equals its mean-value on 92; that is, if and

only if:

(10) / h.
9] IGQI o0
Proof. Assume that €2 is harmonic and pick the u solution to (9); integrating the
0 Q
identity a—; = ¢ over 02 and applying the Green formula we see that ¢ = %

Let h be a harmonic function. Integrating by parts:

/h :/hAu
0 Q
ou Oh
= uAh—i—/ h— — U=
/Q oo ON  Joq ON

:c/ h
oN

]

= — h7
102 Joa

which shows (10).
Conversely, assume that (10) holds for all harmonic functions h. Then, by Green

formula,
ou
h:/ h—
/Q o0 ON
1 1
— / h= / pt ou
1 Jo oo Q[ ON
By the hypothesis (10) we have then

1 / / 1 Ou
- h— B 2
109 Joq aa | ON

hence

which can be rewritten

|09 Ou
(11) / h(1——-—>:0
o0 12 ON
Any smooth function on 99 admits a harmonic extension; (11) implies that the
0 Q
function in parenthesis is orhogonal to C*°(9f2), hence it is zero. Thus 87]1\3' ||8 Q||

is constant.

O
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2.1. Serrin’s theorem in R"™. First, we remark that any Fuclidean ball is a
harmonic domain: the torsion function is radial u = u(r) (here r = |z|) and in fact,
for the ball of radius R centered at the origin in R"™:

u(r) = (R — 1) |

T o
Serrin proved in 1971 the following rigidity result.

Theorem 5 (Serrin [32]). Assume that Q € R admits a solution to (9). Then
Q is a ball and v is radially symmetric. That is, harmonic Euclidean domains are
balls.

He proved more generally that if there is a positive solution u of the problem

Au = F(u)
(12) ou
u=20, v ¢ on o0,

then 2 is a ball.

The original proof by Serrin uses the moving plane method. There is another short
proof by Weinberger, which uses the maximum principle and the Pohozaev identity.

2.2. Extension to more general Riemannian manifolds? One could ask if
Serrin’s rigidity theorem extends to more general Riemannian manifolds.
Here are a number of related questions.

Existence: if M is an arbitrary Riemannian manifold, do we always have harmonic
domains there? Given a positive number o < |M|, can we always find a harmonic
domain of volume « inside M?

Rigidity: do we have geometric restrictions for the existence of harmonic domains?
Can we describe them?

Classification: can we actually classify harmonic domains in the general Riemann-
ian framework?

We have seen that if M is Euclidean space then the answer to the first question is
positive (any ball is a harmonic domain) and we have a strong rigidity result: the
only harmonic domains are balls.

Naturally, the next step is to examine these questions in the other (simply con-
nected) manifolds of constant curvature: hyperbolic space and the sphere.

About existence, Fall and Minlend prove in [8] that in any compact Riemannian
manifold there exists at least one harmonic domain of small volume, constructed
by suitably perturbing small geodesic balls.

About rigidity, one could expect that the Serrin problem, at least in constant
curvature, will display a kind of geometric rigidity similar to the one in Euclidean
space.

We will see that this is true in hyperbolic space and in the hemisphere, but, perhaps
surprisingly, not in the whole (round) sphere.
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2.3. Serrin problem in hyperbolic space and the hemisphere. It is not re-
strictive to study the case of the unique simply connected manifold My of constant
curvature K € {1,—1}. Then M; = 8" and M_; = H".

Existence. Geodesic balls in Mk are harmonic domains: in fact, the mean exit
time function is radial. Here is a formula for the explicit expression valid in all
space forms (r is the distance function to a fixed reference point):

u(r) —/TRe(ls)/ose(t)dtds

sin"'r if M =8"
O(r) =4 rt if =R"
sinh" 'y if M =H".

As for rigidity, the result in Euclidean space extends to the hyperbolic space and
the hemisphere without change (see [22] and [19]).

where

Theorem 6. The only harmonic domains in H" and S} are geodesic balls.

Method of proof: moving planes (again). Now, the usual method of moving
planes works in the hemisphere, but not in the whole sphere; then, one could ask if
the restriction to the hemisphere is an essential hypothesis, or is just assumed for
technical reasons. In other words:

Is it true that the only harmonic domains in S™ are geodesic balls?

Perhaps a bit surprisingly, the answer is: no.

2.4. Exotic harmonic domains in spheres. It seems that the first example was
given by C. Berenstein for a related problem. Consider the 2-surface ( Clifford torus)
isometrically embedded in S3:

Y= sl(%) x sl(%) :

It is easy to show that ¥ is the common boundary of two spherical domains ©; and
Q.

Berenstein shows that both these domains are harmonic.

As the boundary of each is a torus, which is topologically different from a sphere,
it is clear that €7 and €y are not isometric to geodesic balls. This gives the desired
counterexample.

His proof is analytical; we provide here a simpler proof and enlarge the set of
examples.
More generally, for positive numbers a, b such that a?+4b? = 1, consider the Clifford
torus

Yy = St(a) x S*(b) ,

b

where

S'(a) = {(z1,20) : 22 + 22 =a®} , SY(b) = {(x3,24) : 22 + 27 = b*} .
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Then the natural map ¢ : ¥, — S? defined by

¢(($17$2)a (9037964)) = (951,902@3,374)

is an isometric embedding.
Consider the domain Q, 3 C S? defined by the inequalities:

2?4+ 23 < a?
Qap - m§ + 22 > b2
I+ +ad+at=1
so that 0Qqp = g p.
Proposition 7. The spherical domain Q. is harmonic for all a,b.

Proof. The group SO(2) acts by rotations on each circle in the (x1,z3)-plane,
and also on each circle in the (x3, z4)-plane; hence the group G = SO(2) x SO(2)
acts by isometries on €. This action restricts to a transitive action on 9Q = 3, .
We need to show that the solution of

{Au—l on

(13)
u=20 on Of2

has constant normal derivative. Now G acts on C*°(f2) as follows: for g € G define
g-u € C®(Q) by
~1

(g-u)(@) =ulg™ -x).

As the Laplacian commutes with isometries, one has
Alg-u)y=g-Au=g-1=1
and clearly g - u = 0 on 99Q. Hence g - u is also a solution of (13). By uniqueness,
gru=mu
for all ¢ € G. Therefore u is G-invariant, that is, it is constant on the orbits of
G. An isometry is in particular a conformal map, hence the action of the group
preserves the unit normal vector field N; as the action of G is transitive on 0%,

given p,q € 92 we can always find g € G such that g - p = ¢q. The invariance of u

shows that then
ou _ Ou

67N(p) = aTV(Q) :

ou
As p and g are arbitrary, this implies that N is constant on 012, as asserted.
O

The previous construction gives a whole one-parameter family of harmonic domains
not isometric to balls.

e Actually, the above example generalizes to get the following class of examples:
Let Q1 be any compact Riemannian manifold with boundary on which G acts by

isometries. Assume that the action of G restricts to a transitive action on OS).
Then Q is a harmonic domain.

Q. is an example of “isoparametric tube”. Observe that the domain €,
above is foliated by a one parameter family of parallel, equidistant Clifford tori:

¥, =SHt) x SY(V1—12).
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where ¢ € (0,a] which, as t — 0, collapses to the great circle P (which is a minimal

submanifold of S3):
Tr1 = T = 0
B4ai=1.

Each leaf ¥, has constant mean curvature. Note also that {2, 3 is a tube of constant
radius around P, and all the equidistants to P have constant mean curvature. In
our language, {1, is an isoparametric tube around P.

3. ISOPARAMETRIC TUBES IN RIEMANNIAN MANIFOLDS

We have a general notion of isoparametric tube, which gives rise to a family of
domains which always support a solution to the Serrin problem.

By definition, the compact Riemannian manifold Q2 with smooth boundary 92 is
called an isoparametric tube if there exists a smooth, compact submanifold P of 2
such that:

a) {1 is a tube of radius R around P, that is
Q={z:d(z,P)<R}.

b) Each equidistant from P, say

Ye={zeQ:dz,P)=t} , te(0,R],
is a smooth hypersurface having constant mean curvature.
e The submanifold P is called the soul of Q. It can be shown that it is always
minimal.
3.1. Examples.

e We will see below that, in 8™, any domain bounded by a connected isoparamet-
ric hypersurface (that is, a hypersurface with constant principal curvatures) is an
isoparametric tube. The soul is the focal submanifold of 0.

e Geodesic balls in constant curvature spaces (or, more generally, in a harmonic
manifold) are isoparametric tubes. The soul is a point (the center of the ball).

e A spherical shell in R" is not an isoparametric tube.

e An isoparametric tube might have more than one boundary component: for
example, a tubular neighborhood of an equator of the sphere. However, it cannot
have more than two boundary components (otherwise it is not even a smooth tube).

e A solid revolution torus in R? is a smooth tube, but it is not isoparametric: the
soul is circle, and equidistant do not have constant mean curvature.

Here is the relevant result, proved in [30].
Theorem 8. Any isoparametric tube is a harmonic domain.

The aim is to show that the mean exit time function wu:
Au=1 on Q
u=20 on 0Of2

has constant normal derivative. In order to do that, we introduce the family of
radial functions, and then an averaging operator.
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3.2. Radial functions. On any isoparametric tube we have the family of radial
functions: these are the functions which are constant on every equidistant.
If we write p for the distance function to P:

plz) = d(z, P)
then we say that the function f on ) is radial if and only if it can be expressed

f=vop,

for a smooth function ¢ : [0, R] — R. It is clear that a radial function has constant
normal derivative; in fact on the boundary one has:

of /
N = VLN) =V, V) = —¢(R)

which is constant. Hence, to prove the theorem, it is enough to show that the
torsion function is radial.

Averaging operator (radialization). For details we refer to [30]. We define an
operator

A:C>?(Q) = C™®(Q)
which will take a function to its radialization. Recall that € is foliated by the

equidistants (level sets of the distance function p), hence any point x belongs to a
unique equidistant; if x € Q '\ P this will be the regular hypersurface

Yo = pil(p(x)) 5
and if € P then it will be simply P (the unique singular leaf).

Given f € C*(Q) and z € Q\ P we define Af(x) as the average of f on the
equidistant through x:

1
Af(:r):m/sz;

if z € P we simply define

1
Af($)=W/Pf>

where of course we use in both cases the measure induced by the Riemannian metric
on X, and P, respectively. If f € C°°(Q) its radialization Af has the following
properties:

o Af is smooth as well;

o Af is radial,

o f is radial if and only if Af = f.

The crucial property of an isoparametric foliation is the constancy of the mean
curvature of the leaves. This has the following important consequence.

e The radialization commutes with the Laplacian: AAf = AAf.
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3.3. Any isoparametric tube is a harmonic domain. We now prove Theorem
8. It is enough to prove that the torsion function u is radial; for that it is enough
to show that

Au=u.

Let @ = Au. Then as the radialization commutes with the Laplacian:
At =AAu=AAu=A1=1,

and of course & = 0 on J€2. Then u and 4 are two solutions of the boundary value
problem

Au=1 on Q
u=20 on 0Of2

By uniqueness, they must coincide, hence Au = u, as asserted.

3.4. Is the converse true? Classification of harmonic domains? We have
seen that every isoparametric tube is a harmonic domain. Is the converse also
true? If true, this will give a quite rigid and significant geometric structure to
such manifolds. The answer, however, is negative, and we point out an interesting
class of counterexamples: minimal free boundary immersions with many boundary
components.

3.5. Minimal free boundary immersions. Recall that a hypersurface of a Rie-
mannian manifold is minimal if it has everywhere vanishing mean curvature. If X
is a minimal hypersurface of R"™, and B(zo, R) is a Euclidean ball, the manifold
with boundary (or, a connected component of it)

Q= EﬂB((ljo,R)

is called an eztrinsic ball. Note that €2 has dimension n — 1 and that the boundary
0% is contained in the sphere OB (zg, R). An interesting case occurs when, at each
point of the boundary, the tangent space to € is orthogonal to the sphere: we then
say that  meets 0B orthogonally.

In what follows, we let B™ be the unit ball of R™ centered at the origin.

o A minimal free boundary hypersurface is a minimal hypersurface 2 of B™ such
that 9Q C 9B™ and ) meets B™ orthogonally.

Examples in B3,

o A flat disk (cross-section of B® with a plane through the origin).

e The critical catenoid (the unique catenoid which meets 9B? orthogonally).

Up until few years ago, these were the only known minimal free boundary hyper-
surfaces. Then new examples by Fraser and Schoen [11] were discovered:

e Given any positive integer k, there exists a (minimal) free boundary embedding of
a (genus zero) surface Q. with k boundary components into B3.

By then other existence results were proved. We have the following interesting fact.

Theorem 9. Let X2 be a minimal free boundary immersion in B™. Then X is a
harmonic domain.
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Proof. We sketch the main arguments. First, recall that the restriction of any
coordinate function x; to a minimal hypersurface is harmonic. Let 2 be the position

vector, so that |z|? = Zx? We restrict the function |z|? to €, and denote A the
J
Laplacian of 2. Using the above fact one shows easily that:
Alz)? = —(2n —2) .

Clearly, |z]2 = 1 on 09 hence 1 — |z|? vanishes on 9. The conclusion is that the
mean exit time function of 2 is given by:

1
= 1—[z[?).
u(@) = 51— [zf)

It remains to show that the normal derivative of u is constant on 9. This follows
because, on 91, the vector Vu is collinear with x, and that N = —x because

19} 1
meets 0B orthogonally. Then gu , a constant.

ON n-1

0

3.6. Some counterexamples.

Theorem 10. Let Q) be any minimal free boundary immersion in B3 with at least
3 boundary components. Then € is harmonic but cannot be an isoparametric tube.

In fact, 2 is a harmonic domain by the previous theorem but cannot be an
isoparametric tube, for topological reasons: in fact any smooth tube over a con-
nected submanifold can have at most two boundary components (the boundary of
a solid tube around P is homeomorphic to the unit normal bundle of P), see [30].

The classification problem of harmonic domains in Riemannian manifolds is an
open and interesting problem, because it will imply, in particular, a classification
of minimal free boundary immersions.

In fact Fall, Minlend and Weth [9] constructed new examples of harmonic domains
in 8™, by perturbing tubular neighborhoods of totally geodesic hypersurfaces.
These examples are not isoparametric tubes.

So, a classification seems to be at the moment out of reach, even in spaces as simple
as the round sphere.

In the next section we will consider another overdetermined problem, which is
stronger than the Serrin problem, and for which a classification in the Riemannian
case is actually possible.

4, THE HEAT EQUATION

Let  be a domain in a Riemannian manifold. Assume that at time ¢t = 0 the
temperature is prescribed by the function ¢g(z) on , and that the boundary is
kept at zero temperature at all times.

If for example ¢ is positive, heat will low away from the domain because of
refrigeration and eventually, at infinite time, the temperature will be constant,
equal to zero, at all points of 2.

But what is precisely the evolution of temperature?
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Denote by ¢(t,x) the temperature at the point x € Q, at time ¢ > 0. Then ¢(t, )
is a solution of the heat equation:
99

Ap(t, ) + E(t,x) =0.

where the Laplacian is acting on the space variable x.
In conclusion, the temperature function is a solution of the following initial-boun-
dary value problem:

Aqﬁ(t,m)—l—%(t,x):() forall z€, t>0
¢(0,2) = do(z)
o(t,y) =0 for all y € 9Q and for all ¢ >0

In the last line we see the Dirichlet boundary condition, which correspond to bound-
ary refrigeration at all times.

One shows that indeed, once the initial data and the boundary conditions are
chosen, the solution ¢(t,z) exists and is unique.

Let us write ¢¢(z) = ¢(¢,x). The maximum principle implies that, if ¢g is a positive
function, then ¢; will be positive in the interior of € for all £ > 0.

4.1. The heat kernel. The initial data could be a distribution: when the initial
data is the Dirac mass concentrated at a point y € 2 then we have the fundamental
solution, or heat kernel of the heat equation.

This corresponds to the case when a unit of heat is initially placed at the given
point y, which is the limit case of a real physical situation. If one assumes, as usual,
boundary refrigeration, the temperature at time ¢, at the generic point = will be
denoted by the symbol

k(t,z,y) .
It is perhaps a curious fact the the heat kernel is actually symmetric in the spatial
entries:

k(tx,y) = k(t,y, ) -
The fact that the initial data is the Dirac distribution J,, translates into the following
statement. For all continuous functions ¢o(z) one has:

t—0

lim 0 k(t,x,y)qﬁo(x) dx = ¢0(y) :

In fact, the word fundamental means that the solution of the heat equation with
initial data ¢o(x) is given by convolution with the heat kernel:

olt,) = / k(t, 2, y)do(y) dy .

The heat kernel is, at all times, a positive function of z,y in the interior of €2, it
vanishes whenever x or y are on the boundary, and has positive normal derivative
on the boundary:

ok
ﬁ(tvxay) >0

for all y € 09Q2.
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4.2. When the initial temperature is constant. If the initial data is the con-
stant unit function 1, we will denote by u;(x) = u(t, z) the corresponding temper-
ature function. In other words, u(t, z) is the unique solution of the problem:

Au(t,x)—i—%(t,x):() forall x€Q, t>0
(14) u(0,2) =1 for all z € Q
u(t,y) =0 for all y € 9Q and for all ¢ >0

Then u; will be positive for all £. Note that:

u(t,x) = /Qk(t,amy) dy ,

in particular, u; is positive for all £. The physical interpretation is the following:
u(t, ) is the temperature at time ¢ > 0, at the point x € €2, assuming the initial
temperature is uniformly constant, equal to 1, and that the boundary is subject to
absolute refrigeration.

4.3. The constant flow property. We now introduce an overdetermined problem
for the heat equation (14). We first turn our attention to the heat content of Q,
which is the function of time:

Q

It is smooth on (0,00) and it is a decreasing function of ¢. In fact,
d aut auf

H(t) = — = | —=— | Auy =— —.
®) dt/Qut - /Q " 90 ON

ﬁut
gives, at any point y € 99, the pointwise heat flow at y. It is a smooth, positive
function defined on 0f2.

i Ouy |
We expect that, for a general domain, the heat flow L is not constant on 9.

The function

ON
e We say that € has the constant flow property if, for all fixed ¢ > 0, the normal
. . Ouy | .
derivative N is a constant function on 9f.

This additional request gives rise to an overdetermined problem, which can then
be written:

an
A — =
wt g =0
(15) uy =1 on Q
ug =0 %—w(t) on 90 forall t>0
t — ’8N7

for a suitable smooth function 1 of the only variable ¢ € (0, 00).



116 Alessandro Savo

4.4. Perfect heat diffusers. Domains with the constant flow property are per-
fect heat diffusers in the following sense (see [29]). Given a smooth function

¢ € C*(09), define

ou(x) = o(t, )
as the solution of the heat equation on 2 with boundary conditions prescribed by
the function ¢(x) (at all times) and zero initial conditions.

That is, ggt is the unique solution of the problem:

- 0d
Agr+ 55 =0

bo=0
dr=¢ on 00, forall t>0
Let
Ho(t) = [ dt.a)da

be the heat content at time ¢ with boundary data ¢. Clearly Hy(0) = 0. The
following has been proved in [29]:

Theorem 11. Q has the constant flow property if and only if Hy(t) = 0 for all
t >0 and for all € C§°(ON) (smooth functions on OQ with zero mean).

The theorem says that if 2 has the constant flow property, and if the total
boundary heat is zero at all times, then also the total inner heat content is identically
zero at all times.

At z € 99 the boundary acts as a refrigerator if ¢(x) < 0, and acts as a heater if
¢(x) > 0. Then the constant flow property holds if and only if the incoming heat
flow is perfectly balanced, at all times, by the outgoing heat flow.

4.5. Constant flow implies harmonic. It turns out that the constant flow prop-
erty is stronger than harmonicity (see [29]):

Theorem 12. Any domain with the constant flow property is also harmonic, that
is, it supports a solution to the Serrin problem.

This can be justified as follows. Introduce the function
oo
v(z) = / u(t,z)dt .
0

Note that the integral converges because u(t,x) decreases to zero exponentially fast
as t — oo.
In fact it can be shown that, as t — oo

u(t,z) ~ ce Ml (z)

where A is the first Dirichlet eigenvalue of Q and ¢;(z) is the positive first eigen-
function with unit L2-norm. One sees that Av = 1 and obviously v = 0 on 9.
Therefore, v is the mean-exit time function of Q. If © has the constant flow prop-

Ov
erty one sees that, differentiating in the normal direction, one has N c as well.

By Serrin’s result and the above, we have:
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The only domains in R™, H" and STy having the constant flow property are geodesic
balls.

But what about existence of domains with constant flow property? Here consider-
ations similar to the Serrin problem apply.

Theorem 13. Any isoparametric tube has the constant flow property.

For the proof, recall that the radialization A commutes with the Laplacian. To
show that the temperature function u, has constant normal derivative (for all ¢), it
is enough to show that it is radial, or that:

Aug = uy .
The argument is the same as before: the function Aw, is still a solution of the

heat equation, with initial condition equal to Aug = 1 and, obviously, Dirichlet
boundary conditions.

As the initial and boundary values data of Au, are the same as those of u;, we have
by uniqueness Au; = uy.

4.6. Geometric rigidity. So far we have isolated a whole class of manifolds with
the constant flow property, the isoparametric tubes.

We can ask if there are other “exotic” examples.

We prove that, for analytic metrics, isoparametricity is also a necessary condition
for having the constant flow property. Here is central result, proved in [30], and
considerably more difficult than Theorem 13.

Theorem 14 (Savo [30]). Let Q be a compact analytic manifold with smooth bound-
ary. Assume that it has the constant flow property. Then Q is an isoparametric
tube around a minimal submanifold of M.

Then we have a complete characterization, in the analytic case, of the class of
domains with the constant flow property: this class coincides with the class of
isoparametric tubes.

This also gives an analytic characterization of the isoparametric condition.

4.7. Main steps of the proof of Theorem 14. Details can be found in [30]. We
assume that  has the constant flow property.

Step 1. The mean curvature is radial.
Define a function 7 in a neighborhood of 052 as follows:
n(z) = mean curvature of ¥, at x

where Y, is the equidistant to the boundary containing x; if we let p denote the
distance function to the boundary, then

Lo ={yeQ:p(y) =p(z)} .
Observe that p is continuous, and smooth a.e. on €2, in particular, it is smooth near
the boundary of Q. Precisely, p is singular on the so-called cut-locus, which is a
closed set of zero measure, supported away from 0€2. We will discuss the cut-locus
below.
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The aim in the first step is to show that 7 is radial, that is, it is constant on
equidistants to the boundary, and the following theorem is the main technical step,
proved in [29].

Theorem 15. Let 2 be a smooth (not necessarily analytic) Riemannian manifold.

Assume that Q has the CFP. Then:
(i)k

—Z = ¢, = constant on 0N

ON

forall k=0,1,2,---.

The proof of the theorem relies on the asymptotic expansion of the heat flow,
which has been obtained by the author in [28] and [27]. We will sketch the proof
in the next section.

Given Theorem 15, we proceed as follows. Fix a point x on the boundary and
consider the unit speed geodesic arc v, (t) exiting « in the inner normal direction.
As 1 is an analytic function, its restriction to =y, is also analytic, and by Theorem
15 the Taylor expansion of this restriction does not depend on the base point z.

In conclusion, the value of 7 is the same at all points at fixed distance to the bound-
ary (that is, at the regular points of the normal exponential map). In particular:

e near the boundary, n depends only on the distance to 9€2, hence the equidistants
close to the boundary have constant mean curvature.

One could also say that, near the boundary, ) is isoparametric.

Now we have to show the global result, namely that € is isoparametric not only
near the boundary but also at points far from it, and that is a tube over a regular
submanifold.

Typically, this involves the study of the singularity of the normal exponential map,
that is, the study of the cut-locus Cutgq.

4.8. Step 2: study of the cut-locus. Given =z € 02, consider as before the
geodesic v, : [0, L] — Q which starts at 2 and goes in the unit normal direction:

%(0) =z , 7(0)=N().

Clearly ~, can be written +,(t) = exp,(tN(z)). For small ¢, v, will minimize
distance to 05, in the sense that d(7y,(t),0Q) = t.

As  is bounded, 7, cannot measure distance for every ¢, and there will be a
maximum value ¢(z) for which this happens. Hence, we define ¢(z) as follows:

d(v.(t),00) =t if and only if ¢ € [0,c(x)].
c(x) is called the cut-radius at € O and ~,(c(x)) is the cut point at .
The cut-locus is then the union of all cut-points:
Cutg = {v.(c(z)) : x € 9Q} .

It is known that the cut-locus is a closed subset of €, and it has measure zero.
Moreover, Cutg is a deformation retract of Q and the distance function to the
boundary is smooth on Q \ Cutg.
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In general, the cut-locus of 92 is far from being a regular subset; however, if €2 has
the constant flow property then the cut-locus is a nice smooth, embedded and even
minimal submanifold of Q.

4.9. End of proof. Using the constant flow property one shows that Cutg coin-
cides with the set of points of © which are at (constant) maximum distance to the
boundary; in fact Cutg coincides with the critical set of the torsion function.

One then verifies that the normal exponential map has locally constant rank, which
implies, after some work, that Cutg is a compact, connected, regular submanifold
of Q.

We now set
P = Cutq .

The equidistants from P coincide with the equidistants to J€); as these have con-
stant mean curvature, we see that €2 is an isoparametric tube over P, as asserted.

4.10. Sketch of proof of Theorem 15. Recall that we have to show that, if Q
has the constant flow property, then
0
ON*
for all k =0,1,2,---. For details we refer to [29].

= ¢, = constant on 9f2

The main tool is an asymptotic study of the heat flow for small times. The heat
flow at y € 92 admits an asymptotic expansion for t — 0, of type:

2 ly) ~ ;Bk@) gh/271
~ Bi(y) - % + By(y) + Bs(y)Vi + - --

for certain heat flow invariants By (y) € C*°(09).

We see that, if  has the CFP, then every By is constant on 992. The existence of
the asymptotic series follows from the work done by van den Berg and Gilkey in
[2]; the first few terms are:

2
B =~
1 N
1
BQ = —577
By — <2tr(RN +8%) - nQ)
3 6/

By = %(Utr(RN +5%) —tr(VyRy +2S 0 Ry +25%) + Aagn)

where Ry is the Jacobi operator Ry (X) = R(N,X)N and S is the shape operator
of 9N relative to the inner unit normal N.
Given that, we see that the CFP immediately implies some valuable informations.

e The mean curvature must be constant: hence the only Euclidean or hyperbolic
domains with the CFP property are balls (by the Alexandrov theorem).
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o If O has constant curvature (or, more generally, if it is an Einstein manifold) then
the scalar curvature of 92 must be constant.

However, to prove that all the jets of the mean curvature are constant on 0f) one
needs a complete information about the invariants By, for all k; moreover it would
be desirable to give a different presentation of Bjy. In [28] the author obtained a
recursive formula which computes all invariants Bi. We now describe the outcome
and the way the invariants By are presented.

4.11. Complete asymptotic expansion of the heat flow. This is the work [28]
(which improves the calculation in [27]). On a small tubular neighborhood U of 992,
the distance function p is smooth, and then we can define the first order operator:

for all ¢ € C°(U). Note that Vp is normal to equidistants and gives rise to
a vector field N which, restricted to the boundary, is precisely the unit normal
vector. Remark also that Ap = 7.

Hence the operator N¢ can also be written:

_0¢
N =25 —nb.

In particular:
Nl=—-n.

Let A be the Laplacian of the ambient manifold 2. We let A be the algebra of
operators acting on C°°(U) and generated by the operators N and A. Here is the
main calculation.

Theorem 16 (Savo [28]). For all k = 1,2,--- there exists an operator Dy € A
(that is, a polynomial in N and A of homogeneous degree k — 1) such that:

By = Dill,, -
The sequence of operators { Dy} is explicitly computable by a recursive formula.

Here are the first few operators:

2
D = —-
1 NG
1
D2 = §N
Ds = L(NQ 40)
5T 6w
1
Dy = —E(AN+ 3NA)
1
Ds = — N*+16N%A + 8NAN — 48A?) .
5 240ﬁ( + 16 +38 8A%)
In particular, we obtain the following presentation of the invariants Bi,--- , Bs:

note in fact that N1 = —p etc. In what follows, AT, V7,67 etc. will denote the
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tangential operators (that is, the operators defined on each equidistant with the
induced metric).

2
By = —
1 N
1
32:—577

By — L(—2ﬁ+n2)

By— _i(ﬁzn on —ATU)

16\on2  TON
1 0%y 0%y on \2
Bs = —7(—20 I 440 28(—) — 20029nON + 1*
5T To0x an® TN T8 gN oo+ n

o
+1287 (51) + 16 [V7nf +407(SVTn)) .

k
It is now easy to show that, if By, - - - , By are constant, then n and 6777 are constant

k
for £ < 3.

4.12. Final iteration. Iterating the above argument and using the recursive for-
mulae one proves (see [29]):

8k_277

Br = ar s

+ terms involving normal derivatives of lower order

where ¢, is a constant.
Important: one needs to show that ¢ # 0 for all k!

This is a rather involved combinatorial fact, obtained using the algorithm for the
computation of the operators Dy. Having done that, it follows by induction that:

if all By are constant, then all normal derivatives of n are also constant.

This ends the proof.

5. APPENDIX: ISOPARAMETRIC TUBES IN S™

In this appendix we discuss the classification of isoparametric tubes in the round
sphere S™. By definition, the boundary of an isoparametric tube is an isoparametric
hypersurface, and thus we can apply the classification of isoparametric hypersur-
faces of the sphere, a fascinating field which started from Segre and Cartan and
gave rise to beautiful constructions. After many efforts, and many intermediate
results, the classification was completed only recently [5].

Standard references for general facts on the isoparametric theory are [4] and [34].

After recalling the main definitions, we outline the main results concerning the
Cartan polynomials.

5.1. Shape operator and principal curvatures. We briefly recall the basic
definitions of shape operator and principal curvatures. Let M™ be a Riemannian
manifold and ¥ an hypersurface of M. We can define, at least locally, a unit normal
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vector field N to X. A way to see how curved is ¥ in M is to examine the rate of
change of the normal field V infinitesimally, along a curve v in X.

At any point p € ¥ and for any tangent vector X € 1,3 we can define the covariant
derivative of N along X, denoted S,(X):

S,(X) = —VxN .

It is easy to see that this defines a linear operator
Sy T2 = 1,2
which is self-adjoint with respect to the inner product given by the metric.
Sp is called the shape operator of ¥ at p. Its eigenvalues ki, -, k,—1 are called

principal curvatures of ¥ at p, and its trace, divided by n—1, is the mean curvature:

1
H(p) = m(kl ot ko)
That is,

H = trS .

n—1
5.2. When all principal curvatures are constant. It is well-known that hy-
persurfaces with constant mean curvature are critical points for the area functional.
But, what is the meaning of the constancy of the principal curvatures? Let M be
a constant curvature space form (up to homotheties, R, H" and S™) and let ¥ be
a hypersurface of M.

Definition 17. We say that X is isoparametric if it has constant principal cur-
vatures, that is, if the characteristic polynomial of ¥ is the same at all points of
3.

Obvious examples: geodesic spheres are isoparametric (all principal curvatures
are the same). Here is one of the first results in the theory (Cartan):

In R",H" and the hemisphere S’} the only compact isoparametric hypersurfaces
are geodesic spheres.

So, the theory is rather basic in those spaces: for some interesting facts we need to
look at S™. Survey papers in the argument are [4], [33] and [34].

5.3. Some examples in S™. We start from Clifford tori.

Fix positive numbers a,b such that a? + b> = 1, and consider the Riemannian
product:
¥ =SP(a) x S4(b) .

This manifold has a natural isometric embedding into SPT+!, It is easy to see that
3. admits only two distinct principal curvatures, namely

b
A= — p times
a

a .
=—= imes
H p 4

which are constant on Y. Thus, Clifford tori are isoparametric.

e In S3 the only isoparametric surfaces are geodesic spheres and Clifford tori.
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What about higher dimensions? Here is a fancier example.
Consider the polynomial function F : R — R:

3
F(x1, 22, 13,84, 25) = T3 + 5:165(1"% — 225 + 3 — 2273)

33
+fo4(:r% — m%) — 3v3z1 1075 .

and restrict it to S* to get a function F:S* 5 R.
Fact: Any regular level set ofl; is an isoparametric hypersurface of S%.

We see that there are more isoparametric hypersurface besides spheres and Clifford
tori.

5.4. Classification of isoparametric hypersurfaces, some algebraic facts.
It turns out that every isoparametric hypersurface is a regular level set of the
restriction to S™ of a polynomial in R"!, which we will define below. Hence
isoparametric hypersurfaces are smooth algebraic varieties.

e A classification is done according to the number g of distinct principal curvatures,
which, by a celebrated result of Miinzner [23, 24], proved by topological methods,
can be only 1,2, 3,4,6.
e The case g = 1 corresponds to the family of geodesic spheres, and g = 2 corre-
sponds to Clifford tori.

e It is a remarkable and perhaps surprising fact that when g = 4 there exists
non-homogenous isoparametric hypersurfaces (see [34]).

e For each ¥ there exist two regular, connected submanifolds ¥, ,%_ of S™ such
that 3 is the surface of the tube with radius ry (resp. r_) around X4 (resp. ¥_).
These submanifolds are called the focal submanifolds of ¥, and are minimal in S™.
e Every isoparametric hypersurface 3 belongs to a one-parameter family, which
gives rise to what is known to be an isoparametric foliation of S™. This foliation
has precisely two singular leaves (the focal submanifolds ¥, and ¥_) and contains
exactly one minimal isoparametric hypersurface: when g = 1 it is the unique equa-
tor of the family (which is totally geodesic), and when g = 2, for fixed p and ¢, it
is the minimal Clifford torus defined by the identity pb?> = ga?.

Other geometric properties. In what follows, X is an isoparametric hypersurface
of S™.
List the distinct principal curvatures of ¥ in decreasing order:

ki1>]€2>"‘>k'g,

where g denotes the number of distinct principal curvatures. It turns out that
k; = cot 6; for a sequence 0 < 61 < --- <, < 7 such that

) — 1
6]‘:91+]77T
g

If m; is the multiplicity of k; then we have a cyclic behavior:

mjt2 =m; (modulo g)
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which implies that the sequence of multiplicities my,ms, - -- is determined by the
pair
(m17 m2) .
In particular, m; = my = --- = my whenever g is odd. Set
1
(16) c= i(mg —my)g?

Note that ¢ = 0 if and only if all multiplicities are equal; this holds whenever g is
odd and also when g = 6, by a result of Miinzner. When g = 2 one has ¢ = 0 if
and only if n is odd and ¥ is a Clifford torus SP(a) x SP(b), that is, p = q.

It turns out that X is always a (smooth) real algebraic variety: in fact, ¥ is a regular
level set of the restriction to S™ of a homogeneous polynomial F : R"*! — R of
degree g which satisfies the conditions
IVF[? = g*|af*~2
(17) _
AF = c|z|972
where c is as in (16) and A,V are the Laplacian and the gradient in R"*1.

e A polynomial F' with the properties (17) is an example of Cartan-Minzner poly-
nomial.

Conversely, any Cartan-Miinzner polynomial of degree g with a constant ¢ # +(n—
1)g gives rise to an isoparametric foliation of S™ with ¢ distinct principal curvatures.

With that in mind, the geometric classification of isoparametric foliations reduces
to the algebraic problem of classifying all Cartan-Miinzner polynomials.

5.5. Inhomogeneous examples. It is remarkable that there exists isoparametric
hypersurfaces which are not homogeneous. These occur for the value g = 4, and
were first found by Ozeki and Takeuchi [25, 26]. Later on Ferus, Karcher and
Miinzner [10] were able to construct a much larger family, called hypersurfaces of
FKM-type, using representation of Clifford algebras. This construction gives rise
to an infinite family of non-congruent inhomogeneous isoparametric foliations of
S™. It turns out that an isoparametric hypersurface is either honogeneous or of
FKM-type, and the final steps in the classification were recently completed by Chi

[5]-

5.6. Classification of isoparametric tubes in S™. As an easy consequence of
the classification of isoparametric hypersurfaces, we remark the following fact whose
proof can be found in [31]:

Theorem 18. Let Q be a domain in S™. Then Q is an isoparametric tube if and
only if:
a) either Q is the domain bounded by a connected isoparametric hypersurface,

b) or Q is a tube around a minimal isoparametric hypersurface ¥ such that all its
distinct principal curvatures have the same multiplicity (that is, ¥ is minimal with
c=0).

In the first case the boundary is connected and the soul is a focal submanifold
of 0€2; in the second case the soul is ¥ and the boundary consists of two parallel
isoparametric hypersurfaces, which are at the same distance to ¥ and have the
same mean curvature (with respect to the inner normal vector).
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For what we have just said we see that, in low dimensions:

Corollary 19. a) An isoparametric tube in S? is either a geodesic disk or a tube
around an equator.

b) An isoparametric tube in S3 is congruent to one of the following: a geodesic ball,
a tube around the equator, a domain bounded by a Clifford torus or a tube around

1 1
the minimal Clifford torus Sl(ﬁ) X Sl(ﬁ).
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